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éﬂ”l: The class ON s well evdeved bj the conchition 4.

|

(Proet: By Bl we can Use that o £ B &= o= B oov e p.

L s vellexive F(,V,_;V\y «eCN, d=od , s o f’dd

5 4 05 tronsitive: Led d, B, ¥ € 6N, and supppse « <€ 3 and B < 7.
1Py : F)o !

| Then o =3 ov o € P, ancl F:Xar B€Y.
Ttd= 38, then « = ¥ or A € ¥, so od .

IfB=¥, then o0 = § or o € 5, 50 o £ ¥,

J
I¢od#p and B+ 7T, 1hen of € p and B €Y, 50 since ¥ s Tyansi+h ve,
4 e ¥, and thus, o 2 0¥.

£ s anti -symm e ic 3u‘>pu$c L, pe N and 4 £ B and p=2d.

duppose, for a contradiction, dnat oo 4 3. Then o € B and ped.
Since o, B ave fransifive, X €B iwmplics of € B, andsmilarly
Be &« implies /% S, Thus , o = 3.

£ s fineaw ‘Sui’r’05€ L, peON. By BY («, ¢,) and (B, £ 3 are
wWell ovdeved seis, By 7.3V, erther (o(jﬁp()fb (/3/ éls) ene
[[5, fp) <o Lo(/ .Y, In dhe firest case, L4 and in dhesecond
P<d (by definition 3’),3@ {or any o, B EON, titner d £B o B4 o,

w " - .
Evevy non-evaphy set o8 orclinals wos a4 & -leasy 2lewncat "\ T+ sudffices

Wthow that v evevy defimire condiiom P on ovdinals,

(3u) Pa) = (3L PW) and (¢ e~ PeyT),

Suppese, for a contradiction, that @ &) PWY bud for ath o Sach that
Ped (3 p <) P(B) for some dedinite comdition Pon oadivals,
Then we can piclke aw in finik descendmj €-chaivi ¢f o dinals
| oL Doy Dotz 2o such that P (w; ) fr all ¢,

Since o, is dramsitue, o

L€ d

| for all L (bjin(i\(c,ﬁcvﬁ/_s:,
o) Dy 3 ody --. > an 'lvx{in{l-e,dfscn:‘mciw\j G"vm'iy);v‘,_,z“

This oty acdicts 1ne fact v at £ s j'rauh({ecl_
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Tf & is a vuem-em set ob ovdinals, 4he
pry , n

Sup & = the least B (Y & e e) [ac pj= Ug

mn ¢ = Ng
(Prock s We fivsy sihow dhat sup € = Ug,
Claimy U & is an evdinal

Uf is transitive Supf.c;e d € p € VE Thendneveis some ¥e¢
! Sucthtnut Be ¥, Weanivig o € B € ¥, Since Y s tvansitive,
o €Y 50 € ve.

S -~

U¢ is pure I+t suffices 4o Show thatr TC( UL) cmiains noatoms,

Since UE is +ransitve, TC(UEY) = #m UL U iU£§,50 it suffices
fo show that U &€ comtains ne atoms, and +nat U% svot an atom,
Tndeed, if ae UE, then theve is Some Y e £ such 4hat aes,

Since ¥ is an ovdimad, and hence puve, ¥ cannot tondain any

atoms, So a is not an atewm, This shows that U contams ne aterns

Noveover, UL is net an atom becawse it 5 & sed by e Unionset
| Axiom,

Ue s qrounded !

Sqmwse nod, Thew by DC, there exis 5 an infrnike cham
of, Dot 3--- m UL,

Since o, € UE , theve miust e sovne evdinal T £ such 4nat

o, eV, By e -hn,ms'.-h'u;hj of ¥, di€e Y 4 all ¢ , and hence,
o, Dy I - s awn v fFnire dfscendmj € -chaivn &,

an D¢, this Contradich dne fact that Xis 3r0uhdec1.

Ul is cmnected: Sup’ocse X, ye UZ. Wewant b £hvow tihat xey

Or Y€ x or Xz Y,

By dne dedfinition of Ug, neve <xist ¥, , %, € ¢ such tvat
X € Yl and jé xz,

et —

5‘h(4 X”yl €ON, b‘f BT, ¥ <¥, ov ¥ =¥, ov T, <zr“a.,,,4

by #6, equivalently wehave ¥ €%, o ¥, =¥, or ¥, e,
L4, o ye ok

pdhen X, 96 ¥, andste Y, is connecked, Xz y

{ Or X €Y or y& x,

Ify, # ¥y, Wecan assume wathout loss of 3eneram«j tnat ¥, €%,

Thus, xe ¥ € ¥, s0sivce ¥, 35 transihve, ¥, ye ¥, , and s0 %=y or
Yex ov X€y because ¥, is connected,
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LU, o equivalontly by We, o = UL ov o € UE. Tis/ i imur
Blge sy 1K 1L VT f Ao 2t f /1508 Sy

Tae seme Ye g, Sive ¥ and UE ave botn evdinals, by #1

titner Y £ Ug o Ug < ¥,

T ¥ & Ug, wt are dowe,

If nod, men U E<Y, soc by #e, UfLey. Sincey. s transifive,
g means that UZ € ¥ Since ¥ € £ weaiso kusw thaat

¥ £ UL Thus, ¥ = U, W\aaV\}V\j Y23V 8

Vg is aleast Upper bound far i SMPJ’JOS& ¥ s aw Upper bound e £,

Thew fovr all Beg, B<Y¥ Wewant oshod that Y > Uf,
Supposevivi, Ten by BT, ¥ < UE, equivalently ¥ € Ug,
This means that there is a B ¢ ¢ such thet Y e B. Buthy
e, this means that ¥< B, acombradiction,

Thas, ¥ 2 US.

IWe vow Show that vam € = N ¢,

Claimy, NE 05 an avrdivied .

N<is ransihve: Jup)ﬁé‘sz X e € Ng, Then & €Y fovald

YeT,50 xede¥ forveal Y€E, Since cach ¥Yys transitve
this twiplies that xe Y for ol et o xeng,
Ng is pure 5 Tt sufbices +v show that TC (N€) cmtains nNe atems,
Sivce Ng ¢ transitive, T(COE)Y = NE U £N0E3, 50 itsutfices
b show dhad N T comtains no atoms | and uat A€ s net an atom,
det@d/ W aenNg, aex for Al Y € €, Stnceeacn Vs pere,
It cannot contain dny atevis, hence O s notanatom,
Noveover, N¢ is a Sed, so it canndt be aviatan, Thus, T(NE)
Cmtaing ne atomg, and NE s puce.
NE is groynded ; Suppose mok. Then by DC, nert €xis 75 an indmir
descend Mg € -chain in NE,say’ «, 2222, -
Picic some Y ¢ & TMenmsmce «; ¢ N ¢ &rq/ui/ L e

for atld ¢ Meaning Hrat tne aboue is anin fpni ke descen db
€-chain v Y. ™is contradick the Jact taet ¥ 5 grounded,
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N¢is conmedred Stlp'odst x, ye D¢ Piclc same e €. Then

X,y & ¥, soshnce Y is coanected , Xey awyex o x=y,

claimy min € = N ¢
Ng 15 alower bound 4o £ & Tawe an y Y e 2, Smee #Ne, Vave

botu ovdimals, gither NE £ Y or Y7 N byw7,

T£ NE <Y, weave doe,
< €
If vok, +hen X @mNE o equivalently Y& ¢,
By tne fact ot @F N € is transi tVe, Hhis implies tvat ¥ € N¢,
We have tnat Ngc ¥ by defmition, so /]{:}5’/ o~ NE< y,

Ns§ is a grearest ipwer bound f € ¢ 5uppcae, for a comtradictien,

that ¥ is alower bowuv t Loy €, but NT < ¥
SVice Y rs a lower bound fur 5/ Yot nncans that fr add pe g

f Y¥ep Thus, NE<P f ol Be€, o NE e forall
Bec,

Thiswmeans #mat NE U ¢NE3 =2 S(ng) ¢ NE, acoradichon,

Thus, NE€ 2 Y fw all lowev bounds ¥ v €.
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Poe el p e oN, P& UdN. Tnparhculay, S(Ueny & Uon,
Mis is a contrad: ctiom,
Nete that 4 0N is a class, 4ye same contradichion does not occur,

s U own is hot quavanteec 10 be acek,
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