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We introduce in this paper a model for interaction and asynchronous, concurrent
communication, where each agent’s perception of the system is represented by a
game of interaction, The model combines (strict) fair merge with full recursion, and
the main mathematical results provide evidence for the robustness and naturalness
of a novel interpretation of recursive definitions of non-deterministic processes. Our
conceptual approach is closest to Park’s, whose ideas are the starting points for this
work. T 1991 Academic Press, Inc.

1. INTRODUCTION

Smyth (1978) begins with the observation that “to apply the methods of
fix-point semantics [to non-deterministic programs], we should find some
way to construe the powerset of a domain as itself a domain, with a
suitable ordering.” There is a difficulty with such a program, however, if
among the non-deterministic constructs of our language we want to include
the fair merge, as it leads to complex sets which cannot be embedded
naturally in a domain. In the abstract of his first paper on powerdomains,
Plotkin (1976) comments that “the main deficiency is the lack of a con-
vincing treatment of the fair parallel construct.”

One of the two main aims of this paper is to define natural and useful
denotational semantics for non-deterministic languages which include both
full recursion and the fair merge operation. We will not do this with a
powerdomain construction, but with a novel interpretation of recursive
definitions which makes it possible “to apply the methods of fix-point
semantics” in a precise, technical sense, although it is not “least-fix-point”
with respect to any natural ordering. Thus our semantics go beyong

* A preliminary version of this paper (Moschovakis (1989b)) appeared in the Proceedings
of the 1989 LICS Conference with the title “A Game-Theoretic Modeling of Concurrency.”
It was convenient to include in this final version some relevant material of the later announce-
ment (Moschovakis (1990)) which fits in directly with the results here.
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domain theory and we shall be forced to justify that they are “convincing”
ab initio.

The second main aim of the paper is to introduce a conceptual
framework for studying non-deterministic interaction, in which the
implementations of a concurrent program or agent X are taken to be
strategies in a natural two-person game: X is trying to control certain
aspects of the overall behavior of the system, seemingly against the wishes
of the other agents who are operating in the same environment and appear
(to X) to be acting as a single, powerful “opponent,” bent on frustrating his
efforts. This is a natural view of interactive programming and it yields
simple and direct game-theoretic definitions of the most basic operations
on processes. More significantly, this game imagery also yields a novel
and intuitively appealing solution to the problem of synchronization of
conflicting, asynchronous, concurrently executed programs which must be
resolved in any modeling of concurrency.

It is possible to separate these two strands of the paper, but the results
of each reinforce the other and together they give a coherent theory of
interaction and concurrency. We begin with a section of preliminaries
which makes the paper accessible to the non-expert—the expert should
skip through this quickly, just to pick up the (mostly standard) notation
and terminology. In Sections 3 and 4 we describe the game-theoretic
modeling of processes, and in Section 5 we apply it to the theory of non-
deterministic networks. In Section 6 we set the stage for the more technical
development which follows by formulating precise, minimum conditions
which should be satisfied by any reasonable interpretation of recursion in
the presence of the merge construct. Sections 7-9 develop the theory of
non-deterministic recursion, with the proof of the main, technical result
relegated to the Appendix, Section 10.

To illustrate the notions, we will refer to the following three standard,
well known examples which involve the basic puzzles of concurrency
modeling.

1.1. Park’s example (Park, 1980). Let
P=X:=0next Y:=0 next par (X :=1, while (X=0)Y :=Y+1),

where par(E, M) denotes the strict, fair merge of the processes E, M. Park
argues (essentially) that from a correct understanding of this definition we
should be able to make precise and prove that in an environment where no
other process can write to the variable X, P will terminate in some indeter-
minate state (X =1, Y=n). The indeterminacy of the final state expresses
the “unbounded non-determinism” deliberately put in this definition: i.., in
arguing about P we should be able to assume that it terminates and assigns
1 to X and some integer to Y, but nothing more.
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1.2. Dijkstra’s dining philosophers (Dijkstra, 1976). Five philosophers
Dy .., D, (named by the integers mod S) spend their lives alternatively
thinking and eating. Each philosopher can commence thinking whenever
he wants, but because of a peculiar arrangement in the dining room, D,
cannot share the table with either of his adjacent colleagues D, _,, D, ;. If
we describe the life of each D, by the recursion

D, = eat, next think, next D,, (1)
then the communal life of the system could be specified by
D= par(Dy, ..., D,). (2)

A correct modeling of this system should assign to the process D all
deadlock-free and fair behaviors allowed by the given constraint, ie., all
possible “scheduling algorithms™ which make it possible for each D, to
continue indefinitely alternating eating and thinking.

Discussions of Dijkstra’s example sometimes allow interpretations which
permit deadlock and almost always include the non-fair behaviors in D,
where some D; may starve after a certain stage. Perhaps this is because in
his classic monograph Dijkstra (1976) rejects unbounded non-deter-
minism—and hence fair merge. Here we side with Park (1980, 1983) on the
issue of fair merge and we accept the natural (in our view), fair interpreta-
tion of (2). For our purposes, the most interesting aspect of Dijkstra’s
example is that it makes it clear just how complex the “compatibility
relations” can be among acts which we might want to have executed
concurrently—and correspondingly, how complex the appropriate “non-
deterministic merging” operation may have to be.

1.3. The merge anomalies. Suppose we have a distinct act n for each
integer and let S{x) be an operation on processes such that the process
S(x) copies exactly the process x except that it replaces execution of each
n by n+ 1. Let M be the non-deterministic process defined by the recursion

M = par(5, S(M)). (3)

It is clear that among the behaviors of M is the natural one which executes
in succession 3, 6, .... It follows that M must also exhibit a behavior which
begins by executing 6, but that is paradoxical: execution of 6 must be
“driven” by an execution of 5, so how can it precede it?

This is perhaps the simplest of several examples of merge anomalies dis-
cussed extensively in the literature, cf. Keller (1978), Brock and Ackerman
(1981), Park (1980, 1983), Broy (1986), and Oles (1987). It comes from
interpreting (3) as the recursive definition of a non-deterministic network
and it has led to suggestions that processes defined by recursion need not



A MODEL OF CONCURRENCY 117

satisfy their defining equations, cf. Broy (1986). In our modeling, recursion
will keep its fundamental fixed point property, but non-deterministic
networks will be understood differently.

2. PRELIMINARIES

2.1. By a simultaneous (or mutual) recursive definition we mean the
assignment of solutions X, .., X, to a system of equations

Xy =f1 (xls R xn)
: (4)

xn zfn (xla ] 'xn)

for given functions f;: X; x --- x X, > X, (i=1, .., n). In the classical case
of least fixed point recursion, each X, is a dcpo, i.e. it comes equipped with
a partial ordering < in which directed sets have least upper bounds. In
particular each X, has a least element, min;=sup ¢J. It follows that the
product partial ordering

’

(X150 X)) S (X, X)X, < X1 & & X, K, X,

on X=X,x --- xX, is also a dcpo, and we are further given that each
function f; is monotone and (countably) continuous as follows:

XSE = fi(X) < flX):

to<h < =f(UR)=U LG

i
Under these hypotheses, we set for i=1,..,n and k=0, 1, ...
= f.(min,, ..., min,),
XD = fi(x, ., 21,
x={)x,
k
and we verify easily that the tuple x,, ..., X, satisfies the system (4) and that
it is in fact the least solution, in the strong sense that for all xi, ..., x,
(for i=1, ., n){ fi(x}, . x,) <, x]]=(fori=1, ., n)[X, <, x{].

We call the objects ¥*) the stages of the recursion and we will sometimes
give proofs by induction on the stages.
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More generally, we may seek functions X;: Y - X,, i=1,..,n which
satisfy a system with parameters

Xy =f1(xl’ wes Xy J’)
: (5)

X, =L X1y s Xy V)

If the given functions are monotone and continuous on given dcpo’s, then
the same method yields (pointwise) least solutions which are themselves
monotone and continuous.

Here we will need to solve systems like (4) and (5) where the variables
model non-deterministic processes and vary over collections of sets which
do not carry natural, nice partial orderings, so that the process functions in
the system cannot be viewed usefully as “monotone and continuous.” The
main mathematical contribution of the paper consists in developing a
theory of simultaneous recursive definition for such systems and comparing
it with least fixed point recursion. As a tool for this comparison we will use
a simple language ¥ whose main construct is recursion and for which we
will define several natural semantics, including the “process semantics”
which are our main concern.

2.2. The language ¥. A signature 1 is any set of function symbols, each
with an assigned non-negative integer, its arity. The expressions of
& = P(1) are defined by the induction

E:=x|f(E,, .., E,) rec(x, .., x,)[Ey, E,, .., E,],

where x is any variable (from a fixed, infinite set), f is any function symbol
of arity n, and a more familiar notation for the recursion construct is

E,where [x,=E,, .., x,=E,]. (6)

The variables x|, .., x,, are bound in the expression (6) and its intended
value is the value of E, when the variables are assigned the solutions of the
system

x;=E, (i=1,..,n),
however these solutions are obtained.

2.3. Least-fixed-point semantics. The simplest interpretation of £ is on
structures of the form ¢ =(<, #), where < is a dcpo and & is a map
which assigns to each function symbol f a continuous, monotone function
Z(f) of the correct arity. We let the variables range over the field of <
and we associate with each expression £ and each list of n variables X
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which includes all the free variables of E a continuous, monotone n-ary
function £ in the obvious way, taking least-fixed-points to interpret the rec
construct. We call two & expressions E, M least-fixed-point equivalent
if they are assigned the same function f,=f,, on all structures ¢ and
for all X.

2.4. A state structure is a tuple of the form
& = (States, 1, Acts, skip, exec), (7)

where the following hold:

1. States is some set of states which contains the initial state 1.
2. Acts is some set of atomic acts which includes the no-act act skip.

3. exec: States x Acts — Acts is a binary operation of act execution,
so that each act a induces a (total) transition function

s> sa = exec(s, a)
on the states. We assume that s skip =s, for every state s.

A state structure is zrivial if it has only the one state 1.
A history is a finite sequence h=a,a,---a, of acts which acts on States
in the obvious way,

sh={(--(sa)a;)---) a,.

In one extreme case states may be identified with histories. More typically
the state is a store, for (a toy) example

s=(X, 1, (Zgs eomr Z)s (Bgy e D)),

in this case keeping track of the integer contents of two integer variables
X, Y, a stack Z and a buffer B, presumably to be used for sending messages
along some channel. The obvious acts to put in such a structure would
include assignments X :=w, ¥ :=w to the variables push? and pop“ on the
stack and the sending and receiving of messages using the buffer, send?,
receive®, which alter the state in the obvious way. There may also be other
acts which do not change the state, e.g. write,, which (presumably) prints
the current value x of the variable X on some device; we do not assume
that distinct acts induce distinct transition functions on the state.

It is quite obvious how to interpret the expressions of ¥ on such
structures, letting the variables vary over “procedures” (denotations of
programs or program fragments) and interpreting the function symbols by
given “program transformations.” We will outline the precise definitions,
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partly to set notation and because they will form a basis for our generaliza-
tions later.

2.5. As usual, a convergent stream from a set U is a finite sequence of
the form (u,, us, ..., u,, 1) where n>0, each u, is in U, and 1 is a special
termination indicator; a divergent (or partial) stream from U is any finite
(possibly empty) or infinite sequence of members of U. For each U, the set
Streams(U) of streams from U is naturally partially ordered by the “initial
segment” relation, with which it is a dcpo; convergent and infinite streams
are maximal elements. Concatenation of streams is defined so that if u is
divergent then u * v=u and if « is convergent, then u * v is the concatena-
tion of » and v as sequences, with the terminator | removed from u.

A stream of acts assigns in the obvious way to each state a stream of
states, and a convergent stream of acts further induces a transition function
on the states,

(s, (aj, ., a,, ))—s(ay, .., a,, 1Y=sa,a,---a,.
2.6. A procedure is a function on states to streams of acts,
o: States —» Streams(Acts)

We take procedures to be the natural denotations of non-interactive, deter-
ministic programs; e.g., a program which prints out the sequence of primes
or another which reads from the state the value x of some integer variable
and eventually sends along a channel the value f(x) of some f at x. In a
trivial structure the state dependence is of no consequence and a procedure
is just a stream of acts. The set I7 of procedures is a dcpo with the natural
partial ordering

a < B <> (Vs)[a(s) is an initial segment of f(s)],

whose minimum is the constant procedure A(s)JJ.

2.7. A procedure function of n arguments is any monotone and
continuous function

¢ " > I1.

Examples of procedure functions are the constant (0-ary and state
independent) act executions

a=do(a)=A(s)(a, 1),
one for each a e Acts, the sequential execution

o next = A(s){als) * f(sa(s))], (8)
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and the conditionals
condg(a, B)=A(s) [if R(s) then a(s) else B(s)],

one for each relation R on the states. Note that in (8) the state sa(s) is
defined in the case «(s) is convergent, when the concatenation function
needs it. In a trivial structure procedure functions are just monotone,
continuous functions on streams.

2.8. A procedure structure is a pair & =(<, %), where & is a state
structure and & assigns an n-ary procedure function % (f) to each func-
tion symbol of arity n. To interpret the expressions of . in a procedure
structure, we let the variables vary over procedures and we interpret the
recursion construct by the taking of simultaneous least-fixed-points. In this
way, for each procedure structure ./, each expression E, and each n-tuple
of variables ¥ which includes all the free variables of E, we obtain an n-ary
procedure function

¢ = procedure(.#, X)E,

the procedure denotation of E relative to X. If E is a closed expression (with
no free variables), then its procedure denotation ¢, relative to the empty
list is a function with no arguments, i.., just a procedure. Two expressions
E, M are procedure equivalent if they have the same procedure denotation
¢r=¢, on every procedure structure and for every ¥. Since procedure
semantics is a special case of least-fixed-point semantics, it follows that
least-fixed-point equivalent expressions are also procedure equivalent.

With this simple denotational semantics & is a bare-bones command
language. Because it allows full recursion, however, it is not entirely trivial;
on a reasonable structure ./ with a usable conditional, act and sequential
execution, and a rich enough state to allow for some value passing, it can
be a “complete” programming language.

3. THE GAME OF INTERACTION

The procedure semantics of . just described assume that its expressions
(programs) define non-interactive algorithms, intended for execution in an
environment which leaves them alone: a procedure reads the state just once
(most likely to get input) and then proceeds to execute a stream of acts free
of external interference. This is quite unrealistic, of course, even if only
because execution of any program may be interrupted by a deliberate act
of the operating system—or by a disaster! Especially for interactive
programs, it is more profitable to use for denotations “extended proce-
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dures” which (at least in theory) consult the state before each act execu-
tion, not just once in the beginning.

We can also view the expressions of .# as specifications for the interac-
tive behaviors of “computing agents” operating in a shared environment.
Such a computing agent may encounter an unexpected, new state each time
he interacts with his environment, because of what all the other agents did
“while he was not looking.” From his perspective, the agent may well
perceive the situation as a two-person game in which his (apparently
single) “opponent” takes turns with him acting on the state; and we may
model the agent’s behavior by the sirategy that he is following in that
game. We now turn this intuitive imagery into a precise “interactive
semantics” for #.!

3.1. The game. With each state structure & as in (7) we associate the
two-person game of interaction G = G(&) where player II represents some
computing agent or program fragment and player I represents everybody
else—the world. A run of G is played in stages, with I and II exchanging
moves at the nth stage so that they may alter the state g, initially set by
g_, =1 At stage n, I plays first some state s, which must be accessible from
g, 1, i€, such that s, =g, 4 for some history A; II then responds with
a pair (a,, w,) of an act a, and an indicator w, =06 or w,=1 and the next
state is set g, =s,a,; if w,= 1, the run ends, otherwise we proceed to the
next stage n+ 1.

We read drawings like

I So Sy Sy S3
IT (ao, wo) (a;, wy) (az, w») (as, wy) 9)
State: 1 Sodg 5,4, 5,4, 5343

from left-to-right and top-to-bottom; i.e., the indicated moves produce the
stream

p =s0a (aO’ W"O)) Sl’ (a17 Wl)’ Sz, (aZv wy2)7 seey (10)

which is a typical run of G. The game is “of perfect information”; i.e., each
player knows all the moves already made when it is his turn to move. We
think of the act a, as the main part of II’s move, with the indicator w, =0
signifying that II wants another turn while w, = 1 announces II’s exit from
the game.

! Similar modelings of interactive and concurrent systems in terms of games have also been
presented recently in Abadi, Lamport, and Wolper (1989) and Pnueli and Rosner (1989), and
(apparently) they have antecedents in older work of Lamport.
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A payoff for the game G is any set W of runs as in (10), and we say that
IT wins a run p if p e W. Such payoff sets model specifications for interactive
programs: an implementation then of the specification W would be any
winning strategy for 11, any method for II to play which insures that the
resulting run satisfies the given specification. On this picture, interactive
programming amounts to defining winning strategies for the game G,
relative to given specifications. Here, however, we are also interested in the
losing strategies for 11, since we want to model a/l interactive behaviors, not
only the successful ones. So, peculiar as it may sound, we will not need to
mention payoff sets again in the sequel.

To deal with finite sequences of states and acts we will adopt the
notation

i(n)=(ug, .., u,).
A world strategy is a function
w: Acts* — States

on finite equances of acts such that w(J) is accessible from the initial state
1 and for each a(n) (n>0), w(a(n)) is accessibie from w(a(n—1))a, ,. Of
special interest is the “inert” world strategy

a(B)=1, dlag, .., a,)=1aqa,---a, (11)

which represents “no action” by other agents.
A partial (agent) strategy is any partial function

o: States* - Acts x {0, 1}

on non-empty sequences of states. (Ultimately we are interested in totally
defined strategies, of course, but since we will be defining these objects
using recursion we cannot avoid dealing with partial strategies.) For each
world strategy o and each partial agent strategy ¢ we define by recursion
the (partial) sequences

so=w(J),
(a,, w,) > o(s(n)),
8p+ 1~ w(d(n)),
and the associated streams of acts and states
w*o=a,4d,, .., (12)

We0 =800y, S1d;, ey (13)
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terminated after n+ 1 acts by 1 if for some (first) n we have w, ~ 1. Two
partial strategies are equivalent if they produce the same run against every
w; e,

o~1< (Vo)loxoc=w=*1],

which implies that also weo=we1t. It is quite trivial to verify that very
partial strategy o is equivalent to exactly one normalized t which satisfies
the following conditions:

Lo o(s(n)) = (Vi<nm)[t(5(i)] ]

2. 1(5(n) ~(a,, )= (Vm>n, s(m))[t(s(m)) ~ (skip, 1)].

3. If ©(5(n)) ~ (a,, w,) and the next state s, , is not accessible from
5,4,, then t©(s(n+ 1)) ~ (skip, 1).

3.2. Behaviors and behavior functions. The set

B =B(¥)

of behaviors® of a structure & consists of all the normalized partial, agent
strategies in . It carries the natural partial ordering

o st (V5(n))[o(5(n))] — a(5(n)) =~ 1(5(n))]

with which it is a depo. A behavior function in & is any monotone and
continuous

F:B" - B.

In a trivial structure with just the one state 1 we will identify a behavior ¢
with the stream

a, if o(i"y~(a,,w,)and [n=00rc(i" ")~ (a,_,,d)],

o(n) ~ . . (14)
1 if ¢(1”)~(a,, 1), otherwise.

Behavior functions on trivial structures are thus identified with functions
on streams.

? Park (1980) models a (total behavior by a sequence of multiple valued functions on the
set of states where we use a sequence of functions (g, o,,...), with o, States”*! — Acts.
Thus, apart from the detail that we do not identify acts with transition functions, the basic
difference is that our agents are endowed with Jocal memory of what they have seen in their
previous interactions. The indeterminacy modeled by Park’s use of multiple valued functions
is handled here at the level of process modeling, but we could use multiple valued strategies
at the outset without affecting any of our results.
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Obvious behavior functions are act execution
a=do(a)= A(5(n)) if n=0 then (a, 1) else (skip, 1),
and the conditionals

a(5(n)), if  R(sg),

condg (o, T)(5(n)) = {r(f(n)) if  T1R(s,)

one for each relation R on the states.

To define more complex behaviors and behavior functions we will typi-
cally describe informally how player II should respond to I’s legal moves,
without worrying about normalization. Consider, for example the sequen-
tial execution of two behaviors o next v. With the indicated assumptions
about the moves of g, the first few moves of II by ¢ next t are as follows:

1 So s Ss S5 S4

o: I (ay,0) (a,,0) (ay 1)

onextt: 11 (ay,0) (a,,0) (a5, d) 1t(s3) 7(s53,5,)

3.3. A binary merger on a state structure & is any (total) function
p: States* — {0, 1} on non-empty sequences of states. Given behaviors
0y, 0, in &, the disjunctive merge u , {0y, 0,] of 64 and 6, by u is defined
(roughly) by decreeing that in a certain stage of the game it calls o, or o,
accordingly as p gives the value 0 or 1. Rather than give the formal defini-
tion which is somewhat technical, we indicate the first few moves of the
play by u, [0, 0,] for given values of u:

1 A AN §s S3 84
u: I 0 i 1 0

g, 00,01 1T a.(sg) ao(sy) 0,(se,5,) 61(S0» 52, 83)  0o(Sy, 54)

We say that o, is called at stage n in a run of the game by u , [0y, 0,] if
the run is defined at least as far as stage n and u(5(n)) =i We say that o,
terminates at stage n if it is called at stage » and yields a move of the form
(a, 1), in which case, of course, the run by p, [o4, 0,] also terminates.

We define the conjunctive merge pg[04,0,] of 0, and o, by u in the
same way, but add the stipulation that (as in the definition of next), if some
o, terminates first, then the merged behavior changes 1 to ¢ and from that
stage on calls the other behavior o, _; independently of the value of u. For
example:

643/93/1-9
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1 So 5 Sy 53 S4
wn: 1 0 1 0 0
o, I (ay, 1)
o,: I (b, 0) (b1, @) (hy,0) (b3, 1)

telog, 0,10 I1 (by, ) (ag,0) (by,0) (by,0) (b3, 1)

A merger p is state independent if its values depend only on the stage of
the run and not what has been played, i.e., for some v: N - {0, 1} and all
sequences of states,

(8o -y 5, ) = v(n),

and the simplest of these is the alternating sequence of O’s and 1’s

1=0,1,0, ... (15)

In practice, we will also need n-ary mergers pu: States* —» {0,..,n—1}
and their disjunctive and conjunctive actions on n-tuples of behaviors
ulogs -y 0,_ 1], defined in the same way. We will consider several kinds of
mergers later, but for now we simply note that the functions defined by 3.3
and the corresponding s-ary functions are behavior functions, ie.,
monotone and continuous,

34. A behavior structure is a pair & =(%, %), where ¥ is a state
structure and % assigns an n-ary behavior function & (f) to each function
symbol of arity n. We define the semantics of % on such structures by
letting the variables vary over behaviors and interpreting the recursion
construct again by least fixed point recursion, so that for each expression
E and each n-tuple of variables ¥ which includes all the free variables of E
we obtain a behavior function

F = behavior(A, X)E,
the behavior denotation of E relative to 3. If E is a closed expression (with
no free variables), then its behavior denotation F relative to the empty list
is a function with no arguments, i.e., just a behavior. Two expressions E, M

are behavior equivalent if they have the same behavior denotation F,=F,,
on every behavior structure and for every X. We write:

E=,., M < E, M are behavior equivalent.

3.5. Interrupt handling. To illustrate the difference between procedure



A MODEL OF CONCURRENCY 127

and behavior semantics, suppose that the state as an integer variable X and
consider the closed expression checkzero defined by the recursion

checkzero=if X=0 then skip else {skip next checkzero}.

The procedure assigned to checkzero checks the state once, terminates if
X =0 and idles forever if X #0; the behavior assigned to checkzero is the
function on sequence of states such that

checkzero(sy, ..., s,)=if (i< n) X(s;)=0 then (skip, 1) else (skip, 0).

In a “closed environment” where checkzero is the only program being
executed both denotations will produce the same sequence of states. On the
other hand, the behavior denotation of checkzero can be “played against”
a world where other agents are changing the state and it will have the
intended effect, i.e., idle until X becomes 0 and only then terminate. If the
value stored in X records whether an interrupt has been received and exir
is some behavior which arranges for ending execution in an orderly
fashion, then for every behavior o,

inthandle(a) =y, [ checkzero, a] next [if (X =0) then exit else skip]

modifies ¢ so that it checks for and handles interrupts. Here pu, is the
simplest fair, alternating merger of (15).

3.6. Synchronization. One should not understand the polite exchange of
moves by an agent X and “the rest of the world” as providing somehow a
model of an asynchronous, concurrent system. Our image of such a system
is one of asynchronous chaos: many agents are operating on the same
state at randomly chosen, unrelated times, some acts being executed
“simultaneously,” others requiring some non-zero time interval for their
completion. Someone—an operating system or “nature”—sees to it that
truly incompatible acts are not executed simultaneously, but short of that,
anything goes. The polite exchange of moves s,, (a,, W), ... is an idealized
version of the agent’s X perception of what is happening, and it is (by its
nature) a one-dimensional sequence of frames (still pictures) of the actual,
fluid situation. The agent X can act, we must assume this; and when he
executes an act a, he is reacting to some state s,, or whatever part of it
he can see. The actual state of the world is probably changing even as a,
is being executed, except of course this change cannot affect the execution
of a, (or that execution could not have happened), it will affect X’s next
act.

These idealized frame sequences are this modeling’s solution of the
synchronization problem for dependence and causal connection among acts,
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which in other concurrency modelings is solved by partial orders (Pratt,
1986), matching pairs of inverse acts (Hoare, 1978; Milner, 1979, 1983),
etc. There is no common clock, but if we are both trying to reverse the last
seat on the night plane to Washington, it matters who gets to the Airline
first: this “mattering” is coded (in different ways) in our respective, frame-
sequence views of the changing world. The modeling does not attempt to
provide a global picture of the entire, concurrent system; all we have are
the frame sequences observed by the individual agents.
Fix now a procedure structure /. With each procedure

a = As)(a(s)(0), a(s)(1), ...)

in &/ we associate the behavior «(a) defined by

(x(so)(n), 1) if [a(soln+1)~1],
(a(sy)(n), ) otherwise,

t(ot)(s_(n))ﬁ{

which checks out only the first state s, it sees and then blindly plays the
moves dictated by «(s,). Conversely, with each behavior ¢ we associate the
procedure « ~'(o) defined by

o)) =w, * o,

where o, () =s, o (a(n))=sa(n) and the stream function # is defined by
(12). Obviously

Hel@))=a,

but the composition in the opposite order is not the indentity because the
map (' “loses information.” Using these maps we can lift faithfully
procedure functions to behavior functions, setting (in the case of a
procedure function of one variable)

¢*(0) = (¢(« " '(0))).

It is trivial to verify that this interpretation of procedure semantics in
behavior semantics is faithful, and the (converse) second part of the next
theorem is also quite easy.

THEOREM 3.7. Let &/° be the behavior structure associated with a
procedure structure o/ by replacing each procedure function ¢ in o by the
corresponding behavior function ¢°. For every expression E then, if ¢ and
F,. are the functions asociated with E in «¢ and ", respectively,

Gy, o)) =0 TFp(e(ot))y o r(2,)
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for all procedures «,, ..., «,. As a consequence, behavior equivalent expres-
sions are also procedure equivalent.

Conversely, if two expressions are procedure equivalent, then they are also
behavior equivalent.

This result is announced in Moschovakis (1990), where in fact it is
proved for a much stronger language, with fixed, standard interpretations
of act execution, sequential execution, and conditionals. It may be inter-
preted as saying that the logic of % (and the stronger language of
Moschovakis (1990) does not change when we swiich from a non-interactive
to an interactive interpretation.

4. PLAYERS, TYPES, AND MERGES

4.1. Players. The behaviors of a state structure ¥ model deterministic,
interactive programs and correspond to the Park (1980) abstract paths and
the behaviors of Pratt (1986). To model non-deterministic processes we will
use the set of players

P=P(F)={xcB(&) | x#T],

the analog in this approach of the processes of Pratt (1986) or the
(parameter-free) agents of Milner (1979, 1983). Thus we follow one of the
general methods in this area of modeling a process by the set of all the
behaviors it may exhibit, the set of partial strategies representing a process
in our model capable of “playing” the game of interaction using any of its
members. Notice, however, that the non-determinism we allow is only
initial: a player may choose any of his behaviors at the beginning of the
game, but then he must stick with it for the whole run. A player is
deterministic if he is a singleton, total if all his behaviors are total, and
convergent if every run of G by one of his members terminates at a finite
stage. In a trivial structure a player is just a non-deterministic stream, i.¢.,
a non-empty set of streams.
If x is a player and @ is a set of world strategies, we let

Qex={w*0|we oex}

be the set of all streams of acts which can result by pitting x against
the external world represented by £2. When = {®} represents an inert
external world, we get the nondeterministic stream

path(x)={@} xx={®d*0|aex} (16)

of all “isolated behaviors” of x.
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The sequential composition of players is defined by
xnext y=1{onextt|cex,tey},

which illustrates a general method of extending behavior functions to
player arguments by “distributing”:

F(xyy ., X,)={Flo},..,0,) | 6,€X), ., 0,€X,}.

We can extend to players in this way act execution, conditionals, etc. Non-
deterministic players are introduced directly with the disjunction operation

Xory=xuy
4.2. More interesting are the merge operations
pary(xy, .. x,)=<{pgloy, o, lo€x,  0,€x,, ue M}, (17)

one for each set M+ (J of n-ary mergers. For example, the full (unfair,
binary) merge is defined by

merge(x, y)= {ug[0,7] | 6 €x, 1€ y, 4 any merger }.

In the interesting applications we choose M by restricting u to satisfy
various safety and liveliness conditions, e.g. freedom from deadlock,
fairness, etc. To deal with such properties we introduce the basic notion
of (act) type of a player.

4.3. A behavior 7 is consistent with a set of behaviors a if for every finite
sequence of state sequences 5, (ny), ..., 5, (H4),

(Vi<k)[(5(n))l 1= Foea)(Vi<k)[1(5;(n;)) = a(5,(n;)) ).

If we think of the set a as coding a property of behaviors, then the t’s
consistent with a are those which we cannot recognize as not having the
property a by any finite set of “independent, terminating experiments.”

A type® (of behavior) is a set of behaviors a which contains all the
behaviors consistent with it. For each type a, we let

Pla)={x|T#xca}
be the set of all players of type a. The totally undefined behavior ¥ is

3 Types are the non-empty closed sets in the natural (non-Hausdorff) topology on B viewed
as a set of partial functions. In Moschovakis (1989b) we used a more refined notion of type
which comes from the stronger Baire topology, where we view behaviors as total functions
into (Acts x {4, 1})u { L }. The present definition identifies types with safety properties and
covers all the interesting examples.
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consistent with every set of behaviors, so it belongs to every type. The
(smallest) type of a player x is defined by

type(x)={t |  is consistent with x},
and for every type a, obviously,
xeP(a) = type(x)e #(a).
If x={c¢} is a deterministic player, then type(x) is the set of all

“sub-behaviors” of ¢,

4.4. For each set of acts E,
eff(E)={oeB | (VY5(n), a, w)[o(5(n) ~ (a, w)=a€e E}.

A player of effect type eff(E) never executes an act outside of E. Note that
eff(&)={}.
4.5. For each set of acts D and each act a, put

a, if aeD,

18
skip, otherwise, (18)

resD(a):{

and extend this restriction map canonically to histories by

resp(a,---a,)=resp(a,)---resp(a,)
We set

dep(D)={o€eB | (Vhy, .., h,)[olthy, ... 1th,) ~a(iresp hy, ..., L resp h,) },

where h, ..., h, are arbitrary histories so that i/, ..., 14, are arbitrary states
accessible from 1. The acts executed by a player of dependence type dep(D)
depend only on “the part of the state” which can be changed by the
execution of acts in D.

4.6. A binary merger u is fair on a world strategy @ and behaviors g, T
if either the stream of acts w * ug [0, 7] in the game of w versus the marged
behavior is finite, or it is infinite and each of g, © either terminates or is
called infinitely often; it is fair on a set Q2 of world strategies and types a, b
if it is fair on all we @2, oea, teb. (The terminology is set in 3.3 and the
definitions extend directly to »n-ary mergers.)

The simplest useful examples of fair binary merges are

fairmerge(x, y)={pg[o,t]|6ex,1€ y, pfaironallw, ¢’, 7'},

parkmerge(x, y) = {ug [0, 1] | o €x, 7€ y, ustate independent
and fair on all w, 6, 7'}.
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We have used the term “parkmerge” for the fair merge of Park (1983),
his terminology being more appropriate in our context for the full, state
dependent fair merge. Assuming that the “while” construct will be inter-
preted correctly by our treatment of recursion, it is clear that both this
parkmerge and fairmerge will give reasonable interpretations of Park’s
example 1.1, the full fairmerge allowing a richer set of “cleverer” scheduling
algorithms which takes the sequence of states w played by the world into
account in deciding how long to wait before calling for the assignment
X :=0 to be executed.

4.7. Dijkstra’s example, revisited. 1In the structure appropriate for 1.2, a
state assigns each philosopher arbitrarily to eat or think, and we have acts
eat; and think, which change the state in the obvious way; initially all
philosophers are thinking. A state is possible if it does not assign any two
adjacent philosophers to eat, otherwise it is deadlocked. From the definition
of player recursion which we w:ill give in the next section, it will be clear
that (as expected) the player interpretation of each expression D, in (1) is
a deterministic player with sole member a behavior §, which moves
alternatively think,, eat,, independently of the state. Let

d,= type({3;}),

and let d be the type of behaviors which produce no deadlock against the
inert world strategy,

ded< @4 is a stream of possible states.

(The definitions of @ and - are in (11) and (13).) We define the set M of
mergers on five arguments by

ue M < pisfairond,, ..., d, against @
and (Vé,edy, ... d,€d4)[ g (89, .. 04) €d].

It is clear that the fair, non-deadlock interpretation of Dijkstra’s example
is the non-deterministic stream of acts

D =@ * par (D, ..., Dy) (19)

defined from this M, according to (17).

Clearly (19) gives only a specification of the set of acceptable scheduling
algorithms and contributes nothing to the problem of constructing clever,
efficient or in any way special schedulers for Dijkstra’s problem. We do not
consider this a defect of our approach, as we take it for granted here that
this is all that correct semantics can do: they can make “algorithmic™
problems precise, but we cannot expect that they will solve them.
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5. NON-DETERMINISTIC NETWORKS*

One version of the so-called merge anomaly of example 1.3 shows up
when we try to visualize the function

F(M) = fairmerge(5, S(M))

and its fixed point M as non-deterministic stream networks, in the most
obvious, naive manner. Figure 1{a) specifies the network

O = fairmerge(5, S(M))

with input stream M and output stream O, and Fig. 1(b) specifies the
network

M = fairmerge(5, S(M))

with no input.

There is nothing problematical about the first of these diagrams, which
appears to give an accurate, network picture of the non-deterministic func-
tion f: for each (possibly non-deterministic) stream M, O = f(M) will
produce all fair merges of the one-act stream (5, 1) and streams in S(M).
On the other hand, there are two natural “naive” ways to understand the
network diagram 1(b).

5.1. First understanding. 1f we understand naively the merge operation
in 1(b) to be “strict”, then the output is

M, ={J, (56 )}

where the empty stream ¢J is output if the “implementing” merger u looks
for input first on the right and (5, 6, ...) is output if u looks for input first
on the left—and then never looks left again, since 5 is a terminating stream
with just one element.

5.2. Second understanding. 1f we take the merge in 1(b) to be “non-
strict”—or angelic in Broy’s terminology—so that the merge node will
necessarily produce output if either of its inputs brings in something, then
5 (and the information that this input is complete) is eventually received on
the left, and then the output will be the (deterministic) stream

Mz—: {(S, 6, ...)}.
The “anomaly” is that neither of these interpretations produces a fixed

* This section is not used in the sequel and may be skipped by those more interested in the
theory of recursion which follows.
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point of the equation (3) M =f(M). To understand the cause of the
problem, let us consider the similar-looking equation

K=(0or1)next K,

where the non-determinism is put in the (constant) stream O or 1. Now the
merge is not involved and surely the most natural fixed point of this
equation is

K = all infinite sequences of 0’s and 1’s.
We can draw again, however, the pictures for the networks
O=(0or 1) next K, K=(0or 1) next K

(see Fig. 2), and by staring at those and using the same intuitions about
networks which led to M, and M, above we should arrive at the much
smaller value for the output of Fig. 2(b)

Ry={0,1}={(0,0,...), (1, 1,..)}.

Oorll lK 00rll /__

nezl nezt K

E —

FIGURE 2
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The analogy between these two examples suggests that “the merge
anomaly” (at least this version of it) is not really about the merge opera-
tion, but about our understanding of non-deterministic streams in general.
Broy (1986) gives a similar analysis and concludes that recursive, non-deter-
ministic stream definitions must be interpreted as systems of recursive, deter-
ministic stream definitions. Our conclusion is {in part} that definitions of
networks like the above do not involve recursion at all but only a form of
“indirect self-reference”, and that the modeling must take into more explicit
account the implicit assumption that communication between streams is by
buffers.’

5.3. For each non-empty set of acts E, the behaviors of type
stream(E) =dep() n eff(E) (20)

are “blind” to changes in the state and cannot execute an act outside E, so
they can be identified with streams of actions in E. This is done formalily
ia the one-to-one function

a, ifo(t")=(a,,w,)&[n=00rc(" Y~ (a,_,;,d)],

t =4
stream(c) = 4(n) {1 if 6(1") =~ (a,, 1), otherwise,

but in practice we will use o and stream(s) synonymously when
o e stream = stream(Acts). Ditto for the non-deterministic E-streams,
Le., players of type stream(E), to which we extend the map above by
distributing

stream(x) = {stream(g) | 6 € x}.

In modeling networks we will use extensively the types of extended
streams

extream(E) = stream(E U {skip}), (21)

which in addition to executing acts in E may “pass” (or “stutter”), i.e.,
output skip.

5.4. Restriction. The map res; of (18) can be extended to behaviors by

(resp(a),w), if o(§(n) >~ (a, w),
undefined, if o(5(n)1s undefined,

resg(a) = A(3(n)) {

* There is nothing new to these ideas which can all be found in one form or another in Park
(1983). The remainder of this section may be viewed as a development of Park’s analysis,
perhaps providing some natural justification for the introduction of Aiatons which seems
somewhat ad hoc in Park (1983).
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so that (immediately) res.(c)eeff(Eu {skip}). We will use the same
notation resy for the function on players

resp(x)={resy(c)| oex}.

5.5. The essence ess{a) of a stream of acts « (according to Park) is the
stream obtained by deleting all occurrences of skip in o, except that
ess(skip, 1) = (skip, 1) since we have not allowed the empty, convergent
stream. We extend this function to behaviors by

ess(c) = stream ™" ess stream(c ),

and further to players by distributing. Note that for every x, ess(x)=
{ess(o) | o ex} is of type eff(Acts\ {skip}),

5.6. Adapting Kahn (1974) to our framework, a program schema is a
finite oriented graph G where edges need not have nodes at both ends and
where each edge e is labeled with a set of acts D(e), intuitively the acts of
sending messages of a ertain kind along e. It is assumed that

e#e' =[Dle)n D)=

Inputs are the edges with no beginning node, outputs are those with no
ending node, and the inputs of each edge e are the edges ending at the
beginning node of e. In addition to the input edges, there may also be
non-input edges (with a beginning node) which have no inputs. We will
identify a program schema with the state structure whose acts are those in
the D(e)’s and skip (assumed not in any D(e)), and where each state is a
function which assigns to each edge e a history H(e)e(D(e)u {skip})* of
acts in D(e)u {skip}, representing what has already occurred along e. In
the initial state all these histories are empty.

5.7. For each edge e of a program schema G, let

indep(e) = dep <U {D(e') | ¢’ is an input edge of e})
be the dependence type of possible acts on the input edges to e. A network
on a program schema G is an assignment
A = {N(e) | eanedge of G}
to each edge of a total player N(e) of type
T(e) = indep(e) neff(D(e) U {skip}).

The network is deterministic if each N(e) is deterministic, i.e., the singleton
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N(e)={o,} of a behavior, otherwise it is non-deterministic. Note that
by this definition, if e has no input edges, then N(e) is a (possibly) non-
deterministic, extended D(e)-stream.

If the edge e has input edges e, .., e, then the player N(e) assigned to
e induces a function

f.: P(extstream(D(e,})) x --- x P(extstream(D(e,)))
— P(extstream(D(e)))

by the formula
[ (X1, .., x,,) = path fairmerge(N(e), X, ..., Xu) (22)

where path is defined by (16). These extended stream functions are adapta-
tions to our setup of Park’s >-functions in (Park, 1983); they make
explicit the assumption that communication along channels is by buffers and
their use is characteristic of the present modeling. There is an implicit
appeal to them in the next key definition.

5.8. The life of a network .4~ with players N(e,), .., N(e,,) assigned to its
edges is the extended stream

life(AN") = path fairmerge (N(e,), ..., N(e,,)). (23)
The stream system defined by the network is the set of tuples
life(A") = {(ess res piey(0) -, ess resp, (0)) | o €life(A7)},  (24)

and the (non-deterministic stream determined by the network along each
edge e 1S

str(N), = ess res p, (life(N)).
Directly from the definitions, we have
if e has no inputs, then str(N), = ess(N(e)).

It is natural to think of the inputs to a network as variables and its other
players as constants, so that the life and the streams of the network are
functions of its inputs.

The use of fairmerge in (23) is of course the key element of this
modeling, which represents a network by all fair interleavings of the
activity in the nodes. The discussion in 3.6 should make it clear that our
analysis does not exclude “simultaneous” sending of messages between
nodes, it only codes it by the many possible private views of such activity
at the individual nodes. The use of player types here gives a concrete
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example of how changes in the state which may be happening even while
an agent (node) is acting must not interfere with his acts, but may affect
his subsequent actions, as discussed rather vaguely in 3.6. Note also that
the modeling of each node by a total player gives the most direct non-
deterministic semantics to the simple programming language Kahn (1974)
uses to motivate his results.

Before we go into the representation of Example 1.3 in this modeling, let
us consider (following Park, 1983) a kind of “converse” to definition (22),
ie., how we can represent an arbitrary monotone, continuous function on
streams by a total player. Suppose

F:stream(D(e,)) x stream(D(e,)) — stream(D(e))

is monotone and continuous with two arguments (for simplicity), and
define 7.(5(n)) by recursion on the length n+1 of the sequence of states
E(n)s

(5(n)) the first act in F(H(s,, ¢,), H(s,, ¢;)) not in ", if such exists,
1p(8(n))= .
d skip, otherwise,

(25)

where H(s,,e,) is the history of acts along ¢, coded in the state s, and
viewed as a finite stream (possibly with the terminator 1 at the end) so we
can plug it into F, and

" =ess(t£(5(0)), T(5(1)), ..., Te(5(n—1))).
Clearly 7, is a total strategy and if e,, e,, e are all distinct edges (so that

the acts along them are distinct), then for all o, estream(D(e,)).
o, estream(D(e,)),

Flo,, 0,)=ess resp,, fairmerge({ts}, {0}, {02} }) (26)

On the other hand, if e=e¢,, then the right-hand-side of (26) involves an
“indirect self-reference” which amounts to recursion and we can verify that
for all o,,

ess res p, fairmerge({t}, {6,)})= {the least fixed point of F(a,, 0,)=0}.

We can use this construction and straightforward least-fixed-point
arguments to show that the present modeling of networks extends conser-
vatively the semantics of Kahn, Park, and Broy.
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THEOREM 5.9. Suppose G is a program schema, for each non-input edge
e we are given a set %, of monotone, continuous stream functions of type

F:stream(D(e})) x --- x stream(D(e,)) — stream(D(e})

on the input edges of e, and for each input edge e of G we are given a non-
deterministic stream x,€ P(stream(D(e))). Define a network by assigning
the x,’s to the input edges and to each non-input edge e the total player

N(e)={1.| FeZ,},

where each tp is defined as in (25), and let life(A") be the extended stream
describing this network. A tuple (o, ..., 0,) of streams is in the stream
system of this network defined by (24) if and only if (6, .., 0,) is the
sequence of simultaneous least fixed points of some system

o,=F(0,,..,0,)

O-szm(o-h L) am)a

where Fy, .., F,, is an arbitrary choice of functions, F e Z,, i=1, .., m.

In particular, if each %, is a singleton and the input edges are assigned
deterministic streams, then the hypothesis describes an arbitrary Kahn
network and the conclusion asserts that its representation in this modeling
vields the stream system assigned to it by the Kahn semantics. The general
case shows similar agreement with Broy’s modeling, for networks without his
ambiguity operator.

THEOREM 5.10. Suppose G is a program schema with non-input edges “of
two kinds,” for each input edge and each edge e of the first kind we are given
a stream or a set of functions F, as in 5.9, and for each edge e of the second
kind we are given a merge operation on two specified input edges e', €? of e,

SoAxy, x;) = fairmerge(x, X,).

Define a network by assigning to each edge e of the first kind a total player
as in 5.9 and ro each edge ¢ of the second kind the total player

N(e) = fairmerge({t,}, {T2}),

where 1, is assigned to the identity function I, along e’ as in (25). It follows
that for every tuple (o, .., 0,) of streams in the stream system of this
network, there is a choice of functions F,e %, for each edge e, of the first kind
so that

e; of the first kind=>0,=F;(0, .., 0,,);
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and if e, is of the second kind, then o, is a full (non-strict, angelic) merge of
the appropriate inputs ¢', ¢?, ie., it can be decomposed into two disjoint
copies of ¢' and ¢*.

Proof. We choose (strict, fair) mergers at the edges of the second kind,
use a direct fixed point argument as in the preceding theorem and then
chase the result of applying the essence function. |

This last theorem is the easy part of the main result of Park (1983),
which explains how Park’s modeling of “non-strict, fair (angelic) merge” in
terms of strict, fair merge and hiatons can be adapted to our setup. It
applies to the “anomalous” equation

M = fairmerge(5, S(M))

which may be viewed as defining a Park network which has two edges of
the first kind with the single stream functions 5 and .S attached to them,
and just one merge edge. The stream determined by this network on the
merge edge is

My =1{(5,6,.))

the stream which comes from the second naive understanding of the
network in 5.2,

One can also formulate in this setting and prove the full strong result in
Park (1983), which gives a “computational justification” of the method, but
this is quite lengthy and we will skip it, especially as it does not add much
to what is already in Park’s paper.

6. MINIMUM CONDITIONS FOR PROCESS SMANTICS

Having settled on players to model non-deterministic processes, we now
seek the appropriate objects to model process transformations. Arbitrary
process functions f: 2" — 2 will not do because (for one thing) we will
want fix-point equations of the form x = f(x) to have solutions. The usual
way of insuring the existence of fixed points by choosing the monotone,
continuous player functions also does not work, since there is no obvious
way to turn # into a dcpo. In fact we have been unable to define a
reasonable process semantics for % which models process transformations
with any set of player functions (which includes the fair merge operation),
and we will use intensional operations which are not determined by their
graphs. Now we will attempt to motivate and justify our choice of this
modeling in the next section, but it is admittedly an unusual option. To
make clear just what is achieved by the construction in the next two
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sections, we set down here minimal conditions of “reasonableness” which
must be satisfied by any process semantics for % with the fair merge.

6.1. Fix a state structure & and a signature t which includes function
symbols do(a) for each act a of &, next, condg (R some relation on the
states), or, and fairmerge. An abstract interpretation of ¥ = ¥(1) over &
is a triple

o = ({cpn}'neN: {Xn}neN’ den)

which satisfies the following conditions.

1. Each extension map y,: @, - (#" - &) associates an n-ary player
function y,¢ with each abstract (intensional) function ¢ € @,,. It is of course
allowed that each @, is a set of n-ary player functions and y,, is the identity.

2. The denotation map den assigns to each expression £ of ¥ and
each list ¥X=x,, .., x, of distinct variables which includes all the free
variables of E, an abstract n-ary function den(¥)Ee ®,,.

3. If M is obtained from E by an alphabetic change of the bound
variables and the (free) replacement of each x; by some z,, then den(X¥)E =
den(Z)M. In particular, each n-ary function symbol of 7 is assigned a
unique abstract #-ary function f= den(X) f(¥) (with any choice of ¥) and
a player function =y, f.

This basic definition allows trivial interpretations which (for example) may
assign the same object to all closed expressions. We call an abstract inter-
pretation minimally reasonable if in addition it satisfies the following three
conditions.

4. Correctness for substitution. 1f an me-ary function letter [ is
assigned the player function 7 and y,den(%)E,=g, for i=1, .., m, then

Xnden()_c’)f(Ela vy Em) = '1(55) ](gl(f)’ vy gm('f))

5. Soundness for recursion. 1f two expressions E, M are least-fixed-
point equivalent, then for all ¥, den(X)E = den(%¥) M.

6. Adequacy. 1If f is one of the specified function symbols do(a),
next, condyg, or, and fairmerge in the signature, then 7 is the associated
player function, as we defined these in the last section.

The minimally reasonable interpretations of % cannot be entirely trivial,
since they interpret correctly the explicit part of the language and they
interpret mutual recursion (at least) by the taking of fixed points. On the
other hand, which fixed points is not specified by the conditions above, and
there may well exist minimally resonable interpretations which are

643/93/1-10
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thoroughly unreasonable as concurrency modelings. The interpretation we
will construct will be much more than minimally reasonable. On the other
hand, T am not aware of any other concurrency models which combine the
fair merge with full recursion and which are minimally reasonable in this
sense, even in the special case where the underlying state structure is trivial
(with just the one state 1), so that procedures and behaviors are just
streams of acts and players are sets of streams (traces).

7. MODELING PROCESS TRANSFORMATIONS

The basic plan is to model a process transformation by the set of its
“implementations,” but it must be refined in two ways.

I. We will use a natural but unfamiliar notion of “abstract
implementation” which may depend on an infinite sequence of arguments.

2. Instead of comsidering extensionally functions which are deter-
mined by all their implementations, we will adopt an intensional approach
which identifies a function with a specific (suitably closed) set of implemen-
tations.

There is an obvious notion of an abstract implementation for functions
on players which (in similar contexts) has been suggested by many,
including Park and Broy: if, for example

FiPxXP P

is a binary player function,® then an abstract implementation for f would
be any monotone, continuous function

F:BxB-B

such that s e x, T€ y= F(o, 1) € f(x, v). For each of the functions next, or,
par,,, and many others, there is a set 7 of such abstract implementations
which determines the function, i.e.,

f(x, y)={F(o,7)|cex,tey Fel}. (27)

This suggests that we admit in our modeling only functions which satisfy
(27) with some 1. Consider however the function

twice(x) = x next x. (28)

¢ We will often use unary and binary functions to illustrate definitions and results about
arbitrary n-ary functions.
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To compute twice(x) we (may) need to “call x twice”, and there is no
guarantee that the same behavior from x will be produced both times, if
indeed x is a non-deterministic player. Thus the most natural implementa-
tion of this function is the operation of two arguments

H(o,t)=0nextrt, (29)

and we have twice(x)={H(o,7)|0,1ex}. Going one step further,
consider the recursion
y=xnexty

which defines 7(x) for each x. Clearly y(x)= x next x next x ---, the com-
putation of j(x) calls x infinitely many times if x is a conveergent player,
and there is no reason why the same behavior from x will be called every
time; if x is an infinite set of single act executions, then our intuition tells
us that every infinite sequence of executions of acts from x is a possible
value of y(x). Thus, to accommodate identification of variables and recur-
sive definitions we must admit implementations of functions on players
which depend on infinitely many arguments.

7.1. An infinitary behavior function (or just behavior function when no
confusion can arise) is any monotone and continuous (in the obvious
sense)

F:(N—B)" B,

which assigns to each n-tuple of players X=x,, ..., x,,, the player value

F(X)={F(pys - Pn) | Pis s Pn: N> B, range(p,) S x,, ... range(p,) = x, }
={F(pys s Pu) | P1:N>Xx{, ., pi N x, )

The first of these two equivalent expressions for F(X) explains the idea
better, but the second is more convenient and we will generally prefer it.
We set

BF,={F| F:(N—>B)" - B},
B={JBF,,

and we call FeBF, an abstract implementation of a player function
J: 2" - 2, if (VX)[F(X) < f(X)]. A player function f is determined by a set
I<BF, if for all Xx=x,, .., x,,
fE)Y={F(pys s P) | P:N>X{y .y Pp: N> x,,, FeI}
=) {F(%)| Fel}.



144 YIANNIS N. MOSCHOVAKIS

7.2. Reducibility in BF. For each p: N—= B and n: N—- N, let

p (1) = p(n(i)),
and if FeBF, and 7, p: N > N, set

F™*(p,q)=F(p",q*), (p,q: N - B). (30)

We say that an infinitary behavior function G of two arguments is reducible
to F and write G F, if G=F™* for suitable n, p: N— N. The version of
(30) for functions of one variable is

F*(p)=F(p™)=F(A(i) p(n(i)))

and a bit messier for functions of » arguments.
Quite trivially, for all p: N> B, n,p: N> N,
(p™) =p™,
F™(p)=F(p™)=F*(p"),
where mp is the composition of =, p: N - N. Similar (messier) equations

hold for functions with more arguments and we will use them routinely,
without reference.

Fact 7.3. The relation < of reducibility is a (partial) preorder
(transitive and reflexive) on each BF,. Moreover,

G<F=(YX)[G(X)<S F(X)],
so that (in particular) if F is an abstract implementation of some function
[P > P, then so is G.

Proof. Suppose for simplicity that F, G are unary and G = F" for some
n: N— N. The inclusion F"(x)< F(x) follows trivially from the fact that
range(p) < x implies that range(p™)<x. |

We now come to the basic definition of the modeling,

74. An implemented player function (ipf)’ is a set f of infinitary behavior
functions (f’s abstract implementations) closed under reducibility. For each
n-tuple of players ¥ =x,, .., x,,, the player value f(X) is defined by

f&)={F(p(, s Pa) | P N>xy, s p,i N> x,, FEf}.

7 In Moschovakis (1989) we used the term intensional player functions (also abbreviated ipf)
for this notion.
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A set 1< BF generates f if
S={F| F<G for some Gel}.

Note that (immediately from 7.3), if 7 generates f, then it determines the
values of f,

fx)= {FX) | Fel}.

The requirement of closure under reducibility ensures that ipf’s view their
arguments as sets rather than sequences of behaviors and eliminates trivial
distinctions. Without it, {1(p) p(0)} and {A(p) p(1)} would be considered
distinct intentional representations of the identity function, and it is not
clear how that could be useful.

1.5. Lifting behavior functions to ipf’s. With each (finitary) behavior
function F: B”" — B we associate the ipf F generated by the single behavior
function

F'(pys s pa)=F(pi(0), ., p,(0)).

When no ambiguity can arise we will identify F with its “lift-up” F".
For example, the ipf next modeling sequential composition of processes
is the set of all behavior functions reducible to

S(p, q) = p(0) next g(0),

1.e. (easily) the set of all behavior functions of the form

Sii(p, q)= p(k) next q(l)  (k,leN).

Similarly, the n-ary projection funcrion
proj™i(x,, ., x,)=x;, (1<i<n)
is identified with the set of all P}"’s,
PN P1s s Pa) = pilk). (31)
When n=i=1,

projt' =id (32)

is the ipf representation of the identity function on players, whose
implementations are precisely all P, '’s. On the other hand, the ipf rwice
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which models the process function x next x is generated by the single
behavior function

T(p) = p(0) next p(1), (33)

and it is not the lift-up F/ of any behavior function F—that would have to
be a unary F since twice is unary and 7T is unary and T is clearly not
reducible to any unary F.®

7.6. Intensional and extensional equality of ipf’s. Clearly f= g implies
the extensional equality (Yz)[ f(z) = g(z)] but not vice versa.” We adopt an
intensional use of A, so that if a term #(x) has a ckear intensional meaning,
then f=A(x) t(x) is the ipf defined by it. We will also use on occasion the
convenient abbreviation

f2)=,, 82) = =g

7.7. Composition of ipf’s. For given ipf’s g, h,, h,, the composition

f=ax) glhy(x), hy(x))
is the ipf generated by all behavior functions of the form

F(p)=G(4i) Hy ,(p), Ali) Hyi(P)),

8 The abstract implementations in twice are all behavior functions of the form
Tii(p)=pk)next p(l)  (k,IeN),

including the implementations T, which compute x next x by storing the behavior in x sup-
plied by the first call to their argument and then using the same behavior for the second call,
if one is needed. One may argue that it is not natural to admit these “smart” implementations
in twice and it is possible to introduce finer, intensional modelings of process transformations
which avoid it, e.g. by taking ipf’s to be subsets of BF closed under the equivalence relation
induced by the preorder <. Here we are primarily interested in studying the extensional
properties of process transformations and we have adopted the coarsest intensional modeling
for which we can develop the theory; see 9.6.

® For example, in the trivial structure with just the one (initial) state i, the behavior
function

{@ if p(2)()1 or p(3)(0)1,
I(p)=+p(0), otherwise if p(2)(1) = p(3)(1),

p(1), otherwise

is (easily) an implementation of the identity but it is clearly not reducible to any P,' in (31);
thus P}! and {P}', I} generate distinct ipf’s which are extensionally equal. Note that to com-
pute id{x) by this 7 we might have to make three distinct calls tc x, and from 2 completely
naive point of view it seems quite absurd to admit [ is a “natural” implementation of id.
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where G is an abstract implementation of g and H,,, H,, are abstract
implementations of k,, h, respectively. The definition is similar for n-ary
compositions.

Fact 78. (1) If f=A(x) g(h(x)), then for every x, f(x)= g(h(x)), and
similarly for the composition of functions of any number of arguments.

(2) For each binary ipf g, if h=2A(x, y)g(proj*'(x, ¥}, proj>*(x, y))
is the ipf obtained by composing g with the indicated projection functions,
then h=g, ie.,

g(proj*'(x, y), proj**(x, ¥)) = proc 8(%, y).
(This is a sample result for compositions of this type.)

Proof. To show first that f(x)< g(h(x)) in part (1), assume that
g€ f(x), so by the definition

a=G(A() H,(p)),
for some p such that p[N]cx. By 7.3, each H,(x)<h(x), so each
g(iy= H,(p))e h(x) and hence ¢ = G(g)e g(h(x)). The converse inclusion
g(h(x)) < f(x) is equally simple.
To check the inclusion g<h=A(x, y)g(proj>(x, y), proj**(x, y)) in

part (2), suppose G is some abstract implemenation of g and for each /
choose the abstract implementations

Hy (q.r)=q(i),  H,q,r)=r(0)
of proj*! and proj*?, respectively; now the behavior function
H(g,r)=G(Ai) H, (g, r), (i) H, (g, r))=G(q. 1)

is an abstract implementation of A by the definition, and it is exactly G.
Conversely, the typical abstract implementation of 4 is of the form

H(g, r)= G(A(1) q(n(1)), A(J) r(p(j))) = G(q", r*)

for suitable n, p: N> N and Ge g, so He g by the closure of g under
reducibility. ||

The point of (2) is that we will be using (often without mention) the
classical method of Gddel for reducing explicit definition to composition,

e.g.,
S, 3, x)=f(proj*!(x, y), proj**(x, y), proj™'(x. ¥)). (34)

We want to be sure that the intensional version of (34) is also valid, i.e.,

J(x, ¥, X) = o [ prof* ' (x, y), proj*?(x, y), proj>(x, y)).
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8. Process RECURSION

Suppose that f is a unary ipf and assume first that each abstract
implementation Fe f lives on a singleton; ic., it depends only on one
argument so that (in effect) F: B — B. To compute the “least” fixed point
of the equation x = f{x) in the usual way, we want to start computing
some F,e f on an unspecified argument and interpret each “call” for x as
a call for some arbitrary Fe f. This suggests setting

x={lim FyF,---F,(&)| Fy, Fy, ...€ 1}, (39)

n—= 0

which in fact yields a “natural” fixed point of x = f(x). We can reformulate
this definition, by assigning to each sequence F=(F,, F,,...) of behavior
functions in f the sequence (F,, F,, ...} of simultaneous least fixed points of
the equations

6;=Fi(0,,4) (1=0,1,..),

and verifying that (35) is equivalent to
Xz{F()'FOaFl""ef}'

This form of the definition generalizes to the case where f is an arbitrary
ipf, as follows.

8.1. Simple fixed points. An implementation system for a single equation
x=f(x)
is a set

F={F,|ueN*}

of abstract implementations in f indexed by the finite sequences of integers.
For each such F we define the system

F={F,|ueN*}
of behaviors as the simultaneous least fixed points of the equations
0,=F. (6,0, 0415 ) (ue N*),
where ui = (i) = the extension of the sequence u by i. Finally, we let

%= {Fy | F is an arbitrary impl. system for x = f(x)} (36)
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be the player defined recursively by the equation x = f(x). Note that in the
notation established by 2.1,

where the stages F™ are defined by the recursion
FPrV=F(Fg, Fp, )
THEOREM 8.2.  For each unary ipf f, if X is defined by (36), then
x=f(x).
Moreover, if for some type a,
J:P(a) » P(a)

in the sense that x € #(a)= f(x)e P(a), then x € #(a).

Proof. Check first (easily) that for each implementation system F for f
and each sequence ue N*, the set

Flu)={F,,, |ve N*}

is also an implementation system for f and it satisfies

F(u)l):Fusv’

so that in particular, for each ue N*,

F,=Fu)yek

Thus

oeX=0=F for some F=F_(i(i) F,)e f(x).

Conversely, if o € f(x), then o = Fo(p) with some Fy e f and for each ie N,
p(i)=F € % for some implementation system F’ of f. Now define F by

FzzFO: F(i)*u:F{(’
and check (casily) that o = F,(p)=F_,, so that g e %.

For the second assertion about types, the hypothesis means that if F is
any abstract implementation of /' and p[N] < a, then F(p)ea. Using the
fact that (Fea to get the induction started, we prove from this that if

ur> F{" is the n th iterate in the simultaneous recursion which determines
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u— F, for some implementation system F, then F!"ea; hence
F,= F!"ea, since types are clearly losed under monotone unions. |

The point of the second assertion in the theorem is that we can establish
safety properties of fixed points from assertions about preservation of safety
properties by the defining equations. This should be true of every inter-
pretation of recursion.

We can extend directly the definition above to systems of equations, with
parameters, using systems indexed by sequences of tuples. As an example,
we treat the case for a system with two equations and one parameter.

8.3. Mutual recursion. We let
({0, 1Y x NY* = {(u, v) | ue ({0, 1}* . ve N* lu|=|v|}

be the set of finite sequences of pairs from {0, 1} and N, which we view as
pairs of finite sequences of the same length. An implementation system for
a system of equations (in the parameter )

x=f(x, y,2)
y=2g(x, 1)
is a pair of sets indexed by ({0, | } x N)*,
F={F,.|0v)e({0,1} xN)*}, G={G,,!|(mv)e({0, 1} xN)*},

where each F,, and each G, are abstract implementations in f and g,

respectively. Each such pair (F, G) determines the indexed sets of infinitary
behavior functions F,,, G, .:N— B

{Fu.vl (u9 U)E({O, 1} XN)*}, {Gu.u | (H, U)G({O, 1} XN]*}

which are the simultaneous least fixed points of the equations

Ju.r-(r) = Flll(}'(l) O-uO,vi(r)ﬂ j“(J) Tu(],v/(r)’ r)
Tu‘v(r) = Gul('l(l) O-ul,vi(r)9 /1(1) Tul,tji(r)> r),

and the implemented player functions defined recursively by the system are

$={Fy | (F,G)as above}, 7={Gy 4| (F,G)asabove}.

The motivation is exactly as in the case of a single equation; i.c., we think
of computing X(z) by starting on f(x, y, z) on the given z and unspecified
x, y and “calling” f when x is required and g when y is required; these
“calls” must be via totally independent abstract implementations of f and
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g F,,and G, ,, where the indexing is coded so that when u ends in O the

uv

call is by f and when the u ends in 1 then the call is by g. For example,
with u=v= ¢ and skipping the argument r, i.e., abbreviating

F,

.U=Fu.l»‘(r)’ GM.U=G_M,L‘(")

to simplify the notation on the right,
Fu.g(r)=Fg 5 (Fo). 01> Fior.1s Fooy.2p - Goon. 0 Goyay: Gy = 1)
Gy p(r)= G.o(Fiiy 0 Firiy Fanars s Gianors Gunays Granays o 7)-

For the general case of systems of » equations the definition uses systems
indexed by ({0, .., n—1} x N)*.

THEOREM 84. The ipf’s defined recursively by a system satisfy the
system; thus for the special case of a system of two equations as in 8.3,

X(z) = proe [1X(2), J(2), 2),
z) = proc 8(X(2), 7(2), 2).

Moreover, if a, b, are types and
[ P(a) x P(b) x 2(c) > P(a),
g: P(a)x P(b) x P(c) » P(b),
then x: P(c) — P(a), y: P(c)—> P(b).

Proof is an elaboration of the proof of 8.2, so we will only only outline
briefly the

Az) f(x(2), p(z) z) e X (37)

part which involves composition of ipf’s. Replacing z by id(z) to reduce the
explicit definition to composition and using 7.8, we get that the arbitrary
abstract implementation of the left-hand-side of (37) is of the form

L(r)=F'(A(1) X,(r), (i) Y;(r), A(D) r(n(0))),

where F' e f, each X; and Y, are in x, y, respectively, and n: N = N. By the
definition of the fixed points, we can find systems of implementations
(F®, G"%) and (F"“/, G*') (note the asymmetric indexing) which define X
and Y, respectively, so that

L(r)=F(A(i) FO s 5 (r), A1) G 5 s (r), )
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where we have also replaced F’ by F on the simpler argument r using the
closure of f under reducibility. As in the proof of 8.2 now, define the pair
(F, G) as follows:

Fy s=F, Gy s=anyGeg,
Fo n=F:', G w=G"".

fu, jv— 4 e fu, ju

=F", ., Gu »=G",,. so that in particular

F(A(i) F(O).(i)(r): A7) G_(O),(i)(r)a r)
F(A(D) F‘Tg,g(’”) i) Wg,@(’)a r)
L(r)

1t follows easily that F,,

F@.g(")

L Jp

Il

and L=F zex |

There is no obvious characterization of these fixed points in terms of
some order in 2, because (as is well understood) spaces of sets like 2 do
not carry nice orders. However:

Fact 8.5. The fixed point X of x = f(x) defined by 8.1 is minimal among
fixed points of x=f(x) in the upper preorder'® on players; ie., for every
fixed point y of x = f(x),

(Ve yYdoex)oct].
It follows that if X is a total player, then it is the largest (as a set) fixed point
of f.
Proof. Assuming that te y and f(y)=y, we have that t=F(4(i)7,)
for some F € f and suitable 7,€ y, so that in turn, for each i
T,= F{i)(i(j) Ti,;)

for some F; e f and 1, ;€ J, etc., so that we can choose an implementation
system F={F, | ue N*} for / and members 7, € j satisfying

t,=F,(Ai),, ;) (ue N*), (38)

with the given t = 1. Since the behaviors {F, | ue N*} in X determined by
F are the least simultaneous fixed points of the equations (38), we have
F,ct, for every u, and in particular this holds for u = (J, completing the
proof of the main assertion. The corollary follows immediately. [

19 This is a natural ppreorder on classes of subsets of a poser used in the construction of
powerdomains. In Moschovakis (1989) we called it the “Milner preorder,” following Broy
(1986}, but it appears that “upper” is a more appropriate name for it.
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This is the only obvious restriction on x in terms of natural preorders
on 2.

8.6. ExampLEs. Fix the trivial structure with just the one state 1 and
acts a, b, and skip, so that behaviors are just streams of these acts and
behavior functions are monotone, continuous stream functions.

(1) The equation
x = (a next x) or (b next x).

has no &-least solution, since the two sets of infinite sequences of a’s and
b’s which are ultimately constant both satisfy it; % is the <-largest fixed
point, which is also the unique upper-minimal fixed point.

(2) For the most trivial equation x=x, x= {J} is the <-least fixed
point.

(3) The equation
x=xorbor (anextx)

has a <-least fixed point which consists of all the finite, convergent streams
of the form a---abl; it has a <-largest fixed point which consists of all
streams; it has a <-least, upper-minimal fixed point which consists of all
the finite divergent streams of a’s and all the streams in the <-least fixed
point; and X is none of these: it consists of all the streams in the <-least,
upper-minimal fixed point together with the infinite stream a-a---. Note
that the streams in x are what we would expect to get by implementing the
“naive” understanding of this equation.

It is quite easy to construct more complex examples which make it seem
quite unlikely that we can find a “structural” (algebraic) characterization of
this notion of recursion. Thus we should look for its justification on the
general properties it satisfies, and these are expressed naturally as results
about the semantics of #-structures where we take ipf’s as the given
functions.

8.7. A process structure is a pair o = (&, %), where & is a state struc-
ture and F assigns an n-ary ipf #(f) to each function symbol of arity ».
In the process semantics for & we associate with each expression £ and
each n-tuple of variables % which includes all the free variables of E an ipf

f5= process(of, X)E,

using ipf composition defined by 7.7 and interpreting recursive expressions
using ipf recursion: e.g., if

E=rec(u, v)[Ey(u, v), E (u, v), E5(u, v}],
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then for any % which includes all the free variables of E we let

fi=process(s, u, v, X)E, (i=0,1,2),
we let @, v be the ipf’s defined recursively by the system

u=f,(u, v, X)
v=f2(u, v, X‘)a

and we set

process(S, X)E = A(X) fo (#(X), (%), X).

If Eis a closed expression (with no free variables), then its process denota-
tion fy relative to the empty list is an ipf with no arguments, i.e., just a
player. Two expressions E, M are process equivalent if they have the same
process denotation f; = f,, on every process structure and for every . We
write

E=,, M< E, M are process equivalent.

8.8. Lifting behavior into process semantics. For each behavior ¢ in a
behavior structure &, set

Ho)={o},

and with each behavior function F (binary, for simplicity), associate the
process function F defined by 7.5, whose abstract implementations are all
behavior functions of the form

FX!(p, q)=F(p(k), q(])).

The next result expresses the faithfulness of this interpretation and it can be
proved by a direct fixed-point argument which we will skip.

THEOREM 8.9. Let of/ be the process structure (of the same signature)
associated with a behavior structure < by replacing each behavior function
F in o/ by the corresponding process function F'. For every expression E,
then, if Fp and f are the functions associated with F in o/ and ', respec-
tively, then for all behaviors o, .., 0,,

FE(O-I’ ey Jn):]_lflz'(](o-lx ey j(an))
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9. THE MAIN PROPERTIES OF THE MODEL
In the next section we will prove the following main result of the paper.

THEOREM 9.1. The Transfer Principle. If two expressions of the
language & are behavior equivalent, then they are also process equivalent; in
symbols,

E=,, ,M=>E=, M

proc

The converse of this is immediate from 8.9, so that the expression identities
which are valid in all behavior structure are also valid in all process
structures.

Since recursion is defined by the taking of least fixed points in behavior
semantics, we have immediately the corollary:

THEOREM 9.2. Least-fixed-point  equivalent F-expressions are also
process equivalent.!

The fact that fixed points satisfy their defining equations is an obvious
special case of this result, since

J(rec(x)[x, f(x)])=rec(x)[x, f(x)]

is valid in least-fixed-point semantics so that by 9.2 it also holds for process
semantics. This is Theorem 8.2, a special case of the more general 8.4,
which also follows from 9.2. Additional basic corollaries are the well-
known rules which reduce nested to mutual recursion:

THEOREM 9.3 The Beki¢-Scott Rules. For all expressions and sequences
of expressions and variables as indicated, the following identities are valid in
process semantics:

rec(Z)[rec(F)[E M], N]=rec(j, 3)[E, M, N], (39)
rec(X,, z, %,)[E, rec(5)[M, N, E,] =rec(%,, z, 3, %,)[E;, M, N, E,].
(40)

In fact we will need to prove these first, as lemmas for the general transfer

't FAdded November 29, 19907 I now have a complete axiomatization of least-fixed-point
equivalence for expressions of % and a proof of the decidability of this class of identities.
Using this construction, Tonny Hurkens has proved that least-fixed-point equivalence concides
with procedure equivalence for expressions of ¥, and hence also with process equivalence by
the results of this paper.
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principle. Perhaps they are easier to recognize in the following form which
refers directly to ipf recursion.

THEOREM 9.4. Suppose the ipf’s on the right in the list below are defined
by the recursions on the left:

x=f(x, y, 2): X=Ai(y, z) ¥y, 2)
y=g(X(y, z), y, 2): y=4Alz) y(z)
x=f(x,y,z)}: ,ez,l(z)ﬂz)}
y=2g(x, y, z) 7=Az) 7(z)
We then have
y=7

and hence,
(Vz)[x(z) = X( p(z), z)].

9.5. Limitations of the theorem. Suppose &' is the extension of & by a
binary construct cond(x, y) and we agree that in the behavior semantics of
&', cond(x, y) is to be interpreted by a conditional behavior function
COND,, based on a relation R on the states

COND (0, 1t)=A(5(n))[if R(sy) then o(5(n))else 1(5(n))1; (41)

in the process semantics of .#’, cond(x, y) is to be interpreted by an ipf
generated by some behavior conditional satisfying (41). Now the identity

cond(x, x)=x (42)

is valid in all behavior structures, simply because for every so, R(sq) is
either true or false, but it is not valid in process structures because if
x={a, b}, then the right-hand-side of (42) has only the two, trivial
behaviors a and b, while the left-hand-side has the additional state-
dependent behavior

p(5(n)) =if R(s,) then a else b.

Thus we cannot extend the transfer principle directly to languages with
conditionals.

This simple obstruction has nothing to do with recursion, it depends
instead on the well-understood “algebraic” difficulties that come up when
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we try to use conditionals in a non-deterministic setting. Although it
forbids direct extensions of the transfer principle to languages even
minimally richer than %, this example still allows for weaker transfer
principles with which it is consistent. For example, the two sides of (42)
are “observationally equivalent” under any reasonable definition of
“observation” for processes: perhaps one can show that behavior equivalent
expressions in fairly rich languages are observationally equivalent in the
appropriate process semantics, with a natural, rigorous definition of
“observational equivalence.”

9.6. Extensional process semantics. A function f: #" —» 2 on the set of
players is (abstractly) implementable if some set I of its abstract implemen-
tations determines it, so that it is extensionally equal to the ipf f* = AI(f)
of all its abstract implementations. An extensional process structure is one
where # assigns implementable player functions to the function symbols
and we can define semantics for these structures by identifying every
implementable function f with the ipf AI(f) and using our definition of
recursion. The problem is that we cannot prove the basic Beki¢-Scott
Rules 9.3 for this semantics because we have not been able to solve the
following basic problem about process recursion:

9.7. Question. Suppose f and g are extensionally equal implemented
player functions and the equations x = f(x), x = g(x) determine the fixed
points X, and X, respectively; must we have X,=X,?

It appears quite difficult to answer this question positively with the
methods we will use to prove 9.1. A positive answer would be founda-
tionally interesting, as it would provide a good, extensional model com-
bining fair merge with full recursion, but it is more likely that the answer
is negative. Of course, there may be an enitrely different way to approach
the subject with some other, natural notion of process recursion which
bypasses the question entirely.

10. APPENDIX. Proor OF THE TRANSFER PRINCIPLE

It is convenient for the proofs to enrich the language # with the
constant (0-ary function symbol) 1 which abbreviates the recursive
expression

L=rec(x)[x x] (43)

This is interpreted in behavior structures by the totally undefined behavior
(J and in process structures by the deterministic player { ¥ }. We will need

643/93/1-11
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some preliminary definitions and lemmas, beginning with a “parametriza-
tion” of the notion of abstract implementation which has more structure
and is easier to compute with.

10.1. A representation of an n-ary ipf f is any function
F:Nx (N - B) - B, (44)
such that for each ue N, A(p) F(u, p)e f, i.e., the function F, defined by
F(p)=Flu, p)

is an abstract implementation of f. A representation of an ¥-expression E
is a representation of the ipf f, defined by F—all relative to some structure
o/ and some list X of variables including all the free variables of E, which
we will typically leave implicit.

By “representation” we will mean a representation of some f, and this
comes down to just a monotone, continuous function as in (44). A
representation F’ is reducible to another F if there exists some n: N> N
such that

F'(u, p)= F(n(u), p).

In this case, if F is a representation of some ipf / or some expression E,
then so is F’. For example, the representations of the identity ipf A(x)x are
all functions of the form F (u, p)= p(n(u))= p"(u), where n: N - N, and
there is only one representation of the constant L, the constant function

Au) .

To deal with least-fixed-point recursive definitions of representations, we
will use informally some obvious extensions of the recursion construct of
& . For example,

rec(u, p, v, §)LF(, p, ), G(u, p, q), H(v, p, 9)1=F(i, p, §),
where p, ¢ are the simultaneous least-fixed-points of the system

pu)=G(u, p, q)
q(v)=H(v, p, q).
Note that this system of equations is just the “point form” of

p=AMu)G(u, p, q)
g=A(v) H(v, p, q).
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We will use interchangeably the two notations

Ai) rec(u, p, v, Q)L F(i, p, q), G(u, p, q), H(v, p, q)]
=rec(p, ¢)LA() F(i, p, q), Au) G(u, p, g), A(v) H(v, p, ¢)].

10.2. REPRESENTATION LEMMA. If the ipf h is defined by the recursion
hZ)=rec(X)[o(X, 2), f1(X, 2), .. (%, 2],
then its representations are exactly all functions H satisfying
H(i, P)=rec(u,, piy o tt,, p,) O, B, F), F(uy, B, F), .. F,(u,, P, F)],

where O and F,, .., F, are representations of o and f, ..., f, respectively.

Proof. Assume for simplcity that the recursion is not mutual (n=1)
and Z=z is a single variable, i.e.,

h(z)=rec(x)[o(x, 2), f(x, 2)]
Part 1. Every representation H of 4 satisfies
H(u, r)=rec(i, p)LO(u, p, r), F(i, p. r)] (45)

with suitably chosen representations O and F of o and f; respectively.
By the definition of composition and ipf recursion, each representation of
h is of the form

H(u, r) =0, () X,(r), 2(j) r(m,(/)))
= O(H’ }'(l) u.i(r)~ r)» (46)

where each n,: N — N and in the second equation O is a representation of
o and each X, is an implementation of the ipf ¥ defined by the recursion
x=f(x,z); we have used here—and in the sequel will use without
reference—the closure properties of classes of representations. By the
definition of ipf recursion now, X, ;= F,, 5 (u, i€ N), with suitably chosen
implementation systems F,,={F,,,lveN*} (4, ieN). Switching to
single-integer indexing, set for each je N

Fi=Fimon
Xr)=Xo.om=Eiz(r).
2In the computations of this section we use repeatedly a fixed coding of integer tuples
¢S N* 2L N with inverse (w, i) > (w),, so that, eg, ({n,md)g=n, ({n,m>) =m.

We also use the “algebraic” notation for A-abstraction, f(x,-)=A(y)/f(x, »), so that, in
particular, <i, - > = A(j)<i, j).
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Let n: N— N* be an enumeration of all tuples without repetitions and
such that n(0) = & and set

F(]a i’ p’ r) :Fi.n(i)()'(m) P(<J, 71771(75(1') * (m)))), r)~

Fix r for the argument and let p be the least-fixed-point of the equation

p(S)‘_“F((S)O’ (s)la 12 I‘)
= Fo. ntom (A0m) p({(8)o, " H(m((5)) * (m)) ), r).

We claim that (for the fixed r),

Xi(r)=p(<J: 07), (47)

so that going back to (46) and computing, we have
H(u, r)=O(u, 2(i) X, ;(r)) by (46),
=O0(u, Mi) X, ;5(r) 1) by def.,
=0(u, A()) p(Ku, 15,03),r) by (47),
=rec(s, p)LO(w, A(i) p(Ku, 15,05), r), F((s)o, (s)1, p, 1) ]
This will complete the proof of Part 1, because the expressions involving O
and F are representations of o and f respectively, and this puts H in the

required form (45).
To prove the claimed (47) we will show that (for the fixed r and all j, k),

Fi (kY= p({j k),

from which (47) follows setting k = 0. The proof is by induction on the
stage of the recursions which define F, . (r) and p, i.e., we will show that
for each n,

F o (r) =B k).
At the induction step we have

Fjs';t;';(i):Fj.n(k)(i(m) F;.nn)(k)t(mw r) by def.

=F; o (Am) pU(, (k) x (m))>), r)  byind. hyp.
=pUr (G kD) by def.
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Part2. Every H which satisfies (45) is a representation of the ipf 4.
Given (45), define the system G for the equation x = f(x, z) by

G@(P, ")=G(0)(Pa r):F(()’ P’ r)
Gvi(p’ r)=F(i’ pa }‘)

which is quite degenerate in that G, depends only on the last term in the
sequence ve N*. The proof uses the fact that for this (and every)
implementation system for f; each of the simultaneous least-fixed-points G,
(ve N*)is an abstract implementation of the ipf x defined by the recursion
x=f(x, z), which is easy to check as in the proof of §.2.

Fix r and let p be the least-fixed-point of

pliy=F(i, p,r);

we will check by induction on the stage n of the recursions defining G, and
7 that

G (ry=p"0), (48)

so that in the limit p(i)=G, (r), and by the observation above each j(i)
is in X. From this it follows immediately that H(u, r)=O(u, p,r) is a
representation of 4. Finally, for the induction step in the proof of (48) we
compute

GtV =G, (Am) G (1), 1) by def.
=F(i, p", r) by ind. hyp. and def. of G,
=p" 1) by def.

This completes the proof of Part 2 and the proof of the Lemma. ||

10.3. LeMMA.  For all ipf’s f, g1» s s

Lf(gl(:{. 7gr1(x)) proc I"eC( 1s - 9yn)[f 1o 9yn gl(i")a o0y gn(})]
(49)

Proof. By the definition of composition (and with n =2 for simplicity),
the typical representation of the left-hand-side of (49) is of the form

LHS(u, r) = F(u, (i) Gy (i, r), A(j) G, (j, r))
= I‘GC(i, P j9 ‘I)[F(u, D, 4)9 Gl (la r)9 G2 (]’ r)]a

where F, G,, G, are representations of f, g,, g,, respectively, and the
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second equation follows from least-fixed-point recursion; now 10.2 implies
that it is also a representation of the right-hand-side of (49). Proof of the
converse inclusion is almost identical. |

10.4. Proof of the Bekic—Scott Rules, 9.3. The proof of (39) is very
similar to the proof just given, using the fact that (39) is valid in least-fixed-
point semantics. Beginning the same way for a proof of the special case

rec(x)[E, rec(y)[M, N]]=rec(x, y)[E, M, N] (50)

of (40), we know by 10.2 that the typical representation of the left-hand-
side of (50) satisfies

L(u, r)=rec(i, p)[Flu, p), rec(), 9)[G(, p. q). H(i, p, j: 9)]]

where F. G, H are representations of the ipf’s defined by the respective
expressions E, M, N. Now we can use the relevant Bekié-Scott rule for this
kind of nested recursion (e.g., see Moschovakis, 1989a, Theorem 2B.4) to

get
L(u,r)=rec(i, p,i', j,r)[F(u, p), G, p,r(i, ), H(', p, j, r(i’, -)) ].
This means that for each fixed r,
L(u, r)= F(u, p),
where p is the first of the simultaneous least-fixed-points of the system
p)y=G(, p, r(i, )
r(i', )=H{', p, j,r(’, )
By contraction of variables, this system is (easily) equivalent to
pli)=G(i, p, q(<i, - )
q(s)=H((s)o, P, (51, r({(5)o - ))
in the sense that it defines the same first least-fixed-point p. Thus we have

L{u, ry=rec(i, p, s, §)LFu, p), G(i, p, 4(<i, -) 7)),
H((5)0, P (8)15 ¢(<(s)os +2))]
which by the closure properties of representations and 10.2 implies again

that L is also a representation of the right-hand-side of (50). The converse
is a bit simpler. |
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In addition to these two basic lemmas, we also need to deal with
identification of variables within recursion. Here is a typical result which
can be proved easily using 10.2 and simple least-fixed-point arguments.

10.5. LEMMA. The following identities are valid in both behavior and
process semantics
rec(x, y, z)[o(x, y, 2), y, f(x, ¥, 2), g(x, ¥, 2)]
=,0c TeC(X, Z)[0(X, X, 2), f(x, X, 2}, g(X, X, 2) ]
rec(x, y, z)[o(x, y, 2), x, f(x, ¥, 2), g(x, y, 2)]
=proc T€C(X, ¥, 2)[0(x, 3, 2)[0(x, ¥, 2), L, f(x, ¥, 2), g(x, y, 2)].

In the sequel we will use the validity of specific identities like this without
comment.

10.6. A simple expression is one of the form f(x,, .., x,), where f is a
function symbol and x,, .., x,, are (not necessarily distinct) variables, e.g.,
f(x, ¥, x, x). An expression E* is in simplified form if

E*Erec(xl,..-, xn)[EO’Ela'"’ En]’ (51)

where for i=1, .., n, E, is simple and E, is either simple or a variable; we
allow n=0, in which case E* =rec( )[E,] with E, simple or a variable.
Note that this allows E;= f( ) for a 0-ary function symbol, including L.

10.7. SIMPLIFIED FOorRM LEMMA. Fach ¥-expression E is both behavior
and process equivalent to some expression E* which is in simplified form.

Proaf. Using 9.3 and 10.3, show first by an easy induction on the length
of F that we can find an equivalent E* as in (51) with each E, simple or
a variable. Now apply 10.5 to eliminate the E;’s with i = 1 which are single
variables. ||

We have almost completed the preliminary work for the proof of the
Transfer Principle except for one remaining difficulty. Suppose

E= I‘eC(X, y)[f(x: J’), g(x’ y)’ f(x, ,V)]

and E is behavior equivalent to some expression M, also in simplified form.
We know from 10.2 that for every representation H of E on a fixed process
structure .«7, there are representations F, F, of f and G of g such that

H=rec(p, ¢)[A()) F\(i, p, @), A(J) G(J, p, q), A(i) F> (i, p, )]

If F,=F,, then H is defined by a formula which is essentially an alphabetic
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variant of E, and it seems quite plausible that we can then concoct some
behavior structure /' in which H will in fact be the behavior denotation
of E, from which point it should be easy to complete the proof. The next
lemma which guarantees that we can arrange for this equality F; = F, is the
heart of the proof of the Transfer Principle.

10.8. AMALGAMATION LEMMA. Suppose
E=rec(xy,..x) Ey E,, ... E,]

is an F-expression in simplified form, where in addition to the distinct
variables x,, .., x, there may occur in E other distict variables y,, ..., y,
and distinct  function symbols [, .., [. Let ug, Uy s Uy Piy s Dus
G1s s Gics Fiy ey Fo, be distinct symbols, set
0 _ 0 =
X = Pmo VYmZEqm»
and put
0_ 0 10 0
E = I‘ec(ul’ pl’ hiisd una pn)[EO’ Ela ey En];

where each E) is defined as follows:
. If Ey=z; is a variable, then EJ =z,

2. Foranyi, if E;=f(zy, .., 2)), then E? = Mu;) F;(u,, z}, ..., 2}).

For each process structure s/, each representation of E is reducible to one
definable by E°, with a suitable choice of representations F, ..., F,, of (the
ipf’s interpreting in ) f1, ..., f.. respectively.

Conversely, every representation defined by E° in this way is a representa-
tion of E.

Proof. For example, suppose

E= rec(x, Vs Z)[O(x, X, ¥, W)s f(x’ W, 2, y)’f(y’ Vs W, Z), O(Wa W, X, )’)],
(52)

so that the only free variable of E is w. The lemma claims that every
representation of E is reducible to one defined by

H(u, p,)=rec(, p, J. Py K, p:)
[0(”, p.\" py’ pw)? F(l’ px’ pw’ p:’ py)’
F(]’ py’ py’ Pws p:)a 0(k7 Pws Pws Pz py)]9 (53)

where O and F are representations of o and f respectively. We give the
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proof for this one simple example oly, since it illustrates all the points that
come up in the general case.

CLAM.  Every representation of E in (52) satisfies

G(u, p,)=recli, p, J, Pys ks P-)
X [Ol(u’ px’ Dy py’ pw)a Fl (l’ sz pwa p:’ p_v)’
Fz(j, py’ pyﬂ P> p:)’ Oz(k’ D D> px’ py)]’ (54)

with suitably chosen representations O, O, of o and F,, F, of f.

Proof of Claim. Let
o.(x, y,z, wy=o0(x, x, y, w),
filx, p, 2, w)=flx, w, 2, ¥),
Sfax, yo 2, wy=f(y, yow, 2),
0,(x, ¥, z, wy=o0(w, w, x, ¥),
so that

E_I‘GC X Vs z )[Ol(x ya <y W) fl(’c y9 2, W) f2(x y? zZ, W ) OZ(Xa ya 2, W)],

and by 10.2 we know that every representation of E satisfies
G(u, p.)y=recli, px. J, Py k. p-)
[Oll (u’ px’ p.\" pz’ pw)ﬂ Fl’(l’ p)m p_v’ pz’ pw)’
F3(j, P Pys P Pu), O3k, pos Py 2y D),
where O7, etc.,, are representations of o,, etc. By the way we defined

composition of ipf’s, there exist a representation O{(y, p,, p,, p., p,.) of 0
and functions =, i=1, ..., 4, such that

01(u, pxs Py, P2r )= 01w, pT, P, PT, YY)
=0 prs P> Pys D)
where O, is the representation of o defined by
Oy, py, Py P=> D) =01, p3', P32 P2, DY)

Proof of the claim is completed by repeating the same argument for
02’ Fl ’ FZ'
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To finish the proof of the lemma we need to find representations O and
F such that G is (54) is reducible to H in (53). Set
O, 4, Py Pys Pos P =0, (u, pS-72, pSh2, pS2 2, p,),
0(<2, k>a P> p_v’ P pw) = 02(k P> pw p:(l ‘>’ pw2.~>)’
F(KL i), pos Pys pos ) =Fi (6, p$ 7, p, pE2 70, p$370),

F(<2 j> pvspwp"spn}_FZ(jv <~ >’P<~ & P-,p“7 >)3

in each case interpreting the second clause in the definitions of O and F as
the “otherwise clause,” ie.,

[#LL (D) =0(Lpe, Py Pos Pu)=O(K2 (1)1 Dy Pxs Pys P2s Pu)

and similarly for F. Clearly O and F are representations of o and f, respec-
tively. We prove that if H is defined by (53) with this O, F and if G is
defined by (54), then

Glu, p,y=H{ L u), p,), (55)

so that G is reducible to H and the proof of the Lemma is complete.
Fix p, (which remains constant throughout the argument) and consider
the least-fixed-point equations which determine the values of G and H:

p\'(l) F (l p’(’ pn: z .V)
p(J

)"F?.(]’ p)” py’ Puws P: :ﬁ;’ p_v’F:— (56)
P (k) = 02(k7 Puws Prws P> py)

G(u, Pw)=01(u’ Ev Ea p_y’ pw)
p)=F{, pe, pos P25 D)

p,()=F(j, p,, Pys Pus P2) }:Pxs Pys P (57)
p:(k)=0(k, p,., p., Pv» P,)

H(”’ pw)=0(ua ﬁ,;’ ﬁ.\/’ l?;v’ pw)'

Using the fact that p., p,, p. satisfy (57), we can verify by a direct
computation that the functions p({1,-5), p,({2,-)), P. ({2,-) satisfy
the system (56), and hence

2R N A N 2 (58)

To verify the converses of these inequalities we will show by an induction
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on the stage n of the mutual recursion which determines the least fixed
points of (57) that

P <P, B2 3)<P, P2 ) <P (59)

Looking at the induction step of the first of these, as an example,

P i) = FKL iy, ™, pos P2 5L ™)
=Fi (i, 5. (<L D), pus P (K2, 0), B, (2, -3))
<F\ (i, Py, pws P=s Py)
=p.(i),
where the crucial < step uses the induction hypothesis and the

monotonicity of F,. The computations involving p, and p, are similar.
Putting (58) and the limit case of (59) together, we get

—_— o~ (1) —_— o~ (2,

Px=Dx , P, =D, , Po=p. @7,

and hence

G(uy, Puw)= O,(y, P Py p—yv Py)
=0, (u, p "7, 52, 5P, py)

:O(<1’ u)?ﬁ'aﬁcaﬁv,pn')
=H(1,u, p,),

and the proof of (55) and the lemma is complete. [

10.9. Proof of the Transfer Principle 9.1. Because of 10.7, it is enough to
prove that if E, M are behavior equivalent expressions in simplified form,
then every representation of E is a fixed process structure </ = (States, 1,
Acts, skip, &) is also a representation of M in .o/. We will show this by
defining for each given representation of E a behavior structure &/’ and an
interpretation of .o/ into /', and then using the equivalence of E and M
on /' to get the result.

Set first

States’ = N x States, with 1 = (0, 1),
Acts’ = N x Acts, with skip’ = (0, skip),

(v, s)(u, a) = (v + u, sa),

and check that the conditions on states and acts are satisfied. We complete
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the definition of 2/ below by defining a behavioral interpretation &' of the

function symbols of & which depends on the given representation of E.
Recall that behaviors take values of the form (a4, w) with ¢ an act,

we {0, 1}, and to convert easily between behavior values in .o/ and &' set

a(u, (a, w)) = ((u, a), w), B((u, a), w)=(a, w),
so that

Palu, (a, w)) = B((u, a), w)=(a, w).
With each p: N — B we associate the behavior Ip of o/’ defined by

lp((u07 SO): ey (um Sn)) x> a(O, P(uo)(sm At Sn))’

and with each behavior o e B/ of &/ we associate the function / ~'c: N> B
by

l_lo-(u)(s0> ey Sn) ~ BO’((U, So), (Os Sl)? eery (Os sn))'

Note that /A(u) =& and /'@ = Au). It follows that for each ue N
and states s, ..., S,,,

lillp(u)(so’ (] S,,) =~ ﬁlp((”, sO), (0’ Sl)» cery (Oa Sn))
=~ fo(0, p(ulso, - 5,)) = p(U)(sg, -y 8,);
so that

p=0""p (p:N—B)

and in particular the map p v Ip is one-to-one. Finally, with each represen-
tation F of .&/—for simplicity binary—we associate the behavior function /F
of o' by

IF(0, T)((uo, So); s (ty 8,)) = (0, Flug, I~ 'a, 17 'T)(50, s 54));
computing again,
BIF(Ip, Ig)((to, So)s s (U, $,,)) = B0, Flug, I p, 17 g)(Sqs s $,))
~ Ba(0, F(uo, p, 4)(So; > 5,))
> Fluo, P, 4)(80, s Su);

so that in particular

F(ll, p’ Q)(SOs baad) Sn) ~ ﬂlF(va 161)((“, SO)’ (09 sl )s eney (Oa sn)) (60)
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and the map

F (ﬁl)(F) = /1(17’ 61) A(u’ S0 s S,,) ﬁlF(lp’ 1‘1)(('4, So)a (0’ 51)9 ey (0’ S"))
(61)

is one-to-one.
Suppose now that E(z) is an expression in simplified form and with the
single free variable z, for example

E(Z) = I..e(:('x’ }7’ W)[o(..v’ Z)’ g(.y’ x’ w)’ 0(x9 2)9 “L]’

the treatment of the general case being similar. Every representation of E(z)
is reducible to one of the form

H(u,r)y=rec(i, p, j, q, k, 5)IO(u, g, r), G(i, g, p, 5), O(j, p, 1), &1,

with O, G representations of ¢ and g, respectively, and A(k)J the only
representation of L. Define the interpretation #' on the function symbols
in /' so that

Flo)=10, Flg)=IG
and let H' be the behavior denotation of E in &7/,
H'(,) = behavior (', 6,) E(s,)
=rec(s,,0,,0,)[0(0,,0,),lG(o,,0,,0,),10(c,,0,), T].
CLAM. For all r: N - B,
(Bl) H(Ir)= BH'(Ir). (62)
Proof of Claim. For cach fixed r, we have
H(u,r)=0(,gr), HU=I0(,, Ir),

where ¢, G, are determined by the mutual resursions

py=Gl, g, p,Q)}.ﬁ 7
a()=03,p.r) 7

c,=IF6,0,) —
0,=10(g,, Ir)) " 7

It will be enough to show that

lﬁ=€l;, l‘?:G_q,
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since from this we can compute using (60)
H(u, r){(Sg, S1s 00 $y) = Oty G, 1)(Sp5 815 s Syy)
=~ BlO(1q, Ir)((u, 50), (0, 5,), ... (0, 5,))
x~ ﬁlO(a—q, lr)((u’ SO)’ (0’ 5y )’ sery (Oa S,,))
~ ﬁH[(lr)((u’ SO)’ (05 s1)9 it (O’ sn))s

from which (62) follows by another application of (60). The proof of (62)
is by a routine induction on the stages of the recursions which define
P, 4,0, and ¢, and we will omit it.

Rephrasing the claim, we have shown that if E(Z) is in simplified form,
then every representation of E(Z) is reducible to some H g satisfying

(BO H . = B behavior(st', G,) E(G,);
if E(Z)=,,., M(Z), then of course
B behavior(s/', G,) E(G,) = B behavior(4', ,) M(G,) = (Bl) H,,,

where the last equality follows from another application of the Claim to M,
and then by (61) we get

Ho=H,.

Now 10.7 implies that H,, is a representation of M, which completes the
proof. |

Recervep February 21, 1990; FINAL MANUSCRIPT RECEIVED January 23, 1991

REFERENCES

ABADI, M., LAMPORT, L., AND WOLPER, P. (1989), Realizable and unrealizable specifications
of reactive systems, in “Proceedings of the 1989 ICALP.”

Brock, J. D. aND AckeErMaN, W. B. (1981), Scenarios: A model of non-determinate com-
putation, in “Formalization of Programming Concepts,” (J. Diaz and 1. Ramos, Eds.),
pp. 252-259, Lecture Notes in Computer Science, Vol. 107, Springer-Verlag, Berlin/New
York.

Broy, M. (1986), A theory for nondeterminism, parallelism, communication, and concur-
rency, Theoret. Comput. Sci. 45, 1-61.

DukstrA, E. W. (1976), “A Discipline of Programming,” Prentice-Hall, Englewood Cliffs,
NJ.

Hoarg, C. A. R. (1978), Communicating sequential processes, Comm. ACM 2, 666-677.

KAHN, G. (1974), The semantics of a simple language for parallel processing, in “Information
Processing 74, Proc. of the IFIP Congress 74” (J. R. Rosenfeld, Ed.), pp. 471-475, North-
Holland, Amsterdam.



A MODEL OF CONCURRENCY 171

KeLLer, R. M. (1978), Denotational models for parallel programs with indeterminate
operators, in “Formal Descriptions of Programming Concepts” (E.J. Neuhold, Ed.),
pp. 33-366, North-Holland, Amsterdam.

MILNER, R. (1979), “A Calculus of Communicating Systems,” Lecture Notes in Computer
Science, Vol. 92, Springer-Verlag, Berlin/New York.

MILNER, R. (1983), Calculi for synchrony and asynchrony, Theoret. Comput. Sci. 25, 267-310.

MoscHovAKIS, Y. N. (1989a), The formal language of recursion, J. Symbolic Logic 54,
1216-1252.

MoscHovakis, Y. N. (1989b), A game-theoretic modeling of concurrency, in “Proceedings of
the Fourth Annual Symposium on Logic in Computer Science,” pp. 154-163, IEEE
Comput. Soc. Press, New York.

MoscHoVAKIS, Y. N. (1990), Computable processes, in “Proceedings of the 1990 POPL.”

Otes, F. J. (1987), “Semantics for Concurrency without Powerdomains,” Research Report RC
13195 (#54922) 10/13/87, IBM Research Division.

Park, D. (1980), On the semantics of fair parallelism, in “Proc. Copenhagen Winter School,”
pp. 504-526, Lecture Notes in Computer Science, Vol. 104, Springer-Verlag, Berlin/
New York.

PARK D. (1983), The “fairness” problem and nondeterministic computing networks, in
“Foundations of Computer Science IV.” pp. 133-162, Mathematisch Centrum, Amsterdam.

PrLotkIN, G. D. (1976), A powerdomain construction, SIAM J. Comput. 5, 452-487.

PNUELI, A. AND ROSNER, R. (1989), On the synthesis of a reactive module, in “Proceedings
of the 1989 ICALP.”

Pratr, V. R. (1986), Modelling concurrency with partial orders, Internat. J. Parallel
Programming 15, 33-71.

SMYTH, M. B. (1978), Power domains, J. Comput. System Sci. 16, 23-36.



