2. THE LOWER PREDICATE CALCULUS WITH IDENTITY, LPCI 1

(A) Propositional axiom schemes, same as in PL.

(¢ =)= (0= W —=x) = (¢—X))
(¢ =) = ((¢ = ) = —~9)

(6a) (@AY) =& (6D) (pAY) —
(Ta) ¢ = (pVy)  (Th) Y — (¢ V)

(B) Predicate axiom schemes.

(9) Yvg(v, @) — ¢(t, ) (t free for v in ¢(v, @))
(10) Yo(¢ — ) — (¢ — Yurp) (v not free in ¢)
(11) ¢(t,w) — Fvg(v, u) (t free for v in ¢(v, @))

(C) Rules of inference.

(12) From ¢ and ¢ — v, infer ¢). (Modus Ponens)

(13) From ¢, infer Vv¢. (Generalization)

(14) From ¢ — 1, infer Jvgp — 1), provided v is not free in .
(Exists Elimination)

(D) Identity axioms. Skipped.

Lemma 7C.4. The natural introduction rules for LPCI.

If T is a set of sentences, the indicated substitutions are free, and the
indicated restrictions are obeyed, then the following hold:
(=) If T,xF ¢, then TH x — ¢. Restriction: x s a sentence.
N IfTH¢and TrE ), thenTH ¢ Ap.
M IfTH¢orTEY, then Tk ¢V
(=) If T,xF v and T, x b =), then T = —x. Restriction: x a sentence.
(V) If TF ¢, then T FYouo.
(3) If T+ ¢{v :=t}, then T F Jve.

Lemma 7C.5. The natural elimination rules for LPCI.
If T is a set of sentences, the indicated substitutions are free, and the
indicated restrictions are obeyed, then the following hold:
(=) If TH¢ and T F ¢ — 1), then T + 2.
(N If THoNY, thenTF ¢ and T + 2.
M If T,¢oF x and T, = x, then T, oV F x
Restriction: ¢, are sentences.
(=) If TH —=—¢, then TE ¢.
(V) If TF VYo, then T F ¢p{v =t}
@) If T, p{v:=c} F x, then T, Fvp F x
Restriction: Jve is a sentence and c is a constant which does not occur
m T or i x.
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