Math 114C, Winter 2019, Solutions to HW #1

x1A.4. Prove that for any pair of real numbers o > 0, 8 > 0, there exists
exactly one natural number ¢, such that for some (real) r,
a=0q+r, 0<r<p.
It follows that r is also unique, since r = a — #q. The numbers ¢ and r are the
quotient and the remainder of the division of o by 3, and we denote them by
quot(a, ) = ¢, rem(a,§) =r.
It is also convenient to set
quot(a,0) =0, rem(q,0) = «,

so that these functions are defined for all a, 8 and always satisfy the equation
a = (- quot(a, B) + rem(c, 5).

Solution. We show first the existence of ¢, and then its uniqueness.

If a« =0, then a = 3-0+ 0, so the number we want is g = 0.

For o > 0 we use the “Archimedean property” of the real numbers: since
B > 0, there exists some natural number n such that o < ng, so that the set

A={n|a<nf}

is not empty, and has a least element ng. Obviously ng > 0 (because a > 0); we
set
qg=no—1>0 r=a-gqp,
and observe that
a > qp,
from the choice of ng (because if a < (ng — 1)3, then ng — 1 € A and ng is not
least in A); therefore

r > 0.

We must also show that r < 3, and for this we argue by contradiction: if r > 3,
then

a=qB+r=qB+06=I(q+1)8=mnop,

which contradicts the characteristic property of ng, that a < ngg.
For the uniqueness of the quotient and the remainder, let

a=qf+r 0<m <p
a=qB+r; 0<ry<p,

and (towards a contradiction) ¢; # go. By abstracting the first equation from
the second we get

1 —12= (g2 — q1)p;
but |r; —ro| < 8 (because 0 <7 < 4,0 < 7y < ), while

(g2 — q1)B| =gz — q1|B > B,

(because g2 — ¢1 is a positive or negative integer), which is absurd.
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x1A.6. The Fibonacci sequence is defined by the recursion
(1) ap =0, a1 =1, apnt2=an+ans1.

(1) Compute the value ag.
(2) Prove that for every n,

1 5
Gpao > A", where A = +2f.
The basic observation is that A is one of the roots of the second degree equation

(2) ?=x+1.

Prove also that if p = % is the other root of (2), then, for every n
A’ﬂ _ p’ﬂ

V5

Solution. (1) From the recursive equation that defines it, the Fibonacci se-
quence starts with the numbers

0,1,1,2,3,5,8,13,21,34, ...

Ay —

so that ag = 34.
(2) We show by complete induction that for every n, an42 > A™.
Basis: For n =0, az =1 > 1 = \°. The proposition is also true for n = 1:

1+5
2
InpucTION STEP. The induction hypothesis (for the complete induction) is
that the proposition is true for all k¥ < n, and we can also assume that n > 2,
since we verified its truth for n = 1. We compute:

az=az+a; =2 > =L

Ap42 = Qp + An41
> A2 !t (ind. hyp. since n > 2, so that n — 2 > 0),
=N""2(A+1)
= A"\ =\,
For the third part, use complete induction again, after verifying separately the
cases n = 0,1, which are trivial.

INDUCTION STEP: with the induction hypothesis, we compute for n = k+2 >
2, so that k£ > 0:

k42 = Gk + Qpy1

— [)\k _ pk + )\kJrl _ pk+1]

Sl

1

N1+ X) = p*(1+p)]

~

_ 7[)\k+2 — o+

p

S

x1A.9. For the Ackermann sections, show that
Ai(z) =z +2, As(z)=2x+3.

Let me know of errors or better solutioms.
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Solution. For the first of the two given equations, by induction on z: for the
basis 41(0) = Ag(1) =1+ 1 =0+ 2, and at the induction step
Ar(z+1) = Ao(A1(x))
=A(z)+1
=r+2+1 (ind. hyp.)
=(z+1)+2.

The second is shown similarly.

x1A.11. Prove that for every n and every z, A, (z) > 1.

Solution. By induction on n, we show that for every x, A,(z) > 1. BASsIS,
n = 0: Ao(z) = z+1 > 1. INDUCTION STEP: A,41(0) = A,(1) > 1 from
the induction hypothesis, and A, 1(x +1) = 4, (An11(x)) > 1, again from the
induction hypothesis.

x1A.12. Prove that every section A, of the Ackermann function is strictly
increasing, that is

z<y=A,(z) < A,(y).

Infer that for all n, x, A, (x) > x. HINT: Prove by double induction that A, (z) <
Ap(z+1).
Solution. Here it is useful to state separately the two parts of the hint:
Lemma. For every function f(x) on the natural numbers,

(Vo)[f(z) < flz+ 1] = (Va)(Vy)lr <y = f(z) < f(y)]-
This holds because if < y, then for some m, x +m + 1 =y, and
flz)< flz+) < flz+2)<--- < fla+m+1)= f(y).

(Or, more elegantly, we can do an induction on m, where y =z +m + 1.)
For the Problem, it suffices now to show that for every n,

(Vz)[An(z) < Ay (z+ 1)),

and we do this by induction on n, where the basis for Ag(z) = x4 1 is obvious.
In the induction step, we show by induction on = that

Apii1(z) < Appr(z+1).
For the BAsis, x = 0, we compute:
Any1(1) = An(An41(0))
= An(An(l))
> A, (1) (ind. hyp., and Lemma, A, (1) > A,(0) > 1.)
= AnJrl(O)
For the INDUCTION STEP, we compute:
Apii(z+1) = An(Anyi ()
< Ap(Api1(z+1)) (ind. hyp., for n and z, and Lemma)
= Api1(z + 2).

Let me know of errors or better solutioms.



x1B.4. Prove that for every n > 1, the n-place functions
min, (x1,...,2,) = the least of z1,..., 2,
maxy, (21, ...,T,) = the greatest of z1,..., 2,

are primitive recursive.

Solution. By induction on n > 2, we show first that every min,, is primitive
recursive; we have already done this for the Basis n = 2, and for the Induction
Step we simply observe that

ming,41(1,. .. ,Tn, Tpt1) = ming(min, (z, ..., Tp), Tpt1)-

The same technique works for max,,.

x1B.10. Prove Corollary 1B.7.
Solution. From (5) in Proposition 1B.6, the relation
Q1(2,%) <= (i < 2)P(i,7)
is primitive recursive; and then so is
Q(T) = (f(Z),T) < (i < f(Z))P(i, T)
using closure of the class of primitive recursive relations under primitive recursive

substitutions.

x1B.16. Prove that the following two functions (restriction and concatena-
tion) are primitive recursive:

wli= (ug, ... yui—1) fuw={(ug,... ,up—1) with i <n,
0, otherwise,
(U0 - e s Un—1,005 v s Um—1), if = {ug,..., up_1),
U*v= v={(Voy.-. ,Um—1),
0, otherwise.

Solution. For the first function (restriction) we use the primitive recursion
ul0=(A)
wl(i+ 1) = append(u i, (u);).
For concatenation, by primitive recursion again, we set
f(O,u,v) =u

f(i+1,u,v) = append(f (i, u,v), (v);)
uxv = f(lh(v),u,v).

x1B.18. Prove that if the relation H(w, Z) is primitive recursive and P(y, %)
satisfies the equivalence

P(yaf) — H(<XP(Oﬂf)7 5XP(y7 1af)>7yaf)a

then P(y, ) is also primitive recursive.

Let me know of errors or better solutioms.
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Solution. From the hypothesis, the characteristic function of P(y, Z) satisfies
the equation
7). .

Xp, T) = xg((xp(0, D), ..., xply = 1, 7)), T),

and therefore is primitive recursive from 1B.16.

x1A.10. Find a “closed” formula for Agz(x), like those for A; and As in the
preceding problem.

Solution. In general, in order to find an explicit expression of a recursively
defined function, we start with computations for small values of the variable and
examine if they can be expressed by some simple, common formula. For the case
at hand, the given recursive definition is

A3(0)=Ay(1)=3+2-1=5
As(z+1) =3+ 243(2),
and from it we compute:

Az(1) =3 +2[3+2]
=3+3.2+42

A3(2) =3+2[3+3-2+ 27
=343.2+4+3.22 428

A3(3) =3+2[3+3-2+3-2% 427
=3+3-2+3-2243.23 424

At this point, with a little imagination we guess the general formula
As(z) =3[1+2' +22 + ... +27] + 271!
= 32"t — 1] 4 2°H!
—4.9v+l _g_ou+3 _ g
This gives the correct value 22 — 3 = 5 for = 0, and, inductively,
As(z+1) =3+ 2A3(x)
=34 2[2""3 — 3] (ind. hyp.)

=342t _¢
=27+ -3,

x1B.19. Prove that for any three functions g(z), h(w, z,y) and 7(z,y), there
exists exactly one function f(z,y) which satisfies the equations

f(0,9) = g(y), flx+1,y) = h(f(x,7(2,9)), 2, );

and if the given functions are primitive recursive, then f(x,y) is also primitive
recursive.

Solution. First we show by induction that for every n, there exists a unique
function

foi{z|lz<n}xN—=N

Let me know of errors or better solutioms.
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which satisfies the given equations for all the pairs (z,y) with z < n. The
proposition is trivial at the basis n = 0, since there is no x < 0. For the
induction step, we have f,, from the induction hypothesis and we set

f - fn(x7y)u ifz < n,
T h(fue = (= Ly)), e = 1,y), ifz=mn;

it is obvious that this f,, 41 satisfies the given equations for x < n + 1 (and all
y), and if some f’ also satisfies the equations for x < n + 1, easily (by finite
induction on x < n+1), f'(z,y) = fut1(z,y).

Finally, we set

f(if,y) = f:r+1($7y)

and verify that this f satisfies the system for all the values of z and y; and (by
induction on z, again), it is the unique “solution” of the system.

To show that the function f(z,y) is primitive recursive, we define first the
auxiliary function 7* (4, z,y) by the primitive recursion:

70,2, y) =y
T+ Lx,y) =7 =G+ 1), 7, z,9)).
This function “is discovered” if we do some computations of values of f(z,y),
which show that the value f(z,y) depends on the “initial value”
o(r* (2.2.).
Finally, we set
@(iv T, y) = f(lv T*(J? - 1,7, y))7

and it suffices to show that the function ¢(i,z,y) is primitive recursive, since,
obviously,

f(z,y) = ¢(z,2,y).

Directly from the definition
©(0,2,y) = £(0,7"(z,z,y))
=g(7"(z, z,y)),
so that it suffices to find some primitive recursive function v such that
(*) pli+1,2,y) = ¥(e(i, 2, y), z,y),
and with this aim we compute, for i +1 < z,sothat x ~(i+ 1) =ax —i— 1:
i+ 1l,z,y)=fi+1,7"(x—i—1,2,y)) (becausei < x)
=h(f(i, 7@, 7" (x—i—1,2,v))),4, 7" (x —i — 1, z,y)).
Now, from the definition of 7%, if i + 1 < x and we set
j=x—i—1 sothat i=x—j—1, and j+1l=z—1,
it follows that
(i, (@ —i—1zy) =7(@— (G +1),7(,,9))
=7+ Ly =7(r=1iy);

and with this value, we continue the computation,

e+ 1,2,y) =h(f 70,7 (x—i—1,2,9)),,7(x—i—1,2,y))

Let me know of errors or better solutioms.



=h(f(i, 7 (x = i, 2,9)),0, 7" (x = (i + 1),2,))

= h(@(zv €, y)a 1, T*((E —i— 1z, y))
From this equation comes the primitive recursive 1 which satisfies the equa-
tion (*), and the proof is at last complete.

Let me know of errors or better solutioms.



