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Disclaimer: This handbook is intended to assist graduate students with qualifying
examination preparation. Please be aware, however, that the handbook might contain,
and almost certainly contains, typos as well as incorrect or inaccurate solutions. I can
not be made responsible for any inaccuracies contained in this handbook.
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1 Countability

The number of elements in S is the cardinality of S.

S and T have the same cardinality (S ~ 7)) if there exists a bijection f: S — T.
card S < card T if 3 injective! f:S — T.

card S > card T if 3 surjective® f: S — T.

S is countable if S is finite, or S ~ N.

Theorem. S,T # ¢. 3 injection f:S — T < 3 surjection g: T — S.
Theorem. Q is countable.

Proof. Need to show that there is a bijection f: N — Q.
Since N C Q, card N < card QQ, and therefore, 3f that is injective.
To show card N > card Q, construct the following map. The set of all rational numbers

can be displayed in a grid with rows ¢ = 1,2,3, ... and columns j = 0,—-1,1,—-2,2, -3, 3,....

Each a;j, the ¢j’th entry in a table, would be represented as % Starting from a1, and
assigning it n = 1, move from each subsequent row diagonally left-down, updating n.
This would give a map g : N — Q, which will count all fractions, some of them more
than once. Therefore, card N > card Q, and so g is surjective. Thus, card N = card Q,
and Q is countable. O

Theorem. R is not countable.

Proof. Tt is enough to prove that [0,1) C R is not countable. Suppose that the set of all

real numbers between 0 and 1 is countable. Then we can list the decimal representations

of these numbers (use the infinite expansions) as follows:

a] = 0.a11a12a13 RN A

as = 0.a21a22a23 . Qo .

asz = O.a31a32a33 ...Aa3n ...

and so on. We derive a contradiction by showing there is a number x between 0 and

1 that is not on the list. For each positive integer j, we will choose jth digit after the

decimal to be different than a;;:

x=0.212923... %y ..., where z; = 1 if a;; # 1, and z; = 2 if a;; = 1.

For each integer j, x differs in the jth position from the jth number on the list, and

therefore cannot be that number. Therefore, x cannot be on the list. This means the

list as we chose is not a bijection, and so the set of all real numbers is uncountable.

(Need to worry about not allowing 9 tails in decimal expansion: 0.399... = 0.400...).
O

linjective = 1-1: f(s1) = f(s2) = s1 = s2.
“surjective = onto: Vt € T,3s € S, s.t. f(s) =1
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Problem (F’01, #4). The set of all sequences whose elements are the digits 0 and 1
is not countable.

Let S be the set of all binary sequences. We want to show that there does not exist
a one-to-one mapping from the set N onto the set S.

Proof. 1) Let A be a countable subset of S, and let A consist of the sequences s, so, . . ..
We construct the sequence s as follows. If the nth digit in s, is 1, let the nth digit of
s be 0, and vice versa. Then the sequence s differs from every member of A in at least
one place; thus s ¢ A. However, s € S, so that A is a proper® subset of S.

Thus, every countable subset of S is a proper subset of S, and therefore, S is not
countable. O

Proof. 2) Suppose there exists a f : N — S that is injective. We can always exhibit an
injective map f : N — S by always picking a different sequence from the set of sequences
that are already listed. (One way to do that is to choose a binary representation for

each n € N).
Suppose f : N — § is surjective. Then, all sequences in S could be listed as
81, 839,.... We construct the sequence s as follows. If the nth digit in s, is 1, let the

nth digit of s be 0, and vice versa. Then the sequence s differs from every member of
the list. Therefore, s is not on the list, and our assumption about f being surjective is
false. Thus, there does not exist f : N — S surjective. O

Theorem. card (A) < card (P(A))*.

Proof. card (A) < card (P(A)), since A can be injectively mapped to the set of one-
element sets of A, which is a subset of P(A).

We need to show there is no onto map between A and P(A). So we would like to find a
thing in P(A) which is not reached by f. In other words, we want to describe a subset
of A which cannot be of the form f(a) for any a € A.

Suppose |A| = |P(A)|. Then there is a 1-1 correspondence f : A — P(A). We
obtain a contradiction to the fact that f is onto by exhibiting a subset X of A such
that X # f(a) for any a € A.

For every a € A, either a € f(a),or a ¢ f(a). Let X ={a€ A:a ¢ f(a)}.

Consider a € A. If a € f(a), then a ¢ X, so f(a) # X.

If a ¢ f(a), than a € X, so f(a) # X. Therefore, X # f(a), Va € A, a contradiction.
Therefore, card (A) < card (P(A)). O

Theorem. Suppose that f :[0,1] — R is an increasing function. Show that f can have
at most a countable number of discontinuities.

Proof. Let E = {z € [0,1] : f is discontinuous at z}. Given any z € E, we know that
hmt%x‘ f(t) < hmt%x"’ f(t)

and, using this fact, we choose r(z) € Q such that lim, .- f(t) < r(z) < lim,_ .+ f(¢).

= We have defined a 1 — 1 function r : £ — Q. O

3A is a proper subset of B if every element of A is an element of B, and there is an element of B
which is not in A.
Power set of a set S is the set whose elements are all possible subsets of S, i.e.

S ={1,2}, P(S) =2% = {&, {1},{2},{1,2}}. |P(A)| =2",if |A| =n.
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2 Unions, Intersections, and Topology of Sets

Theorem. Let E, be a collection of sets. Then

(JEa) =22

[0}

Proof. Let A = (JE,)¢ and B = ((ES). If z € A, then = ¢ |J E,, hence x ¢ E,, for
any «, hence x € Ef for every a, so that = € (| ES. Thus A C B.

Conversely, if x € B, then x € ES, for every a, hence = ¢ E,, for any «, hence x ¢ |J Eq,
so that z € (U Eq)¢. Thus B C A. O

Theorem.

a) For any collection Gy of open sets, |J, Gu is open.

b) For any collection F, of closed sets, (), Fa is closed.

¢) For any finite collection G, ...,Gy of open sets, (), G; is open.
d) For any finite collection F,...,F, of closed sets, |J;_, Fi is closed.

Proof. a) Put G =J,Ga. If x € G, then z € G, for some «. Since z is an interior
point of G, x is also an interior point of GG, and G is open.
b) By theorem above,

UFR)=NED) = (F)=UED, (2.1)

e «

and Fj is open. Hence a) implies that the right equation of (2.1) is open so that (), Fa
is closed.

¢) Put H =), G,. For any x € H, there exists neighborhoods N,, of z, such that
N,, CG; (i=1,...,n). Put r = min(rq,...,7,). Then N,(z) C G; fori=1,...,n, so
that N,(x) C H, and H is open.

d) By taking complements, d) follows from ¢): (U, F3)¢ = iz, (FF). O

Theorem. S C M C X. S open relative to M < 3 open U C X such that
S=UNM.

Proof. = S open relative to M. To each x € S, Ty, |[x —y| <ry,y e M =y € S.
Define

U= U N, (x) = U C X open.
xeS

It is clear that S C U () M. By our choice of N, (x), we have N, (z)(\M C S,Vz € S
sothat UNM CS = S=UM.

< IfUisopenin X and S = UM, every z € S has a neighborhood N, (x) C U.
Then N, (z)(\M C S so that S is open relative to M. O
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Theorem. K CY C X. K compact relative to X < K compact relative to Y .

Proof. =  Suppose K is compact relative to X, and let {V,,} be a collection of sets,
open relative to Y, such that K C |J, V. By the above theorem, 3U, open relative to
X, such that V,, = Y [ U,, VYa; and since K is compact relative to X, we have

K C Uy JUan ®

Since K CY = KcVo,|J UV, @

< Suppose K is compact relative to Y. Let {U,} be a collection of open subsets of X
which covers K, and put V, = Y (| U,. Then ® will hold for some choice of aq, . .., ap;
and since V,, C U,, ® implies ©. O

Theorem. Compact subsets of metric spaces are closed.

Proof. Let K C X be a compact subset. We prove K¢ is open.

Suppose x € X, x ¢ K. If y € K, let V, and W, be neighborhoods of = and ,
respectively, of radius less than 3d(z,y). Since K is compact, K C W, J---UW,, =
w.

ItV =V, NV, then V is a neighborhood of z which does not intersect W.
Hence V' C K€, so that « is an interior point of K¢. O

Theorem. Closed subsets of compact sets are compact.

Proof. Suppose F' C K C X, F is closed (relative to X), and K is compact. Let {V,}
be an open cover of F. If F¢ is adjoined to {V,}, we obtain an open cover 2 of K.
Since K is compact, there is finite subcollection ® of 2 which covers K, and hence F.
If F° is a member of ®, we may remove it from ® and still retain an open cover of F.
We have thus shown that a finite subcollection of {V,,} covers F. O

Corollary. If F' is closed and K is compact, then F (K is compact.

Proof. K is closed (by a theorem above), and thus F'() K is closed. Since F((K C K,
the above theorem shows that F'() K is compact. O

Theorem. If{K,} is a collection of compact subsets of a metric space X such that the
intersection of every finite subcollection of { Ky} is nonempty, then (| K, is nonempty.

Proof. Fix a member K; of {K,}. Assume that no point of K; belongs to every
K,. Then the sets K form an open cover of Ki; and since K; is compact, K; C
K§ U---UKS, . But this means that K1 () Kq, [)---[)Kq, is empty. = contra-
diction. ]
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3 Sequences and Series

A sequence {p,} converges to p € X if:

Ve >0,3IN: Vn> N |p, —p|<e & limyoopn =D

A sequence {p,} is Cauchy if:

Ve >0, AN: Yn,m > N |p, — pm| < €.

Cauchy criterion: A sequence converges in R¥ < it is a Cauchy sequence.
Cauchy criterion: Y a, converges < Ve>0,3N: |> " ag| <eifm>n>N.
The series ) a,, is said to converge absolutely if > |a,| converges.

Problem (8’03, #2). If a1, a2, a3, ... is a sequence of real numbers with 3 22, |aj| <

00, then limy_ o Zjvzl aj exists. (Y an converges absolutely = 3 ay converges).

Proof. If s, = 2?21 a; is a partial sum, then for m < n we have

n m n n
lsn = sml =D a5 =Y ajl =Y a5l <D layl
j=1 j=1 j=m m

j=
Since ) |a;| converges, given e > 0,3N, s.t. m,n > N (m < n), then >3 |a;| <.

Thus {sy} is a Cauchy sequence in R, and converges. = limy_. Z;V:1 a; exists. [

Problem (F’01, #2). Let N denote the positive integers, let a, = (—1)"%, and let
a be any real number. Prove there is a one-to-one and onto mapping o : N — N such
that

Z Ag(n) = Q.

n=1

=

1 1 1
Proof. an = (_1)715 = a1 =—lap = 7,03 = —3,04
asp >0, az,-1<0, n=12...
i+ — _ Ny 1o 1Nxwo 1 g . T
> (positive terms) = 3 77 agn = > 071 5= = 5 2 _neq . diverges, and lim, .o 5- =
0.

S (negative terms) = >.0° a1 = — Yooy 5o diverges by comparison with
) 1 : 1
— anl 5 and hmnaoo —1 — 0.

Claim: Va € R, there is a one-to-one and onto mapping ¢ : N — N such that
> e Gg(n) = @, where o(n) is the rearrangement of indices of the original series.
Given «, choose positive terms in sequential order until their sum exceeds a. At this
switch point, choose negative terms until their sum is less than a. Repeat the process.
Note: This process never stops because no matter how many positive and negative
terms are taken, there are still infinitely many both positive and negative terms left;
the sum of positive terms is oo, the sum of negative terms is —oo.

Let the sum of terms at the Nth step be denoted by Sy, Sy = Zivzl Ug(n)- At switch
point, | — Sn| is bounded by the size of the term added:

o — Sy|—0, N —

All terms {a, } will eventually be added to the sum (o : N — N is surjective (onto)) at
different steps (o : N < Nis injective (1-1)). [0 :{1,2,3,...} — {ni,na,ns,...}]. O
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Root Test. Given Y ay, put o = limsup,,_, .o V/|an|. Then
a)if a <1, > ap, converges;

b)if a>1, > ay diverges;

¢) if a =1, the test gives no information.

Ratio Test. The series Y ay,

a) converges if limsup,,_, |*25] < 1,

b) diverges if |“2t1| > 1 for all n > ng, where ng is some fized integer.
g am

Alternating Series. Suppose

(a) la1] > |az| > ... ;

(b) a2m—1 Z 0, a2m, S 0, m = 1,2,3,...;
(c) lim,,_, a, = 0.

Then > ay, converges.

Geometric Series. |z| <1:

> 1
ko
kZ:o:E C1-z

Proof : S, = l4+z+2>+ - +2" ®
xS, = z+a°+2°+ 42" ®
®-© = (1-2)S,=1-z""

n 1 — gntl
k=0

10
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Problem (F’02, #4). By integrating the series

1
= 1—a?+at—ab 428 .
1+ 2
that il PEEINIE S S
rove tha = 1l—=-—4+-—=+ -
p 1 375 779

Justify carefully all the steps (especially taking the limit as © — 1 from below).

Proof. Geometric Series:
1

T+22 1—a? 42t —a2% 448, |z) <L
T
/ = tan ™ (z) ©, g g
- n )= — - — —_— —_— e
1+ 22 3 5 - 5
1
dx ~ B ) i 7T
/()l—i—x2 = [tan l(i)]é:tanll—tan 1021_021‘
! dz _ . l1—e dz
T = hm
0 0
S
/‘16 dr /16 [ - A4 ] - )
o 1+a? 0 " 0

converges uniformly for |z|<1—e

fo = flloc =0 = /fn dw—>/f

‘/abf(ac)dx - /fn )da

S is a uniform limit of Sy = Z(—l)”m%.

/\f e |d:c</ 1F = fallocdz = (0 — )1 — fullso-

n=1
00 9] 00 _ A\2(N+1)
’S(x> — SN(.%')‘ = ’ Z(—l)nxQH = [071 - e] < Z ‘x’2n < Z(l _ 6)271 — (116)2 — 0.
N1 N+1 N+1 (1=
(=t

Above calculations show tan™!z = Z .z < L

2n+1
Alternating series test = right side converges.

n (—1)m 1 1 1 1
i :1—7 —_—— - —_— . e .
4 Z2n—i—1 375 779
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Logarithm. |z| < 1:

1 [e.e]
= 1— 2_ 34 = 1)
1+=z T i ;_:0( )'x
x dt .%'2 .%'3 CL‘4 0 "
1 1 = _— = _ - — _11’1—"—17
R T T T nzzl( e

log(1 + ) is not valid for |z| > 1, or # < —1. Claim: If 2 = 1, the series converges
to log2. Proof: 3°°°  (—1)""1£" is uniformly convergent for = € [0, 1], since the sum
of any number of consecutive terms starting with the n*" has absolute value at most
% < %, since for 0 < x < 1 we have alternating series.

Binomial Series. |z| < 1:

oo
1) (e — 1
(14+z)* = 1—1—5 ala—1) n'(a nt ):c”:1+a:c+<g>x2+---+<a>x”+-'-
n=1 ’

-1 —1)(a—2
= 1—|—ax+a(a2')a:2+a(a 3)'((1 ):c3+~-

n
Problem (F’03, #3). The sequence ai,as,... with a, = (1 + ;J) converges as
n — oo.

Proof. By Binomial Series Theorem with a =n, = = %, we get:

(1+;>" _ 1+n‘i+n(n—l)'1+n(n—1)(n—2) 1 +,,.+n(n_1)(n_2)”'

2! n? 3! n3 n!
< 14144l O oF
S Il gt =g e
—0
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4 Notes

4.1 Least Upper Bound Property

An ordered set S is said to have the least upper bound® property if:

E C S, E is not empty, and E is bounded above, then sup E exists in 5.
Completeness axiom: If F is a nonempty subset of R that is bounded above, then
FE has a least upper bound.

Problem (F’02, #2). Show why the Least Upper Bound Property (every set bounded
above has a least upper bound) implies the Cauchy Completeness Property (every Cauchy
sequence has a limit) of the real numbers.

Proof. Suppose {x,} Cauchy. The problem is to show that {x, } converges.
We first show that {z,} is bounded. Fix ¢ > 0 and let NV be such that |z, — x| < €
if n,m > N. Then for any fixed n > N, the entire sequence is contained in the closed
ball of center z,, and radius max{d(zy,z1),d(zyn,z2),...,d(xn,xN),€}. Thus {z,} is
bounded.
Define z, = sup{zk}x>n. Since {x,} is bounded, each z, is a finite real number and is
bounded above in absolute value by M. If m > n, then z,, is obtained by taking the
sup of a smaller set than is z,; hence {z,} is decreasing. By the greatest lower bound
property, Z = {z,|n € N} has an infimum. Let = = inf Z. We claim that z,, — 2.5
For each € > 0 there is a corresponding integer N such that z < zy < z+e. Since {x,} is
Cauchy, by taking a larger N if necessary, we know that k > N = x € [xy—€, zn+€].
It follows that zy € [xn — €, 2N + €]. Hence for k > N,

|z — x| <|zk —on|+|oNy —2n| +|2v — 2] < e+ e+ e =3e. O

®least upper bound of E = sup E.
Idea: Since {x,} is Cauchy, the terms of this sequence would approach one another. {z,} also
approaches {z,}. Since z, — z, {2z, } approaches x. It follows that {z,} approaches z.
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5 Completeness

A metric space X is complete if every Cauchy sequence of elements of X converges to
an element of X.

Lemma. A convergent sequence is a Cauchy sequence.
Proof. x, — x means Ve > 0,3N, such that Yn > N, |z — x,| < e. Hence
[Ty — T | < |zp — 2] + |2 — 20| < 26
when n,m > N. Thus, x, is a Cauchy sequence. ]

Lemma. If z, is Cauchy, then x, is bounded.

Proof. If the sequence is x1,x2,x3,..., € > 0 and N is such that |z, — x,,| < € if
n,m > N, then for any fixed m > N, the entire sequence is contained in the closed ball
of center z, and radius max{d(zm, x1), d(Tm,2), ..., d(Tm,TN),€}. O

Lemma. If x, is Cauchy and z,, — x, then v, — x.

Proof. Let € > 0. Since z, is Cauchy = choose k > 0 so large that |z, — x| < €
whenever n,m > k. Since z,, — = = choose [ > 0 so large (i.e. n; large) that
|Tn, — x| < € whenever j > 1. Set N = max(k,n;). If m,n; > N, then

[T — 2| < |2 — | + |20, — ] < €+ €= 2e. O

Theorem. [a,b] is complete.

Proof. Let z,, be a Cauchy sequence in [a,b]. Let x,, be a monotone subsequence.
Since a < xy,, < b, x,, converges (by the Least Upper Bound). = =z, — c. Since
[a,b] is closed, ¢ € [a,b]. = Any z, that is Cauchy in [a,b|, converges in [a,b]. =
[a,b] is complete. O

The above theorem is a specific case of the following Lemma:

Theorem. Let x,, be a Cauchy sequence in a compact metric space X. Then x, con-
verges to some point of X.

Proof. Since X is (sequentially) compact, then for any sequence x,, € X, there is a
subsequence z,, — ¢, ¢ € X. Using the above theorem (z,, Cauchy and z,, — ¢ =
x, — c), we see that x,, — c€ X. O

Theorem. R is complete.

Proof. Let x,, be a Cauchy sequence in R. z,, is bounded (by the Lemma above). =
{zn} C [a,b], and see above. O

A direct consequence of the above theorem is the following: In R¥, every Cauchy
sequence converges.

Theorem. [0,1) is not complete.
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Bolzano-Weierstrass. Every bounded, infinite subset S C R has a limit point.

Proof. If Iy is a closed interval containing S, denote by I one of the closed half-intervals
of Iy that contains infinitely many points of S. Continuing in this way, we define a
nested sequence of intervals {I,,}, each of which contains infinitely many points of S.
If ¢ = ;2 In, then it is clear that ¢ is a limit point of S. O

Lemma. FEvery bounded sequence of R has a convergent subsequence.

Proof. If a sequence x, contains only finitely many distinct points, the conclusion is
trivial and obvious. Otherwise we are dealing with a bounded infinite set, to which
the Bolzano-Weierstrass theorem applies, giving us a limit point x. If, for each integer
k > 1, z,, is a point of the sequence such that |x,, — x| < 1/k, then it is clear that
Zn, is a convergent subsequence. O

Theorem. A closed subspace Y of a complete metrixz space X is complete.

Proof. Let y, be a Cauchy sequence in Y. Then y, is also a Cauchy sequence in X.
Since X is complete, 3x € X such that y, — x in X. Since Y is closed, x € Y.
Consequently, y, — = in Y. O

Theorem. A complete subspace Y of a metric space X is closed in X.

Proof. Suppose z € X is a limit point of Y. dy, in Y that converges to z. y, is a
Cauchy sequence in X; hence it is also a Cauchy sequence in Y. Since Y is complete,
Yn — y € Y. Since limits of sequences are unique, y = x and x belongs to Y. Hence Y
is closed. O

Theorem. V is a normed space. If we have the following implication

o0 oo
Z||vn|\<oo = Zvn<oo,
n=1 n=1

then V' is complete (V is a Banach space).

Proof. Say v, is Cauchy. Choose ny such that m,n > ny = ||v, —v,|| < 27 We
may assume that n; <ng < ....

ng =l <27F = 3702 [[ony, —vn, || < oo. Tt follows that Y0 (Un, ., —vn,) <
0.

K
5+ Sg = g (Vnpi1r —Ung) = Ungoy —VUny = Up,,, CONVEIges = v, cOnverges.
k=1

O]
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6 Compactness

M is (sequentially) compact if for any sequence x,, € M, there is a subsequence
Tn, — ¢, c€ M.

M is (topologically) compact if any open cover of M, M C | JG4, G, open, contains
a finite subcover.

Problem (W’02, #2). [a,b] is compact.

Proof. Let x,, be a sequence in [a,b]. Let z,, be a monotone subsequence = a <
ZTn, < b = =z, — c Since [a,b] is closed, ¢ € [a,b]. = [a,b] is (sequentially)
compact. O

Lemma. If M is compact, every open cover of M has a countable subcover.
Theorem. If M is sequentially compact, then it is topologically compact.

Proof. Say that M C G1|JG2J- - has a countable subcover. Need to show that there
is a finite subcover, i.e. M C J;_, G, for some n.
Suppose that fails for every n; then for every n = 1,2, ..., there would exist

k=1

That sequence would have a convergent subsequence {x, }. Let x be its limit, z,, — x.
Then z would be contained in G, for some m, and thus

Zn, € G

for all ny, sufficiently large, which is impossible for ny > m (since z,,, € M\G1J---JGn,)-
We have reached a contradiction. So there must be a finite subcovering. O

Problem (S’02, #3). If M is topologically compact, then it is sequentially com-
pact.

Proof. Let x,, € M and E be the range of {z,,}. If E is finite, then there is z € F and
a sequence {n;}, with n; < ng < ..., such that

xnlzxn2:...:x

The subsequence {z,, } converges to x.
If E is infinite, E has a limit point z in M (as an infinite subset of a compact
set). Every neighborhood of z contains infinitely many points of M. For each k, B1(x)
k

contains infinitely many x,’s. Select one and call it x,,, such that, ny > np_1 > ...
We have a subsequence {z,, } so that d(z,z,,) < + — 0. = x,, — z. O

Problem (F’02, #1). Let K be a compact subset and F be a closed subset in the
metric space X. Suppose K (\F = ¢. Prove that
0 < inf{d(z,y):z € K,y € F}.
Proof. Given x € K,x ¢ F, d, = d(x,F) > 0. Then, the ball centered at that x with
radius d;/2, i.e. By, (x), satisfies By, (x) [ F = ¢. Since z was taken arbitrary, this is
2 2

true Ve € K,z ¢ F.
K C Uyeg Bag (). Since K is compact, 3x1,...,2, € K, n < 0o, such that
2

K C Up_q Bay (z), and Ba,, (z) (| F = ¢. Since ming{d,, } > 0, we have
2 =
0 < inf{d(z,y):z € K,y € F}. O
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7 Continuity

Limits of Functions: lim,_.,f(z) = ¢ if:

Ve >0,30suchthat Ve € B 0< |z —p| <d = |f(z) —¢q| <e
A function f is continuous at p: lim,_., f(x) = f(p) if:

Ve >0, 30 such that Vo € E |z —p| <0 = |f(x) — f(p)| <e.
Negation: f is not continuous at p if:

Je >0, Vd such that 3x € F |z —p| < = |f(x) — f(p)| > €.

f is uniformly continuous on X if:

Ve >0, 36 such that Vo, z € X |z — 2| < d = |f(z) — f(2)| <e.
Negation: f is not uniformly continuous on X if:

Je >0, Vd such that 3z, 2 € X |z — 2| <0 = |f(x) — f(2)| > e
Examples: f(z) = 2 on (0,1] and f(z) = 2? on [1,00) are not uniformly continuous.

Theorem. f: X — Y is continuous < f~1(V) is open in X for every open set V in
Y.

Proof. T = Suppose f is continuous on X. Let V be an open set in Y. We have
to show that every point of f~1(V) is an interior point of f=%(V). Let z € f=1(V).
Choose € such that B.(f(x)) C V. Since f is continuous®, 36 > 0 such that f(Bs(z)) C
Bc(f(x)) € V. Hence, Bs(z) € f~1(V). Since f~!(V) contains an open ball about
each of its points, f~1(V) is open.

< Suppose f~1(V) is open in X for every open set V in Y. Let x € X and let
€ > 0. Then f~1(B.(f(x))) is open in X. Hence, 3§ such that Bs(x) C f~H(B(f(x))).
Applying f, we obtain f(Bs(z)) C B(f(z)), and so f is continuous. O

Problem (S°02, #4; S°03, #1). A function f:(0,1) — R is the restriction to (0,1)
of a continuous function F : [0,1] = R & f is uniformly continuous on (0,1).
Proof. < We show that if f : (0,1) — R is uniformly continuous, then there is a
continuous F': [0,1] — R with F(x) = f(x) for all z € (0,1).

Let x,, be a sequence in (0,1) converging to 0. Since f is uniformly continuous,
given € > 0, 39, s.t. |z —y| < d = |f(z) — f(y)| < e. Therefore, we have

|f($n) - f(xm)| <€

for n,m large enough. f(zy) is a Cauchy sequence, so it converges to some . Define
F(0) = limp—00 f(xn) = £ We want to show that this limit is well defined. Let y,
be another sequence, s.t. y, — 0, so f(yy) is Cauchy by the same argument. Since
the sequence (f(z1), f(y1), f(z2), f(y2),...) is Cauchy by still the same argument, and
that there is a subsequence f(z,) — &, then the entire sequence converges to . Thus,
F(0) = limy oo f(zy) = & is well defined.

By the same set of arguments, F'(1) = 7. The function F' : [0, 1] — R given by

f(z) for xz € (0,1),
F(z)=4(¢ for x =0,
n for z = 1.
is the unique continuous extension of f to [0, 1].

= F :[0,1] — R is continuous, and [0, 1] is compact. Therefore, F' is uniformly
continuous on [0, 1]. Thus, f = F|) : (0,1) — R is uniformly continuous. O

"Gamelin, Green, p. 26; Edwards, p. 51.
8 f continuous at z = Ve > 0, 39 such that z € Bs(z) = f(2) € B(f(x)), or f(Bs(z)) C B(f(z)).
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7.1 Continuity and Compactness

Theorem. Let f : X — Y is continuous, where X is compact. Then f(X) is compact.

Proof. 1) Let {V,} be an open cover of f(X), (Vo CY). Since f is continuous, f~(V,)
is open. Since X is compact, there are finitely many aq, ..., ay, such that

Xcf e Ur ' (Van)

Since f(f~Y(E)) C E for every E C Y, then

FX) Vo, |- Van-
= f(X) is compact. O

Proof. 2) Let {y,} be a sequence in the image of f. Thus we can find x,, € X, such
that y, = f(z,). Since X is compact the sequence {z,} has a convergent subsequence
{xn, } with limit s € X. Since f is continuous,

lim y,, = lim f(zy,) = f(s)
k—o0 k—o0

Hence, the given sequence {y,} has a convergent subsequence which converges in f(X).
= f(X) is compact. O

Problem (F’01, #1). Let K C R be compact and f(x) continuous on K. Then f
has a mazimum on K (i.e. there exists xg € K, such that f(x) < f(xo) for allx € K).

Proof. By theorem above, the image f(K) is closed and bounded. Let b be its least
upper bound. Then b is adherent to f(K). Since f(K) is closed = b€ f(K), that is
Jdzo € K, such that b = f(x¢), and thus f(zg) > f(z), Yz € K. O

Theorem. Let f : [a,b] — R be continuous function. Then:
1) f is bounded;

2) f assumes its mazx and min values;

3) fla) <p<[f(b) = Fz:[f(x)=p.

Proof. 1) f is continuous = f([a,b]) is compact = f([a,b]) is closed and bounded.

2) ¢ # f([a,b]) < M. Let My =sup f([a,b]) = My € closure(f([a,b])) = f([a,b]) =
dzg € [a,b] : f(xo) = M.

3) [a,b] is connected = f([a,b]) is connected = f([a,b]) is an interval. O

Theorem. f: X — Y continuous and X compact. Then f is uniformly continuous.

Proof. © Suppose that f is not uniformly continuous. Then there exist ¢ > 0 and
(setting § = 1/k in the definition) points x, 2z, € X ¥ such that |z — zx| < 1/k while
|f(x1) — f(zr)| > €. Passing to a subsequence, we can assume that z; — z € X.!
Since |z — zx| — 0, we also obtain zp — . Since f is continuous, f(zy) — f(z)
and (=) — f(2), s0 that |f(e) — F(z)] < |f(wx) — F@)| + () — Fz1)] — 0, a

contradiction. O

9Gamelin, Green, p. 26-27; Rudin, p. 91.
10See the technique of negation in the beginning of the section.
HSince {zx} is Cauchy, and the convergent subsequence can be constructed, z) — x.



Real Analysis and Multivariable Calculus Igor Yanovsky, 2005 19

8 Sequences and Series of Functions

8.1 Pointwise and Uniform Convergence

Suppose {fn}, n =1,2,3,..., is a sequence of functions defined on a set E, and suppose
that the sequence of numbers { f,(z)} converges Vx € E. Define a function f by

flx) = lim f,(z), (xr € F).

n—oo

{fn} converges pointwise to f on E.

A sequence of functions {f,} converges uniformly on E to f if Ve > 0, 3N, such
that Vn > N,

[fo() = f(@)| <€, Vo€ L.

Ezample: Consider f(z) =" on [0,1] = convergent, but not uniformly convergent
on [0,1].

Problem (F’01, #3). If {fn.} is a sequence of continuous functions on E, and if
fn — [ uniformly on E, then f is continuous on E.

Proof. Fix € > 0. Since f,, — f uniformly, choose N, s.t. Vn > N
€
[fal2) = f@)l <5, VoekE
Since f, is continuous at p, choose J, s.t. z € E, |x — p| < § then

n>N

fal@) = a0)] < 5.
Thus, |f(z) = f(p)| < |f(2) = fa(@)[+ [ fn(@) = D)+ [fu(p) = f(P)| < §+5+5 =€
Hence, given any ¢, 30, s.t. |z —p| < 0 = |f(z) — f(p)| < ¢, and f is continuous at
p. O

8.2 Normed Vector Spaces
Problem (F’03, #7). C°[a,b] with the metric d(f,g) = SUPgepo] | f(2) — g()]

= ||f — 9lloo is complete.

Proof. Let {©,}$° be a Cauchy sequence of elements of C°[a,b]. Given ¢ > 0, choose
N such that m,n > N =

€

|lom — enlloo < 9 (sup norm).
Then, in particular, ||@m(x) — ©n(2)||eo < €/2 for each z € [a,b]. Therefore {¢,(x)}°
is a Cauchy sequence of real numbers, and hence converges to some real number ().
It remains to show that the sequence of functions {¢,} converges uniformly to ¢; if so,
it will imply that ¢ is continuous on [a,b], i.e. ¢ € C9[a, b].
Claim: For n > N, (N same as above, n fixed), |¢(z) — pn(z)| < € for all z € [a, ]].
To see this, choose m > N sufficiently large (depending on z) s.t. |¢(x) —@m(z)| < €/2.
= [@(@) = @n(@)| < [0(2) = Pm(@)|+lem(2) —pn(2)] < €/2+[[om—pnl] < €/2+€/2 =€
Since z € [a, b] was arbitrary, it follows that ||¢, — ¢|| < € as desired. O
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Theorem. Let {f,} € Cla,b], f, — f pointwise, f, — g uniformly.
Then f, — f uniformly, and f is differentiable, with f' = g.

Proof. By the Fundamental Theorem of Calculus, we have
fn(2) = fnla) + /x fh Vn, Yz € [a, b].

From this and the Uniform Convergence and Integration theorem, we obtain
fla) = Jim fofo) = Jim fula)+ Jim [,
f@) = fa@+ [ o

Another application of the Fundamental Theorem yields f' = g as desired.
To see that convergence of f, — f is uniform, note that

)= 1@ = | [ 1= [Co] v 1) = f@)1 < [ 152 = 0l + fule) - @)
< =)l gl + 1nle) — f(@)].

The uniform convergence of f,, therefore follows from that of f/. O

Theorem. C[a,b], with the C*-norm defined by

ol = max [p(2)| + max [¢'(z)],
z€la,b] z€la,b]

is complete.

Proof. Let {¢,}5° be a Cauchy sequence of elements of C''[a,b]. Since

xlg[%\som( ) — on(@)] < l|om — @nl| (C' — norm),

©n, is a uniformly Cauchy sequence of continuous functions. Thus ¢, — ¢ € C%[a, b]
uniformly. Similarly, since

xrg[ag}lsam( ) — P (@) < ||om — onl| (C* — norm),

¢l — 1 € C%a,b] uniformly. By the above theorem, ¢ is differentiable with ¢’ = 1),
so ¢ € Cta,b]. Since

Jnas lon(z) — ()] = [lon —¢lleo (sup norm), and
Joax lon (@) — @' (@) = e — ¢lloo (sup norm)

the uniform convergence of ¢, and ¢!, implies that ¢, — ¢ with respect to the C''-norm
of C'[a,b]. Thus every Cauchy sequence in C'[a, b] converges. O
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8.3 Equicontinuity

A family F' of functions f defined on a set £ C X is equicontinuous on F if:
Ve > 0, 39, such that |z —y| < d, x,y € E, fe F = |f(z)— fly)| <e.

8.3.1 Arzela-Ascoli Theorem

Suppose { fn(z)}>2; is uniformly bounded and equicontinuous sequence of func-
tions defined on a compact subset K of X. Then {f,} is precompact, i.e. the closure
of {fn} is compact, i.e. {f,} contains a uniformly convergent subsequence, i.c.
{fn} contains a subsequence { f,, } that converges uniformly on K to a function f € X.

9 Connectedness

9.1 Relative Topology

Define the neighborhood of a point in R™ as Nc(z) = {y : |z — y| < €}. Consider the
subset of R”, M C R"™. If all we are interested in are just points in M, it would be more
natural to define a neighborhood of a point x € M as Ny = {y € M : |z —y| < €}.
Thus, the relative neighborhood is just a restriction of the neighborhood in R™ to M.
Relative interior points and relative boundary points of a set, as well as a relative open
set and a relative closed set, can be defined accordingly.

Alternative definitions:
S C M(C R") is open relative to M if there is an open set U in R™ such that S = U (| M.
S C M(C R") is closed relative to M if there is a closed set V in R™ such that
S=VNM.
Example: A set S = [1,4) is open relative to M = [1,10] C R since for the open set
U=1(0,4) in R, we have S = U M.
Example: A set S = [1, 3] is open relative to M = [1, 3] |J[4, 6] C R since for the open
set U = (0,4) in R, we have S = U [ M.

9.2 Connectedness

X is connected if it cannot be expressed as a disjoint'? union of two nonempty subsets
that are both open and closed. i.e.

M is connected if M = A|J B, such that A, B open and A(B = ¢, then A or B is
empty; or, M is connected if M = A| |B, A, B open = A= ¢ or B = ¢.

Fact: X is connected < X and ¢ are the only subsets which are clopen.

X is disconnected if there are closed and open subsets A and B of X such that
AUB=X,ANB=0¢, A# ¢, B+# ¢.

Another way of phrasing: X is disconnected if there is a closed and open U C X,
such that U # ¢ and U # X. If there is such a U, then the complement V = X \ U
of U is also both closed and open and X is the disjoint union of the nonempty sets U
and V.

A subset of a space is a connected subset if it is connected in the relative topology.

2AN B = ¢, then A and B are disjoint.
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Problem (S’02, #1). The closed interval [a,b] is connected.

Proof. Let [a,b] = G| H, st. G(Y1H = ¢. Let b € H. Then claim: G = ¢. If not, let
c = supG. Since G is closed, ¢ € G. Since G is open'?, B.(c) C G, i.e. [c,c+¢€) C G.
That contradicts ¢ = sup G. Thus G = ¢. O

Note: Since [a,b) and (a, b) can be expressed as the union of an increasing sequence
of compact intervals, these are also connected.

Theorem. Let S, C M, S, connected. Suppose (| Sa # ¢. Then |J Sy is connected.

Proof. Let S =JSo =G| |H, G,H are open in |JS,.

Choose zg € [1Sa. Sa = (Sa N G) LU(Sa N H). Assume z¢ € G. Since S, is connected
and zg € So (G, we get S, [ H = ¢, Ya. Therefore, (|JSy) () H = ¢. Since H C |J S,
= H = ¢. Therefore, S is connected. O

Corollary. R is connected.

Proof. Let R = |, cn[—n. 7], 0 € (\[-n,n]. Therefore, R is the union of connected
subsets. By the theorem above, R is connected. O

Theorem. Let f: M — N is continuous and M is connected. Then f(M) is connected.

Proof. Say f(M) = G| |H, G,H # ¢. G,H open. Then M = f~Y(G) f~1(H),
where f~1(G) and f~!(H) are both open and nonempty. Contradicts connectedness of
M. O

Theorem. a,b € I, and a < ¢ < b, then ¢ € I, i.e. I is an interval < I C R s
connected.

Proof. = Assume [ an interval.

S = [a,b]; S = (a,b],a > —o0; S = [a,b),b < o0; S = (a,b),a > —o0, b < 0.
[a,0) = Uy,sn,la, b — 1 aeNa,b-1].

< Say lisnotaninterval. da <c<b,a,bel,c¢ 1. I =((—o0,¢c)I)|((c,00) 1),
i.e. I is not connected. O

Problem (W’02, #3). The open unit ball in R?, {(z,y) € R? : 2% + ¢y < 1} is
connected.

Proof. Let fp(t) = t(cosf,sinf), —1 <t < 1. We have fp: (—1,1) — (tcosf,tsinf).
Since fp is continuous and (—1,1) is connected, fg((—1,1)) is connected. The unit ball
can be expressed as {(z,y) € R? : 22 + 2 < 1} = Uo<p<r fo(t). We know that the
origin is contained in the intersection of fy’s. Therefore, |Jy<y. fo(t) is connected by
the theorem above. O

BIf M = GUH, G H = ¢ and G, H are open, then G is closed and open, since G = H°.
M =[0,1]J[2, 3] is not connected because if G = [0,1], H = [2,3], M = G|U H, G, H are clopen in M,
G H = ¢,and G, H # ¢.
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9.3 Path Connectedness

A path in X from z( to x; is a continuous function = : [0, 1] — X, such that v(0) = zo
and (1) = ;.

X is path-connected if, for every pair of points g and x1 in X, there is a path ~
from z¢ to z1.

Theorem. A path-connected space is connected.

Proof. Fix zy € X. For each z € X, let v, : [0,1] — X be a path from z( to . By
theorems above, i.e.

(1) X connected and f: X — Y continuous = f(X) connected;

(2) any interval in R is connected;

each 7,([0,1]) is a connected subset of X. FEach ~,(][0,1]) contains z¢p and X =
U{72([0,1]) : € X'}, so that the theorem above shows that X is connected. O

Theorem. An open subset of R™ is connected < it is path-connected.
Problem. Any subinterval of R (closed, open, or semiopen) is path-connected.

Proof. If a, b belong to an interval (of any kind), then v(t) = (1 —t)a+tb, 0 <¢ <1,
defines a path from a to b in the interval. ]

Problem. If X is path-connected and f : X — Y is a map, then f(X) is path-
connected.

Proof. If p= f(x) and ¢ = f(y), and = is a path in X from p to ¢, then f o~ is a path
in f(X) from x to y. O
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10 Baire Category Theorem

A subset T C X is dense in X if T = X, i.e. every point of X is a limit point of T, or
a point of T', or both.

A subset Y C X is nowhere dense if Y has no interior points, i.e. int(Y) = ¢.

Y is nowhere dense < X \ 'Y is a dense open subset of X.

The interior of F is the largest open set in F, i.e. the set of all interior points of E.
(QZZZEav(HQ\\(Q)::HQ

[0,1] N Q is not closed; (0,1) [ Q is not open in R.

Baire’s Category Theorem. Let {U,}32, be a sequence of dense open subsets of a
complete metric space X. Then ;- Uy is also dense in X. (Any countable intersec-
tion of dense open sets in a complete metric space is dense.)

Corollary. Let {E,}2° | be a sequence of nowhere dense subsets of a complete metric
space X. Then|\J,2 | Eyn has empty interior. (In a complete metric space, no nonempty
open subset can be expressed as a union of countable collection of nowhere dense sets.)

Proof. We apply the Baire Category Theorem to the dense open sets U, = X \ E,,.
Then, (2, U, is dense in X.

ﬂU_ﬂX\E f:j

n=1

Therefore, X \ J,—, En is dense, = |J,, E, is nowhere dense = |J,2, E, has
empty interior. [

A subset of X is of the first category (i.e. Q) if it is the countable union of
nowhere dense subsets. A subset (i.e. I,R) that is not of the first category is said to
be of the second category.

SCRisF,setif S=\J,2, F,, F, closed.
SCRis Ggset if S =2, Gn, G, open.

Problem (W’02, #4). The set of irrational numbers I in R is not the countable
union of closed sets (not an F, set).

Proof. Suppose I = |J F,,, where each F), is closed.

R=JF |J{g}

neN qeQ
Thus R can be expressed as the countable union of closed sets. By (corollary to) the
Baire Category Theorem, since R is a nonempty open subset, one of these closed sets
has a nonempty interior. It cannot be one of ¢’s, and since any nonempty interval
contains rational numbers, it cannot be one of F},’s. Contradiction. O

Problem (S°02, #2; ¥°02, #3). The set Q of rational numbers is not the countable
intersection of open sets of R (not a Gy set).
Show that there is a subset of R which is not the countable intersection of open subsets.

Proof. We take complements in the preceding theorem. Suppose Q = () G,, where
each G,, open. Then,

I=R\Q=R\([)Gn) = |JR\Gn),
neN neN

and R\ G, is closed. Thus, I is a F, set, which contradicts the previous theorem. [J
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Problem (S’03, #3). Find S C R such that both (i) and (ii) hold for S:
(i) S is not the countable union of closed sets (not Fy);
(ii) S is mot the countable intersection of open sets (not Gy ).

Proof. Let A C [0,1] not F,, B C [2,3] not G; = A|JB is neither F, nor Gs.
If AUBis Fp,say AUB=U F. =

closed
A=AlJBA0.1] = JF 0,1 =J(F.(0,1]) = F, set = contradiction.
losed
If AUBis Gs,say AUB = ﬂ\GjL =
open
B= AUBH(;, g) = ﬂGnm(g, g) = m (G, ﬂ(g, g)) = (s set = contradiction.
—_——
open

O

Problem. Q is not open, is not closed, but is the countable union of closed sets (F,
set).

Proof. Since any neighborhood (¢ — €, g + €) of a rational ¢ contains irrationals, Q has
no inner points. = Q is not open. Since every irrational number 7 is the limit of a
sequence of rationals = Q is not closed. Since every one-point-set {x} C R is closed
and Q is countable, say (g,) is a sequence of all rational numbers, we find that

Q= U{Qn}

neN
is the countable union of closed sets, i.e. Q is Fj. ]

Problem. The set of isolated points of a countable complete metric space X forms a
dense subset of X.

Proof. For each point x € X that is not an isolated point of X, define U, = X \ {z}.
Each such U, is open and dense in X, and the intersection of the U,’s consists precisely

of the isolated points of X. By the Baire Category Theorem, the intersection of the
U,’s is dense in X. ]

Problem. Suppose that F is a subset of the first category in a metric space X and E
is a subset of F'. Prove that E is of the first category in X. Show by an example that
E may not be of the first category in the metric space F'.

Proof. If F = |J F,,, where each F,, is nowhere dense, then £ = |J(E () F,,), and each
E (N F, is nowhere dense. For example, note the R is of first category in R?, but R is
not of first category in itself. O

Problem. Any countable union of sets of the first category in X is again of the first
category i X.

Proof. A countable union of countable unions is a countable union. O
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Problem. a) If a,b € R satisfy a < b, then there exists a rational number q € (a,b).
b) The set Q of rational numbers is dense in R.

Problem. The set of irrational numbers is dense in R.

Proof. If 7 is any irrational number, and if ¢ is rational, then g 4 i/n is irrational, and
qg+i/n—q. O
Problem. Regard the rational numbers Q as a subspace of R. Does the metric space

Q have any isolated points?

Proof. The rationals have no isolated points. This does not contradict the above, i.e.

”The set of isolated points of countable complete metric space X forms dense subset of
X77
because the rationals are not complete. ]

Problem. Every open subset of R is a union of disjoint open intervals (finite, semi-
infinite, or infinite).

Proof. For each x € U, let I, be the union of all open intervals containing x that are
contained in U. Show that each I, is an open interval (possibly infinite or semi-infinite),
any two I,’s either coincide or are disjoint, and the union of the I,’s is U. O

11 Integration

11.1 Riemann Integral

Let [a,b] be a given interval. A partition P of [a,b] is a finite set of points g, . .., xy:
a=x0 <21 <...<Tp_1 < xTp=0>, Ax; =x; — XTi_1.
A Riemann sum for f correspoding to the given partition is

/

S(P, f) = Zf(x;)Aa:i, Ti—1 < x; < @
i=1

Definition: f is Riemann integrable on [a,b], if 3A € R such that:

Ve > 0, 35 > 0 such that whenever S is a Riemann sum for f corresponding to any
partition of [a,b] with max(Az;) <d = |S—A| <e.

In this case A is called the Riemann integral of f between a and b and is denoted as

12 f da.

Alternative Definition: f is Riemann integrable on |a,b] if:
Ve > 0, 3P such that U(P, f) — L(P, f) < e.

If f is bounded, there exist m and M, such that m < f(z) < M, a < z < b. Hence,
for every P,

m(b—a) <SP, f) < M(b—a),

so that S(P, f) is bounded. This shows that Riemann sums are defined for every
bounded function f.
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11.2 Existence of Riemann Integral

Theorem. f is integrable on [a,b] < Ve >0, 36> 0 such that S1(P, f), S2(P, f),
P with max(Ax;) < 6, then |S1 — Sa| < e.

Proof. = Suppose f is integrable on [a,b]. Ve > 0, 3§ > 0 such that S(P, f), P with
max(Az;) < §, then |S — fabf(a:)dx\ < €/2. For such S; and Sy,

1) — 8y = ‘(Sl - /abf@)da:) — (8 - /abf(x)dw)

< Ve >0, 3§ > 0such that S1(P, f), Sa(P, F), P with max(Az;) < § = |S1—953] <e.
For n =1,2,..., choose S (P, f), P with max(Az;) < 1/n. Then,

Ve >0, 3N >0 (6 = 1/N), such that |S™ -S| < ¢ n,m >N = S is a Cauchy
sequence of real numbers = S converges tosome A € R = |[SMV)—A| <€, 1/N < 6.
Thus for any S(P, f), P with max(Ax;) < ¢, we have

IS — Al < |S — SM| 4+ |SV) — A] < 2. O

<6+€
—+-=e
2 2

Theorem. If f is continuous on |a,b] then f is integrable on |a,b].

Proof. Since f is uniformly continuous on [a,b], Ve > 0, 3§ > 0 such that Vx,z €
[a,b], |z —2] <0 = |f(x)— f(2)] < e ® If P is any partition of [a,b] with
max(Azx;) < d, then ® implies that M; —m; <e€, i =1,...,n, and therefore

n

U(P, f) = L(P, f) = > (Mi —my)Az; < ey Az = e(b - a).

i=1 i=1
Thus, Ve > 0, 3P such that |U(P, f) — L(P, f)| < Ce = f is integrable. O

11.3 Fundamental Theorem of Calculus
Theorem. If f :[a,b] — R is continuous, and F : [a,b] — R is defined by

mwz/?m%

then F is differentiable and F' = f.

Proof. Since f is continuous, F(z) = [ f(t)dt is defined for all z € [a,b]. We have to
show that for any fixed z¢ € [a, b]

F(x) - F
lim () (zo)
T—T0 xr — xo

= f(zo).

For any x € [a,b], x # xo, we have

z) = Fx . — J v f(t)dt
‘W‘ mo)‘: Ja f(t)d;_ :{E f(t)dt_f(xo)‘: fa:i(x)o o
e f(t)dt_fiof(wwdt‘_ fgii)(f(t)—f(a:o»dt’ _ S 1) = f (o) e N
|z — r—xz9 | T — xp - |x — x|

Since f is continuous at xg, given € > 0, 30, such that = € [a,b], |xv — zo| < § =
|f(z) — f(x0)| < €. Then for any ¢t between x and xo, we have |f(t) — f(zo)| < €.

fxedt

zo

= ® €.

|z — x| -

Thus F/(x(]) = f(:E()) ]
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Corollary. If f : [a,b] — R is continuous and F' = f on [a,b], then

b
/f@ﬁ:ﬂw—ﬂ@

Proof. Since £ ([ f(t)dt—F(z)) = f(z)—f(z) =0, [T f(t)dt—F(z) is constant. Thus
[ f(t)dt = F(x) + ¢, for some ¢ € R. In particular, 0 = [ f(¢)dt = F(a) + ¢, so that
¢ = —F(a). Therefore, [ f(t)dt = F(z) — F(a). Hence, f; ft)dt =F(@®)— F(a). O

Integration by Parts. Suppose f and g are differentiable functions on [a,b], f', g €
R. Then

b b
/ f(@)g (z)dx = f(b)g(b) — f(a)g(a) —/ f'(z)g(x)dz.

Proof. Let h(z) = f(x)g(x) and apply the Fundamental Theorem of Calculus to h and
its derivative.

b
/;m@m:— h(b) — h(a)

b
/ (f'(x)g(x) + f(x)g'(x))dx = f(b)g(b) — f(a)g(a).
Note that A’ € fA. O

Mean Value Theorem for Integrals. If f : [a,b] — R is continuous, then ff f(x)dx =
f(e)(b—a) for some c € [a,b].

Proof. Since f is continuous, by the Fundamental Theorem of Calculus, there is a
function F : [a,b] — R such that F'(z) = f(x) for x € (a,b), and f;f(:c)dx =
F(b) — F(a).

By the Mean Value Theorem for Differentiation, 3¢ € (a,b) such that F(b) — F(a) =
F'(¢)(b—a). Thus,

b
[ 1@rie = FO) - Fa) = Fb - ) = 56~ a)
“ FTC MVT FTC
Thus, 3¢ € (a,b) such that f: f(x)dz = f(e)(b—a). O

Generalized Mean Value Theorem for Integrals. If f, g : [a,b] — R are continu-
ous and g(x) > 0 for all x € [a,b], then there exists ¢ € [a,b] such that

[t = s [ g@ae

Proof. Since g(z) > 0 for all z € [a, b] and since g is continuous, f;g(x) > 0.
Suppose f(x) attains its maximum M at zo and minimum m at ;.
Then m = f(z1) < f(x) < f(z2) = M for x € [a,b], and

b b b
m / g(x)dz < / f(@)g(a)dz < M / o(x)dz,
and hence

L@t
o ff g(z)dx

< M.

b
Since f is continuous on compact [a,b], ¢ such that f(c) = %. O
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Uniform Convergence and Integration. Let {f,} be a sequence of continuous func-
tions on [a,b] and f, — f uniformly on [a,b]. Then

b b
/ lim f,(z)dz = lim / fn(x)dx.
n—oo n—oo a

a

f(x)

Proof. Let f = limy,_,o fn. Since each f, is continuous and f, — f uniformly =
f is continuous. In particular, f is integrable on [a,b]. By the definition of uniform
convergence, Ve > 0,3N > 0 such that n > N, [f(z) — fu(x)| < €/(b—a), Vz € [a,b)].
Thus,

€ €

b—agf(x)_fn(x>§b—a’

Vz € [a,b] =

b
T / (f(2) = ful@))dz < ¢

/ab f(x)dx — /ab fn(x)dz

The last inequality holds for all n > N, and therefore, lim,, o [ fu(z)da = [ f(z)da.
0

or <e.

Uniform Convergence and Differentiation. Let { f,} be a sequence of differentiable
functions on [a,b] such that {f.(x0)} converges for some xo € [a,b]. If f,, — f'
uniformly, then f, — f uniformly on |a,b], and
! /
(lim fn) — lim [,

Proof. See the section on “Sequences and Series of Functions: Normed Vector Spaces”
where the weaker statement is proved, i.e. {f,} € C', f,, — f pointwise on [a,b]. [
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12 Differentiation

12.1 R—R
12.1.1 The Derivative of a Real Function
Let f: (a,b) = R, zy € (a,b). f is differentiable at zg if

Flan) — tim T@) = F0)

T—X0 r — X0
exists. f’ is the derivative of f.

Theorem. f: (a,b) — R. f is differentiable at o = f is continuous at x.

Proof.
lim (f(z) — f(zo)) = lim W - lim (z — z9) = f'(x0) - 0= 0.
T—x0 T—T( — X T—x(0
Since lim, ., f(z) = f(zo), f is continuous at zg. O

Lemma. If f'(c) > 0, then f is locally strictly increasing at c, i.e., 36 > 0 such that:
c—0<z<c = f(z)<fle),
c<zr<c+d = flo) < f(x).

Proof. lim,_,. f(x;:f(c) >0 = 30>0: % >0 whenever 0 < |z —c| <34.

Thus since f(x) — f(c) = f(x) ! C)( —¢), (z+# c), we have

c—d<zx<c = f(z)— ()
) -

c<zr<c+d = f(z)—flc) > O

Corollary. If f has a maz (or a min) at ¢ € (a,b), i.e. f(z) < f(c) (or f(x) > f(c))
for all z, then f'(c) = 0.

Proof. Say f'(¢) # 0. Say f'(¢) > 0. Then z > ¢ = f(x) < f(c) (since f has a max
at ¢), contradicting the lemma above.  Proofs of other conditions are similar. O

12.1.2 Rolle’s Theorem

Theorem. Let f be continuous on |a,b], differentiable on (a,b), and f(a) = f(b). Then
Je € (a,b) : f'(c) =0

Proof. Let M = sup{f(x): z € [a,b]}, m =inf{f(x):z € [a,b]}.

Then m < f(a) = f(b) <M. It M =m = f(zx)= f(a),Vz = f'(c)=0,Vce (a,b).

Say f(a) = f(b) < M ®. Then choose ¢ € [a,b] : f(¢) = M. From ®, ¢ € (a,b). We

have from corollary, f’(c) = 0.

Similarly, say m < f(a) = f(b) ®. Then choose ¢ € [a,b] : f(¢) = m. From ®,
€ (a,b). We have from corollary, f'(c) = 0. O

12.1.3 Mean Value Theorem

Theorem. Let f be continuous on [a,b], differentiable on (a,b). Then Jc € (a,b):
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Proof. Let g(z) = f(x) — L8=L(z _ 4). Then g(a) = g(b) = f(a). By Rolle’s
Theorem, 3¢ € (a,b), such that 0=¢(c)=f'(c) — 1= 5( ), O
Corollary. Let f be continuous on [a,b], differentiable on (a,b).

a) f'(x) =0, Vz € (a,b) = f is constant.
b) f'(x) >0,V € (a,b) = [ is strictly increasing.

Proof. b) a < 1 < g < b. By mean value theorem, f(z2) — f(z1) = f'(¢)(z2 — z1)
for some ¢ € (z1,x2). Therefore, f(z2) — f(x1) > 0 for all such z1,zs. Proof of a) is
similar. O

12.2 R—R™

f R — R™ is differentiable at ¢ € R if there exists a linear map L : R — R™ such
that

LI (et ) — f(0) = LB

=0.
h—0 1]

fi(c)
in which case L is defined by L = df. = f'(c) = :
fm(c)

The linear mapping df. : R — R is called the differential of f at ¢. The matrix of
the linear mapping f’(c) is the derivative. The differential is the linear mapping whose
matrix is the derivative.

12.3 R"* - R™

Let U C R™ open, c € U. f:U — R™ is differentiable at c if there exists a linear
map L : R™” — R™ such that

L e+ ) — f(e) - I

=0.
h—0 |||
in which case L is defined by
O ... Oh
, oz Ozxnp
L=df.=f'(c) = S
Ofm ., Ofm
ox1 0T r=c

Let v € R", c € G C R™. The directional derivative with respect to v of f at c is

flettv) = f(c)
t

D.f(©) = i

provided that the limit exists. In particular, the partial derivatives of f at c are

fler, ..o cj+t, ..o ) — fler, ..o ¢yt cn)
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Theorem. Let f be differentiable at ¢ (i.e., df. : R — R™ is defined). Then:
a)'* The directional derivative Dy f(c) exists Vv € R", and Dy f(c) = df.(v) (=
f'(e)v).

b)¥5 The matriz f'(c) of df. is df. = f'(c) = [gg;; (c)].

Proof. a) Since f is differentiable, and letting h = tv,

o (e +1v) = () — dr(tv)]

i ev) -0
|| fle+tv) — fle) _
|yvy|D5%H " -] =0,
. tv) —
i 0O _
i.e. Dy f(c) exists, and equals to df.(v). O
T i T T T
Proof. b) dfe= | dfe(er) -+~ dfe(en) | = | Deyf(c) - Denf(c) | = | 5h(c)
! 1 l l !
@] . O
f:R™ — R™ is said to be continuously differentiable at c if the partial deriva-

tives gj: L exist on B¢(c), and are continuous at c.
J

MEdwards, Theorem 2.1
5Edwards, Theorem 2.4
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Theorem!6. If % exist and are continuous on G, then at each ¢ € G,
J

df;
Ox;j

(c )} (i.e. ofi continuous = f dif ferentiable).

dfc - f/ (C) |: c‘h:j

Proof. Since f : R® — R™ is differentiable at c iff each of its component functions
fiy-ooy fm 1s, we may assume m = 1; f : U — R. Given h = (hy,...,hy), let
hg = (0,...,0), hj = (hy,...,h;,0,...,0), j=1,...,n. We have

n

fle+h) = f(c)=> [f(c+hy) = flc+h; 1))

J=1

f(C+ hj) — f(C+hj_1) = f(Cl + hq,.. ., Cj—1 + hj_l,cj -+ hj,Cj.H, e ,Cn)

f(Cl + hq,.. ., Cj—1 + hjfl,ﬁ7 Cjtly--- ,Cn)

15)
= 87;(61 +hi, .o e+ R, et e, cn)
J
for some 0 <t < hj, by mean-value theorem. Thus
0
f(c+h;)— f(c+h;_) = a—;(dj) - hj, for some dj, ||d; — c|| < h.
J
S flerh) = f(0) =3 2l (dy) ny
j=1 9%
h1
Also considering f(c)-h = { gg{l( )RR 887’;(0) ] : |, we have

hn,
et = fle) = fle) w0 [ () — g (@)

h—0 || h—0 [|h|
n
. of af
3|2 o]
- hli%z (91']( al'j (C)
Jj=1
since each dj — ¢ as h — 0, and each a‘% is continuous at c. ]

Edwards, Theorem 2.5
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12.3.1 Chain Rule

Theorem. U C R*, V C R™. If the mappings F : U — R™ and G : V — RF are
differentiable at a € U and F(a) € V respectively, then their composition H = Go F is
differentiable at a, and

dHa = dGp(a) 0 dFa (composition of linear mappings)
In terms of derivatives
H'(a) = G'(F(a)) - F'(a) (matriz multiplication)

The differential of the composition is the composition of the differentials;
the derivative of the composition is the product of the derivatives.

Proof. We must show that

H(a+h) — H(a) — dGpa) o dFa(h)

}llig}) HhH = 0. Define
o(n) = @) _‘f;(’?) —dFah) e h)—F(a) = dFa(h)+|h]|3(h)  and
(12.1)
piigy = SERI O - (T,(lj,(a” “Gr@ W) G (a) 1) - G(F () = dCe e ()-+ K] [3(K)
(12.2)

The fact that F' and G are differentiable at a and F'(a), respectively, implies that

}1113%) o(h) = llli% (k) =0. Then

H(a+h)—-H(a)=G(F(a+h)) —G(F(a)) =G(F(a)+ (F(a+h) — F(a))) — G(F(a

(a))
= [k=F(a+h)—F(a) in (12.2)] = AGr@)(F(a+h) - F(a)) + [|[F(a+h) - F(a)|| - ¢(F( h) — F(a))
= (12.1) = dG o (dFL(h) + [Mllpb) + [|4F) + [l 6P+ 1) — Fi)

= Gy © AF(1) + [B][dG (o (1) + || |Fa) + (8| - 5P+ B) = Fla)

H(a+h) — H(a) — dGp ) o dFa(h)
|||

dG p(a) is linear = continuous, and limy g p(h) =0 = limp .o dGp(a)(¢(h)) = 0.

Since F is continuous at a and limg_,o (k) =0 = limp ¢ (F(a+h)—F(a)) =0.

dF}, is linear = continuous = bounded = IM, ||dF4(x)|| < M]|x]|.

Therefore, the limit of the entire expression above — 0 = dHa = dGp(a) 0 dFa. U

=

= Gy (1) + [[aFa () + ()| - 9P (a + ) — (o)
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Theorem. Let U C R"™ be open and connected. F : U — R™. F'(x) =0 for allx € U
& F' is constant.

Proof. Since F' is constant < each of its component functions is constant,

and the matrix F’(x) = 0 < each of its rows is 0, we may assume F' = f : U — R.
Suppose f'(x) =V f(x)=0,VxeU.

Given aand b € U, let v : R — U be a differentiable mapping with v(0) = a, y(1) = b.
R—,R" —;R

Ifg=fov:R—R,then

g'(t) =V () -y (t)=0

Vt € R = g is constant on [0,1], so f(a) = f(v(0)) = ¢(0) = g(1) = f(v(1)) =
f(b). 0

Example 1. w = w(z,y), = z(r,0), y =1y(r,0)
0 o) o) 0 o % o) o) 0 0 e % o
w w w w
[ 5 a*lé’]:[% ayHg@ Qy} = [% a*y]Z[sz 55]{35 y]
or 00 or

Example 2. f(z,y,2) =0, %L #£0 = 2 =h(z,y), f(z,y,h(z,y)) = 0.

For ezample, can solve for §2: 0 = & f(w,y,h(z,y)) = G+ L5 + G2 =
of L 0f 0=
Ox aaz 8ac'8f of

z
= 9o = “oa/0:
Similarly, can solve f07" % and %’ f?“om %f(.%’, y(l‘, Z), Z) and %f(x(ya Z)v Y, Z);
respectively, and show g—;%% =_1.

12.3.2 Mean Value Theorem

Theorem. Let f : U C R®™ — R be differentiable, and a and b € U, such that
[a,b] CU. Then 3c € (a,b), such that

f(b) = f(a) =Vf(c)- (b—a).

Proof. Define v :[0,1] — [a,b] as ~(t) =a+t(b—a)=(1—t)a+tb, te][0,1].
Then v/(t) =b—a. Let g= foy. R—, R" —; R

Since ¢ : [0,1] — R, then by single-variable MVT, 3¢ € [0, 1], such that g(1) — ¢g(0) =
¢(€). Tt ¢ = (¢), then

=Chain Rule= vf(’Y(g)) : 7/(6) = Vf(C) ’ (b - a)' [
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16) 0
12.3.3  2( f) 6@(84”)

Theorem. Let f: U C R* — R. If f,ﬂ 9 erist and are continuous on U and

oz’ Oy
0%f O%f . .
920y OydT exist on U and are continuous at a, then

o (ofy 0 (0f
5lop) =5las) U
Proof. Consider Sy(z,y) = f(x+h,y+h) — f(x +h,y) — f(z,y+h)+ f(z,y).
Let g(x,y) = f(z + h,y) — f(2,y). Then,
h) —

Su(z,y) = fle+hy+h) —f@+hy) = fley+h)+ f2y) =gy +h) —g(zy) =
_ _ 9 _a19f _9f _
= MVT—hay(ﬂﬁ,y-Fﬁh)—h[ay($+h,y+5h) ay($7y+ﬁh)]—
0 0f
— —p2 2 (2L
= MVT_hax(ay)(x+ozh,y+ﬁh)
where 0 < o, 8 < 1.
Let r(z,y) = f(z,y + h) — f(z,y). Then,
Sn(z,y) = fle+hy+h)—fl@e+hy —fl@y+h)+flzy) =r@+hy) —ry) =
b e hy = ndd _of
MVT*ha (x4 d'h,y) = h[é) (x+d'h,y+h) (%(x—l—ah y)] =
_ _ of
= yvr = h? 8y(8 )(z+'h,y+ B'h)
where 0 < o/, 8’ < 1.
For each small enough > 0, 2 (30)(x + ah,y+ sh) = & (§L) (z + /b,y + B'h).
Since the mixed partlal derivatives are continuous at a ( Y), leth—0 =

= 2 () @y = & (3) (). 0
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12.4 Taylor’s Theorem
n-th degree Taylor polynomial of f at a; (h=x—a)

f"(a)

h'I’L
n!

Py(h) = f(a) + f'(a)h + -+

Mean Value Theorem (R — R, Revisited). [ : [a,b] — R. Suppose that f’ exists
on [a,b]. h=>0b—a. Then 3¢ between a and b such that

Ro(h) = f'(E)h

fla+h) = fa) + f/(§)h = Po(h) + Ro(h)

Proof. Need to show: Ro(h) = f'(§)h. For t € [0, h], define

Ro(t) = fla+1) = Po(t) = fla+1) = f(a). So, Ry(t) = f'(a+1).

Define ¢ : [0,h] — R by

Ro(h)
h

= By Rolle’s theorem, 3¢ € (0, h) such that

p(t) = Ro(t) — t = p0)=¢h)=0

0=¢/(e) = Ry(e) - "0 — prq 4y T
= Foré=a+c, Ro(h)=f(&h. O

Taylor’s Theorem (R — R). f : [a,b] — R. Suppose that f"+V exists on [a,b].
h=0b—a. Then 3¢ between a and b such that

AR (I
(n) (n+1)
fla+h)=fla)+ f(a)h+ -+ f nfa)h” + f(n n 1()5‘) Rt = P, (h) + Ry (h).
Proof. Need to show: R, (h) = f((’::i)('ﬁ) h"tL. For t € [0, h], define R, (t) = f(a+1t) —
P,(t), and note that
R,(0) =R, (0)=---=RM™0)=0 (12.3)

since the first n derivatives of P,(t) at 0 agree with those of f at a. Also,
RI(t) = 0t (q +¢) (12.4)

since P,gnﬂ)(t) = 0 because P, (t) is a polynomial of degree n.
Define ¢ : [0,h] — R by

o) = Ralt) ~ 52 s p(0) = () =0

= By Rolle’s theorem, Jc; € (0, h) such that ¢'(¢1) = 0.
It follows from (12.3) and (12.4) that

0(0) =¢'(0) == M (0) =0 (12.5)
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e (1) = FOH) (g 4 1) — ]f;gﬁ) (n+1)! (12.6)

Therefore, we can apply Rolle’s theorem to ¢’ on [0, ¢1] to obtain ¢ € (0, ¢1) such that
¢"(c2) = 0.

By (12.5), ¢” satisfies the hypothesis of Rolle’s theorem on [0, ¢2], so we can continue
in this way. After n + 1 applications of Rolle’s theorem, we obtain c,+1 € (0,h)

such that o™t (c,41) = 0. From (12.6) we obtain R,(h) = f((::i)(,g) Rl where

é-:(l“r‘cn_i_l. O

Problem (F’03, #5). Assume f : R?> — R is a function such that all partial deriva-
tives of order 8 exist and are continuous. Write down (explicitly in terms of partial
derivatives of f) a quadratic polynomial P(x,y) in x and y such that

If(;v,y) - P(l‘,y)| < C({L‘2 —{—yQ)%

for all (xz,y) in some small neighborhood of (0,0), where C is a number that may depend
on f but not on x and y. Then prove the above estimate.

Proof. Taylor expand f(x,y) around (0,0):
flz,y) = [f(0,0) +2f:(0,0)+ yfy(oa 0) + %[$2fxx(070) + 21:yfxy(070) + ?/nyy(oa 0)]

b [ (0,0) 4 3029 20y (0,0) £ 305 Ly (0,0) + 1y (0,0)] + O

|f($, y) - P2(:E7 y)’ = ‘% [$3fxxx(£a 77) + 3$2yfmzy(€7 77) + 3xy2fazyy(£, 77) + ygfyyy(ga 77)] ‘

Note that |23|,|2%y], |[zy?|, |y3| < (2® + y2)% Also, since 3" order partial derivatives

are continuous, 3C7 € R s.t. max{ foze, 3foey, 3foyys fyyy} < % in some nbd of (0,0).
Thus, , ,
[f(x,y) = Pa(, )] < [51(2% + %) 2C1| < C(a? +y?)2, O
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Problem (F’02, #5). Suppose f : R> — R has partial derivatives at every point
bounded by A > 0.
(a) Show that there is an M such that

NI

| ((z,9)) = F((z0,90))| < M((z — x0)* + (y — y0)?)

(b) What is the smallest value of M (in terms of A) for which this always works?
(c) Give an example where that value of M makes the inequality an equality.

®

ox
[f(z,y) = flzo,y)| < Alz — ol
[f(@,y) = f(z,00)] < Aly—yol
|f(@,y) = f(zo, )| < [f(z,y) = fzo, y)| + [ f(z0,y) — f(zo,40)]
1
A(lz — zo| + |y — ol) < AV2(|z — zo|* + |y — wol*)2
(b) This always works for M = Av/2.
(c) If |z — x0] = |y — yo|, then we have an equality in ®, since then
1
A(lz = ol + |y = wol) < AV2(je — aof* + [y — yol*)
= 24l — 20| < AV2(2|lz — 10/?)2
= 2AJz — x0| < 24Jx — x| O

Proof. (a) Since |2L| < A, |g—£] < A, by the Mean Value Theorem,

IN

Problem (F’03, #2). Let f : R — R be infinitely differentiable function. Assume
that Yz € [0,1], Im > 0, such that £ (z) # 0.

Prove that AM such that the following stronger statement holds:

Vo € [0,1], 3m >0, m < M such that f™ () # 0.

Proof. There are uncountably many z,’s in [0,1], and for each z, € [0,1], Im, > 0
such that f(me) £ 0 for [Ta — €y To + €4, for some €, > 0 (since flma) ig continuous).
Let € = min, (€, ). Partition [0, 1] into n = 1/e subintervals (since € > 0, n < 00):

O<e=xp<a1 <...<zxp=1—-€<1,

such that xy =€, x; = 29 +1i€e, i = 1,...,n. Thus [0,1] is covered by finitely many
overlapping intervals [z; — €,2; + €]. For each z;, i = 1,...,n, Im; > 0 such that
f)(z;) # 0 on [x; — €,2; + ¢]. Take M = maxg<i<n(m;). Thus, Vz € [0,1], Im >
0, m < M such that ™ (z) # 0. O
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Problem (S’03, #4). Consider the following equation for a function F(z,y) on R?:

o _or
0x?2  Oy?

(a) Show that if a function F' has the form F(x,y) = f(x+y)+g(x—y) where f : R — R
and g : R — R are twice differentiable, then F' satisfies the equation ®.

(b) Show that if F(x,y) = ax® + bxy + cy?, a,b,c € R, satisfies ® then

F(z,y) = f(z +y) + g(x —y) for some polynomials f and g in one variable.

Proof. (a) Let {(z,y) = x+y, n(z,y) =2 —y, so F(z,y) = f(&(x,y)) +9(n(x,y)). By
Chain Rule,

OF df 9¢ dg on df dg df dg
= - 2.5 8 Y 1 =Y
Ox d¢ Oz + dn Oz  d§ + dn dg * dn’
OF 0 (df  dg\_d&f 06 dg oy _df  d
0x2 Oz \d¢ dn) d€2 Ox  dn? Ox  d€2  dn?’
and similarl @—%—@ an 82—F—d2—f @ and thus 82—F—82—F
Y dy  de  dny 92 de2 " an?’ "9z oy
(b) Suppose F(z,y) = ax? + bxy + cy?, a,b,c € R satisfies ®, then
OF O*F oF O*F
9 2ax + by = W:QCL, 8—y:20y+bm = a—y2:2c = a=c
2 02 2 ()2
Fle.y) = aa®+bay+ay = a(e® + o) + bay = o 2T Y) ‘;(x Y plety) 4(:” g

O]

12.5 Lagrange Multipliers

Theorem. Let f and g be C' on R2. Suppose that f attains its mazimum or minimum
value on the zero set S of g at the point p where Vg(p) # 0. Then

Vf(p) =AVy(p)

for some number A.

Problem (8’03, #5). Consider the function F(z,y) = ax? + 2bxy + cy? on the set
A={(x,y):2? +y* =1}

(a) Show that F' has a mazimum and minimum on A.

(b) Use Lagrange multipliers to show that if the mazimum of F' on A occurs at a point

(x0,Y0), then the vector (zo,yo) is an eigenvector of the matriz ( Z . >

Proof. (a) Since F' is continuous and the circle is closed and bounded, F' attains both
a maximum and minimum values on the unit circle g(z,y) = 22 + 3% — 1 = 0.
(b) Applying the above theorem, we obtain the three equations (for z,y, \)

2ax + 2by = 2z, 2bx + 2cy = 2)\y, 22 % =1.

< b > ( Y ) - )‘< y ) ,and ( o ) is an eigenvector of this matrix.
boe Y y Yo

O
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13 Successive Approximations and Implicit Functions

13.1 Contraction Mappings

C C R™ The mapping ¢ : C — C is a contraction mapping with contraction
constant k < 1 if

lo(x) — o(y)| < klx —y] vx,y € C.

Contraction Lemma. If M is complete and ¢ : M — M is a contraction mapping
with k < 1, then ¢ has a unique fived point x*.

Proof. |xp41 — x| = [p(an) — @(@n-1)| < klzn — 2pn_1| < k™21 — 0]
If m >n >0, then

|Zm — Zn] < |Tm — Tt [Tagr — T < (km_l + o+ k)| — 20
n

k
< Koy —axo|(l+k+EE4-0) < 1

k|x1 —:L’o‘.

Thus the sequence {z,} is a Cauchy sequence, and therefore converges to a point z*.
Letting m — oo, we get
n

1—
Since @ is contraction, it is continuous. Therefore,

|z* — 2| < ]acl—xo\.

p(7) = lim p(z,) = lim 240 = 27
If ** were another fixed point of ¢, we would have |z* — ™| = |p(z*) — p(x™)| <
klx* — x**|. Since k < 1, it follows that x* = z**, so z* is the unique fixed point of
®- O
13.2 Inverse Function Theorem
Lemma. 7 Suppose f : R* — R" is C', 0 € W, f(0) = 0, f/(0) = I. Suppose
[lf/(x) —1I|| <€, Vx € B,. Then

B(l—e)r C f(Br) C B(l—i—e)r' (13.1)

Ifu=B.Nf" (B(l or), then f: U — B_g), is bijection, and the inverse mapping
g:V — U is differentiable at 0.

Proof. ||f'(x) —I|| <e< 1, ¥x € B,. Apply MVT® to g(x) = f(x) —x. a,b¢€ B,,
then

1(f(b)=b)=(f(a)—a)l| = |lg(b)—g(a)| < llg'(E)Il[[b—al| = ||f'(€)—I[||[b-al| < ¢||[b-all
(13.2)
(1=¢)lb—al <[[f(b) — f(a)l| < (L+€)|[b—al| (13.3)

The left-hand inequality shows that f is 1-1 on B,. The right-hand inequality (with
a = 0) shows f(B;) C B(i4¢)-

"Problem F’01, # 6.
BfUCR'—R™isC' = |[|f(b (@)]] < [|b — allmaxxer [|f'(x)]]-
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To show B(1_¢), C f(By), we use contraction mapping theorem. Giveny € B(_¢),,
define ¢ : R® — R" by

p(x) =x—f(x) +y.

We want to show that ¢ is a contraction mapping of B,; its unique fixed point will
then be the desired point x € B, such that f(x) =y.
To see that ¢ maps B, into itself:

e < [[f (x)=x[[+|ly[| < (by (13.2) with a = 0) < €[|x|[+-(1—€)r < er+(1—€)r =1,

so if x € By, then ¢(x) € B,. Thus, ¢(B;) C B,.
To see ¢ : B, — B, is a contraction mapping, note that

llp(b) —p(a)l| = [|f(b) — f(a) — (b —a)[| < €|[b —all

Thus, ¢ has a unique fixed point x*, p(x*) = x*, such that f(x*) = y. From the
statement of theorem, U = B, [ ffl(B(l,e),,). f is a bijection of U onto B(;_),.
It remains to show that g : V' — U is differentiable at 0, where g(0) = 0. Need to show

h) — —h h) —h
po o) —g(@) —hll . [lg(h) — b _
o [hl] w0 ]

0.

This will prove that ¢’(0) = I. Applying (13.2) with a = 0, b = g(h), h = f(b), we
get

€

€
lo(h) Bl < ellb] < by (13.3) < ——[|(B)]| = ——h]|
Therefore, limy—o H9(|1|1})1Hh|| =0, with ¢/(0) = I. O

Theorem. Suppose f: W C R* — R" is C', a € W, b = f(a), and the matriz
f'(a) is nonsingular.?® Then there exist’* open sets U C W of a and V of b, such that
f maps U bijectively onto V. (3 1-1 C* mapping g : V. — W such that

9(f(x))=x for xeU,
flely) =y for yeV. )

Also, for ally € V (y = f(x)), g = f~" satisfies ¢'(y) = ¢'(f(x)) = f'(x)~".
Proof. Fix a € U and let b = f(a). Put T' = f’(a), a matrix / linear map. Define

f)=T""(f(a+h) —b) =T"'(f(a+h) - f(a))

Note f(0) =7-!-(0) = 0;
f'(O) = T71f'(a) = T7'T = I. Thus, by previous Lemma, 3Uy open, 0 € Uy, such
that f : Uy — Vp is a bijection, 0 € Vj.
f maps Uy bijectively onto V containing 0. Lets express f in terms of f .
fla+h)—f(a)=Tf(h). Letx=a+h:
f(x) = f(a) =Tf(x—a),

19 f is locally one-to-one in E = each point x € F has a neighborhood in which f is 1-1.

20Jacobian of f = |det f'(a)| = |g—£(a)| # 0.

2lie. A CY map f: W — V is locally invertible at a = there exist open sets U C W of a and V of
b= f(a), and a C* map g: V — U such that f and g are inverse to each other.
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f(x) =Tf(x—a)+ f(a),
f:Upv+a — Tf(W)+ f(a), bijection.
U
Let’s compute L
Let y=Tf(x - a) + f(a)
Tf(x—2)=y - f(a)
fx—a)=T"Y(y - f(a)
x—a=f'(T"'(y - f(a))=9(T " (y - f(a)))

Igor Yanovsky, 2005
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Problem (S°02, #7; W’02, #7; F’03, #6). Suppose F : R? — R? is C! and that
the Jacobian matriz of F is everywhere nonsingular. Suppose that F(0) = 0 and that
1F (e )| = 1 for all (z,y) with ||(z, y)l| = 1. Denote U = {(z,3) : ||z, )| < 1}.
Prove that F(U) D U.

Hint: Show that F(U)(U is both open and closed in U.

Proof. Since U is connected, clopenness of F'(U) (U in U implies that either F(U) (U =
U or F(U)U = ¢. Since there exists a point, namely 0 such that it is inside both U
and F(U), F(U)(U cannot be empty, and thus clopenness of F(U)(U in U would
imply that F'(U) (U = U (which would mean U C F(U)).

1) Show F(U)(\U is openin U.

F(U) is open in R%. Say yo € F(U), yo = F(z0), F'(x0) invertible. By inverse func-
tion thm, F' maps open set Uy onto open set Vp; zg € Uy = yo = F(z9) € W.
yo € Vy C F(U) = F(U)NU is open in U.

2) Show F(U)(U is closed in U.

Say =z, € F(U)NU, z, — z* € U.

2 = F(yn), yon €U C U.

There is a subsequence y,, — y € U.

Since F' is continuous, F(yp,) — F(y) = z*.

lyll=1 = ||F(y)|| >1 = F(y) =z* ¢ U. Contradiction. O

13.3 Implicit Function Theorem

(X7Y) = (‘le ey Ty Y1, - - 7yn)

Theorem. Suppose G : R™" — R" is Ct. G(a,b) = 0 for some point (a,b). Partial
derivative matriz %(a7 b) is invertible.

Then there exist open sets U of a in R™ and W of (a,b) in R™" and a C* mapping
h:U — R", such that y = h(x) solves the equation G(x,y) =0 in W.

Example. f(z,y,z) =0, % #0 = can solve for z = h(x,y), f(z,y,h(x,y)) =0.
Example. m=n=1. G(z,y) =0,y = h(z) = G(z,h(z)) =0 = %G(.ﬁ, h(z)) =0
= S W (x)=0 = N(x)=-92/9¢, & £0.

Say G(z,y)=2>+y> -1, 224+y>—-1=0 = y==+V1—2122 problem at (1,0).

%—f cannot be equal to 0.

Problem (S’02, #6). Suppose f : R> — R is C' with Vf # 0 at 0. Show that there
are two other C' functions g, h : R? — R, such that the function

(@,y,2) = (f(2,9,2),9(z,y, 2), h(z,y,2))
from R? to R3 is one-to-one on some neighborhood of 0.

Proof. Vf#0 = one of 2L 98 9L g not 0. F=(fg,h).

0z’ Oy’ 0z
of of of
wou
— o9 09 99
VE = dr O 0z
Oh  Oh  Oh
or Jdy 0z

Need to produce functions g, h such that the matrix above is invertible.
If %(0) #0, let g(x,y,2) = z, h(x,y,z) =y. Then

0 0

of
ox
0 0 and F = F(f(z,y,2),zY).
0 1

1
0
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Similarly, we can find a set of functions g, h by choosing a matrix in each of the other
two cases, i.e. when %(O) # 0 and %(0) # 0. O

Problem (F’02, #6). Suppose F : R® — R? is C'. Suppose for some vo € R® and
g € R? that F(vg) = x¢ and F'(vg) : R® — R? is onto. Show that there is a C!
function v : (—e,€) — R3 for some € > 0, such that

(i) ~'(0)#0€R3, and
(1) F(v(t)) =z for allt € (—e,¢€).

Proof. Since F'(vg) is onto, the matrix F’(vg) has rank 2. So, 2 of the 3 columns of
F’(vp) are linearly independent.

gj2 9j2 Y2
Or1 Oxzo Oz

ofi  0f gﬁ
/
P =| % 9 %
vo

Assume the last two columns are linearly independent.

Consider the function G(z1,x2,3) = F(z1,22,23) — x9. Write (z1,z2,23) = (51, 52)
where s1 = x1, s9 = (x2,23). Write vg = (u1,u2). Then G(uj,uz) = 0 and g—g(vg)
is invertible. By Implicit Function Theorem, 3¢ > 0 and h € C', such that h :
(u1 — e, u1 +€) — R? and G(s1,h(s1)) =0, Vs1 € (u1 — €,u1 + €).

= F(Sl,h<81)) = xq, V81 € (’U,l —e,u1+e).

Define y(t) : (—€,€) — R? by y(t) = (u1 + ¢, h(us +t)). Then 7(t) is a differentiable
curve satisfying

(&) () = (LK (u +1)) #0,
(1) F(v(t)) = zg for all t € (—¢,€).
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13.4 Differentiation Under Integral Sign

Problem (W’02, #1). f:[a,b] X [c,d] = R ((z,y) — f(z,y)). Suppose % exists on
[a,b] X (¢,d) and extends to a continuous function on [a,b] X [c,d]. Let

b
F(y) =/ f(z,y)dz.

Then F is differentiable in [a,b] and

d bof
d—yF(y) =/ @(x,y)d$~
d [* bof
e e [ Y
Proof.
_ b bl b — 0
Pu = F0) M ] = | [ [t Se) S o,

_ L dz <
Y ay(ﬂ«",y) r< = ®

b

<

a

By MVT, de, 0 < ¢ < 1, such that

h —_
[z, y+ i)L f(@.y) :(?j;(x’erCh)‘

(z,y + ch) = (z,y)|| = c|h| < h.
Since % is continuous on [a,b] X [¢,d] = % is uniformaly continuous on [a, b] X [c, d].

Choose § such that [|(z,y) — (z/,9/)]| <6 = |5L@,y) = F(x,y) < 5

Jy b—a
b
- o =
a

of
dy

(91 b €
- < — _ = €.
(IE,y+ Ch) (a:,y) dx /a b ad$ = (b a)b = €

Jy




