Homework 6 Solutions

Igor Yanovsky (Math 151B TA)

Section 11.4, Problem 1: For the boundary-value problem
y' = () —y+logz,
1

y(1) =0, y(2)=log2,

write the nonlinear system and formulas for Newton’s method.

Solution: We divide [1,2] into N + 1 subintervals whose endpoints are z; = 1 + ih, for
i=20,1,...,N + 1, and consider the discretization of the boundary-value problem in (1):

y"(xi) = —(y(2:)')* — y(x) + log ;. (2)

Replacing y”(x;) and y'(x;) by appropriate centered difference formulas, equation (2)
becomes:

h? 12

2h 6
—y(xi) + logzi,

Vorien) ) TV Wy o (V) Zate) 2,

for some &; and 7; in the interval (x;—1,x;y1).
The difference method results when the error terms are deleted and the boundary condi-
tions are employed:

wo = O) WN+1 = 10g27

and

W1 — 2w; + w;—1 wig1 —wio1 )’
Wit h2z i— _< i+ o z—> —wi+10g$i:0, (3)

for each i = 1,2,..., N. Multiplying (3) by h%, we obtain

Wi41 — Wi—1

2
5 ) — h2w; + h%logz; =0,

—Wit1 + 2w; — wi—1 — <

which can be written as:

Wi41 — Wi—1

2
5 ) — hPw; + h%logz; =0,

—Wit1 + 2w; —w;—1 — <

or

1
—wi—1 + 2w; — wit — —(w

2
1 Wie

i—1 2wi—1'UJi+1 + ’U)i2+1) — hzwi -+ h2 ]og xr; = 0.



Thus, the N x N nonlinear system is:

1
-0+ 2wy — wy — 1(02 —2-0-w2+w§) — h*w; + hlogz; = O,
1
—w1 + 2wy — wg — Z(w% — 2wiws + w%) — h2wsy + K2 logzes = 0,
1
—wy + 2ws — wy — Z(w% — 2wowy +wj) — hPws + h?logzsy = 0,
1
—wWN_2 + 2wN_1 —WN — Z(w?\,,Q — 2WN_owpN + wZQV) — h2wn_1 + h? logzy_1 = 0,
_ _ YA 2y 22 2 _
wy_1 + 2wy — log 2 4(wN,1 2wy_1log2 + (log2)?) — h*wy + h*logzy = 0,
where we designate the left-hand side of the first equation as Fy(wq,...,wy), the second
equation as Fy(wi,...,wy), ..., the last equation as Fy(wi,...,wy). Also, we designate
F=(F,...,Fx)T and @ = (wy,...,wy)T.

We use Newton’s method for nonlinear systems to approximate the solution to the

system F() = 0 above. A sequence of iterates %) = (wgk), wék), e ,w%ﬁ))T is generated
that converges to the solution of this system. The Jacobian matrix J for this system is
B 8F1 8F1 8F1 6F1 7
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J(wl,...,wN) =
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8w1 awg 6w3 8wN
8FN 8FN 8FN 8FN
- 8w1 awg 6w3 8?1}]\[ -
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0
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We can now use the Netwon’s method for nonlinear systems

@® = =D =1 (kD) F (D).
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Section 7.1, Problem 1: Find ||x||~ and ||x||2 for the following vectors:
a) x = (3,—4,0, %)T;
c) x = (sink, cos k, 2F)T for a fixed positive integer k.

Solution: The Lo, and Ly norms for the vector x = (x1,2,...,2,)" are defined by
xlleo - = max |zil,
n ) %
Il = {2}
=1

a) For x = (3,-4,0,3)T :
3
Xl = max {J3],1 4], Jol, |5 |} = 4,

3\ 2
x|z = \/32 +(—4)2 +02 + (5) — 5.22015325.

c) For x = (sink,cos k, 2¥)T, k is a positive integer :

X|le = max {|sink|,|coskl,[2"|} = 2",

[x[l2 = \/sin2k+cosgk+(2k)2:\/1_;_74k'

Section 7.1, Problem 2(a): Verify that the function || - ||;, defined on R™ by

n
Ixllr = il
i=1
is a norm on R™.

Solution:
(i) For all x € R",

n
[y = > lail >0. v
i=1

(ii) If x = 0, then

n

Ix[[i = ) |zl=>0=0. v
=1

i=1

If ||x||1 = 0, we have """, |z;| = 0, and thus, x =0. Vv
(iii) For all @ € R and x € R",

n n

n
laxlly = D lazil = lalleil = lal Y fail = ol x|l v
i=1

i=1 i=1
(iii) For all x,y € R",

n n n n
x4yl = D lwi+wl <D (el +lyal) = D leal + D lwal = [xl11 + lly -
i=1 i=1 i=1 i=1

Thus, || - || is a norm on R"™.



Section 7.1, Problem 2(c): Prove that for all x € R", ||x||1 > ||x]|2.

Solution: Let x = (21, T2,...,2,)", and note that
2
(|$1|+|$2|+--.+\$n!) > i tad4. 422,
or

n 2 n
(o) 230
i=1

=1
or

1

n n 3
>l = (a2)
=1

=1

which means that ||x||1 > [|x]|2.

Section 7.1, Problem 4(c): Find || - || for the following matrix:

Solution: We have

n
| A]loo = 1@@@%2 |aij].
j:

Since

n

Z laij| = l|au]+ |ai2| +|a1z] = 2|+ | = 1] +]0| = 3,
j=1

n
D lagi| = lazi| + laga| + lags| = | — 1]+ 2] + | — 1] =4,
j=1

n
> lasil = lasi| + lasz| + |ass| = [0 + | = 1] + |2| = 3,
j=1

we have [|A||cc = max{3,4,3} =4.

Section 7.1, Problem 7: Show by example that || - ||@, defined by ||A||e = ma
Z7j

gnlazjla

does not define a matrix norm.

Solution: A function || ||g is a matrix norm only if it satisfies definition 7.8 on page 424.
. 11 1 0 20
Consider A = { 00 ] and B = 1ol Then, AB = 0 0 ] We have ||Al|lg = 1,

IBlle = 1, and [|[AB||e = 2, and thus, [|AB||e > [|Al[e||Bl|e, which contradicts one of
the conditions for being a norm.



Section 7.1, Problem 9(a): The Frobenius norm (which is not a natural norm) is
defined for an n x n matrix A by

n n 1
I4llr = (ZDW)Q
i=1 j=1

Show that || - || is a matrix norm.

Solution: For all n x n matrices A and B and all real numbers a, we have:

(1)

(SIS

1Al = (iiw?) 0. v

i=1 j=1

(ii)

[NIES

I|A|lF = <ZZ |aij|2> =0 if and only if A is a 0 matrix. v/

i=1 j=1

(iii)
| All% ZZIO&%I ZZI&I i = |of? ZZI%F ||| Al

=1 j=1 =1 j=1 i=1j=1
= |laAllr = [el[[Allr. v

n 1 1
(iv) Here, we will use Cauchy-Schwarz Inequality: Z iy < (Z xf) : (Z yf) 2

=1 =
n n
1A+ BT = D ) laij + byl

H
-.
Il

—

i=1 j=1
< Y (gl + [bil)?
i=1 j=1
= > > <\%\2 + 2{aij|[bis| + Ibz'j\Q)
i=1 j=1
= Z Z |ai;|? + 22 Z laij||bij] + Z Z b;j|> < (Cauchy-Schwarz)
i=1 j=1 i=1 j=1 i=1 j=1
< DD aglP+ Z(ZZ |aij|2> ’ (ZZ |bij|2) YO byl
i=1 j=1 =1 j=1 =1 j=1 =1 j=1
n n 1
= (XX tasr) + (ZZM )')
i=1 j=1 =1 j=1
= (IlAllr + 11Bllr)".

= [|[A+ Bllr <I|lAllr +|Bllr. v
(v) Note that

r n n n T
Yope1 @ikbrr Y g akbra - e > i1 Q1kbrn
n n n
Y ohe1 G2kbr1r D op_q aokbra - e > h—1 @2kbn
AB — ) ) )
n n n n
| D he1 Gnkbrr D Gnkbre o D i Gnkbrn—1 D p_1 Gnkbin |




n

n n n n n 2
|AB||% = Z Z ‘ Zaikbkj < Z Z ( 1 \aikbkjo < (Cauchy-Schwarz)

i=1 j=1 k=1 i=1 j=1 “k=

‘ 2

< ZZ( |aik|22|bkj|2>m
i=1 j=1 “k=1 k=1
< (D 1auP) (30X k) = lalziBIE.

i=1 j=1 i=1 j=1
= ||AB|[r < ||Allpl|B|lF.- v

CONTINUE TO THE NEXT PAGE.



Section 7.1, Problem 9(c): For any matrix A, show that ||A||s < ||A||r < n'/?||A]ls.

Solution: The definitions of || - ||F and || - ||2 norms are:
n o on %
e = (X lel)
i=1 j=1

[A]l2 = max [|Ax][.
[x[l2=1

Note, that Ax is a vector:
S
=1 A1 L
D1 G2;T;
A j=1 %254
X =

n

Zj:l (njLj

Thus, we have

|| Ax][2 = (Zn: ( nlaij$j>2>%.

=1 j=
©® We first show that ||All2 < [|A]|F.
For vector x, such that ||x||2 = 1, we have

n n

|Ax|)5 = Z (Z%’j%’f < (Cauchy-Schwarz)

IA
/N
(1=

S
SN
N—

[ I

/N

= |l

We showed that, ||Ax||2 < ||A||F for all x, such that ||x||2 = 1.

Thus, e, 1Ax[|2 < [|A][F, or [|A[l2 < [[A][F.
x|lo=

® We now show that ||A||r < n'/?||A|]2.
Let x; = ﬁ for all 1 <7 < n. Then,
_ _ U T 2 - _ = 2 _ —
||All2 = meﬂgil ||Ax||2 = ; (;amx]> = ;;%n = ;;aij = nHAHF.

Thus, [|A]|r < n'/?||All2.



Section 7.3, Problem 2(c): Find the first two iterations of the Jacobi method for the

following linear system, using x(¥) = 0:

dry + 29 — T3+ 24
1 +4w2 — 13 — T4
—x1 — T2+ D3 + x4

T1 — X2 + 23+ 324

Solution: The linear system Ax = b given by

FEy: dx1 4+ 29 — T3+ 24
EQI $1+4:E2—333—.’L‘4
FEs: —T1 — X2 + 513 + x4

FE4: T1 — X2 + 3+ 314

has the unique solution x = (—0.75342,0.041096, —0.28082, 0.69178).
To convert Ax = b to the form x = T'x + ¢, solve equation F; for x1, Fs for xo, F3 for

3, F4 for x4, to obtain

no= — 12y
Tro9 = _le

r3 = %561 +iz,
Ty = —%m +3T2

+11$4
—5334,

Then Ax = b can be written in the form x = Tx + ¢, with

1
0 -3

=
O =

T —

U=
wWliFo—= O

Wl

For initial approximation, we let x(©) = (0,0,0,0)7.

(1)

Ly —1%2
A = L

o) = Ll daf
xfll) = —%x&o) —i-fxg

(2) _

Ly o = —1%2
o) = ol

x:(f) = lacgl) +zx
mf) = —%:rgl) +3x

and

—i—%xgo)
oD

1

3723

PN I

W= O

Then xW) is given by

-3 = -05,
-1 —0.25,
= 0,
+3 = 1/3.
—3 —0.52083,
—1 = —0.041667,
= —0.21667,
+3 0.41667.



Section 7.3, Problem 4(c): Find the first two iterations of the Gauss-Seidel method
for the following linear system, using x(¥) = 0:

41 +x9 —23+24 = —2,

r1+4r9 —23 —14 = —1,
—x1 — T2+ 53 +x4 = O,

T1 — T2+ x3 + 374 1.

Solution: In section 7.3, Problem 2(c), we used Jacobi method to solve the linear system
above. The following equations were used:

k k—1 k—1 k—1

G2 M D

L S B i

B Z ey iden ey O n

Ty = 73T 372 —37%3 +3-
However, since for ¢ > 1, :cgk), e ,xgli)l have already been computed, these are probably
better approximations to the actual solutions z1,...,z;_1 than :cgkfl), e ,asgﬁl). Hence,
Gauss-Seidel uses the most recently available approximations to x1,...,x;—1 in a calcula-
tion of the next iterate:

xgk) _ _i$ék—l) _1_%.%_:(;@—1) _%xflk_l) _%’

A = 1 et ey ]

:E%z; _ %f %) +%x%2 1 (k) e ,

Ty’ = T3T 3% —373 +3-

For initial approximation, we let x(©) = (0,0,0,0)7.

A el
NOg—

:Eél) = %xgl) —i—lxgl)
A0 = k) thaf)

The next iterate, x(?), is given by

o ol
xgz) _ —lmf)

2 2 2
xg; - 1 5; +%x52>
oD = L b

Comparing x() to the exact solution x = (—0.75342,0.041096, —0.28082, 0.69178), we see

+ald) a0
a0 1,0
0
(1) —%mi)

— 373
Ha) L
—i—%xé) —&-ixfl)
1
— 1z

4l

Then xW) is given by

1 _
-1 = 05,
1
-1 = 0125,
= —0.125,
+5 0.5.
1
—i = -0.625,
1
-1 = 0,
= —0.225,
+3 0.61667.

that Gauss-Seidel method gave more accurate results than Jacobi method.



