DUALITY FOR OPTIMAL COUPLINGS IN FREE PROBABILITY
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ABSTRACT. We study the free probabilistic analog of optimal couplings for the quadratic cost, where clas-
sical probability spaces are replaced by tracial von Neumann algebras and probability measures on R™ are
replaced by non-commutative laws of m-tuples. We prove an analog of the Monge-Kantorovich duality
which characterizes optimal couplings of non-commutative laws with respect to Biane and Voiculescu’s
non-commutative L2?-Wasserstein distance using a new type of convex functions. As a consequence, we
show that if (X,Y) is a pair of optimally coupled m-tuples of non-commutative random variables in
a tracial W*-algebra A, then W*((1 — )X +tY) = W*(X,Y) for all ¢t € (0,1). Finally, we illustrate
the subtleties of non-commutative optimal couplings through connections with results in quantum infor-
mation theory and operator algebras. For instance, two non-commutative laws that can be realized in
finite-dimensional algebras may still require an infinite-dimensional algebra to optimally couple. More-
over, the space of non-commutative laws of m-tuples is not separable with respect to the Wasserstein
distance when m is sufficiently large.

1. INTRODUCTION

1.1. Context and motivation. Tracial von Neumann algebras have long been viewed as a non-commutative
analog of probability spaces, where the elements of the von Neumann algebra play the role of non-
commuting random variables, but it was Voiculescu who pointed out that free products of operator
algebras provide an analog of probabilistic independence with its own central limit theorem [70] [71],
initiating the discipline of free probability theory. Free probability has since had many applications both
to random matrix theory e.g. [(2] and to von Neumann algebras e.g. [75]. Many developments in free
probability theory have been motivated by information geometry (here by “information geometry” we
mean the study of the space P(M) of probability measures on a manifold M, both as a metric space
with the Wasserstein distance and as a formal Riemannian manifold, as well as the study of entropy and
Fisher’s information as functions on P(M); see [43] 45, [47, [56, [57]). For instance, Voiculescu introduced
free entropy and Fisher information [73| [74] [76] and Biane and Voiculescu [I1] defined an analog of the
L? Wasserstein distance for non-commutative laws (the analog of probability distributions for m-tuples
of non-commuting random variables), which was then used in free Talagrand inequalities [I11 36, 37, 22].
Information-geometric ideas have also been used in quantum information theory, another non-commutative
analog of probability theory that is distinct from free probability theory, even though it uses similar
concepts and terminology. For a survey of quantum information theory, see [79} [80]. To prevent any con-
fusion, in free probability, operators in a tracial von Neumann algebra are viewed as non-commutative
random variables (and there is no known analog of multivariable densities), while in quantum informa-
tion theory, a positive operator with trace 1 in a tracial von Neumann algebra is viewed as a densityﬂ
Hence, for example, a random matrix is typically studied in free probability theory, while a matrix-valued
density is typically studied in quantum information theory. Our paper is focused on the free probabilis-
tic framework; however, in we will draw a connection between free probabilistic optimal couplings
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IMore precisely, a positive operator p defines a non-tracial state on the von Neumann algebra, and p is the density of
this state with respect to the trace. However, tracial von Neumann algebra themselves are difficult to classify, which makes
it difficult to classify non-commutative laws in free probability.
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and certain aspects of quantum information theory, specifically quantum channels or unital completely
positive trace-preserving maps.

In classical information geometry, both the Wasserstein distance and the entropy are intimately related
to transport equations (differential equations describing functions which push forward some given prob-
ability distribution to another given probability distribution). In the free setting, there has been some
success in constructing non-commutative transport of measure for a special type of non-commutative law
known as a free Gibbs law from a convex potential V in [23, 3T}, 39, [40, 4T]; these ideas have even been
generalized beyond the setting of tracial von Neumann algebras [53] 54} [64]. Unfortunately, the transport
maps constructed in [23] B9, 40] were not optimal. The transport in [31] was shown to be the gradient of
a convex function, hence one would expect it to be optimal in light of the classical Monge-Kantorovich
duality, but it was not clear yet how to prove this because there was no known non-commutative Monge-
Kantorovich duality. The optimality of these couplings was later verified in [41, Remark 9.11] by studying
a Legendre transform for (sufficiently regular, uniformly convex) non-commutative functions [41, Lemma
9.10]. This idea was one of the starting points for our current investigation into non-commutative optimal
couplings, Legendre transforms, and Monge-Kantorovich duality with minimal regularity assumptions.

One of the challenges in even formulating a Monge-Kantorovich duality for the free setting is to decide
what type of convex functions to use. Operator algebras are often thought of as non-commutative analogs
of algebras of functions on a topological space or a measure space, but without a clear analog for points of
the underlying space. Our approach is to consider functions that can be evaluated on random variables
rather than on points, or more precisely, to study functions f : L?(A)™ — R where A is a tracial
von Neumann algebra, L?(A) is the non-commutative L? space, and the subscript sa indicates the real
subspace of self-adjoint elements. The classical analog would be a function L?(, P;R™) — R where
(Q, P) is a probability space, rather than a function R™ — R. As we discuss in such functions
on the space of classical random variables have already found applications to Hamilton-Jacobi equations
on the Wasserstein space [29, 26] as well as the master equation on R™ x P(R™) in mean field games
[14, 27, 28).

As in [3T] and [39], we remark that the complexity of classifying von Neumann algebras presents serious
obstructions to non-commutative transport theory that simply do not exist in the classical setting. It
is a widely used fact in classical probability theory that any two standard Borel probability spaces with
no atoms are measurably isomorphic; hence one can always arrange that their random variables are on
some canonical probability space. By contrast, McDuff [48] showed that there are uncountably many
non-isomorphic tracial von Neumann algebras that are diffuse with trivial center (that is, II; factors).
This provides a real obstruction to non-commutative transport of measure, because if X = (Xq,...,X,,)
and Y = (Y1,...,Y) are m-tuples of self-adjoint non-commutative random variables such that X is
expressed as a “function” of Y and vice versa (for some reasonable notion of non-commutative functions),
then X and Y generate the same von Neumann algebra. Hence, non-commutative laws which produce
non-isomorphic von Neumann algebras simply cannot be transported to each other in an invertible way.
Another result of Ozawa [58] (based on group-theoretic results of Gromov [30] and Olshanskii [55]) shows
there is no separable II; factor that contains an isomorphic copy of every separable II;-factor. Hence, we
cannot even expect that there is some non-commutative law p such that all other non-commutative laws
can be expressed as push-forwards of p.

These obstructions must inform how we go about defining the convex functions for the Monge-
Kantorovich duality, as well as the level of regularity that we expect from an optimal coupling. In fact,
in §5| we make a more explicit connection between optimal couplings and this result of Gromov, Olshan-
shkii, and Ozawa as well as exploring other pathological properties of the non-commutative Wasserstein
distance through connections with quantum information theory.

1.2. Main results. Before stating the non-commutative Monge-Kantorovich duality, we establish fol-
lowing notational conventions; see §2| for background. By tracial W*-algebra we mean a pair A = (A, 1)
where A is a W*-algebra (or von Neumann algebra) and 7 : A — C is a faithful normal tracial state.
In analogy with classical probability, we will denote the underlying algebra A by L*°(A) and the trace
by 74 when it is convenient to avoid naming A and 7 explicitly. We denote by L?(A) the Hilbert space
obtained from the GNS construction of A and 7.
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We denote by L>(A)™ the set of m-tuples of self-adjoint elements of L>°(A) and for X = (X1,...,X,,) €
Le (AR, we write || X | pooaym = maxj—1 X[ I X € L®(A)Z, then W*(X) denotes the W*-
algebra generated by X equipped with the appropriate trace.

For each X = (X1,...,X,n) € L=®(A), the non-commutative law Ax is the linear map from the
non-commutative polynomial algebra C(x1,...,z4) to C given by Ax(p) = 74(p(X)). The space of non-
commutative laws (of self-adjoint m-tuples from any tracial W*-algebra) is denoted %,,. Furthermore,
Ym,r denotes the subspace of those laws Ax where || X|[zoc(4ym < R (where A is a tracial W*-algebra
and X € L>®°(A)7). The weak-+ topology on ¥, g refers to the topology of pointwise convergence on
(C<.I1, cee ,J}m>.

Following [I1], a coupling of u, v € %,, is a triple (A, X,Y) where A is a tracial W*-algebra and
X,Y € L*®(A)2 such that Ax = p and Ay = v. The Wasserstein distance dE/IQ,) (i, v) is the infimum of
[ X —Y|lp2(aym over all couplings (A, X,Y). We denote by C(u,v) the supremum of (X,Y)2(4)m over
all couplings (A, X,Y’). We say that a coupling is optimal if it is achieves the infimum of || X — Y| p2(aym
or equivalently if it achieves the supremum of (X,Y’)2( A)m. The existence of optimal couplings was
observed in [I1]. That paper also showed that the non-commutative Wasserstein distance agrees with the
classical one in the situation that Xy, ..., X,, commute and Y7, ..., Y}, commute [I1, Theorem 1.5].

As mentioned before, the functions used in the non-commutative Monge-Kantorovich duality are func-
tions on L?(A)™ for tracial W*-algebra A with separable predual. However, because of Ozawa’s result
[58], it is not sufficient to fix a single such tracial W*-algebra, but rather we must consider functions that

are defined on L?(A)™ for every such A. We give more precise versions of the definitions in

Definition 1.1. A tracial W*-function with values in (—oo, 00] is a collection of functions f4 : L2(A)™ —
(—00, +00], such that whenever ¢ : A — B is an inclusion map of tracial W*-algebras, f* = fB o (here «
is extended to a map L2(A)™ — L?(B)™). If p € %, and f is a tracial W*-function, then u(f) is defined
as fA(X) whenever A is a tracial W*-algebra with separable predual and X € L>®(A)7 with Ay = u;

sa
this is well-defined because W*(X) is determined up to isomorphism by Ax = pu.

One example of a tracial W*-function would be

FA(X) = {u(p()m X[l < R

0, otherwise,

where p is a non-commutative polynomial. Tracial W*-functions also include scalar-valued tracial non-
commutative smooth functions as in [40] and [4I] in the following sense. If ¢ is such a tracial non-
commutative smooth function, then ¢*(X) is only a priori when X € L°°(A)™; however, in many cases
¢ is Lipschitz with respect to ||-||£2(4)» and hence can be extended to a function on L?(A)Z which will
be a tracial W*-function. However, tracial W*-functions are much more general because they are not

assumed to be continuous in any sense.

Definition 1.2. We say that f is E-conver if f# is convex and lower semi-continuous on L?(A)7

for each A, and if for every inclusion ¢ : A — B, letting £ : B — A be the corresponding trace-
preserving conditional expectation, we have fA(E[X]) < fB3(X) for X € L?*(B). Here we use the
notation E[X] = (E[X1],..., E[X,n]) when X = (X1,..., X,,).

Motivation for the definition of E-convexity will be given in Lemmas and

Proposition 1.3. C(u,v) is equal to the infimum of u(f) + v(g) over pairs (f,g) of E-conver W*-
functions that satisfy fA(X) + gA(Y) > (X, Y')r2(a) for every tracial W*-algebra with separable predual
and X, Y € L2(A)™. There exists an admissible pair of E-convex functions that achieves the infimum.

sa *

See Propositions and [3-23,

Another consequence of the classification-related obstructions to non-commutative transport is that we
cannot expect too much regularity in general for the E-convex functions associated to an optimal coupling.
For instance, suppose two non-commutative laws p and v generate tracial von Neumann algebras that
cannot embed into each other. This implies that if (X,Y) is an optimal coupling of these two laws on a
tracial W*-algebra A, then neither of W*(X) and W*(Y') is contained in the other. Thus, even though
the non-commutative laws may be diffuse, the situation is similar to when coupling the classical measures
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(1/2)(6—1+61) and (1/3)(6—14+3dp+371); in the optimal coupling, neither random variable can be expressed
as a function of the other. However, if a pair of F-convex functions associated to an optimal coupling
were differentiable, that would imply that X is in the von Neumann algebra generated by Y and vice
versa as a consequence of Lemma [3.10}

It is natural to ask how close an arbitrary non-commutative optimal coupling is to a coupling where
X and Y generate the same von Neumann algebra. As a first application of duality, we show that every
optimal coupling can be decomposed into an optimal coupling where the two variables generate the same
W*-algebra and some additional orthogonal pieces.

Theorem 1.4. Suppose that (A, X,Y) is an optimal coupling of p,v € ¥,,,. Then there exists a W*-
subalgebra B such that the following hold. Let Eg : A — B be the trace-preserving conditional expectation,
and let X' = E[X] and Y’ = E[Y].

(1) X' and Y’ each generate B.

(2) (B,X',Y') is an optimal coupling of Ax+ and Ay:.

(3) B, X — X', Y =Y’ are mutually orthogonal.

See Theorem|5.24)

Our main results in §4] concern the displacement interpolation. If (A4, X,Y) is an optimal coupling of
w and v, then the displacement interpolation refers to the family of random variables X; = (1 — )X +tY
for ¢t € [0,1]. The associated laws p; = Ax, form a metric geodesic in 3, with respect to the Wasserstein
distance (see Proposition . With the help of non-commutative Legendre transforms and Hopf-Lax
semigroups, we will see that the E-convex functions associated to the couplings (A, X, X;) for s,t € (0,1)
have more regularity than the E-convex functions associated to the original coupling (A, X,Y) (see
Proposition . As a consequence, we obtain the following non-commutative transport result.

Theorem 1.5. Let (A, X,Y) be an optimal coupling of i, v € Xy, Then W*((1—t) X +tY) = W*(X,Y)
for all t € (0,1). For proof, see §4.3

For instance, this theorem entails that for classical optimal couplings, the o-algebra generated by X,
is the same for all ¢ € (0,1), which could be deduced directly from classical optimal transport theory
by a similar proof. The reader is encouraged to work out the classical example of (1/2)(6_; + 1) and
(1/3)(6—1 + 0o + 1) as motivation.

The results of §5| highlight additional ways in which non-commutative optimal transport theory is
significantly more complicated than its classical counterpart. The following proposition is a corollary of
the results of [32],[42] 52] obtained by reinterpreting non-commutative optimal couplings in the framework
of quantum information theory through Observation [5.5 and Lemma Connes-embeddability is a
certain type of finite-dimensional approximation; see for precise definition.

Proposition 1.6. Thanks to [32] and [42], for certain n € N, there exist non-commutative laws p and v
associated to n*-tuples in M, (C) for which an optimal coupling requires a non-Connes embeddable tracial
W*-algebra; see Corollary . Furthermore, thanks to [52], for every n > 11 and d € N, there exist
n?-tuples in M, (C) such that if (A, X,Y) is a coupling that is optimal among couplings on Connes-
embeddable tracial W*-algebras, then A must have dimension at least d; see Corollary[5.8 and Remark
LK)

In contrast to classical probability theory, we show that the L?-Wasserstein metric does not generate
the weak-* topology on X,, . We call the topology on X,, r generated by the Wasserstein distance
the Wasserstein topology. We characterize when the two topologies agree at some p in terms of the
associated tracial W*-algebra (Proposition and hence obtain the following results (relying on the
work of Connes [I7]).

Proposition 1.7. The Wasserstein topology on X, r is strictly stronger than the weak-+ topology; see
[I1] and Corollary . Furthermore, let ZE;‘,R denote the set of non-commutative laws Ax where X
comes from L?(A)™ with A finite-dimensional. Let j be a non-commutative law and let A be a tracial

W*-algebra with a generating m-tuple X such that \x = p and || X||peaym < R. Then p is in the
weak-x closure of EfrﬁR if and only if A is Connes-embeddable; see Lemmal5.19. Moreover, in this case,
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the weak-+x and Wasserstein topologies on ¥, r agree at p if and only if v is in the Wasserstein closure
of E%R, which is equivalent to A being approximately finite-dimensional; see Proposition .

Approximate finite-dimensionality (see for definition) is the strongest way that a W*-algebra can
be approximated by finite-dimensional algebras (besides being finite-dimensional itself), and thus the
latter condition is quite restrictive when m > 1. For instance, there is up to isomorphism only one AFD
II; factor [67, §XIV.2]. In we explain how Propositions and pose challenges to studying the
large-N convergence of Wasserstein distance for random matrix models.

The results of Propositions[I.6] and [I.7] constrast strongly with the classical situation. Some treatments
of optimal transport (e.g. [69, p. 75]) take for granted the fact that finitely supported probability measures
are weak-+ dense in the space of probability measures on a compact set. Such approximation arguments
do not work in the non-commutative case for several reasons. Due to the negative resolution of the
Connes embedding problem [42], the non-commutative laws that can be realized in finite-dimensional
algebras are not weak-* dense. Furthermore, by Proposition the weak-* closure of ann, g is much
larger than its Wasserstein closure (assuming m > 1). Finally, by Proposition even if two laws p and
v can be realized in finite-dimensional algebras, an optimal coupling need not be weak-* approximable
by couplings in finite-dimensional algebras.

Because the weak-* and Wasserstein topologies are different for m > 1, one can deduce that X, r
with the Wasserstein distance is not compact (Corollary . The following even more startling result
is a consequence of Gromov, Olshanskii, and Ozawa’s work [58, Theorem 1].

Theorem 1.8. For m > 1 and R > 0, the space ¥, r is not separable with respect to d%f,).

1.3. Organization. The paper is organized as follows:

e In §1.4] and we motivate the definition of F-convex functions and the associated duality
result in terms of two toy examples, classical probability spaces and M,,(C).

e In §2| we recall standard background on tracial W*-algebras and their interpretation as non-
commutative probability spaces for the sake of readers who are not specialists in that topic.

e In §3] we describe the properties of E-convex functions and the associated Legendre transform; we
prove the non-commutative Monge-Kantorovich duality (Proposition and the decomposition
theorem for optimal couplings (Theorem [1.4)).

e In § we study the non-commutative analog of inf-convolution and the regularity properties of
E-convex and semi-concave functions; we prove Theorem and give further detail about the
functions associated to the displacement interpolation in Proposition [4.12

e In we connect non-commutative optimal couplings with quantum information theory and
prove Proposition Then we study the differences between the weak-x and the Wasserstein
topology using a certain stability property (Proposition and hence prove Proposition
Finally, we show non-separability of the Wasserstein space in

e In we explain how §5|illustrates the difficulty of studying random matrix optimal transport
in the large-N limit. Then §6.2| sketches a different but analogous theory of non-commutative
optimal couplings that uses bimodules and UCPT-maps of tracial W*-algebras.

e In the appendix §A] we define non-commutative laws and optimal couplings for elements of
non-commutative LP spaces, and show the existence of LP optimal couplings and Wasserstein
geodesics.

1.4. Motivation from classical probability. First, we recall the classical Monge-Kantorovich duality.
Fix a standard Borel probability space ({2, P) with no atoms. For probability measures p and v compactly
supported probability measures on R™ a coupling of p and v is a pair (X,Y") of random variables on {2
with X ~ pand Y ~ v. The classical Wasserstein distance is the infimum of || X — Y[[2(q prm) over all
such couplings, and a coupling is said to be optimal if it achieves this infimum.

Theorem 1.9 (See [69, Theorem 5.10, Particular Case 5.17]). Let (X,Y) be a coupling of two compactly
supported measures p and v on R™. Then (X,Y) is optimal if and only if there exists a pair of convex
functions f,g: R™ — R satisfying f(x) + g(y) > {(z,y) for z,y € R™ and E[f(X)]+E[g(Y)] =E(X,Y).
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Furthermore, E[f(X)] + E[g(Y)] = E(X,Y) implies that Y is almost surely in the subdifferential of f at
X and X is almost surely in the subdifferential of g at Y .

As explained above, E-convex functions will be an analog of functions on L?(Q, P;R™) rather than
R™. Every convex function on R™ defines a convex function on L?(§, P;R™) as follows.

Lemma 1.10. Let f : R™ — (—o00, 00| be convex and lower semi-continuous. Let (£, P) be a non-atomic
standard Borel probability space with underlying o-algebra F. Define

f:L%Q,P;R™) R, X = E[f(X)],
which is well-defined in (—oo, 00| thanks to Jensen’s inequality. Then

(1) f(X) only depends on the law (probability distribution) of X.

(2) f is convex and lower semi-continuous.

(3) Suppose that f(X) < 0. Then'Y is in the subdifferential of f at X if and only if Y is in the
subdifferential of f at X almost surely.

(4) f is monotone under conditional expectations: If G is a sub-o-algebra of F, then

FEIXIG) < F(X).

Sketch of proof. (1) This is immediate.

(2) Convexity of f is immediate from convexity of f. To show lower semi-continuity of f, it suffices
to show lower semi-continuity of § where g(x) = f(z) + |2|?/2. But g is bounded below and therefore
lower semi-continuity follows from Fatou’s lemma for convergence in probability (since convergence in
L?(Q, P;R™) implies convergence in probability).

(3) If Y is in the subdifferential of f at X almost surely and Z € L2(Q2, P), then f(Z) > f(X) +
(X,Y)gm almost surely, and thus by taking expectations f(Z) > f(X) + (X, Y)r2(0,p;rm). For the
converse, let S = {z € R™ : f(z) < oo} and fix a countable dense subset = of S. For each n > 0 and
£ € &, let I, ¢ be the event

Ene={f(§) < f(X)+ (- X, Y)rm —1/n}.
Because Y is in the subdifferential of f at X, we have
flpe X +1p, .8 > F(X) + (g, (£ = X),Y)2(0.pmm)-

On the other hand, by definition of £, ¢, we have

" . 1
f(lE;TEX +1g, &) < f(X)+{1p, (= X),Y)2(0,prm) + EP(En,ﬁ)-

Therefore, P(E,¢) = 0. Since this holds for all n € N, we have f(£) > f(X) + (§ — X,Y)rm almost
surely for each £. Since Z is countable, we have this condition every £ € = at once almost surely. On this
event, if x € R™ with f(z) < oo, then f is continuous at z, and therefore by taking sequence of £ € =
that converges to z we obtain f(x) > f(X) + (x — X, Y )gm.

(4) This follows from Jensen’s inequality and the existence of regular conditional distributions for
standard Borel probability spaces. O

Remark 1.11. Similar reasoning shows that if g is the Legendre transform of f on R™, then g is the
Legendre transform of f on L2(Q, P;R™).

Let us call a function F': L?(Q, P;R™) — (—o0, 00| classically E-conver if

(1) F(X) depends only on the law of X.
(2) F is convex and lower semi-continuous.
(3) We have F(E[X|G]) < F(X) for every sub-o-algebra G and every X € L?(Q, P;R™).

Then we have the following version of Monge-Kantorovich duality using classically E-convex functions
on L3(Q, P;R™).
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Corollary 1.12. Let (X,Y) be a coupling on (2, P) of two compactly supported measures p and v
on R™. Then (X,Y) is optimal if and only if there exists a pair of classically E-convex functions F,
G : L?(Q, P;R™) — (—o00, 0] such that

F(X")+G(Y'") > (X" Y ) r2(q,prm) for all X', Y € L*(Q, P;R™),

and
F(X) + G(Y) = <X7 Y>L2(Q,P;]Rm)'

Proof. ( = ) By the classical Monge-Kantorovich duality, there are convex functions f,g : R™ —
(=00, 00] with f(x) + g(y) > (z,y)rm and Ef(X) +Ef(Y) = (X,Y) 120, pjrm). Let F' = fand G = g.
By Lemma F and G are classical E-convex and clearly F(X) + G(Y) = (X,Y)12(q,p;rm). Also,
F(X') 4+ G(Y') 2 (X", Y') 12, prm) since f(z) + f(y) = (z, y)rm.

( <) Suppose that (X’,Y”) is another coupling of x and v on (2, P). Then

(XY 12(0,prm) < F(X') + GY') = F(X) + G(Y) = (X,Y) 120, p,rm),

where in the middle equality we have used that F(X) = F(X’) and G(Y) = G(Y’) since X ~ X' and
Y ~ Y’ in law. Therefore, the coupling (X,Y") is optimal. O

Corollary [I.12]is the statement that we will generalize to the non-commutative setting. We remark that
although classically F-convex functions are much less concrete than convex functions on R™, Corollary
still has the power to prove the classical analogs of Theorems and by exactly the same
arguments that we will use in the non-commutative case.

In fact, convex functions on a space of classical random variables have also been used in the theory of
mean field games [28]. Mean field games involves the study of the master equation [14, 27|, a differential
equation for a function w(t, z,u) depending on a time variable ¢, a space variable x (representing the
position of an individual agent), and a measure u (representing the distribution of the positions of a
continuum of other agents). We can define a function @ on [0,00) x R™ x L?(2, P;R™) by u(t,z, X) =
u(t,x, px), where py is the law of X. The first-order regularity conditions needed to solve the master
equation are more easily stated in terms of the function u on the Hilbert space R™ x L?(Q, P;R™).
Moreover, the proof of existence and uniqueness of solutions to Hamilton-Jacobi equations on Wasserstein
space Po(R™) |26, [29] relies on the theory of viscosity solutions to Hamilton-Jacobi equations on Hilbert
spaces [18], [T9] [49] [46].

The inf-convolution techniques that we use in §4] are an important special case of this theory of
Hamilton-Jacobi equations on Hilbert spaces. In fact, part of our motivation was to understand the
non-commutative version of Hamilton-Jacobi equations for functions of a random variable. Recent work
has connected random matrix theory to viscosity solutions of Hamilton-Jacobi equations [I0] and mean
field games [I5]. However, these connections are restricted to the setting of a single random matrix
because they rely heavily on the description of self-adjoint random matrices in terms of their eigenvalues.
It would be of great interest to have a theory of viscosity solutions to partial differential equations in
several non-commuting variables as is suggested by the study of heat equations in [23] B8, 4I] and the
Hamilton-Jacobi-Bellman equation in [2T], 38].

1.5. Motivation from matrix tuples. In order to motivate some of the ideas of our paper, we explain
a toy model of couplings between tuples of n x n matrices. Let M, (C) denote the space of complex n x n
matrices. Let tr, = (1/n) Tr,, be the normalized trace on M, (C). We define an inner product on M, (C)
by

<S, T>trn = trn(S*T)

Let M,,(C)s, denote the real subspace of self-adjoint matrices. Then (X,Y ), € Rforall X,Y € M,,(C)ga.
Every element of M, (C) can be uniquely written as S + T with S, T € M,,(C)sa, and hence there is a
natural identification of the complex inner product space M, (C) with the complexification of the real
inner product space M, (C)sa,.

From a non-commutative probability viewpoint, we can view M, (C) as an algebra of “random vari-
ables” and the normalized trace tr, : M,(C) — C as the “expectation.” To motivate this, suppose
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X € M,,(C)sa. The empirical spectral distribution of X is the measure u = % 2?21 O, where Aq, ..., A,
are the eigenvalues of X listed with multiplicity. We then have for every polynomial p that

tra(p(X)) = [ pd.

Thus, p is analogous to the distribution of a random variable.

IfX = (Xy,...,Xn) € M,(C)2, the “joint distribution” of X1, ..., X, is not described by a measure
on R?, since Xi, ..., X,, do not commute. Rather we consider the non-commutative law \x, which is
the linear functional on the algebra of m-variable non-commutative polynomials given by

ptr,(p(Xe, ..., Xm)).

It turns out that two tuples X and Y € M,,(C)™ agree if and only if they are unitarily conjugate (which is
equivalent to the fact that any two trace-preserving embeddings of a finite-dimensional tracial *-algebra
into M, (C) are unitarily conjugate).

Lemma 1.13 (see e.g. [25] §2]). Let X,Y € M, (C)2. Then the following are equivalent

(1) trp,(p(X)) = trp(p(Y)) whenever p is a non-commutative polynomial in m variables.
(2) There exists a unitary U in M, (C) such that Y; = UX;U* forj=1, ..., m.

We consider the toy problem of optimally coupling two matrix tuples inside M, (C) (beware that
because of Proposition an optimal coupling inside M, (C) is not necessarily optimal among all couplings
in tracial W*-algebras). Because of Lemma the toy problem reduces to the following: Given
X,Y € M,(C), find a unitary U so that |[UXU* — Y|, is as small as possible, where UXU* =
(UX U*,...,UX,,U*), and where |||, is the normalized Hilbert-Schmidt norm

1/2

T ||r,, = Ztrn (T;Ty)

This motivates the following definition: For X,Y € M, (C)I*, we say that (X,Y") are an optimal coupling
in M, (C) if [UXU* =Y |ltr,, > || X — Y||tr,, for every unitary U. The next lemma guarantees existence
of optimal couplings.

Lemma 1.14. Let X, Y € M, (C)I*. Then there exists an nxn unitary U that minimizes ||[UXU*=Y ||y, .

sa-*
Moreover, every such unitary must satisfy

i UX;U*,Y] =0,
j=1

where [S,T] = ST — TS is the commutator.

Proof. Existence of a minimizer follows from the fact that the unitary group is compact and U +—»
[TUXU* — Y|, is continuous. Now suppose that U is a minimizer and let Z = UXU*. Let A be a self-
adjoint matrix, and consider the unitary e”*# for ¢ € R. By minimality, we have |[e"4Ze~ "4 — V|2 >

|Z — Y2, . Since |4 Ze~"A|2, = ||Z|2 , it follows that (e"*AZe~"4Y), is minimized at ¢ = 0.
Differentiating at t = 0 yields

Ztrn ((1AZ; —iZ;A)Y, Ztrn (Ai(Z;Y; — Y;Z5)) = try, AZz’[Z]Y
j=1 j=1 j

Since this holds for all A € M, (C)Z, it follows that 7" [Z;,Y;] = 0 as desired. O

sa’

Remark 1.15. In the case m = 1, this lemma actually provides an alternative proof the spectral theorem
as follows. Let X € M,,(C)s,. Let Y be a fixed diagonal matrix with distinct diagonal entries y1 ..., yn.
Let U be a unitary minimizing |[UXU* — Y|s;,,. Then [UXU*,Y] = 0. Any matrix A that commutes
with Y must satisfy a; jy; = v ;, and hence A must be diagonal. Therefore, UXU* is diagonalﬂ

20ne might object that the preceding lemma seems to assume the spectral theorem already because it uses functional
calculus to define e?*4. However, this only requires analytic functional calculus, not continuous functional calculus. One
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Next, we describe an analog of the Monge-Kantorovich duality for the setting of matrix tuples.

Lemma 1.16. Let X, Y € M, (C)2. Then (X,Y) is an optimal coupling in M, (C) if and only if there
exist functions f,g: M, (C)? — R satisfying the following properties:
(1) f and g are conver.
(2) f and g are unitarily invariant, that is, f(UX'U*) = f(X') and g{UY'U*) = g(Y') for X', Y’ €

M, (C).
(3) F(X) 4 g(Y) > (X, V"), for all X', Y7 € My ().
(4) FX)+ g(Y) = (X, ¥ )ar.
Proof. (= ). Let U(M,,(C)) be the unitary group. Let

f(X = sup (X, UYU*)y,.
Ucl(M,(C))
Note that f is convex because it is the supremum of a family of affine functions. Moreover, f is unitarily
invariant because we took the supremum over all unitaries U.
Let g be the Legendre transform of f, that is,
gY) = sup  ((V, X'), — f(X)).
X'eM,(C)m

It is immediate that g is convex, g is unitarily invariant because f is unitarily invariant and the inner
product is unitarily invariant, and f(X') 4+ g(Y') > (X', Y")4,, for all X', Y’ € M, (C)Z:. In particular,
f(X) +9(Y) 2> <X7 Y>trn'

On the other hand, note that the supremum defining f(X) is achieved when U = 1 because we assumed
that (X,Y") is optimal coupling, hence (X,UYU*) is maximized when U = 1. Hence, f(X) = (X,Y).
Moreover,

f(X/) 2 <X/’ Y>trn7
hence
g(Y) < sup (X', Y) e, — (X', Y )4r,) = 0.
X'eM, (C)z,
Thus, f(X) +g(Y) < (X,Y),. Hence, f(X)+g(Y) = (X,Y) as desired.
(<) Suppose that f and g satisfy (1)—(4). Let U be a unitary. Then

(UXU",Y ), < JUXUT) +9(Y) = f(X) +9(Y) = (X, V),
Therefore, (X,Y) is optimal. |
Unitarily invariant convex functions on M, (C)T satisfy a monotonicity property with respect to the

non-commutative condition expectation from M,,(C) onto a x-subalgebra A, which is one motivation for
our notion of E-convexity in the tracial W*-setting.

Lemma 1.17. Let A be a *x-subalgebra of My, (C), and let E : M,(C) — A C M, (C) be the orthogonal
projection with respect to the inner product (S,T ), = trp(S*T). Then E[ST] = SE[T] and E[TS] =
E[T)S and E[T*] = E[T]|* for T € M,(C) and S € A. Moreover, if f : M,(C)" — R is a convex
function that is invariant under unitary conjugation, then for X = (X1,...,Xm) € M, (C)2, we have
FEIX]) < f(X).

Here E[X]| = (E[X1], ..., E[Xn)).

Proof. First, let us show that E is an A-A-bimodule map, that is, E[ST] = SE[T] and E[T'S] = E[T]S
for all T € M, (C) and S € A. For the second equality, note that E[T]S € A and for all Z € A, we have

tr, (Z*(E[T)S)) = tr,(SZ*E[T]) = tr,(SZ*T) = tr,,(Z2*(TS)).

The proof of the first equality is similar, even easier. To show that E[T*] = E[T]*, observe that for all
Z € A, we have

tr, (Z*E[T]") = ttn(B[11Z) = trn(ZE[T)) = ttn(Z1) = trn(T*Z*) = tr,(Z*T").

can use power series to define e’ show that e!(sT1)A = eisAgitA for 5 ¢ € R, show that (e“A)* = e’itA*, and hence
conclude that e?*4 is unitary when A is self-adjoint.
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Therefore, the orthogonal projection of T* onto A is E[T]* as desired.
For a subalgebra A C M, (C), we denote by U(A) the group of unitary matrices that are contained in
A. We define the commutant

A’ = {S € M, (C)[[S,T] = 0 for all T € A}.

We recall that A” = A by von Neumann’s bicommutant theorem [65, Theorem I1.3.9].
Let p be the Haar measure on U(A’), and define

X' = / UXU* dpu(U).
U(AY)

We claim that X’ = E[X]. First, by invariance of Haar measure, VX'V* = X’ for V € U(A’), hence
[X',V] = 0. Since A’ is a *-algebra, it is linearly spanned by its unitaries, and therefore, [X’, S] = 0 for
all S € A’. So X’ € A” = A. Furthermore, for all T € A, we have

tr, (T X') = /

tr, (T*UXU*) dp(U) = / tr, (UT*XU*) dp(U) = tr,, (T* X).
U(A")

U(A)
Thus, X’ = E[X] as desired. Since p is a probability measure, Jensen’s inequality and the unitary
invariance of f imply that

reEx) < | oy FUXU ) = 73, O

2. BACKGROUND ON TRACIAL W*-ALGEBRAS

For the sake of readers who are less familiar tracial W*-algebras, we explain the prerequisites needed for
the paper: the definition of a tracial W*-algebra, its interpretation as a non-commutative generalization
of probability spaces, inclusions and trace-preserving conditional expectations of tracial W*-algebras, free
products with amalgamation, and non-commutative laws.

2.1. Tracial W*-algebras. Historically, von Neumann algebras and W*-algebras were defined differ-
ently, but it turns out that these two definitions give the same objects thanks to work of Sakai; see e.g.
[63, Theorem 1.16.7]. Here we follow Sakai’s approach that starts with the definition of W*-algebras as
C*-algebras which are dual Banach spaces [63]. Other background references on von Neumann algebras
include [2, [65] [66], [67].

Definition 2.1. A unital x-algebra is a (unital) algebra A over C together with a skew-linear involution
a — a* such that (ab)* = b*a*. If A and B are x-algebras, then a map p : A — B is said to be a
x-homomorphism if it is linear and respects multiplication and the x-operation.

Definition 2.2. A unital C*-algebra is a *-algebra A equipped with a norm ||-|| such that
e A is a Banach space with respect to ||-||;
o [lab]| < [[al[[[b]] for a,b € A;
e |la*al| = ||a||? for a € A.

Definition 2.3. A W*-algebra is a C*-algebra A together with a topology .7, such that A as a Banach
space is the dual of some Banach space A, and 7 is the weak-* topology on A.

We remark that A, can be uniquely recovered from (A, .7) as the subspace of A** consisting of linear
functionals that are continuous with respect to . In fact, it turns out that the predual of A, of a
WH-algebra A is uniquely determined by A alone without reference to its weak-* topology [63 Corollary
1.13.3].

Definition 2.4. If A is a W*-algebra and A, is a predual of A, then a faithful normal trace on A is an
element 7 € A, satisfying the following properties:

o 7(1)=1;

e 7(a*a) >0 for a € A;

e 7(a*a) =0 if and only if a = 0;

e 7(ab) = 7(ba) for a,b € A.
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We remark that in general von Neumann algebra theory, the word “trace” is often used to refer to the
semi-finite trace on a semi-finite von Neumann algebra, but in this paper “trace” always means “tracial
state.”

Definition 2.5. A tracial W*-algebra is a pair A = (A, 7), where A is a W*-algebra and 7 is a faithful
normal trace.

Ezample 2.6. Let (£2, P) be a probability space. We take A = L*°(€2, P), with the pointwise addition and
multiplication operations. The *-operation is pointwise complex conjugation. The norm is the standard
one for L>(, P), and note that ||fg| < || f|lllgll and || f*f|| = ||f||*. By the Riesz representation theorem,
L>®(Q, P) = L'(Q, P)*, and therefore, we can take A, = L'(€, P), and then equip L>(f2, P) with the
corresponding weak-* topology. We define 7 using the element 1 € L*(Q, P), so that 7(f) = Jo fdP.
Since L*°(2, P) is commutative, it is immediate that 7(fg) = 7(gf). The other properties of 7 are
straightforward to check from well-known facts in measure theory. Conversely, it turns out that every
commutative tracial W*-algebra is isomorphic to L> of some probability space [63], §1.18], [65, Theorem
1.18).

Ezample 2.7. Let H be an infinite-dimensional Hilbert space, and let A = B(H) be the algebra of
bounded operators on H equipped with the operator norm. Let A, be the space of trace class operators.
Then A can be canonically identified with the dual of A, by the pairing (a,T) = Tr(aT) for a € A and
T € A,. The weak-* topology on B(H) is also known as the o-weak operator topology. Thus, B(H) is a
W+-algebra. However, it is not a tracial W*-algebra because Tr is not well-defined on all of B(H) and
Tr(1) = oco. See for instance [63, Theorem 1.15.3].

Theorem 2.8 (GNS construction for tracial W*-algebras). Let A = (A, 7) be a tracial W*-algebra. Note
that {(a,b) 4 := 7(a*b) defines an inner product on A (which is non-degenerate because 7 is faithful). This
can be completed to a Hilbert space, which we denote by L*(A). Let us denote the map A — L*(A) by
a — @. Then for each a € A, there is are unique operators mwy(a), 7y (a) € B(L*(A)) such that my(a)b = ab
and wr(a)i)\ = ba for b € A. Moreover, m; defines a *-homomorphism A — B(L?*(A)) which is continuous
with respect to the weak-+ topologies on A and B(L*(A)). Similarly, 7, is a *-anti-homomorphism (it
preserves + and * but reverses the order of multiplication) that is weak-+ continuous. Furthermore, since
la*|| 24y = llallL2ca), there is a unique skew-linear isometry J : L*(A) — L?(A) such that J(a) = a*.
See |51l §IV] and |2, §7].

Ezample 2.9. Let A = L*°(, P) and let 7 be integration against P. Then (f,g)r2a) = [, fgdP.
The completion L?(A) can be canonically identified with L?(€2, P). The map " is the standard inclusion
L>(Q, P) — L*(Q, P). The operator 7(f) € B(L*(Q, P)) is the operator of multiplication by f.

Remark 2.10. Our examples indicate that if A = (A, 1) is a tracial W*-algebra, then A is an analog of
L>(Q, P), A, is an analog of L'(Q, P) and L?(A) is an analog of L%(€, P). In fact, there is an even a
non-commutative analog of measurable functions on €2 that are finite almost everywhere; this is known as
the algebra Aff(A) of operators affiliated to A, certain closed unbounded operators on the Hilbert space
L?*(A). The space L?(A) can be canonically identified with a subspace of the affiliated operators. Thus,
the left and right multiplication operators m;(a) and m.(a) for a € A become instances of multiplying
affiliated operators. Moreover, there are subspaces LP(A) C Aff(A) for p € [1,00) which share many
properties of the classical LP spaces. There is also a natural identification of A, with L!(A). See
and the references therein for details.

2.2. W*-embeddings, trace-preserving conditional expectations, and W*-isomorphisms.

Notation 2.11. If A = (A,7) is a tracial W*-algebra, we will use the notation L>°(A) for A and 74 for
7 when it is convenient to avoid naming A and 7 explicitly. In particular, the norm on A will be denoted
[l Lo (4)- Furthermore, we will treat L>°(.A) as a subspace of L?(A). We will also write ab rather than
7¢(a)b and ba rather than m,(a)b for a € L°(A) and b € L2(A). Finally, we write a* instead of .J(a) for
a € L*(A). We denote by L?(A)s. the real subspace of L?(A) consisting of those elements fixed by J.

Definition 2.12. Let A and B be tracial W*-algebras. A linear map ¢ : L>°(A) — L°°(B) is said to be
trace-preserving if T4 = T3 0 ¢.
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Lemma 2.13 (See [12 Lemma 1.5.11] and [2] §9.1]). Let A and B be tracial W*-algebras. Let ¢ :
L>(A) — L*°(B) be a trace-preserving unital x-homomorphism. Then

(1) ¢ extends to an isometry L*(A) — L?(B), and in particular ¢ is injective on A.

(2) ¢ is a contraction L>°(A) — L*°(B).

(3) The adjoint map E = ¢* : L*(B) — L?(A) restricts to a map L>(B) — L*®(A) that is contractive
with respect to the L norm.

(4) We have E[b*] = E[b]* for b€ L>(B), and in fact also for b € L?(B).

(5) E is a bimodule map over L™= (A), that is, for a € L™(A) and b € L*(B), we have E(¢(a)b) = aE(b)
and E(bo(a)) = E(b)a.

(6) E is unital (E(1) =1) and trace-preserving (T4 o E = 1).

Definition 2.14. In the situation of the previous lemma, we call ¢ a (tracial W* )-embedding A — B and
E the associated trace-preserving conditional expectation. (Note that both maps are unital by definition
and the previous proposition.)

Remark 2.15. Tt turns out that a trace-preserving s-homomorphism L*>°(A) — L*(B) is automatically
continuous with respect to the weak-* topology, essentially because the weak-* topology can be recovered
from the action of L>°(A) on L?(.A) by Theorem see [24] or [2, Proposition 2.6.4]. For similar reasons,
the trace-preserving conditional expectation is also weak-* continuous.

Ezample 2.16. Suppose that B = L°(Q, F, P) for some probability space (Q, F, P), where F is the o-
algebra associated to the measure. Let G be a o-subalgebra of F. Then there is an expectation-preserving
inclusion L>(Q,G, P) — L> (£, F, P). This extends to a map on the L? spaces, and the adjoint of this
map is the conditional expectation E : L?(Q, F, P) — L?*(Q, G, P) sending X to E[X|G]. The properties
in Lemma[2.13] then reduce to the well-known classical properties of conditional expectation. For instance,
(2) the conditional expectation is contractive on L, (3) The conditional expectation respects complex
conjugation, (4) ff X € L2(Q, F,P)and Y € L>=(Q,G, P), then E[XY|G] = E[X|G]Y, (5) the conditional
expectation is expectation-preserving: E[E[X|G]|] = E[X].

Notation 2.17. If A4 and B are tracial W*-algebras, we say that A C B if L>(A) C L*(B), the
addition, product, *-operation and weak-* topology for L>°(A) are the restrictions of those from L>°(5),
and 74 = Tg|(4)- In this case, we denote the conditional expectation B — A by E 4.

As the paper will often deal with m-tuples of self-adjoint elements of L2, we

Notation 2.18. If A and B are tracial W*-algebras and ¢ : L>(A) — L*°(B) is a tracial W*-embedding
or a trace-preserving conditional expectation, then we will use the same letter ¢ to denote the extension
of the map to the L? spaces. Furthermore, if X = (X1,...,X,,) € L2(A)7, then we will write ¢(X) =

(O(X1), .-, ¢(Xom)).

Definition 2.19. A tracial W*-embedding ¢ : A — B is said to be a tracial W*-isomorphism if it is
bijective and the inverse map is also a tracial W*-embedding.

For reasons of mathematical logic, the class of tracial W*-algebras is not a set. However, it will be
convenient for us in §3.2] to have a set of isomorphism class representatives of tracial W*-algebras with
separable predual.

Lemma 2.20. There ezists a set W of tracial W*-algebras, such that

(1) the elements of W are pairwise non-isomorphic,
(2) every tracial W*-algebra with separable predual is isomorphic to some element of W.

Sketch of proof. We saw earlier that if 4 = (A, 7) is a tracial W*-algebra with separable predual, then
there is a W*-embedding A — B(H_4). Also, H 4 = L?(A) is separable and hence isomorphic as a Hilbert
space to ¢?(N). Therefore, A is isomorphic to some W*-subalgebra of B(¢?(N)). Let S; be the set of
W*-subalgebras of B(¢?(N)) (which is a subset of the power set of B(¢?(N))). Let Sz be the set of pairs
{(4,7): A€ Sy,7: A— C faithful normal trace}. If (A,7) € Sy, then the adjoint of the inclusion map
produces a map from the space B(¢?(N)), of trace class operators to A, = L'(A,7), and hence A, is
separable. Thus, Ss is a set of tracial W*-algebras such that every tracial W*-algebra with separable
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predual is isomorphic to some element of S;. Finally, observe that tracial W*-isomorphism defines an
equivalence relation on Ss, and let S3 be the set of equivalence classes. O

2.3. Amalgamated free products. Next, we explain the definition of free independence with amalga-
mation. This is an analog of conditional independence in classical probability theory. For background
see for instance [78] or [12] §4.7].

Definition 2.21. Let A = (A, 7) be a tracial W*-algebra. Let B, Ay, ..., Ay be a W*-algebras of A
with B C A, for every j. Let B = (B,7|g) and let Eg : A — B be the trace-preserving conditional
expectation. We say that Ay, ..., Ay are freely independent with amalgamation over B if the following
condition holds: Whenever £ € N and iy, ..., i¢ € {1,..., N} with iy # i9, ix # i3, ..., tp—1 # i and
a; € Aij with Eg[aj] =0j=1,...,¢ then EB[al .. .ag] =0.

Proposition 2.22. Let B = (B,0) be a tracial W*-algebra. For j =1, ..., N, let A; = (A;,7;) be a
tracial W*-algebra and let v; : B — A;j be a tracial W*-embedding. Then there exists a tracial W*-algebra
A = (A, 7) and tracial W*-embeddings v : B — A and ¢; : A; — A such that v = ¢j o v for all j, and
such that ¢1(A1), ..., ¢n(AN) are freely independent in A with amalgamation over (B). Moreover,
(A, 7,0, ¢1,...,0¢;) are unique up to a canonical isomorphism; in other words, if (fl,f', z, (;31, e qBN) are
another such tuple, then there is a unique tracial W*-isomorphism m : A — A satisfying mo v =T and
To¢; = QNSJ- for all j.

Definition 2.23. If B, Ay, ..., Ay, and A are as above (with the specified maps ¢, ¢1, ..., ¢n), then
we say that A is a free product of A1, ..., Ay with amalgamation over ¢1(B), ..., tn(B).

In the case where B = C, we refer to these concepts simply as free independence and free products.

2.4. Non-commutative laws and generators. Next, we describe the space of non-commutative laws.
A non-commutative law is the analog of a linear functional Clzy,...,z,,] — R given by f — [ fdu
for some compactly supported measure on R™. Instead of Clzy,...,z], we use the non-commutative
polynomial algebra in d variables.

Definition 2.24 (Non-commutative polynomial algebra). We denote by C(x1,...,x,,) the universal
unital algebra generated by variables 1, ..., x,,. As a vector space, C{z1,...,,,) has a basis consisting
of all products z;, ...x;, for £ > 0 and 4y, ..., iy € {1,...,d}. We equip C(x1,...,zy) with the
unique *-operation such that z7 = x;; more explicitly, the x-operation is defined on monomials by
(T4, o) =], T

Definition 2.25 (Non-commutative law). A linear functional A : C{x1, ..., z,,) is said to be exponentially
bounded if there exists R > 0 such that [A(z;, ...7z;,)| < R’ for all £ € Ny and 4y, ..., i € {1,...,d},
and in this case we say R is an exponential bound for X\. A non-commutative law is a unital, positive,
tracial, exponentially bounded linear functional A : C(xy,...,2,) — C. We denote the space of non-
commutative laws by ¥,,, and we equip it with the weak-* topology (that is, the topology of pointwise
convergence on C(x1,...,z,)). We denote by X, p the subset of ¥, comprised of non-commutative
laws with exponential bound R.

Observation 2.26. The space ¥, r is convex, compact, and metrizable.

Observation 2.27. Let A be a x-algebra and X = (X1,...,X,;,) € L®(A)7. Then there is a unique

sa“

x-homomorphism mx : C(x1,...,2m) = A such that 1x(z;) = X; forj=1, ..., d.

Definition 2.28 (Non-commutative law of an m-tuple). Let A be a tracial W*-algebra. Let X =
(X1,...,Xm) € L™®(A). Then we define Ax : C{zy,...,2m) > Cby Ax =70 px.

Notation 2.29. If A is a tracial W*-algebra and X € L>(A)™, we write
||XHL<>0(A)7VL = max(||XjHL<x(A) : j = 1, P ,m).

Observation 2.30. If A and X are as above, then Ax is a non-commutative law with exponential bound
| X||oo. Conversely, if R is an exponential bound for Ax, then

X || oe (aym = max lim T(X7)/2 < R.

m—r o0
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Hence, || X ||oo is the smallest exponential bound for Ax and in particular it is uniquely determined by Ax.

In the case of a single operator X, we can apply the spectral theorem to show that there is a unique
probability measure px on R satisfying

/R fdux = 7(f(X)) for [ € Co(R).

Since X is bounded, px is compactly supported and thus makes sense to evaluate on polynomials. If
p is a polynomial, then Ax[p] = prd,uX. Thus, Ay is simply the linear functional on polynomials
corresponding to the spectral distribution.

We use the notation Ax in particular when A = M, (C). We denote by tr, the normalized trace
(1/n) Tr on M, (C); recall that this is the unique (unital) trace on M, (C). Thus, for any X € M, (C)™7,
a non-commutative law Ax is unambiguously specified by the previous definition. In the m = 1 case,
the non-commutative law is given by the empirical spectral distribution. Note that when X is a random
m-~tuple of matrices, we will use the notation Ax by default to refer to the empirical non-commutative
law, that is, the (random) non-commutative law of X with respect to tr,.

The next proposition shows that any non-commutative law can be realized by a self-adjoint m-tuple
in some tracial W*-algebra. This is a version of the Gelfand-Naimark-Segal construction (or GNS con-
struction). A proof can be found in [3, Proposition 5.2.14(d)].

Proposition 2.31 (GNS construction for non-commutative laws). Let X\ € X,,, r. Then we may define
a semi-inner product on C{x1,...,2my) by

pra)n = Ap™q).

Let Hy be the separation-completion of Clxy,...,2,) with respect to this inner product, that is, the
completion of C(x1,...,xm)/{p: A(p*p) = 0}, and let [p] denote the equivalence class of a polynomial p
m H>\.

There is a unique unital x-homomorphism m : C{x1,...,xym) — B(H)) satisfying p(p)lq] = [pq] for p,
q € Clz1,...,2m). Moreover, ||m(z;)| < R.

Let X; = mw(xj), let X = (X1,...,Xy) and let A be the W*-subalgebra of B(H)) generated by X1,
vovy Xm. Definer: A — C by 7(Y) = (1], Y[1]))r. Then 7 is a faithful normal trace on A, and hence
A= (A7) is a tracial W*-algebra.

Definition 2.32. In the situation of the previous proposition, we call (A, X') the GNS realization of .

The tracial W*-algebra associated to A is canonical in the sense that any other construction would yield
an isomorphic tracial W*-algebra. The following lemma can be deduced from the well-known properties
of the GNS representation associated to a faithful trace 7 on a W*-algebra A (which gives the so-called
standard form of a tracial W*-algebra).

Lemma 2.33. Let A and B be tracial W*-algebras. Let X € L>®(A)T and Y € L*®(B)2 such that

Ax = Ay. Let W*(X) and W*(Y") be the W*-subalgebras of A and B generated by X and Y respectively.
Then there is a unique tracial W*-isomorphism p : W*(X) — W*(Y') such that p(X;) =Y;.

Here is a related lemma about generating sets for a tracial W*-algebra, which relies on the Kaplansky
density theorem [65, Theorem I1.4.8].

Lemma 2.34. Let A be a tracial W*-algebra. Let S C L (A). Let W*(S) be the smallest W*-subalgebra
of A containing S, which is equal to the weak-x closure of the unital x-algebra generated by S. Then every
Z € W*(S) can be approzimated in the L*(A) norm by a sequence Z, in the unital *-algebra generated
by S such that || Zy| L4y < | Z]| 1o (a). Furthermore, if ¢ : A — B is a W*-embedding, then ¢|yw-(s) is
uniquely determined by ¢lgs.

In fact, the notion of generators for a W*-algebra extends to elements of L?(A). For instance, for
a self-adjoint tuple X € L?(A)™, using the theory of affiliated operators sketched in §A.1] it is valid
to apply a bounded Borel function f to X; through functional calculus, and f(X;) will be an element
of A. Thus, we may define W*(X) as (for instance) the W*-subalgebra generated by arctan(X7), ...,
arctan(X,,), and then, as one would hope, X turns out to be in L?(W*(X))™. See also [12] p. 482-483].

We can state a characterization of W*(X) without reference to affiliated operators as follows.
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Lemma 2.35. Let A be a tracial W*-algebra and X € L*(A)™. Then there exists a unique smallest

sa“

subalgebra B (denoted by W*(X)) of A such that X € L*(B)™.

3. DUALITY FOR L2 OPTIMAL COUPLINGS

Our goal is to prove a version of the Monge-Kantorovich duality for the non-commutative version of the
L? Wasserstein distance defined by Biane and Voiculescu [I1]. In We recall the definitions of optimal
couplings that were stated more succinctly in the introduction. We define E-convex functions in and
the corresponding Legendre transform in Then we prove the non-commutative Monge-Kantorovich
duality in and as an application we prove a decomposition result for optimal couplings in

3.1. Wasserstein distance and optimal couplings.

Definition 3.1 (Biane-Voiculescu [I1}, §1.1]). Let p, v € X,, be non-commutative laws. A coupling of
w and v is a triple (A, X,Y) where A is a tracial W*-algebra and X, Y € L*°(A)T such that Ax = p
and \y = v. For pu, v € %,,, the (non-commutative L?) Wasserstein distance dgf,) (, v) is the infimum
of | X —Y||z2(aym over all couplings (A, X,Y) for A€ W.

It is shown in [I1, Theorem 1.3] that dg,é) is a metric on the set ¥,,, and for each R > 0, ¥,, r is

complete in this metric. However, as shown in ?. the topology generated by dg,) is strictly stronger
than the weak-x topology on ¥,,. The notion of optimal couplings corresponding to the Wasserstein
distance is as follows.

Definition 3.2. A coupling (A, X,Y") of two non-commutative laws p and v is optimal if [| X =Y[| 12(4ym =
2
Ay (1, v).

Remark 3.3. As remarked in [I1], for every u, v € 3,,, some optimal coupling exists. To see this, suppose
R > 0 is an exponential bound for x4 and v. Note that that if (A4, X,Y) is a coupling and ~y is the joint

1/2
law of (X,Y), then || X — Y|[z2(4)m = (Z;n:1 Y((z; — wm+j)2)> . The space of joint laws v € Xo,,,

/
with marginals 4 and v is closed in ¥, r and therefore compact, and v — (Z;nzl v((x; — xm+j)2)>

is continuous. Thus, it achieves a minimum at some 7*, and we obtain an optimal coupling (A, X,Y)
from the GNS construction with v* (Proposition [2.31]).

Just as in classical optimal transport theory, it is convenient to frame L? optimal couplings in terms
of inner products rather than L? norms in order to relate them with Legendre transforms. If (A, X,Y)
is a coupling of px and v, then

1X = Y72 aym = 1X1720aym — 20, Y) L2aym + 1Y 1 72(aym -

Since [|X|[7: Aym and Y1172 4ym are uniquely determined by p and v, a coupling minimizes [|X —
Y| z2(aym if and only if it maximizes the inner product (X,Y)rz(4ym. This motivates the following
definition.

Definition 3.4. For pu, v € ¥, we denote by C(u,v) the maximal value of (X,Y)p24)m over all
probabilistic couplings (A, X,Y") of p and v.
The preceding paragraph shows that

m m

Ay (uv)? = Y~ p(ad) + - v(ad) = 20(n,v).

j=1 j=1

The goal of the section is to establish a duality result that C'(u,v) is the infimum of u(f) + v(g) over
certain pairs (f, g) of E-convex functions.
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3.2. E-convex functions. Fix a set W of isomorphism class representatives for tracial W*-algebras with
separable predual, as was given by Lemma [2.20

Definition 3.5. Let S be a set. A tracial W*-function with values in S is tuple f = (f*)aew, where
fA: L2(A)7 — S if whenever + : A — B is a tracial W*-embedding, we have f* = fB o .. (Here the
inclusion ¢ is understood to extend to a map L?(A)™ — L?(B)™ per Notation M)

Thus, roughly speaking, being a W*-function means that the evaluation of f on some X € L2(A)™ is
independent of the ambient algebra. Hence, in particular, for bounded operators, fA( ) only depends
on the non-commutative law of X.

Although the definition of f only specifies f* when A is in the set W, it will sometimes be convenient
to use the notation f4 for a general tracial W*-algebra A with separable predual. This is defined by
fixing an isomorphism ¢ from A to some B € W and letting f4 = fZ o ¢. This is independent of the
choice of ¢ because fB o1 = fB for every automorphism v of B; this in turn follows from the definition
of W*-functions since an automorphism % is in particular an inclusion from B into B.

Definition 3.6. A tracial W*-function f = (f*)4ew with values in [—oo, +-00] is said to be E-convez if
either it is identically equal to —oo or the following conditions hold:

(1) For each A, f# is a convex and lower semi-continuous function L2(A)7 — (—o0, +-0c].
(2) If v : A — B is a trace-preserving embedding, and if £ = /* : B — A is the corresponding trace-
preserving conditional expectation, then

FAEX)) < FR(X)
for X € B®. (Here E is understood to extend to a map L?(B)™ — L?(A)™ per Notation M)

Ezample 3.7. For t € (0,00), let ¢*(X) = (1/2t)HX||2L2(A)zn~ Then ¢ is E-convex. Indeed, it is convex
because of the Cauchy-Schwarz and arithmetic-geometric mean inequalities. It is clearly continuous.
Finally, it satisfies monotonicity under conditional expectation because conditional expectations are con-
tractive in [|-[| z2(4)m -

We next explain an equivalent characterization of E-convexity using subgradient vectors.

Definition 3.8. If H is a real Hilbert space and let f: H — (—o00,00] is a function, we say that y € H
is a subgradient for f at x if

f(@') > f(z)+ {y,z — 2’) for all 2’ € H.
We define the subdifferential 0f(x) as the set of subgradient vectors at x.
The following facts are well-known in convex analysis.

Lemma 3.9. Let H be a Hilbert space. If f : H — [—00,00] is convex and lower semi-continuous and
f(x) is finite, then Of(x) is nonempty, closed, and convex. Conversely, f : H — (—o00,00) and Of is
nonempty for every x, then f is convex.

Analogously, we will show that E-convex W*-functions are characterized by the existence of a sub-
gradient vector Y to f# at X such that Y € L?2(W*(X))™ (where W*(X) is given by Lemma [2.35)). In

sa
addition, we handle the case where f can take the value +oo.

Lemma 3.10. Let f be a W*-function taking values in (—oo,00). Then f is E-convex if and only if for
each A€ W and X € L?(A)™, there exists Y € L?>(W*(X))™ which is a subgradient vector to fA at X.
Here W*(X) is given by Lemma[2.35

Proof. First, suppose that f is E-convex. Fix X € L?(A)™. By a corollary of the Hahn-Banach theorem,
there exists some subgradient vector Z to f4(X). Let B = W*(X), let E : A — B be the trace-preserving
conditional expectation, and let Y = E[Z]. Then for X’ € L?(A)™, we have

FAX") = fB(EsX) = FAEIXT)

> fAX) +(Z, BIX] = X) 12y
= fAX) +(Z,EIX' = X)) 2y
= fAX) + (VX = X) 2y
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Thus, the desired subgradient condition holds.
Conversely, suppose this subgradient condition holds. Lower semi-continuity of f* follows from the
existence of subgradient vectors. For Xo, X7 € L?(A)™ and t € (0,1), we have

FAL = )Xo +tX1) < (1 — 1) fA(Xo) + tfA(X).

because of the existence of a subgradient vector at (1 — ¢)Xo + tX;. To check the monotonicity under
conditional expectation, consider an embedding ¢ : A — B and let £ : B — A be the corresponding
conditional expectation. Let X € L?(B)™ and let X’ = E[X]. By (1), there is a subgradient vector Y to
fB at the point X’ that is in L?(W*(X’))™, and in particular Y € L2(A)™. But then
FEX) = fBX) + (VX = X ) 2mym
= fB(E[X]) + (Y,X - E[XDL?(B);';
= [B(BIX]).

O

Remark 3.11. The same argument shows that for a W*-function taking values in (—oo, +00], E-convexity
is equivalent to the combination of the following three conditions:

(1) For each A € W and X € L2(A)7, if f4(X) < oo, then there exists Y € L?(W*(X)) which is a
subgradient vector to f4 at X.
(2) For each A, the set ()1 ((—o0, M]) is closed and convex in L?(A)™

sa*

(3) If t : A — B is a tracial W*-embedding and F = +* : B — A is the corresponding conditional
expectation, then fB(X) < +oo implies f4(E[X]) < +oo.

Remark 3.12. If f is a tracial W*-function, then fA(UXU*) = fA(X) for every unitary U in L®(A)

and X € L?(A)™; this is because conjugation by U defines an automorphism of A (hence in particular a

tracial W*-embedding A — A), and f respects tracial W*-embeddings.
If f is E-convex, then this unitary invariance gives rise to a “sum of commutators” condition on
subgradient vectors related to Lemma More precisely, suppose f is E-convex, Y € 0 fA(X ) and U

is a unitary in L*°(A). Then
FAX) = fFAUXU?) > fAX) + (UXU* = X,Y) 124

m.
sa

As in Lemma by taking U = e for A € L>®(A)s, and differentiating at ¢ = 0, we obtain
Z;'nzl[Xj’ Y]} =0.

The next lemma describes how the subdifferential interacts with conditional expectations.

Lemma 3.13. Let f be an E-convex W*-function. Let A € W and X € L*(A)™. Let B be a tracial
W*-subalgebra of A.

(1) If fP(Es[X]) = fAX), then
0fF(EslX]) = L*(B)&a N o f4(X).
(2) If Y € 3fA(X), then Ew-(x)[Y] € 0fA(X).

Proof. (1) First, we show that 0f3(Eg[X]) C L*(B)? N dfA(X). If Y € 9f3(Ep[X]), then clearly
Y € L?(B)™. Moreover, for all Z € L?(A), we have

A(2) > f5(Esl2)
> fB(E[X]) + (Y, EglZ] — Eg[X])2(8)m
= fAX) + (Y, Z = X)p2aym,

where we have used the fact that Ej is self-adjoint and Eg[Y] =Y. Hence, Y € 3f4(X) as desired.
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Conversely, to show that L2(B)™ N dfA(X) C df5(Ep[X]), suppose that Y € L?(B)" NdfA(X).
Then for Z € L*(B)™

P2y =14(2)
> fAX)+ (Y, Z - X)p2(aym
— 7B (Es(X)) + (Y. Z — EalX))1o(sys,

because Ej is a self-adjoint operator on L?(A) and Y € L?(B)™.
(2) Let B = W*(X) (where the trace is given by the restriction of 74). Let Z € L?(B)™. Then

18(2) = 14(2)
> fAX)+ (Y, Z — X) 2 aym
= f5(X) + (EsY], Z — X) 128y
Thus, EglY] € 3f8(X), and so by (1), Eg[Y] € f4(X). O

Lemma 3.14. Let f be an E-convex W*-function. Let A € W and X € L?*(A)™.

(1) There exists a unique Y € 0f*(X) of minimal L?-norm.
(2) Y € L2 (W*(X))5;

sa“

(3) Let B=W*(Y) as described in Lemma . Then fB(Ep[X]) = fA(X) and B = W*(Eg[X]).

Proof. (1) Because df*(X) is a closed convex set, it has a unique element of minimal L?-norm.
(2) Let C = W*(X). Let Y’ = E¢[Y]. We claim that Y’ € 9f¢(X). Let Z € L?(C)™. Then

(2)=14(2)

> fAX)+ (Y, Z = X) 2 aym

= X))+ (Y, Z = X) 2y
Thus, Y’ € 3f°(X). By the previous lemma, Y’ € 3f“(X). But because Y has minimal norm, we have
HEC[Y}”LZ(A)Q; = ”Y”LQ(.A)S";a hence Ec[Y] =Y,so0Y € LQ(C)Q;.

(3) First, we show that fB(Eg[X]) = fA(X). By E-convexity, f2(Eg[X]) < fA(X). Conversely,
FE(EsX]) = FAEBX]) > fAX) + (Y, Es[X] = X) p2(aym = fA(X).

Let D = W*(Ep[X]) and ¢ = 7|p. By Lemma (2), EplY] € 0fB(Ep[X]), hence also Ep[Y] €
dfA(X) by Lemma [3.13] (1). Because Y was chosen to have minimal norm, we have Ep[Y] = Y, and

thus, D 2 W*(Y) = B by the characterization of W*(Y) given in Lemma [2.35] Hence, B = D =
W*(Eg[X]). O

3.3. Legendre transforms.
Definition 3.15. We define the Legendre transform as the tuple Lf = (Lf4) acw by
LfAX) =sup{(t(X),Y) — fB(Y): Be W,.: A— B a tracial W*-embedding}.

Ezample 3.16. Consider again ¢/*(X) = (1/2t)|\X||%2(A)m. A standard computation with norms and
inner products shows that Lq; = qy ;- »

Proposition 3.17. Let f be a tracial W*-function f.

(1) The Legendre transform Lf is an E-convex tracial W*-function.

(2) If f <g, then Lf > Lg.

(3) We have L2f < f with equality if and only if f is E-conver.

(4) L2f is the mazimal E-convex function that is less than or equal to f.

Proof. (1) If f is identically equal to —oo or +o0, Lf will be 400 or —oo respectively and there is nothing
to prove. Hence, assume that f attains some finite value at some Y € L?(B)™ for some B € W.
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For any A € W, the free product A * B is isomorphic to some C € W. Let ¢1 : A — C and 15 : B — C
be the corresponding tracial W*-embeddings. Then

LX) = (1(X),02(Y)) = f€(12(Y)) > o0,
since f€(12(Y)) = fB(Y) > —co. Hence, Lf is never equal to —oo.
For each A, the function £ is a supremum of affine functions, and therefore it is convex and lower
semi-continuous.

Let ¢ : A — B be a tracial W*-embedding and let E': B — A be the corresponding trace-preserving
conditional expectation. Let X € L?(B)™. Let i : A — B be another inclusion. Let M € W be

sa iy
isomorphic to the amalgamated free product of B and B over the subalgebra A (or more precisely, over

the images of ¢(A) C B and i(A) C B) as in Proposition Let p: B— M and j: B — M be the
inclusions. Then for Y € L?(B),

LX) = (p(X), (V) L2y — F1(A(Y))
= (lo E(X), Y>L2(B7" fB( ):

where we have used free independence with amalgamation to compute the inner product, and we have
used the fact that f is a tracial W*-function. Because 7 : A — B and Y were arbitrary, we have

LfE(X) > LIY(E(X)),
which establishes condition (2) in the definition of E-convexity.
It only remains to show that f is a tracial W*-function. Suppose ¢ : A — B is a tracial W*-inclusion.
If M/ : B — C is a tracial W*-inclusion, then so is ¢/ o ¢, which implies that

LIAX) 2 sup (L ouX),Y)raeym — fE(Y) = LE(UX)).

If E: B — A is the conditional expectation corresponding to ¢, then by the preceding argument
LX) = LIAE 0 u(X)) < LIFWX)).
Thus, LfA = LfB o1, so Lf is a tracial W*-function.

(2) This is immediate from the definition and the properties of suprema and infima.
(3) By definition of Lf, for every A € W and X, Y € L*(A)™, we have

LIAX) 2 (X, Y) 2y — FAY),
hence
LIAX) + FAY) = (X, Y) 2y
Hence, given an inclusion ¢ of A into B and Y € L?(A)™ and X € L?(B)7,
FAY) = fPY) = Y ), X)r2mym — L5 (X).
Taking the supremum on the right-hand side, fA(Y) > £2fA(Y). Thus, f > £2f.
Now suppose that f is E-convex, and we must show that f = £2f. If f is identically —oo or +oo,
there is nothing to prove. Otherwise, fix A. Because f* is convex and lower semi-continuous, classical

results about convex functions tell us that f* can be expressed as the supremum of a family of affine
functions (ga)acr, where

we have

ga(X) = <X; Za>L2(.A);g + Ca
with Z, € L*(A)™ and ¢, € R. Let ¢ : A — B be an inclusion and let E : B — A be the corresponding
conditional expectation. If Y € L?(B)™, then by the E-convexity property

((Za),Y) L2y =P (Y) < (Za), Y) 2By —F 7 (E(Y)) < (Za E(Y)) 124y —(Zav» E(Y)) L2 ()12 —Coe = —Car-
Therefore, Lf4(Z,) < —cq, which implies that
L2 fAX) > (X, Za)r2aym — LINZa) > (X, Za) r2a)m + Ca = ga(X).

Therefore,

L2fAX) > sup g (X) = FAX).

a€el
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So L2f = f as desired. Conversely, if f = £2f, then f is E-convex because it is the Legendre transform
of some function.

(4) We already showed that £2f is E-convex and L£L2f < f. Moreover, if g is E-convex and g < f,
then £g > Lf and hence g = £L2g < L2f. 0O

Remark 3.18. Tt follows from E-convexity that for every ¢ : A — B and X € L?(A)™ and Y € L*(B)™,
we have

WX), V) 2@y — fPY) <X EY ) 2y — FAEY]),
where E : B — A is the conditional expectation corresponding to ¢. Therefore,

LFAX) = y (X, V) p2aym — FAY)).

Hence, if f is E-convex, there is no need to consider a larger W*-algebra when computing the Legendre
transform, and moreover £f# agrees with the classical Legendre transform of f4 as a function on the
real Hilbert space L?(A)™.

The next lemma states the relationship between Legendre transforms and subgradients, which is exactly
analogous to the behavior of classical Legendre transforms. We will this lemma many times.

Lemma 3.19. Let f be an E-conver W*-function, let A € W and X,Y € L*(A)". Then fA(X) +
LIAY)=(X,Y)r2(aym if and only if Y € 3fA(X).

Proof. First, suppose that f4(X) + LfAY) = (X, Y)r2(aym. By definition of Lf, we have for all
X" e L*(A)™ that

(X" Y) r2aym — FAX) < LFAY) = (X, Y) p2(aym — fAHX),

hence, fA(X') > fAX) + (X' — X, Y ) r2(aym, so Y € dfA(X).
Conversely, if Y € 8fA(Y) and if . : A — Bis a W*-inclusion, then by Lemma u(Y) € 0fB(u(X)).
Hence, for any Z € L?(B)™, we have

sa)
(Z,uY ) 2ym — FP(Z) < (X)), oY) 2wy — FPUX)) = (X, Y) p2ym — FAX).

Since ¢, B, and Z were arbitrary, the supremum defining £f(Y") is attained at the point X, so that

JAX) + LFAY) = (X, Y) 204y O

3.4. A non-commutative Monge-Kantorovich duality.

Definition 3.20. If f is a tracial W*-function and p € %,,,, then we define u(f) = f4(X), where A € W
is (isomorphic to) the GNS representation of x4 and X is the canonical generating m-tuple.

If f is a tracial W*-function, for every A and every X € A™ with Ax = u, we have u(f) = fA(X).
This follows by the definition of tracial W*-function and the fact that W*(X) is isomorphic to the GNS
representation of u.

Definition 3.21. Let us call a pair (f, g) of tracial W*-functions admissible if they take values in (—oo, 00]
and for every A € W,

FAX) + gM(Y) = (X, Y) p2aym for all X, Y € L*(A)m.

Proposition 3.22. Let u, v € ¥,,,. The following quantities are equal:

(1) Clp,v).
(2) inf{p(
(3) inf{p(

) +v(g): (f,g) admissible}.

) +v(Lf): f atracial W*-function not identically co}.
(4) inf{u(f) +v(g) : (f,g9) admissible and E-convex}.
(5) inf{u(f) +v(LSf): f E-convex not identically co}.

Here all the functions under consideration take values in (—oo, 00].
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Proof. (1) < (2) Let (A, X,Y) be a coupling of u and v, and let (f,g) be an admissible pair. Then
(X,Y)r20aym < JHX) + g4 (Y) = u(f) +v(g).

Taking the supremum over couplings on the left-hand side and the infimum over admissible pairs (f, g)
on the right-hand side, we have (1) < (2).

(2) < (3). It is clear from the definition of £f that fA(X) + LfA(Y) > (X, Y)r2(aym- Therefore,
(f,Lf) is always an admissible pair, and hence (3) is the infimum over a smaller set than (2).

(3) < (1). Define

0, if X € L*°(A) and Ax = pu,
400, otherwise.

Note that f is a tracial W*-function. Let A be the GNS-representation of v with the canonical generators
Y. Then Lf4(Y) is the supremum of (¢(Y), X)12(g)m where ¢ : A — B is an inclusion and X € L>(B)
satisfies Ax = p. In particular for a non-commutative law v, letting (A,Y") be the GNS realization of v,
we have v(Lf) = LfA(Y) = C(u,v). Moreover, u(f) =0 and hence C(u,v) = u(f) + v(Lf).

(2) < (4). This is immediate since (4) is the infimum over a smaller set.

(4) < (5). Suppose that f is E-convex. Then (f, Lf) is admissible as noted above. Also, Lf is always
E-convex, so (5) is the infimum over a smaller set than (4).

(5) < (3). Let f be a tracial W*-function. Then £2f < f and (L2f,Lf) is an E-convex admissible
pair. Therefore,

u(f) +v(Lf) = u(L2f) + v(Lf).

Of course, since L(L2f) = L2(Lf) = Lf, the term on the right-hand side participates in the infimum
(5). Since the f on the left-hand side was chosen arbitrarily, (3) > (5). O

Proposition 3.23. Let (A, X,Y) be a coupling of p and v € ¥,,. The following are equivalent:
(1) The coupling is optimal.

(2) There exists an admissible pair (f,g) such that (X,Y)r2caym = fAX) + gA(Y).

(3) There exists a tracial W*-function f such that (X,Y)p2(aym = FAX) 4+ LFAY).
(4) There exists an admissible, E-convex pair (f,g) such that (X,Y)p2(aym = FAX) + g2 (Y).

(5) There exists an E-convez f such that (X,Y)p2(aym = FAX) + LFAY).

(6) There exists an E-convex W*-function f such that'Y is a subgradient vector to fA at the point X.

Proof. Tt is immediate from the previous proposition that each of the conditions (2) — (5) implies (1).
For the converse implication, assume the coupling is optimal. Let

£5(2) = {o, if Az = p

+00, otherwise.

As in the proof of the previous proposition, we have u(f)+v(Lf) = C(u,v), or equivalently (X,Y) p2(4ym =
FAX) + LFAY). We also have C(u,v) = u(L2f) +v(Lf) < u(f) +v(Lf) = C(u,v). Thus, the pair
(L2 f, Lf) fulfills all of the criteria of (2) — (5).

The equivalence of (5) and (6) follows from Lemma O

3.5. A decomposition result for optimal couplings. As an initial application of duality, we present
the following result that expresses an optimal coupling (X,Y) in terms of another optimal coupling
(X',Y’) with B=W*(X') = W*(Y").

Theorem 3.24. Let u, v € ¥, g, and let (A, X,Y) be an optimal coupling of p and v. Then there exists

a subalgebra B C A with the following properties, letting X' = Eg[X]| and Y' = Eg[Y]:

(1) B=W*(X")=W*(Y").

(2) X=X, X'-=Y' andY' =Y are orthogonal.

(3) (A, X' Y") is an optimal coupling of Ax: and Ay+. Similarly, (A, X,Y") and (A, X', Y) are optimal
couplings of the respective laws.
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We may choose B to be contained in W*(X) (or symmetrically, we may choose it to be contained in

Furthermore, there exists some optimal coupling (A, X,Y) and a B satisfying (1) — (3) with respect to
this coupling such that W*(X, B) and W*(Y, B) are freely independent with amalgamation over B.

Proof. Let
B ={BC A:(EglX], Eg[Y])r2(aym = (X, Y)r2(a)m },
which is partially ordered by inclusion. We claim that % has a minimal element. By Zorn’s lemma, it

suffices to show that every chain in % has a lower bound. Consider a chain € C %, and let C =) Bew B.
We claim that limgey Eg[X] = Ec[X]. Let

_ 2
0= inf | Eg[X]lI72 -
Given e > 0, there exists By € ¢ such that |[Eg, [X]|[72( 4y, < 6° + €. Then for all B € € with B C By,
we have
1E8[X] = Ep, (X724 = 180 [XI72(ayz = IEBIX] 720y < 0%+ €07 =€
This implies that Z = limgey Ep[X] exists in L2. But clearly Z € Npew B = C, and (Z, W) 2(aym =

(Z,W)p2(aym for W e L*(C)%. Thus, limpey Es[X] = Ec[X]. By the same token limpcy EglY] =
E¢[Y]. Therefore,

(EelX], Ec[Y]) r2(aym = ég(EB[X}vEB[YDLz(A)g; = (X,Y)r2(a)m-

Therefore, C € £ as desired.
So by Zorn’s lemma, % has some minimal element, which we will call B. Let X’ = Eg[X] and
Y’ = Eg[Y]. Now W*(X’) C B and we have

<X/, EW*(X’)[Y,]>L2(A)$ == <X/7Y/>L2(.A);Z'

By minimality of B, we have B = W*(X’), and similarly, B = W*(Y”). Hence, (1) holds.
To show that B can be chosen inside W*(X), note that

(Bw-x)[X], Bw+x) YD) p2aym = (X, Bw-x)[Y]) 2y = (X, Y) 2

Thus, we can apply the same argument with % replaced by the elements of % contained inside W*(X).
To prove (2), since X’ = Eg[X] is orthogonal to B, it is immediate that X — X’ and X’ —Y" are
orthogonal. Similarly, X — X’ and Y’ — Y are orthogonal. Next, note that

IX = YllZa g = IXNZE2ayy = 200 YD recam + 1Y 12y
= (IX = Bs[X] L2y, + 186X 2 ) = 20E61X], BolY]) 2 + IV IE2
= X — E[X]I22 (s + (HEB[X]II%z(A);g) — 2Ep[X],Y) r2(ayp + ||Y||%2(A>;z)
= |1X = XLy + 11X = YTz

m
sa

Thus, X — X’ and X’ —Y satisfy the Pythagorean identity, so they are orthogonal. In particular, X — X'
is orthogonal to Y’ — Y = (Y — X') — (Y — X").
To prove (3), by Proposition there exists an admissible pair of F-convex W*-functions f and g
such that fA(X) + ¢*(Y) = (X, Y')£2(4)m- By construction of B and by E-convexity,
FAX) + g (YY) 2 (XY ) 2y

=(X,Y)r2a)m

= fAX) + g (Y)

> fAX) + g (Y).
This implies that (X', Y”) is an optimal coupling. By similar reasoning, since (X, Y") p2(aym = (X', Y") 2(a)m
and fA(X’) < fA(X), we see that (X’,Y) is an optimal coupling, and symmetrically (X,Y”) is an optimal
coupling.



DUALITY FOR OPTIMAL COUPLINGS IN FREE PROBABILITY 23

Let A; be a copy of W*(X, B) and let A3 be a copy of VV*(Y~7 B). Let A = Ay As be the amalgamated
free product (with its canonical trace 7). Let X, X', Y, and Y’ be the images of the original variables in
A. Then using free independence

-]

2 2 2 2

Hf( _X

_|_HX/_}”//

+ HY’—Y/)

L2An L2(A)m L2(A)m L2(A)m

2 2 2
= 11X = X' 2 aym + 1X = Ylaaym + 1Y = Yl72(aym
= [IX = Y724y

Therefore, (X , }7) is also an optimal coupling of ; and v. The subalgebra B C A also satisfies
<EB[X]ﬂ EBDN/D?"’ = <X7 i/>‘7'7

and satisfies (1). Thus, the same arguments as above show that B in A satisfies (2) and (3). O

4. THE DISPLACEMENT INTERPOLATION

If (A, X,Y) is an L?-optimal coupling of y, v € %,,, then one can consider the displacement interpo-
lation Xy = (1 — )X +¢Y for t € [0,1]. As shown in Proposition the corresponding family of laws
defines a geodesic in (%,,, d%f,)). In this section, we study how the displacement interpolation interacts
with non-commutative Monge-Kantorovich duality and use this to prove Theorem

By Proposition there exists an E-convex function f such that (X,Y) 2 aym = fA(X)+LFAY),
or equivalently Y € 3fA(X). Letting ¢; be the W*-function qg“(X) = (1/2t)HX”%2(A)g;7 we observe
that X; € 0fA(X) where f; = (1 —t)q1 + tf. Hence, X € 0(Lf;)*(X;). In order to show that
X € L*(W*(X;))™, we want to understand the regularity properties of L f;.

It is well-known that for a convex function f on a Hilbert space H, the Legendre transform of f(z) +
(t/2)|z||* is given by the inf-convolution g; = inf,ep[f*(y) + (1/2t)||z — y||?], where f* is the Legendre
transform of f. Furthermore, g; has a Lipschitz gradient for every ¢ > 0, and it satisfies the Hamilton-
Jacobi equation

d J—

%gt =
This can be checked by hand, or deduced for instance from [6], §2, Theorem 1]; also relevant to Hamilton-
Jacobi equations on Hilbert space are [7), 8 [18, [T9], 49, [46].

In this section, we adapt the theory of inf-convolutions to the setting tracial W*-functions. In
we define inf-convolutions of W*-functions and prove their basic properties. In §4.2] we describe how
inf-convolutions interact with F-convexity and semi-concavity. In we conclude the proof of Theorem

We emphasize that the novelty in our work is not in the form of the Hamilton-Jacobi equation but
rather in the fact that we study variables from infinite-dimensional non-commutative algebras and want
the function to be defined consistently with respect to inclusions of these algebras (that is, to be a tracial
W*-function). This means for instance that if f and g are tracial W*-functions and fOg is their inf-
convolution as defined below, then (f[Jg)* need not agree with the inf-convolution of f# and g* as
functions on the Hilbert space L?(A)™ (Remark ; however, they do agree if f and g are E-convex
(Lemma . Hence, a notion of viscosity solutions compatible with our theory of inf-convolutions will
thus have to take into account the inclusions of one tracial W*-algebra into another.

1
—— Vg2
IVl

4.1. Inf-convolutions. We begin with the definition and basic properties of the inf-convolution.

Definition 4.1. Let f, g be two W*-functions with values in [—o00,00]. We define the inf-convolution
fUg by
(fO0g)A(X) = inf { fB(u(X) = Y) + ¢%(Y)|t : A — B embedding, Y € L*(B)™} .

Lemma 4.2. The object fUg is a W*-function.
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Proof. Let ¢ : A — B be an inclusion, and we first show that

(4.1) (fO9)*(X) < (fB9)° («(X)).

If / : B — C is another inclusion and Y € L?(B)™ as in the definition of (f(g)?, then of course ' o ¢ is
an inclusion and which can be used in the definition of (fCg)*. This shows (4.1)).

Conversely, suppose that ." : A — C is an inclusion and Y € L?(C)™ as in the definition of (fOg)*.
Then let C be the free product of B and C with amalgamation over the images of A in the respective
algebras. Then the image of Y in C participates in the infimum defining (fCg)®(:(X)) and hence

O

(fOg)P ((X)) < (fOg)1(X).

Lemma 4.3. The inf-convolution is commutative and associative, that is, if f, g, h are W*-functions,
then fOg = ¢Of and (fOg)0Oh = fO(g0OhR).

Proof. We have

(FBg)*(X) = il it [P0 =¥) +g°(V)).

We substitute Z = +«(X) — Y and thus obtain
Jnt it (P5(2) 467 ((X) - 2)) = (e0)(X)
For associativity,

(fO9OmA(X) = inf = ((f09)% (0 (X) = Y) + hE(Y))
YeL B

(4.2) = inf inf  (fC(2(t1(X)) — 12(Y) = Z) + g°(Z) + h¢(12(Y))) .
t1:A—=B 1o:B—C
YeL*(B) ZeL*(B)™

We claim that is equal to

(4.3) i () Y — 2) + g5(2) + 1E(Y)),

L

Y,ZEL*(B)
or in other words, in our earlier expression we can without loss of generality impose the condition that
C = B and 12 = id. The reason is that if we allowed Z to come only from the smaller algebra C, then
the infimum could only increase, hence by shrinking C to B, (4.3)) > (4.2). On the other hand, if in (4.2)),
we allowed Y to come from the larger algebra C instead of B, then the infimum could only decrease, and
hence by enlarging B to C, we see that (4.2)) < (4.3). Now the expression (4.3)) is symmetric in g and h,
and hence
(fDg)0h = (f0k)Cg.

This relation, together with commutativity, implies the associativity relation since

(fO9)0h = (¢Of)0h = (gOR)DS = fO(gTR). 0

The relationship between inf-convolution and Legendre transform is exactly what one would expect
based on the classical case.

Lemma 4.4. Let f and g be W*-functions. Then
L(f0g) = Lf + Lyg.
Proof. Observe that

LfOAX) = swp - (((X),Y) ey — (FH9)°(Y))
yer:sm

= sup | (X),V)e@n - f  (fa(Y)-2)+¢(2) |,
11:A—B t2:8—=C

YeL(B)m zeLl?(C)
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where we take the supremum over B and C € W and inclusions ¢; : A — B and 12 : B — C and
Y € L?(B)™ and Z € L?(C)™. This can be rewritten as

sup sup  ((e2(1(X)), oY) p2(cym — fE(2(Y) = 2) = g°(2)) -
L1t A—=B Lok B—)C
YeL?*(B)™ ZeL*(C)™

sa

We can assume without loss generality that B = C and 1, = id. Indeed, allowing Y to range over the
larger space L?(C)™ rather than L?(B)™ would only increase the supremum, but on the other hand,
restricting Z to the smaller space L?(B)™ instead of L?(C)™ would only decrease the supremum. Thus,

taking B = C and renaming ¢1 to ¢, we obtain

sup sup (<L(X) Y>L2(B fB(Y Z)— (Z))
v A—=BY,ZeL?(B)n

Substituting Z’ =Y — Z, we have

(44)  sup  sup  ((UX),Z+Z) 2wy — [P(Z) — 9°(2))
vA—=B Z,72'eL?(B)m

= sup  sup (X)), Z) 2ym — [P(Z) + (UX), Z) L2y — 9°(2)) -
vA—=B Z,2'€L2(B)m

We want to show that this is equal to

(45) LFAX)+ Ly (X) = sup sup  ((UX), Z) p2wym — B(2"))
t1:A—=By Z'€L?(B1)7

+ sup sup (<L(X), Z>L2(B);na, - gB(Z)) .
t2:A—=Ba ZEL?(By)m

The only difference between the two expressions is that the latter allows ¢; : A — By and 15 : A — Bo
to be different, but the former takes them to be the same, and thus a priori the < . However,
in , for any given By, B, t1 and s, let B be the free product of By and By with amalgamation over
the subalgebras ¢1(A) in the first factor and ¢2(.A) in the second factor. Allowing Z’ and Z to range over
L*(B)™ rather than L?(B;)™ and L?(B2)T respectively only increases the suprema over Z and Z', and

sa

hence remains unchanged when we restrict to the case 11 = 19, so it equals (4.4). O

Remark 4.5. Suppose f and g are tracial W*-functions. Let f“0g* denote the classical inf-convolution
of fA4 and g* as functions on the Hilbert space L?(A)™. Then (fOg)* < fAOg*. However, the

sa
following example shows that two functions do not necessarily agree. Take m = 2, and fA(Xl,Xg) =

(1/2)||(X1,X2)H%2(A)2 and g*(X1, Xs) = 74([X1, X2]?). The formula for g is to be understood in the

sense of affiliated operators (see ; since i[X1, Xo] is a self-adjoint affiliated operator, —[X1, X5]? is
positive and hence 74([X1, X2]?) is well-defined in [—oo0, 0]; see Theorem (4). Then ¢© = 0 because
C is commutative, and hence also fC00g® = 0. On the other hand, let + : C — M(C) be the canonical

inclusion, and let
0 1 0 —2i 0

Then for xq,xo,t € R,
C 1 2 1 2 4 2
(f0g)~(z1,22) < §HL(I1) =tV 220y §||L(l’2) = Y22 sy (0y) T £ (o) (Y1, Y2]7)
1 1
= §HL($1) — 11|32 (anp(c)) + §||L(3€2) — 1|72 (ary(cy) — 4

The first two terms are quadratic in ¢, and thus, taking the infimum over ¢ € R, we see that (fOg)® =
—o0 < fC0Og°.
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4.2. Inf-convolutions and regularity of F-convex functions.

Lemma 4.6. If f and g are E-conver W*-functions with f < oo, then fOg is E-convex. Moreover, for
any E-convex f and g, we have

(4.6) (B9AX) = _jnf (X -Y)+g4(Y).

Proof. We prove the second claim first. Clearly,
(fO)MX) < inf  (fAX -Y)+g4(Y)).

YeL2(A)m
For the opposite inequality, suppose that ¢ : A — B is an embedding and Y € L*(B)™. Let E: B — A
be the conditional expectation. Then by E-convexity of f and g,
FAUX = BY]) + g (BY]) < fP(X) = Y) + g% (Y),

and hence

YeLigl(fA).l’; (fAX =Y)+ g (Y)) < (09 (X).

Now let us show that fOg is F-convex when f < oco. If g is identically oo, then fOg is identically
00, so there is nothing to prove. Suppose ¢g3(Y) is finite for some A and Y. Then (ffg)*(X) < oo
everywhere because, letting C be the free product of A and B and letting ¢t; : A — C and 15 : B — C be
the corresponding inclusions,

(fO9)(X) < fE((X) = 2(Y)) + ¢ (12(Y)) < o0
To prove convexity of (fOg)4, let Xo, X1 € L2(A)™, and let X; = (1 — )X + tX; for t € (0,1). If Yj,
Yy € L2(A)™ and if YV; = (1 — t)Y, + tY7, then
(fO9)*(X2) < fAXG = Yo) + 97 (V2)
< (1= 1) fA(Xo = Yo) + tf4(X1 — X1) + (1 = £)g7 (Y0) + tg™* (V1)
Since Yy and Y; were arbitrary, we can take the infimum over Yy and Y; and apply (4.6 to conclude that

(fO9) 1 (Xe) < (1 = 6)(fOg)*(Xo) + t(fOg)* (X1)-
This shows that (f(g)* is convex. Furthermore, since f{Jg < 0o, this relation implies that if (fCg)* is
—o0 at one point in L?(A)7, then it is —oo everywhere. Moreover, if (fCg)B is —oo, then so (fOg)*, as

sa’

we can see by considering the free product of A and B.

It is automatic from these facts that (f{g)“ is lower semi-continuous, since convexity automatically
implies lower semi-continuity at points where (fg)* < oo.

Finally, we must show the monotonicity of (fOg) under conditional expectation. Let ¢ : A — B be an
embedding and let E : B — A be the corresponding conditional expectation. If X,Y € L%(A)™, then

(fO9)M(EIX]) < SAEBIX] - EIY]) + g1 (BIY]) < fA(X = Y) + ¢5(Y).

Since Y on right-hand side was arbitrary, we conclude by ([&.6) that (fOg)*(E[X]) < (fOg¢)B(X) as
desired. 0

Observation 4.7. Fort € (0,00), let ¢/*(X) = (1/2t)|\X||%2(A)m. For s,t € (0,00), because q5 and ¢
are E-conver and take finite values, we have
qs0q = £2(¢:0q¢) = L(Lgs + Lae) = L(q1/s + Q1) = L(qQ1)(s51) = Gstt-
Then by associativity of inf-convolution, for any W*-function f, we have
¢s(q:0f) = (¢:0q)8f = g5 f-

Thus, (¢3(+))¢=0 defines a semigroup acting on W*-functions. This is the W*-analog of the Hopf-Lax
semigroup.

Definition 4.8. If f is a W* function, we say that f is convex if f* is convex for every A € W. We say
that f is semi-concave if ¢; — f is convex for some ¢t > 0.

Lemma 4.9. Suppose f and g are W*-functions and q. — f is convexr. Then gz — fUg is convex.
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Proof. Note that
(@ = fO9)"(X) = sup  (gf (UX)) = FPUX) = Y) = g°(Y))

v A—B
YeL*(B)h
1
= s (@) =) = ) = Y) 4 00 ) s — i (V) 9’3<Y>) :
LA
YéLz(B);';
The right-hand side is the supremum of a family convex functions of X and therefore is convex. |

As a consequence of Lemmas [£.6|and if f is E-convex, then ¢;[Jf is an F-convex and semi-concave
function. The next results give a characterization of such functions as well as some of their regularity
properties. These results are quite close to the standard results about convex functions on a Hilbert space,
so we do not claim any originality, but nonetheless we include the proofs for the sake of completeness.

Proposition 4.10. Let f be an E-conver W*-function that is not identically co or —oo. Then the
following are equivalent:

(1) f=q@0g for some E-convex function g.

(2) ¢ — [ is conver.

(3) ¢+ — f is E-convex.

(4) Lf — a1z is convex and lower semi-continuous.

(5) Lf —qi: is E-conver.

Moreover, in this case, f < oo everywhere.

Proof. (1) = (2) follow from Lemma [4.9]

(2) = (3). Because ¢; — f takes finite values everywhere, by Lemma it suffices to show that
for every X € L?(A), there exists a some Z € 9f4(X) N L?*(W*(X))™. Because ¢; — f is convex, it has
a subgradient vector Z at X, so that

g7 (X') = FAX) = g (X) + fAX) > (X' = X, Z) 2y
which implies that
(4.7)

1 1
FAXN)= A < (X=X 2) 4 o (XN (g = I X 2 ) = (X=X 241/ X) 2y o7 1 X=X [ -
Because f is E-convex, there exists some Y € 8f4(X) N L?(W*(X)). Of course,
(4.8) FAX) = FAX) 2 (X = XY ) 2 ay-
This implies that
1
(X' =X, 2+ (/)X =Y) 2y = =5 I1X = XN Z2an
for all X’. We X' = X + tW for some W € L?*(A)™, divide by ¢, and then send ¢ — 0 to obtain

sa’

(W, Z + (1/t)X =Y ) 2(aym > 0 for all W. Therefore, Y = Z + (1/t)X. This implies Z € L*(W*(X))z.
(3) = (4). Note that

t
LA~ gty X) = s (W00 V) e — SOOI — 75 )
YéLZ(B);’;

t
= sw (U(X), Z + (X)) L2ym — §I\L(X)Iliz<s);g -5z + tL(X))>
L —
ZeL*(B)™

1 1 B
= sup |~ Z) 2y + o 12 + (X)) T2 (m) — FP(Z +100(X)) ).
v A—B 2t s 2t s

ZeL*(B)™
Because ¢; — f is convex and lower semi-continuous, the right-hand side is the supremum of convex lower
semi-continuous functions of X, and therefore is convex and lower semi-continuous.
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(4) = (5). Let h = Lf. Since f is not identically —oo or co, the same is true of h. We assumed in (3)
that h — g/, is convex and lower semi-continuous. Moreover, if E': B — A is a conditional expectation,
then hB(X) < oo implies (h — q1,¢)5(X) < oo implies (h — q1,¢)*(E[X]) < oo implies A4 (E[X]) < oco.
Thus, it remains to show that h*(E[X]) < hB(X) whenever h*(E[X]) is finite. As in Lemma it
suffices to show that for every A and X € L2(A)7 with h*(X) < oo, there exists some subgradient

sa

vector Y € L*(W*(X), 7|w+(x))™. By E-convexity of h, there exists some Z € 9h*(X) N L2(W*(X))™.
Then we claim that Z —tX € 0h*4(X). To prove this, observe that by convexity of h — q1 1, for s € (0,1),
and X’ € L2(A)™

sa’

s(h=qr)* (X)) = (h = qi) (1= )X + sX') = (1= 8)(h = q17)"(X)
> hA(X) + (1= )X + X' — X, Z) 24y — aiy (1 — )X + sX') — hA(X)
+ 41y (X) + 5(h = quy0)(X)
= s(h = qu0) " (X) + (X" = X, Z) 2 (aymaiye (X) — ¢y (1 = )X + sX')

t t
= s(h— q1)*(X) + (X" = X, Z) 124y + §HX||2L2(A)S"; =5l X (X - 2caym

ts?
= s(h — qu) (X)) + (X' = X, Z — tX) 2 ayp + 5 I1X = X2y

Dividing by s and sending s — 0T, we obtain

(h—qi) (X)) > (h— qiy0) (X)) + (X' — X, Z —tX) 12 (a)

m.
sa

Hence, Z — tX € (h — q1,)(X). Since Z — tX € L*(W*(X))™, the proof is complete.

(6) == (1). Since Lf — q; is E-convex, we have Lf — ¢,/ = Lg for some E-convex function g by
Proposition Thus, since g and ¢, /, are both E-convex, we have

f=L2f=L(Lg+ ) = LLGDq) = g0qr,

where the last line follows because glg; is E-convex by Lemma
Finally, (1) implies that f < co everywhere. Indeed, if X € L?(A)™, and if Y is some point where

gB(Y) < oo, then let C be the free product of A and B and let ¢; : A — C and 12 : B — C be the
corresponding inclusions. Then (g0g;)A(X) < 2 ||e1(X) — LQ(Y)||2L2(A)m +g%(12(Y)) < 0. O

Proposition 4.11. Let f be an E-convex W*-function taking values in R. Then the following are
equivalent:

(1) g — [ is convex.

(2) f A€W and Y € 5fA(X) and Y' € 3fA(X'), then ||Y = Y'||2caym < (1/)| X — X'|| 2(aym.

(3) If A € W, then 5fA(X) consists of a single point VfA(X) € L2 (W*(X)), and Vf* defines a
(1/t)-Lipschitz function L*(A)™ — L?(A)™.

(4) For each A and X € L*(A)™ and Y € 0f*(X), we have

1
(4.9) (X' = X, Y)r2aym < fAX) = fAX) (X = X, Y ) p2(aym + ?t”Xl = X|[Z2aym

for all X' € L*(A)™.

Proof. (1) = (2). By the previous Proposition Lf —qi is E-convex. Let Y € dfA(X) and
Y’ € 3fA(X’). Then by Lemma we have X € 9LfA(Y) and X' € 3LfA(Y’). By the same
argument as (4) = (5) in the proof of Proposition we have Z = X —tY € 0(Lf — q1/¢) and
7= X'—tY' € 0(Lf — qi1). It follows that

(Z')Y =Y")paqaym < LIAY) = LFAY) S(Z,Y =Y ) p20aym,
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hence
0< <Z/ -7 — Y>L2(A);g
= (X =X —t(Y = Y)Y = Y) oy
(X' = XY = Y)p2aym +t]]Y — Y“%Z(A);g
<X = Xllz2amllY' = Yllzaym + Y = Y72 aym-

Therefore, | Y’ — Ylzzam < (/)X — X’HLQ(A);;L as desired.

(2) = (3). By taking X = X’ in (2), we see that there is a unique Y € 9f(X) and that X ~ Y is
a (1/t)-Lipschitz function. By Lemma we know that df4(X) contains some point in L?(W*(X))™,
and this point must equal Y.

(3) = (4). Let A and X be given. By our assumption of (3), there is a unique point Y = V f4(X) in
0f4(X). Let X’ € L*(A)m. The lower bound (X' — X, Y) 2 aym < fA(X') — fA(X) follows immediately
from convexity. For the upper bound, let X; = (1 — )X’ +tX and let V; = Vf4(X,).

For n € N, observe that

n

FAX) = FAX) =D (FA X m) = FAX G=1y/m))

<.
Il
—

NE

(Xj/n = X(—1)/m Yindrzam

<.
Il
Jan

[
NE

(Xj/m = XG—1ym: V)2 + O X m = Xi—1ymllezcam 1 Yim = Yz
j=1

<.
Il
i

"1 1
< (X' = X, Y)p2aym + Z EHX' - X||L2(A);g¥||Xj/n = X|lz2(aym
j=1

<{X' = X,Y) r2aym + %HX/ — X320 aym > #
j=1
n(n—+1)
m2
Taking n — oo shows that fA(X’) — fA(X) < (X' — X, Y)r2(aym + (1/20)] X" — X”%%A)g; as desired.
(4) = (1). Let A € W. We show that (g; — f)* is convex by exhibiting a subgradient vector for
every X € L2(A)™. Let Y € 0f4(X) and let X’ € L?(A)™. By (4),

1 1 1
(g — HMX) = (@ — HHX) > o 1 X ey = 571X e = (X = X V) 2 aym — 551X = X2

= <X’ - X,-Y + (1/t)X>L2(A);g-
Hence, —Y + (1/t)X is a subgradient vector for ¢; — f at X as desired. O

1
= (X' = X,Y)2aym + ;HX' — X2 am

4.3. Main results on the displacement interpolation. We start out by proving Theorem [I.5] which
states that if (A, X,Y) is an L? optimal coupling and X; = (1 —¢)X +tY, then W*(X;) = W*(X,Y) for
all t € (0,1).

Proof of Theorem[I.5. By Proposition there exists an E-convex function f such that Y € 9f4(X).
Let fi = (1 —t)q1 +tf, where ¢{*'(X) = (1/2)[| X172 ym - Since (1 — )X is a subgradient to (1 —t)q1 at
X and tY is a subgradient to f* at X, we have X; € 9f/A(X). By Lemma we have X € 0L (Xy).
Since f; — q1/1—t) = ft — (1 —t)q1 = tf is E-convex, q1_; — Lf; is E-convex by Proposition Hence,
by Proposition DL fA(X,) consists of a single point which is in L?(W*(X;))Z. But we already know
that X € 0LfA(X;), and therefore X € L?(W*(X;))™.

A symmetrical argument shows that Y € L?(W*(X;))™. Therefore, W*(X,Y) C W*(X,). The reverse
inclusion W*(X;) C W*(X,Y) is obvious since X; = (1 — )X +tY. O
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It follows from the triangle inequality that (A, X, X;) is an optimal coupling of the laws of X and X;
(see Proposition. Another way to show that is, given an E-convex function f such that Y € 8 f4(X),
to derive E-convex functions f; , for s,t € [0,1] such that X; € 0 f{f‘s(Xs). The next proposition gives
an explicit construction of f; s from f, and gives the properties of f; ;. The specific cases relevant to the
displacement interpolation are then summarized in Corollary All of these results are completely
analogous to the classical statements.

Proposition 4.12. Let f be an E-convex function. For s,t € [0,1], define f; s as follows: For s =0, set

fro=Q1—=t)q +tf; Jo,t = Lft0;
if s >0 and s <t, set

) t t—s (t—s)(1—1s)
A _ 2 2 A .
FAX) = it (25 X032 ar = X V)raarg + Y [y + (6 = 9)fAY) )
if s >0 and s > t, set
t t—s (t—s)(1—1s)
A 2 2 A

X) = 3 — || X mw— — (X, )2 aym + —————||Y m t— Y)|.

Ji5(X) YGZE&);g (25 XNz )z = —— X Y r2aym + 95 1Y 22 aym + (&= 8)f7(Y)

(In particular, fi, = q1 for allt € [0,1].) Then we have the following:
(1) fi.s is E-convex and fs; = Lfy .
(2) If s <t, then fi s — %ql is E-convex for s <1 and %ql — fi.s is E-convex for s > 0.
(3) If t < s, then fi s — gql is E-convex for s > 0 and }:qu — fi.s is E-convex for s < 1.
(4) In particular, if s € (0,1) and X € L*(A), then 0f{4(X) consists of a unique point V f*(X) and
Vf{"‘s is Lipschitz.
(5) Suppose 0 < s <t <1. Ifu€ (s,t), then
t—u uU— S

fu,s: tisfhﬁ‘ I _s

o= (2o (2 (220))

(6) Suppose 0 <s<t<1and X,Y € L*(A)7 withY € 0f; 5(X). Foru € [s,t], let

sa

ft,s

and

t—u u—Ss
%
t—s +t—s
Then X, € 0fy, s(X) and Y € O f1.(Xy).
(7) For s,t,u € (0,1), we have Vfy, 1oV fis=Vfus.

X, Y.

The next corollary describes the most relevant cases of the proposition for optimal transport; the
claims are special cases of (4) and (6) of the proposition.

Corollary 4.13. Let (A, X,Y) be an optimal coupling of p, v € Xp,. Let f be an E-convex function
such that Y € 0f(X). Let fi s be as in Proposition[§.14 Let Xy = (1 —t)X +tY for t € [0,1]. Then
Xi € 0fr o(Xs) for all s,t € [0,1]. In particular, if s € (0,1), then f; s has a Lipschitz gradient and we
have Xy = V fi o(Xs).

In order to prove Proposition we need the following scaling relation for Legendre transform.
Lemma 4.14. Let f be a tracial W*-function and let ¢ > 0. Then L(cf)*(X) = cLfA(c71X).
Proof. Observe that

L(c)H(X) = sup ((UX),Y) p2gym — cfB(Y))
Yéfz_(g;;

= sup (c(L(c_lX), Y)r2s)m — CfB(Y))
v A—B
YeL*(B)™

= cLfAMcX). O
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The bulk of the proof of the proposition is the following lemma which explains how f, ; were obtained
through addition of and inf-convolution with quadratic functions, using the same idea as in the proof of
Theorem [L5

Lemma 4.15. Consider the setup of Proposition[{.13 If0<s <t <1, then

o o=t 22 [(Ra) 0 (- (£50))]

(a.11) L= (1o5m) O =2l + 0= (=20

t—s

and

(1.12) oo =200 | "0 = 0+ o] (750

(4.13) Lhie= S0+ Kl it(h) Ot f (1())] .

Proof. Fix A€ W and X € L?(A)™, and evaluate the right-hand side of ([4.10)) at X to obtain

i:zmﬁﬂ+jij[<im>m<asﬁ<1i8@>>hX)

1

-t t—s 1 1
= —— | X|22aym + 7 inf || X = Y22 qym + (1 —8)fA Y
st X 4 1= int o IX = Y B + 0= a4 (157 )|

where we have used the result from Lemma that it suffices to take the infimum over Y € L?(A)7

rather than Y in L?(B)™ for some larger tracial W*-algebra B. Next, we substitute (1 — s)Y instead of
Y to obtain

1-—t¢ t—s 1
st X e + = nf 5 = (0= )Y [ + (L 9174
1-—t t—s t—s
= inf — " IX? e — I X2 mw+ — (XY m
vty S X s + o X + 5 s
(t—s)(1—-13s)
+ T”YHQLQ(A)S"; +(t—s5) A

Combining the two coefficients in front of || X7, (4)m» We arrive at the formula for f{“S(X ).

The equation is obtained from by applying the Legendre transform, using the fact that
L(cq1) = ¢ tq; for ¢ > 0, the relation between Legendre transform and inf-convolution in Lemma
and the scaling relation Lemma |4.14]

The proof of is similar to the proof of , and then is obtained by taking the Legendre
transform. O

Proof of Proposition[{.19 (1) It is immediate that f; o and fo; are E-convex and are Legendre transforms
of each other. Also, in the case of s = t, we have f; ; = g1, so there is nothing to prove. For 0 < s <t <1,
it follows from Lemma that f; s is E-convex for because it is expressed by applying scaling, addition
of quadratics, and inf-convolution with quadratics to f.

Next, we show that for 0 < s < t, we have Lf; ; = f; . We evaluate Lf; ; starting from as

Lo =Sm £ | 0 0m 1111 (750) |

Now we evaluate the second term at some X € L?(A)7, where A € W. Using Remark [3.18] we may
compute the Legendre transform of an F-convex function by taking the Hilbert-space Legendre transform
for each A (without considering a larger W*-algebra B). This yields

)= - om vt (v )|

su
P t—s

YeL2(A)m
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We substitute * Y for Y to obtain

s
(X, Y>L2(A);g -

WS;#HYH%Q(A);; —(t— S)f(Y)] :

su {
YeL2(A)m
Adding back the term £¢{'(X), we obtain

(s —t)(1—1)
2t

s s—1t
sup {%HXHQL?(A);; - T<X’ Y)re(aym + Y122 aym + (s = t)f(Y)} ;

YeL2(A)m
which is precisely fs ;.
Therefore, for s > ¢ > 0, we have f; s = Lfs+, hence f; s is E-convex and Lf; s = fs+. This is the last
remaining case.
(2) If s = t, then fis = q1, so there Let s < t. If s € (0,1), , an
E-convex function, hence f; s — 1 -q1 is E-convex. If s € (0,1], then by - ft s 1S the mf—convolutlon

of ﬁql with an E-convex function and therefore <q1 — ft,s is E-convex by Proposition
(3) Let s > t. Then f; = Lfs . Thus, can we argue symmetrically to (2) using (4.11] ) and (4.13 -

(4) This follows from (2) and (3) together with Proposition [4.11}
(5) Consider the first relation f, s = i:f @1 + == f,s. If s = 0, this follows from direct computation
from the definition of f, o and fo. In the case s > 0, we apply (4.10) to get

t—u u—Ss t—u u—s1l—t uU— S 1 1
= —_ D 1— .
t—sq1+t75ft’s tsq1+t515q1+15{(5(h> (( s>f<15(>>>}

eI CIEICRI D))

= fu,s-
Analogously, using (4.13]), we obtain for s € (0, 1) that
u—s
Lftw=
Jrw =50t o

in fact, this relation also holds when s = 0 by evaluating Lf;, on the left-hand side with (4.13]) and
evaluating £ f; o on the right-hand side L[(1—t)q1 +tf] = (757¢1)OtLf (3 (). Taking Legendre transforms
of the previous equation implies that

o= (=20) 0 (0 (20)).

(6) Since X € 0g{*(X) and Y € 0f74(X), we have

t— u uU— S

A
t— _xpA
Xuft_SXth_ Y€5|:t—8q1+t—sft75:| (X)fﬁfuvs(X).

Since Y € 5f{f‘s (X), we have X € 0(Lf,s)*(Y). Hence, using the same relation as in the proof (5),

A
Xy =Sy 4 iX €D [ —g+ oL, ] (¥) = 8(Lfr) (V).
So X, € 0(Lfi)?(Y), so that Y € Df; o (X,).

(7) In light of (4), for s,t € (0,1), the functions f;; and f;, have Lipschitz gradients. They are
Legendre transforms of each other, which implies that X € 9f,,(Y) if and only if Y € 8f; s(X). Hence,
vfsj = (vft7s)_1

Suppose that s < u < t. Let Y = V f; ,(X), and let X,, = “=2X +1=%Y". Then by (6), Xy = V fus(X)
and ¥ = Vf, (X,), hence Vfy,o(X) = ¥ = Vfyu(X,) = ¥y 0V fua(X).

SoVfis =V fiuoVfus Byapplying Vfs. = (Vfus) ! onthe right, we obtain Vf; oV fs u = V fiu
By taking inverses, Vf, s o Vfs+ = Vfu+. In fact, using composition and inverses in this way, we can
achieve all permutations of u, s, and ¢. The only remaining case is when some of s, t,u are equal to each
other, but this follows from the relations Vf;; =id and Vfs; = (Vfs) " a




DUALITY FOR OPTIMAL COUPLINGS IN FREE PROBABILITY 33

5. OPTIMAL COUPLINGS, QUANTUM INFORMATION THEORY, AND OPERATOR ALGEBRAS

In this section, we give several indications of why non-commutative optimal couplings are significantly
more complicated than the commutative case by making connections to other results in operator algebras
and quantum information theory. Specifically, using results from [52], we show that there exist nxn matrix
tuples for which an optimal coupling requires a tracial W*-algebra of arbitrarily large dimension. Next,
based on [33] and [42], we conclude that there exist matrix tuples for which the optimal coupling requires
a non-Connes-embeddable tracial W*-algebra (that is, it cannot even be approximated by couplings in
finite-dimensional algebras). Next, we show that the topology induced by the Wasserstein distance is
strictly stronger than the weak-* topology on ¥,, g, and we characterize the points at which the two
topologies agree. Finally, we show that X,, rp with the Wasserstein distance is not separable based on
[68, Theorem 1].

5.1. Completely positive and factorizable maps. We recall some standard definitions in operator
algebras; see e.g. [60]. If A is a tracial W*-algebra, we denote by M, (A) the algebra M, (L>*(A)) =
M, (C)® L*>(A) equipped with the trace tr,, ®74 and the weak-x topology given by the entrywise weak-x
topology on L*°(A); it is a standard fact that M, (A) is indeed a tracial W*-algebra. If & : A — B is
a linear map between tracial W*-algebras, then we define ®™ : M, (A) — M, (B) as the map obtained
from entrywise application of ®. If A is a tracial W*-algebra and a € L*°(.A), then we say that a > 0
if @ = 2*x for some x € L°(A); this is equivalent to a defining a positive operator on L%(A) by left
multiplicationﬂ

Definition 5.1. We say that ® is completely positive if for every n € N, if a € M,,(A) with a > 0, then
®(")(a) > 0. For tracial W*-algebras A and B, we denote by CP(A, B) the space of completely positive
maps A — B. We denote by UCPT(A, B) the space of unital completely positive trace-preserving maps.
These maps are known in quantum information theory as quantum channels from A to B.

Definition 5.2 (Anantharaman-Delaroche [I]). Let A and B be tracial W*-algebras. A linear map
® : A — B is said to be factorizable if there exist tracial W*-inclusions ¢; : A — C and 5 : B — C such
that @ = (3 011, where (5 : C — B is the conditional expectation adjoint to t2. We also say that ® factors
through C if there exist 11 and to as above.

We denote the space of factorizable maps by FM(A, B). We denote by FMg, (A, B) the set of maps
that factorize through a finite-dimensional algebra C.

Proposition 5.3. Let A, B, and C be tracial W*-algebras.

(1) We have FM(A, B) C UCPT(A, B).

(2) UCPT(A,B), FM(A, B), and FMg, (A, B) are convez sets.

(3) UCPT(A,B) and FM(A, B) are closed in the pointwise weak-+ topology.

(4) If ® € UCPT(A, B) and ¥ € UCPT(B,C), then ¥ o ® € UCPT(A,C). The same holds with UCPT
replaced by FM.

This proposition is well-known in operator algebras. For the sake of exposition, let us recall why
FM(A,B) C UCPT(A, B). Let ® € FM(A, B), and take a factorization ® = ¢3¢, where ¢; : A — C and
Ly : B — C are tracial W*-inclusions. Since ¢; and (o are x-homomorphisms, they are completely positive
and unital. Now observe that (13(c),b)r2(ym = (¢, t2(b))r2(cym > 0 for ¢ € My, (C)4 and b € M, (B)4; it
follows that ¢5(c) > 0 in M,,(B) for every ¢ € M, (C)4+. Since (o is unital, ¢} is trace-preserving, and since
Lo is trace-preserving, to* is unital. Finally, one verifies directly that UCPT is closed under composition,
hence, 1511 € UCPT(A, B).

To show that factorizable maps are closed under composition in (4), one uses amalgamated free prod-
ucts. For convexity of FM(A, B), see e.g. [12, Lemma 2.3.6].

The next lemma summarizes some well-known facts about completely positive maps.

Lemma 5.4. Let A and B be tracial W*-algebras, and let & € UCPT(A, B).
(1) ®(X*) = D(X)* for all X € A.
(2) ® extends to a contractive map L*(A) — L*(B).

30f course, definitions make sense more generally for C*-algebras.
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(8) There ezists a unique ®* € UCPT(B, A) such that (X, ®*(Y))12(a) = (®(X),Y) 125 for X € L*(A)
and Y € L*(B).

The connection between factorizable maps and non-commutative optimal couplings is as follows.
Observation 5.5. Let A and B be tracial W*-algebras and let X € L>°(A) and Y € L>(B)5:. Then

C(Ax,;Ay) = sup (®(X),Y)r2)m.

BEFM(A,B)
Proof. In fact, we will show that the two sets {(X',Y")2¢ym : (C, X', Y”') a coupling} and {(®(X),Y) 2(5)m :
® € FM(A, B)} are equal. Suppose that (C, X', Y”) is a coupling of Ax and Ay. Since Ax» = Ax, there
is a tracial W* embedding ¢; : W*(X) — C sending X to X’. Similarly, there is a tracial W*-embedding
to : W*(Y) — C sending Y to Y'. Let ¢ : W*(X) — A and ¢2 : W*(Y) — B be the canonical inclu-
sion maps, and let ® = ¢at5167 : A — B, which is factorizable by Proposition (4) because it is a
composition of factorizable maps. Moreover,

(@(X),Y)L2mym = (1167 (X), 205(Y)) L2(cym = (t1(X), e2(Y)) 22(c)m-

Conversely, given ® € FM(A, B), we may factorize it as t5¢1 for tracial W*-embeddings ¢; : A — C and
to: B—C,and let X' = ¢1(X) and Y’ = 15(Y") to obtain a coupling (C, X', Y”) of Ax and \y. O

5.2. Matrix tuples with optimal couplings of large dimension. This connection allows us to
address a natural question: Suppose that g and v are non-commutative laws that can be realized by
self-adjoint tuples X and Y in a finite-dimensional algebra; then is there a non-commutative optimal
coupling (A, X', Y’) of p and v such that A is finite-dimensional? And do we have some control over
the dimension? The classical analog of this question certainly has a positive answer. Indeed, if p and
v are finitely supported measures on R™, with supports S and T respectively, then a classical optimal
coupling is given by a measure m on the product space S x T'. Hence, there exist random variables X and
Y € L?(m,R™) such that (A, X,Y) is an optimal coupling of z and v, where A is the finite-dimensional
algebra L>°(S x T, 7) equipped with the trace coming from 7.

Our first negative result in the non-commutative setting shows that, even in situations when an optimal
coupling can occur in a finite dimensional algebra, there can be no control over its dimension. This is
a consequence of the following result of Musat and Rerdam [52]. Here FMg, (A, B) denotes the space
factorizable maps that factorize through a finite-dimensional tracial x-algebra.

Theorem 5.6 (Musat-Rgrdam [52, Theorem 4.1]). If n > 11, then FMg, (M, (C), M,,(C)) is not closed,
hence there exist factorizable maps M, (C) — M, (C) that do not factor through any finite-dimensional
algebra.

In order to translate this result into a statement about non-commutative optimal couplings, we use
the following lemma, which is an application of the hyperplane separation theorem, vector space duality,
and adjointness of tensor and hom functors.

Lemma 5.7. Let Lr(M,(C)sa, M (C)sa) denote the space of real linear transformations M, (C) —
M, (C). Let K C Lg(Myp(C)ga, M (Csa) be a closed convex set, and let ® ¢ K. Then there exists
k < min(n%,m?) and X € M,(C)E, and Y € M, (C)%, such that

sa sa

(R(X). Y)r20u,n(ent, > SUP (W(X), V) L2, et
S

Proof. Recall that there is a linear isomorphism
T : Lr(Mn(C)sas Mim(C)sa) = Lr(Mp(C)sa @ Mim(Csa, R) = (M (R)sa @ M (R)sa)”

that sends U € Lg(M,,(C)sa, M, (C)sa) to the map
Y My (Clsa @ My (C)sa — R: A® B = (¥(A), B) 12 (M, (C))

Of course, M,,(C)sa ® M, (C)s, is finite-dimensional, so the double dual is isomorphic to the original
space. Applying the hyperplane separation theorem on the real inner-product space M,,(C)sa ® My, (C)sa,
we conclude that there exists some v € M,,(C)gy ® M,;,(C)sa such that

T(®)(v) > \ISllel?( T(¥)(v).

sa’
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Let us decompose v into a sum of simple tensors v = E?:l X; ® Y. The smallest k for which this
is possible is called the tensor rank of v. We claim that the tensor rank is at most min(n?,m?). The
reason is that for real vector spaces V and W, we can identify V @ W with Lg(V, W) and then apply
the singular value decomposition of the matrix in Lg(V, W) corresponding to a given tensor v. Since
a matrix in Lg(V, W) has rank at most min(dim V,dim W), it follows that the tensor rank of v is at
most min(dim V,dim W). In particular, taking V = M,,(C)s, and W = M,,,(C)sa, we see that our vector
v € M,,(C) ® M,,(C) has tensor rank at most min(n?, m?).

Let X = (X1,...,Xk) and Y = (Y1,...,Y%). Then for ¥ € Lg(M,,(C)sa, M1 (C)sa), we have

k

T(W)(0) =Y (U(X;),Y) 22001, (00 = (U(X).Y) L2000,
j=1

Thus, by our choice of v, the tuples X and Y satisfy the desired properties. O

Corollary 5.8. If n > 11 and d € N, then there exist X,Y € Mn((C);f such that for every optimal
coupling (A, X', Y") of Ax and Ay, A must have dimension at least d. In particular, if d is sufficiently
large, then
C(Ax,/\y) > sup <UXU*,Y>M"((C)
UeU (M, (C))

Proof. Let FM4(M,,(C), M,,(C)) denote the set of UCPT maps M,,(C) — M, (C) that factorize through
a tracial W*-algebra A = (A, 7) of dimension at most d. As a consequence of the Artin-Wedderburn
theorem, every such *-algebra A is a direct sum of at most d matrix algebras of size at most d'/2; see
e.g. [25]. Moreover, the trace 74 is a convex combination of the traces on each component. From these
facts, it is not hard to see that FMy (M, (C), M,,(C)) is compact.

By Theorem there exists ® € FMg, (M, (C), M, (C)) that does not factor through a finite-
dimensional algebra, and hence ® € FMg, (M, (C), M, (C)) \ FM4(M,,(C), M, (C)).

Also, we also remark that a completely positive map ® : M,,(C) — M, (C) satisfies D(A*) = ®(A)*, and
therefore it restricts to a real-linear transformation M,,(C)sy — M,,(C)sa, and @ is uniquely determined
by its restriction to self-adjoint elements. Thus, we can Lemma to conclude that there exists k < n?
and X,Y € M, (C)k such that

@X) V) eznepn > swp ()Y ) ook
YEFMa(Mn (C),Mn(C))

for some k < n?. We can without loss of generality take k = n? because we can always add additional
zero entries to our tuples without changing the value of the inner product of ¥(X) and Y. Hence, by the
proof of Observation [5.5|any ¥ € FM4(M,,(C), M,,(C)) cannot produce an optimal coupling. O

5.3. Optimal couplings and the Connes embedding problem. The situation is even more wild than
this. Based on the work of [42] on Tsirelson’s problem and the Connes embedding problem, as well as
work of [33], we can conclude that for some n, there exist X, Y € Mn(C)g: , such that a non-commutative
optimal coupling of Ax and Ay cannot even be approzimated by couplings in finite-dimensional tracial
x-algebras. We begin with some background on the Connes embedding problem, which includes first the
definition of ultraproducts of tracial W*-algebras, a tool to turn approximate embeddings into literal
embeddings; [12, Appendix A, [13] §2], [2 §5.4].

Let AN denote the Stone-Cech compactification of the natural numbers; it is a compact space containing
N as an open subsetﬁ and satisfies the universal property that every function from N into a compact
topological space K extends uniquely to a continuous function SN — K. In particular, if (2, )nen is a
bounded sequence of real or complex numbers, then lim,, . 2, exists for every i € AN. The Stone-Cech
compactification SN is characterized up to a canonical homeomorphism by its universal property. One
construction of SN is by way of ultrafilters, which is why we have used the letter U for elements of SN.
In this framework, the elements of SN\ N are known as non-principal ultrafilters and the limit lim,, ;s z,
is also called an wltralimit.

4Here N is equipped with the discrete topology. To simplify notation, we view N as a subset of SN rather than considering
an inclusion map 7 : N — SN.
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Ultraproducts of tracial von Neumann algebras are defined as follows. Forn € N, let A, = (A, 7,) bea
sequence of tracial W*-algebras. Let [, .y An be the set of sequences (an)nen such that sup,, ||an ||z 4,) <
00, which is a *x-algebra. Let

Iy = {(an)neN € gAn t i lan | p2ca,) = 0} :
Using the non-commutative Hélder’s inequality for L? and L, one can show that [; is an ideal in
[I,.en An, and therefore, J], oy An/ly is a x-algebra. We denote by [an]nen the equivalence class in
[l.en An/Iy of a sequence (an)nen € [,y An. Furthermore, we define a trace on [[, .y An/Iy as
follows. if (an)nen € [],cn An, then (7, (an))nen is a bounded sequence in C and therefore lim,, ¢; 7, (ar)
exists. Since |7, (an)| < ||an||L2(4,), we have lim, sy 7, (arn) = 0 whenever (a,)nen € Iyy. Therefore, there
is a well-defined map
Ty H A, /Iy — C
neN

given by 7([an]nen) = limy, sy 7 (an). It turns out the pair (J[,cy An/lu, 74) is already a tracial W*-
algebra; see [2, Proposition 5.4.1]. The proof is based on the fact that a tracial C*-algebra is a W*-algebra
if and only if the operator-norm unit ball is complete in the L? norm [2, Proposition 2.6.4]. See also [12]
Appendix A].

We call the tracial W*-algebra (]]
we denote it by

nen An /Ty, 1) the ultraproduct of (Ap)nen with respect to U and

H .An = <H An/Iu,Tu> .
n—U neN

The inspiration for this notation is that ultraproduct is defined using a combination of Cartesian product
and ultralimits (of the L2-norm and the trace); in contrast to Cartesian products, the ultraproduct only
cares about the asymptotic behavior of a sequence as n — U.

Definition 5.9. A tracial W*-algebra A is Connes-embeddable if there exist finite-dimensional tracial
x-algebras A, for n € N, an ultrafilter i/ € N\ N, and a tracial W*-embedding ¢ : A — [],,_,,, An. The
Connes embedding problem is the question of whether every tracial W*-algebra with separable predual is
Connes-embeddable.

Embeddings into ultraproducts are closely related to convergence of non-commutative laws in ¥, g.

Lemma 5.10. Let (A,)nen be a sequence of tracial W*-algebras and let A be another tracial W*-
algebra. Let X € L>®°(A)5, with || X | peaym < R and suppose that X generates A as a W*-algebra. Let
Xn € L®(A,)5 with || Xp|| Lo (a,)m < R. Then the following are equivalent:

(1) lim, .y Ax, = Ax with respect to the weak-+ topology on ¥,, r.
(2) There exists a tracial W*-embedding ¢ : A — ], An such that ¢(X) = [Xp]nen-

Proof. (1) = (2). Let Y = [Xp]nen € L=(]]
Then for every p € C{x1,...,x4), we have

Ay (p) = 7u(p(Y)) = lim 7,(p(Xn)) = lim Ax, (p) = Ax(p).

Because \y = A\x, Lemma implies that there is a W*-embedding A = W*(X) - W*(Y) —
Hn—)M A”

(2) = (1). Let ¢ : A = T[],y An as above be a tracial W*-embedding with ¢(X) = [X,]nen.
Using the fact that ¢ preserves addition and multiplication as well as the definition of the trace 7, on
the ultraproduct,

Ax(p) = 7(p(X)) = (d(p(X))) = u(p(¢(X))) = lim 7,,(p(Xy)) = lim Ax, (p).

n—U n—U

Ap)0. Let 1y be the trace on the ultraproduct.

n—U

Therefore, lim,,_,;y Ax, = Ax in the weak-*x topology, as desired. O

Definition 5.11. Let ZfrﬁR be the set of non-commutative laws g in 3, g such that p = Ax for some
X € L*>®(A)D where A is a finite-dimensional tracial x-algebra.
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The following statement is almost a corollary of Lemma [5.10

Lemma 5.12. Let A be a tracial W*-algebra generated by X € L*(A)5x with || X||pecaym < R. Then

A is Connes-embeddable if and only if Ax is in the weak-x closure of E%R in YR

Proof. If Ax is in the closure of Zg‘: R, then Lemma/|5.10|implies that .4 is Connes-embeddable. Conversely,
suppose that 4 is Connes-embeddable and ¢ : A — [[, _,,, A, is an embedding into some ultraproduct of
finite-dimensional tracial %-algebras. Let X,, = (Xr(Ll), . 7Xflm)) € L*=(A,,)™ such that [X,]neny = ¢(X),
and let us also write X = (X ... X(™)). By replacing X,, ; with (Xflj) + (XT(Lj))*)/2, we can assume
without loss of generality that X is self-adjoint. By assumption M := sup,,en|| Xnll oo (aym < o0
Although M may be larger than R, we can fix this issue through a standard argument with functional
calculus. Let f: [-M, M] — [-R, R] be given by f(t) = sgn(¢t) min(|t|, R). By the Weierstrass approxi-
mation theorem, there exists a sequence of polynomials (fx)ren converging uniformly to f on [—M, M].
Note that fi(t(X0)) = [fk(Xij))]nﬁN. By the spectral mapping theorem, for each j, k, and n,
1£x(X9) = FXI) L () < P |fr(t) = F()],

s

and the same estimate holds for fi(:(X©))) — f(«(X0U))). Taking k — oo, we obtain f(1(X1))) =
[£(XI)]nen for each j. Since | X D[ Loy < R, we have f(u(X D)) = 1(X;). Let ¥;, = (F(X), ..., F(X™)).
Then [|Y| o (a,ym < R and ¢(X) = [Y,]nen, hence Ax is in the closure of Ef‘,ﬁR by Lemma O

Decades of work found many equivalent problems in operator algebras and quantum information
theory; for a survey, see e.g. [13,59]. In particular, building on the established connections with quantum
information theory, Haagerup and Musat showed the following result.

Theorem 5.13 (Haagerup-Musat [33, Theorem 3.6, 3.7]). A factorizable map ® : M, (C) — M, (C) ad-
mits a factorization through a Connes-embeddable algebra if and only if it is in the closure of FMg, (M, (C), M, (C)).
Moreover, the Connes embedding problem has a positive answer if and only if

FM(M,,(C), M,,(C)) = FMg, (M, (C), M,,(C)) for all n € N.

A negative answer to the Connes embedding problem was announced in [42]. This implies the following
corollary.

Corollary 5.14. There exist n € N and X,Y € Mn((C)"2 such that

sa

C(Ax,)\y) = sup <(I>(X)7Y>L2(Mn((c));g > sup <(I)(X)7Y>L2(Mn((c));g-
®eFM(M,, (C),M,,(C)) PEFMgin (M (C), M (C))

Moreover, a non-commutative optimal coupling of Ax and Ay does not exist in any Connes-embeddable
tracial W*-algebra.

Proof. Let K = FMay, (M, (C), M,,(C)), which is compact and convex. Because the Connes embedding
problem has a negative answer [42], there exists ® € FM(M,,(C), M, (C)) \ K. By Lemma[5.7] there exist
X,Y € M,(C)" such that

(XD V) 12 an, gz > SV Y )2, -

Hence, by Theorem if ¥ factors through a Connes-embeddable algebra, then (¥ (X), Y>L2(Mn (©)n2
cannot be optimal. Thus, by the proof of Observation [5.5} a coupling of Ay and My in a Connes-
embeddable algebra cannot be optimal. O

Remark 5.15. Although Corollary is much stronger than Corollary as stated, they are based
on different types of phenomena. Corollary relies on the existence of factorizable maps M, (C) —
M,,(C) that cannot be approximated by elements of FMgy, (M, (C), M,,(C)) (of which there are not yet
explicit examples known). Meanwhile, Corollary relies on the existence of factorizable maps that are
approximated by elements of FMg, (M,,(C), M,,(C)) but are not in FMg, (M, (C), M, (C)) (of which [52]
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gave explicit examples). Thus, the proof of Corollary shows that for n > 11 and d € N, there exist
tuples X and Y from M, (C)™ such that

sa

sup (@(X).Y) 20, ez > sup (WX, Y) 2 (a2
®EFMyin (M (C), M, (C)) ) VEeFMy (M, (C), M (C))

Hence, a coupling on an algebra A of dimension at most d cannot even be optimal among couplings in
Connes-embeddable algebras.

5.4. The Wasserstein and weak-* topologies. At the beginning, we equipped ¥, r with the weak-x*
topology as a subset of the algebraic dual of C(zy,...,2,,). Meanwhile, because d%) defines a metric
on Y, g, it induces another topology, which we will call the Wassertein topology. We will show that
the Wasserstein topology is strictly stronger than the weak-* topology. This is to be contrasted with
classical probability theory where the weak-* topology on the space of probability measures on [—R, R]™
is metrized by the L?-Wasserstein distance.

Our first step is to prove an ultraproduct characterization of Wasserstein convergence analogous to

Lemma [5.10]

Lemma 5.16. Let (A,)nen be a sequence of tracial W*-algebras and let A be another tracial W*-algebra.
Let X € L*(A)G with || X|[|pe~ym < R and suppose that X generates A. Let X,, € L*>(Ay)5y with
[ Xnllzoe (a,)m < R. Then the following are equivalent:

(1) lim,yy Ax, = Ax with respect to Wasserstein distance.

(2) There exists a tracial W*-embedding ¢ : A — [] A, and a factorizable map ®,, € FM(A, A,)

(for each n € N) such that
(X) = [Xnlnen,  @(Z) = [®n(Z)lnen for all Z € L=(A).

n—U

Proof. (1) = (2). The limit lim,_,;y Ax,, = Ax in Wasserstein distance means that there exists
tracial W* algebras B,, and tracial W*-embeddings 7, : W*(X,,) — B, and p, : A — B, such that
170 (Xn) = pr(X) |l L2(B,)m — 0 as n — U. Let C,, be the free product of A,, and B,, with amalgamation
over W*(X,,), and let 7, : A, — C, and p, : A — C, be the corresponding tracial W*-embeddings. It is
straightforward to check that these induce tracial W*-embeddings

[ A= I G p: A= ] Cn
n—U n—U n—U
such that 7(¢(X)) = 7([Xnlnen) = p(X). Since T o ¢ and p are tracial W*-embeddings, we have
7(9(Z)) = p(Z) for all Z € L>®(A) (because for instance every element of L>°(A) can be approximated
in L?(A) by non-commutative polynomials of X).
Let 7 and 7* be the trace-preserving conditional expectations adjoint to 7, and 7. We claim that
for Y = [Yy]nen € [],,,yy Cns we have

T (Y) = [T, (Ya)lnen-

n

1,y Cn- Note that [7%(Yy)]nen is in the subalgebra A = []
IL,_y An, we have

Je
Yo7 (2)) ey = 1 (Yo, @ (Zn)) 2 e,y = i (75 (Ya)s Zn) r2(a) = (7 (Yo)lnews Z) 124y
Thus, 7*(Y) = [7(Ys)]nen, as desired. As noted above, for every Z € A, we have 7(¢(Z)) = p(Z) and
hence ¢(Z) = 7*7¢(Z) = 7*p(Z). This implies that
7 P(Z)lnen = 7" p(2) = ¢(2).
Therefore, ®,, := 7 p, is a factorizable map fulfilling condition (2).
(2) = (1). Let ¢ and ®, be as in (2). Then [X,],en = ¢(X) = [®,(X)]nen belongs to [],, ., An.

Letting E,, be the trace-preserving conditional expectation A, — W*(X,,), the map F,, o ®,, : W*(X) —
W*(X,,) is factorizable by Proposition (4), hence by Observation

O()‘Xn,7X) Z <En o (I)H(X)aXn>L2(W*(Xn))$ = <(I)n(X)aXn>L2(.An)$

Let A =[], ;;An and C
Moreover, for every Z = [Z,

n—)l/l
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Therefore,
. 2 .
lim df) (A, Ax)? = 1 (12204, + IX 12 = 20000 A0)

n—U
Tim (1112 gy + 1%l = 20@n(X), X 20401

IN

s

e Ty, amym F IO Ty anym = 2(6(X), 6(X)) 2
=0.

nou An)i

Hence, lim,,_;y A\x, = Ax in Wasserstein distance. O

The next corollary was observed in [11] Proposition 1.4(b)], and can be proved in several ways (see for
instance [35, Lemma 2.10, Corollary 2.11] for another method), but we will deduce it as a consequence
of the ultraproduct characterizations for weak-* and Wasserstein convergence.

Corollary 5.17. The Wasserstein topology on L., r is refines the weak-+ topology.

Proof. Fix U € BN\ N. Using the Urysohn subsequence principle, it suffices to show that if p1,,, u € &, 1
and lim,_y/ pt, = p in the Wasserstein distance, then lim, ;s 4, — p in the weak-* topology. Letting
(A, Xy) and (A, X) be the GNS realizations of y, and y, Lemma implies that there is a tracial
W+-embedding A — [],,_,;, An with ¢(X) = [X,]nen. By Lemma is implies that lim, b, = p
in the weak-* topology. O

The next observation is closely related.

L (2) . . .
Lemma 5.18. The metric d%,v) s weak-x lower semi-continuous on Xy, p X X R-

Proof. Fix U € SN\ N. Again using the Urysohn subsequence principle, it suffices to show that for every
pair of sequences (in)nen and (Vp)new in Xy, g, letting p = limy, 0 g, and v = lim,, 4 v, we have
dg,?,)(p,y) < lim,,—y dg,) (ttn,vn). Let (An, Xn,Y,) be an optimal couplings of u, and v,. Let (B, X)
and (C,Y) be the GNS realizations of y and v. By Lemma there exist tracial W*-embeddings
¢:B =11, yAn and ¥ : C =[], An such that ¢(X) = [X,]nen and 9(Y) = [V ]nen. Then

A3 (1, v) < [|6(X) = (V)| 2

We will use Lemmas and to characterize when the Wasserstein and weak-* topologies agree
at a point in ¥,, g in terms of a certain stability property. To fix terminology, if S is a set and .7 and F»
are two topologies on S, we say that 71 and 95 agree at x € S if every Z1-neighborhood of z is contained
in a J-neighborhood of x and vice versa. If the topologies are metrizable, this is equivalent to saying
that a sequence x,, converges to x with respect to .77 if and only if it converges to x with respect 7.
Furthermore, if I/ is a given non-principal ultrafilter on N, then agreement of the two topologies at x is

equivalent to the claim that lim,,_,;; x,, = x with respect to .73 if and only if lim,, .z, x,, = x with respect
to 9.

Definition 5.19 (FM-lifting). Let A be a tracial W*-algebra with separable predual, and let &/ be a
free ultrafilter on N. If A, is a sequence of tracial W*-algebras and ¢ : A — [],_,,An is a tracial
W*-embedding, then an FM-lifing of ¢ is a sequence (P,,)nen, where &, € FM(A, A, ), such that ¢(Z) =
[@,,(Z)]nen for all Z € L>®(A).

Note that the sequence ®,, in Lemma (2) is an FM-lifting of ¢. In other words, Lemma
describes convergence in Wasserstein distance in terms of ultraproduct embeddings that have FM-liftings.

1 1 (2)
Ap)m = J%”Xn - Y?L”LQ(A”) - J% dW (K Vn)- U

n—Uu

Definition 5.20 (FM-stability). We say that A is FM-stable if every tracial W*-embedding ¢ : A —
1, An into the ultraproduct of any sequence of tracial W*-algebras A,, has an FM-lifting.

Our notion of FM-stability is analogous and closely related to the notions of tracial stability and
UCP-stability studied in [5, [34]. Analogously to [, Remark 2.2], the definition of FM-stability can be
restated as an approximation property without reference to ultraproducts. This implies in particular that
the definition is independent of the choice of non-principal ultrafilter ¢ (hence it amounts to the same
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thing whether require the lifting condition for a particular non-principal ultrafilter or for all non-principal
ultrafilters).

Proposition 5.21. Let pn € ¥,, g and let (A, X) be the GNS realization of p as in Proposition |2.31}
Then the following are equivalent:

(1) The weak-+ and Wasserstein topologies on ¥, r agree at p.
(2) A is FM-stable.

Proof. (1) = (2). Let U € SN\ N. Assume that the weak-* and Wasserstein topologies agree at y. Let
(An)nen be a sequence of tracial W*-algebras, and let ¢ : A — ], _,;, A, be a tracial W*-embedding.
Express ¢(X) as [X,]nen where X,, € L*(A,)" and sup,, | Xnl|Lo(4,)m < oo. Arguing with functional
calculus as in Lemma we can arrange that || X, [|Le(4,)m < R. By Lemma we have Ax, — Ax
in the weak-* topology on ¥,, r. Hence, by hypothesis Ax, — Ax in the Wasserstein distance as n — U.
By Lemma [5.16] this implies that ¢ has an FM-lifting.

(2) = (1). Conversely, suppose that A is FM-stable. To show that the weak-* and Wasserstein
topologies on X, g agree at u, using the Urysohn subsequence principle, it suffices to show that if (15, )nen

is a sequence such that p, — p weak-x as n — U, then dgf,)(un,u) — 0asn — U. Let (A,, X,) be
the GNS-realization of p,,. By Lemma the tuple [X,,]nen in [],,_,;, An has the same law as X, and
therefore, there exists a tracial W*-embedding ¢ : A — [],,_;, An with ¢(X) = [X,,]nen. By FM-stability
of A, there exist factorizable completely positive maps ®,, : A — A,, such that ¢(Z) = [®,(Z)]nen for
all Z € L*°(A). Hence, by Lemma lim,, 77 1, = p in Wasserstein distance. |

Next, we will show that using work of Connes [I7] that if the weak-* and Wasserstein topologies agree
at p and the corresponding tracial W*-algebra A4 is Connes-embeddable, then in fact A is approximately
finite-dimensional. We recall the following theorem of Connes [I7] that shows that approximate finite-
dimensionality is equivalent to semi-discreteness for tracial W*-algebras (and these are also equivalent,
famously, to the two other conditions of injectivity and amenability); related proofs can also be found in
[61], [67, §XTIV], [1Z §6.2, 6.3, 9.3], [Z, §11].

Theorem 5.22 (Connes [IT]). Let A = (A,7) be a tracial W*-algebra with separable predual. The
following are equivalent:

(1) A is approximately finite-dimensional (AFD), that is, there exists a sequence (Ag)ren of finite-
dimensional subalgebras with Ay C Apy1 such that | J,cy Ax is dense in A with respect to ||-||z2(.4)-

(2) A is semi-discrete, that is, there exists nets (Po)acr and (Vo)acr of completely positive maps @, :
A = My 0)(C) and Wy, : My(0)(C) — A such that ¥, 0 ®(Z) — Z in the weak-+ topology for every
Z € L™(A).

We recall a few more results about AFD algebras, which are well-known in operator algebras. We
recall that a II;-factor is an infinite-dimensional tracial von Neumann algebra with trivial center.

Lemma 5.23.

(1) Let A be an AFD tracial W*-algebra, let (Bp,)nen be IIi-factors, and let U be a free ultrafilter on N.
If ¢ and 4 are two embeddings of A into [], _,,, Bn, then there exists a unitary U € [, _,,, Bn such
that Up(Z)U* = (Z) for Z € L>(A). See [44,[5].

(2) If (Bp)nen are Ili-factors and U is a unitary in ]|
such that U = [Un]neNﬂ

Corollary 5.24. Let A be an AFD tracial W*-algebra. Then A is FM-stable.

B, then there exist unitaries U,, € L>(B,,)

n—U

Proof. If A = C, then the conclusion is immediate, so assume that A # C. Let ¢ : A — [],,_,;; An be a
tracial W*-embedding. Let B be the tracial free product A x A, * L0, 1] (where L*°[0, 1] has the trace

5Evelry unitary v in a tracial W*-algebra can be expressed as e'® for some self-adjoint  using Borel functional calculus
(Theorem (3)). Suppose U = €' is unitary in [],,_,;,. Arguing as in the proof of Lemma|5.12] X can be expressed as
[Xn]nen where Xp, € L (Bp)sa, and we have [e¢Xn],en = U.
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coming from Lebesgue measure). Then B is a II; factor by [68, Theorem 3.7] since A # C and L*°[0, 1]
is diffuse. For each, n, there is a tracial W*-embedding ¢, : A,, — B,. Let ¢ be the induced map

By construct, there also exists a tracial W*-embedding 1, : A — B,,. This sequence produces a tracial
W+-embedding ¢ : A — [],, ,,,Bs. By Lemma there exists a unitary U, € L*°(B,) such that,
letting U = [Up]nen, we have Ui o ¢p(Z)U* = +)(Z) for Z € L=(A).

Let @, : A — A, be given by ®,,(2) = ¢[Un(Z)U,]. As observed in the proof of Proposition [5.21]
ultraproducts respect conditional expectations and therefore for Z € A, we have

[@n(Z)lnen = [ [Un¥n(Z2)Unllnen = ¢ [Unn(Z)Unlnen = (UTP(2)U) = 1"16(Z) = $(Z).

Thus, ®,, is the desired lifting of ¢ to a sequence of factorizable maps. O

Remark 5.25. In fact, [B, Theorem 2.6] implies the converse of Corollary If A is Connes-embeddable
and FM-stable, then A is AFD. The same statement is implied by the next proposition provided that A
is finitely generated.

Proposition 5.26. Let u be in the weak-+ closure of Ef‘,ﬁR, and let (A, X) be the GNS realization of p.
The following are equivalent:

(1) A is approzimately finite-dimensional.

(2) A is FM-stable.

(3) The weak-x and Wasserstein topologies agree at p.
(4) w is in the Wasserstein closure of E%R.

Proof. (1) = (2) by Corollary

(2) = (3) by Proposition

(3) = (4) Since two topologies agree at x4 and p is in the weak-* closure of Zgln) R, it follows that u
is in the Wasserstein closure of Egﬁ R

(4) = (1). Assume that (4) holds and we will show that A is semi-discrete, hence approximately
finite-dimensional by Connes’ theorem. Fix a free ultrafilter &/ on N. Let u, be a sequence in Eﬁ?R such

that lim,,_.z dg,) (ttn, ) = 0. Let (A, X,,Y,) be an optimal coupling of p and p,. Since W*(X,,) &
W*(X) = A, we can assume without loss of generality that A C A, and X,, = X. Let &, : A =
W*(X) — W*(Y,,) be the associated factorizable map. Since W*(Y,,) is finite-dimensional, if we can
show that ®}®,,(Z) — Z in L*(A)™ as n — U for every Z € A, that will imply semi-discreteness of A
and finish the argument.

The convergence of ®%®,,(Z) follows by a similar argument to Proposition Let B,, be the free
product of two copies of A,, with amalgamation over W*(Y,,) and let 7, and p,, be the two inclusions of
A into the first and second copies of A,,. Then @ ®,, = 7} p,,. Now 7, and p,, induce maps

mp: A— H B,.

n—U

Moreover, 7,(X) — pn(X) |28,y < 211X = YallL2(4,)m — 0, and therefore, 7(X) = p(X), so 7 = p on
all of L>°(A). This implies that 7*p(Z) = Z for Z € L>°(A), hence lim,, sy ||7),pn(Z) — Z|| 124y = 0. O

Corollary 5.27. For m > 1 and R > 0, X, r is not compact with respect to the Wasserstein topology.

Proof. The identity map from 3J,,, p with the Wasserstein topology to X,, r with the weak-* topology is
a continuous bijection. If the domain were compact, then it would be a homeomorphism. The previous
proposition would then imply that every p € X,, r that generates a Connes-embeddable tracial W*-
algebra would in fact generate an AFD tracial W*-algebra. However, there are many finitely generated
tracial W*-algebras that are not AFD. ]
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5.5. Non-separability of the Wasserstein space. We just showed that ¥,, rp with the Wasserstein
distance is not compact for m > 1, but in fact we will show that it is not separable using the results of
Gromov [30], Olshanskii [55], and Ozawa [58]. We first recall some terminology about groups and their
associated W*-algebras.

Let T’ be a group and let ¢2(T") be the Hilbert space of square-summable functions on I'. Let A : T —
B(£2(I")) be the left regular representation given by u(g)d, = dg4pn, where §, € £*(T) is the function which
is 1 at g and zero elsewhere. The W*-subalgebra of B(¢?(I")) generated by the unitary operators u(g) for
g € T is called the group von Neumann algebra of T'. The map 7 : L(T') — C given by T — (d.,T9.) is a
faithful normal trace on L(T'), so that it is a tracial W*-algebra.

Definition 5.28. A discrete group I is said to have property (T) if there exist generators gi,. .., gn and
an increasing function f : [0, 00) — [0, 00) with lim._,¢+ f(¢) = 0 with the following property: For every
unitary representation 7 of I' on a Hilbert space H and every unit vector § € H, if max;c||7(g5)€ —£] <
€, then there exists n € H such that 7(g)n =n for all g € T and ||n — £|| < f(e).

Theorem 5.29 (Gromov [30], Olshanskii [55], and Ozawa [68, Theorem 1]). There exists a group T' with
property (T) that admits uncountable family {To}acr of quotient groups that are simple and pairwise
non-isomorphic. (In fact, such a family of quotient groups exists for every group T' that is hyperbolic,
torsion-free, and non-cyclic.)

The next lemma will allow us to translate this result into a statement about the space of non-
commutative laws. While the space of non-commutative laws is defined in terms of self-adjoint generators,
it is natural in the group setting to consider unitary rather than self-adjoint generators of a tracial W*-
algebra. However, this issue is easily resolved by taking real and imaginary parts of operators. More pre-
cisely, if a is an operator in a tracial W*-algebra A, let Re(a) = (a+a*)/2 and Im(a) = (a—a*)/2i. Then
Re(a) and Im(a) are self-adjoint and a = Re(a) + i Im(a) and ||a||%2(A) = ||Re(a)||%2(A) + ||IIn(a)H2L2(A).

Lemma 5.30. Let T" be a group with property (T), and let g1, ..., gm €T and f : [0,00) — [0,00) be as
in Definition[5.28 Let g1 : T' — Ty and g2 : T — T'y be quotient group homomorphisms. For j = 1,2, let
mj : I' = L(T';) be the quotient map q; composed with the left regular representation of I'; and let

Xj = (Re(m;(g1)). Im(m;(91)). - - -, Re(m; (gm)), Im(m; (g)) € L(T;)Z".

If f(dgf/)()\xl,)\XQ)) < 1/2, then ker(q1) = ker(qz) and hence I'y = T's.
Proof. Let A be a tracial W*-algebra and let ¢; : L(I';) — A be tracial W*-embeddings such that
e1(X1) = ta(X2) |l L2 (ayzm = diy) (Axy, Ax,). Note that for j =1, ..., m,
o1 (m1(g5)) = e2(m2(gi))Z2ay = llex(Re(mi(g;))) — c2a(Re(ma(gi)) 72y + llea (Im(ma(g5))) = e2(Im(ma(g;)) 172 a)

< lea(X1) = e2(X2) 172 ay2m-
Let m: T — B(L?(A)) be the map given by 7(g)¢ = t1(m1(g))€e2(m2(g™1)) for € € L?(A); note that this
is a unitary representation. The vector 1 in L?(A) satisfies

[T =1] . , = [lrm @)1 = Tem@))| ,

= [[ea(m1(g5)) — ta(m2(g2))llL2 ()
< dgfff)()\X17AX2)'

Hence, by property (T), there exists some 1 € L2(A) such that ||T — ez < f(d%f,)()\xl,)\XQ)) and
m(g)n = nfor all g € T'. The latter condition implies that ¢1 (71 (g))n = nea(ma(g)) for all g € T'. Therefore,
using the triangle inequality and the fact that ¢;(7;(g)) is unitary,

1(m1(9)T = Tea(ma(9))| < 2£(d)) (A, Axa)) < 1.

L2(A)

<afi-o
L2(A) — 1

Hence,
ITa(t1(m1(9))) = Ta(t2(m2(9))] < llea(m1(9)) — t2(m2(9))ll 24y < 1-
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Now observe that
TA(4(73(9))) = TLr,)(75(9)) = Or(9)=1 = Ggeker(q))-
Since dgeker(q,) is either zero or one and [Jgeier(q,) — Ggeker(qe)l < 1, We have ker(q1) = ker(gz). |

We can now prove Theorem @ that shows that for sufficiently large m, X,, 1 is not separable with
respect to dg,). The method is similar to [58, Proof of Theorem 2].

Proof of Theorem[I1.8 First, we show that ¥, 1 is not separable for some m. Let I' be a property (T)
group with an uncountable family (T'y)aer of non-isomorphic quotients. Let 7, : I' — L(T'y) be the
quotient map composed with the left regular representation. Let g1, ..., gm and f : [0,00) — [0, 00)
witness property (T). Let e be sufficiently small that f(e) < 1/2. Let

= (Re(ma(91)), Im(7a(g1)), - - -, Re(ma(gm)), Im(7a (gm)))-

For aw # B in I, since ', and I'g are not isomorphic, the lemma implies that f( ()‘Xu’)‘Xﬁ ) >1/2, and

therefore dg/V)()\Xa,)\X;J > €. Hence, {Ax, }aer is an uncountable e-separated set in Xy, 1 with respect
to the Wasserstein distance.

To prove that ¥,, g is not separable for general m > 1 and R > 0, we first observe that there is a
bijection between X, r and ¥, g given by rescaling the non-commutative random variables. Hence, for
each m, if we prove non-separability for one value of R, then it holds for all values of R. Furthermore,
we can define a map ¥, p — 3,41 g sending the law of (X1,...,X,,) to the law of (Xy,...,X;,0). It
is straightforward to show that this map is isometric with respect to the Wasserstein distance. Hence,
if ¥,, g is not separable, then 3,,/ g is not separable for m’ > m. Therefore, to prove the theorem, it
suffices to show that for some value of R, 33 g is not separable.

We already know that for some m, X, 1 is not separable. Hence, for some ¢ > 0, there is an uncount-
able family (pq)aer of laws in ¥, ;1 that is e-separated with respect to the Wasserstein distance. Let
(A, Xo) be the GNS realization of g, where X, = (Xa,1,...,Xa,m). Consider the tracial W*-algebra
M, (Aqy) with the trace 74 ® try,, and let Y, € M,,(Aq)sa be the diagonal matrix with entries X, 1 + 4,
Xo2+8, ..., Xom +4m. Let Uy € M,;,,(C) C M,,(An) be the matrix of an m-cycle permutation. By
functional calculus, U, can be expressed as e'?= for some self-adjoint Z, € M,,(C) C M,,(A,) with
| Zallo (1, (c)) < /2. Since U, is the inclusion into M,,(As) of an element of M,,(C) that is indepen-
dent of «, there is in fact a polynomial p such that U, = p(Z,), and Z, and p are independent of or. We
claim that d%z,)()\ymza, Ay;,25) > (1/K)d§,%,)(,ua,u/3) for some K > 0, which will imply that X9 4,41 is
not separable and thus prove the theorem.

To accomplish this, we will express X, ; ® I, in M,(Aq) as a function of Y, and Z, (in an explicit
way which allows us to estimate Wasserstein distances), using a well-known matrix amplification trick.
We first recall a foundational result that the weak-* topology of a W*-algebra can be recovered from
any faithful representation on a Hilbert space; see e.g. [63, Corollary 1.13.3, Proposition 1.16.2, Theorem
1.16.7). In particular, A, can be faithfully represented on H = L?(A) and M,,,(A,) = Ay @ M,,,(C) can
be faithfully represented on the Hilbert space H @ C™ = H®™. Moreover, all the facts about spectral
theory and functional calculus on B(H) and B(H®™) can be applied to the operators from A, and
M, (Ay). In particular,

m

m
Spec(Y. USpec aj)+47) C U 45— 1,45+ 1].

Let «; be the rectangular contour in C bounding the rectangle 47 — 2,45 + 2] x [-1,1], so that ~; is
separated from Spec(Y,) by a distance of 1. Using the Cauchy integral formula and functional calculus,

/ (2 —45) (2 — Xog) tdz = 0 x X k-
Vi
Hence,

/ (z—4j)(z — Ya)_1 dz = Xa; ®e€j;j,
¥

J



44 WILFRID GANGBO, DAVID JEKEL, KYEONGSIK NAM, AND DIMITRI SHLYAKHTENKO

where e; ; is the jth diagonal matrix unit in M,,(C). In particular, X, ; ® e;; € W*(Y,) and thus
Xoj®@epe=Ur9(Xy,; ®e; ) Ui~ € WYy, Z,) for every k,£ =1, ..., m; this implies that Y,, and
Z4 generate M,,(A,). Moreover,

m

(5.1) X, @I Z/ UF (= — 45)(= — a)‘lU;kdz=Z/ D(Za)F (2 — 45) (2 — Yo)~'B(Ze) dz.

k=17

Let a # . Then an optimal coupling of Ay, z, and Ay, z, on the tracial W*-algebra B produces
two tracial W*-embeddings to : My (As) — B and g : M, (Ag) — B. Because the Cauchy integral
representation (5.1]) can be expressed as a Riemann integral, we have

vo(Xors @ ) Z/ V(2 = A1) (2 — ta(Ya)) " Blta(Za))F dz,

and the same holds for 8. Using the resolvent identity and non-commutative Holder’s inequality,

1z = ta(Ya)) ™" = (2 = 15(Y3) ez < 1z = ta(Ya)) Mo m)1Ya = Yall 2 1z — 15(Ys) "l e s)
< Yo = Ysll22(5)-

Furthermore, one checks easily that [[p(ta(Za)) — p(t5(Zp))ll228) < Cpllta(Za) — 1ta(Zs)| L2 (8) for some
constant C,, (since ||Za||zo(ns,,(A,)) 15 bounded by univeral constant). By estimating the difference
between p(ta(Za))* (2 = 45)(2 = ta(Ya)) "' P(ta(Za))* and p(es(Z5))* (2 —45) (2 — 15(Ys)) ' B(ts(Zp))" and
applying the triangle inequality for integrals, we obtain for some constant C;, that

1/2
(Ko © L) — 15X T2y < O (1 (¥a) — V) 2oy + leaZa) — 06(Z) 3y ) -
Since (Xo,1 ® Iy, - .., Xa,m @ Iy,) has the same non-commutative law as X,, we obtain
e <dW) Ax.Ax,) <mY2CLAE Ny 2005 Aevs 20))-
Hence, {\(v, ,z.)}acr is e/(ml/QCZ’,)—separated in o 4m+1, as desired. a

We remark that a similar non-separability result in the context of model theory for operator algebras
was shown in [4] Proposition 4.2.9]. In the model theoretic context, one often encounters triples (2, 7, d)
where (2, ) is a topological space and d is a metric on 2 that is lower semi-continuous with respect to
7 and generates a topology that is at least as strong as .7; such a triple (2, .7, d) is called a topometric
space [9]. In particular, ¥,, r with the weak-* topology and Wasserstein distance is a topometric space
by Corollary [5.17] and Lemmal[5.18] It was shown in [9, Proposition 3.20] that if (€2, 7, d) is a topometric
space and (€, .7) is second countable and locally compact, then the density character of (£2,d) is either
countable or equal to the continuum. Hence, as a corollary of Theorem the density character of
(Zm,R, d%,?,)) is the continuum (of course since X, r with the weak- topology is compact and metrizable,
it is in particular second countable and locally compact).

6. FURTHER REMARKS

6.1. Non-commutative optimal couplings and random matrix theory. One of the motivations
for our paper was the following question.

Question 6.1. Suppose that XNV YN) are random m-tuple of self-adjoint N x N matrices with prob-
ability distributions ™) and v(N) respectively. Let u, v € Yn,r- Suppose that almost surely

thVn_?‘;lopHX( Moo aan (@ < R lljffnj;lop\\y( N in @y < R, dm Axon =g, lim Ayen = v,

Does the classical L*-Wasserstein distance of n™) and v™) (as probability measures on My (C)™ ) con-
verge to the non-commutative L?-Wasserstein distance of u and v?
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The results of [31, 23] combined with [41] give a positive answer when p(™) is a random matrix

model with density proportional to e NV where VIV Mpy(C)I* — R is a sufficiently regular convex
function such as the trace of a non-commutative polynomial, and where (V) has density proportional

—-N?|x|2 . . .
toe X022 ary enzm The convexity of V) is crucial for all these arguments. By contrast, the present
work shows that Question [6.1]can have a negative answer due to the obstruction of Connes-embeddability.

Proposition 6.2. Let X,Y € M, (C) be matriz tuples such that an optimal coupling of Ax and Ay
requires a non-Connes-embeddable tracial W*-algebra as in Corollary . Suppose XN and YNV) are
random (or even deterministic) elements of My (C)I} that converge in non-commutative law to X and Y .
Then the classical Wasserstein distance of the probability distributions of XN) and YY) on My(C)m

(with the L? norm associated to the normalized trace try ) does not converge to dE/IQ,)()\X, Ay).

Before proving the proposition, we make some preliminary observations. Let Z?EE% denote the space

2 . .
dE,V)app be the non-commutative Wasserstein
app

distance on Ziff}’% defined using only couplings in Connes-embeddable tracial W*-algebras. Since Yo R

of Connes-embeddable non-commutative laws in X, r. Let

is the weak-* closure of Ei‘rﬁ R it is weak-* compact, which implies the existence of optimal Connes-
(2)

embeddable couplings. Moreover, the same reasoning as in Lemma shows that dyy .. 1s weak-x

lower semi-continuous. Of course, Corollary shows that d%f,?app can be strictly greater than dg,)

(however, we do not know whether these two metrics generate the same topology on X))

Proof of Proposition[6.4 Suppose that X (M) and Y™ are random variables on the diffuse probability
space (2, P). Let p) and vV be the classical probability distributions of X) and Y™) as random
variables with values in the vector space My (C)? equipped with inner product associated to try. Let
™) and o) be the non-commutative laws of X and YV) as elements of the tracial W*-algebra
L>(Q, P; My (C)) with the trace given by Eotry. A classical coupling of the probability distributions
pN) and v V) on the probability space (Q, P) can be interpreted as a non-commutative coupling on the
tracial W*-algebra (L>°(Q, P; My (C)),E o try ), which is Connes-embeddable. Therefore,

L (N) (N . (2) ~(N) (N) (2) (2)
l}wglofdw(u v ))Zlgll)lgofdw,app(u o ) 2 Ay app (Ax s Ay) > dy/ (Ax, Ay). O

This problem cannot be removed using free probabilistic regularity conditions (conditions such as finite
free entropy, finite free Fisher information and so forth; see the introduction of [16] for context).

Proposition 6.3. Again, let X,Y € M, (C)Z be as in Corollary|5.14 Let S be a free semicircular m-
tuple freely independent of X andY . Then X +tY/2S and Y +tY/2S have finite free microstate entropy (de-
fined in [(4]) and finite free Fisher information (defined in [(0]). However, d(v%/?ap(Ax+t1/257 Ay ypi/2) >
d%}?/)()\x+t1/23, Ay ys1/2) for sufficiently small t > 0. Hence, as in Proposition m there do not exist ran-
dom matriz approzimations for Ax 125 and Ax 41725 whose classical Wasserstein distance converges to

2
d%/V)()\X+tl/2S7 )\YJ’_tl/2).

Proof. By [T7, Theorem 3.9], X + t'/25 and Y + t'/2S have finite free microstate entropy, and by [76)
Corollary 6.14], they have finite free Fisher information. The free product of My (C) and W*(S) is
Connes-embeddable by [77, Proposition 3.3]. Hence,

A (Ax, Ax i) < A (Ax Axgaeg) < (mt)Y2,

and the same holds with X replaced by Y. Thus, using the triangle inequality, d(MQ,) (Axii1/25, Ay pei/2g) <
d%}%/?app()\x+t1/zs, Ay 4s1/25) for sufficiently small ¢ > 0, since this holds at ¢ = 0. The same argument as
in Proposition rules out the possibility of the classical Wasserstein distance for random matrix models

converging to d%z,)()\X_Hl/zs, Ay ii1/25)- O

Thus, at the very least, Question [6.1|needs to be reformulated using the Connes-embeddable version of
the non-commutative Wasserstein distance. Even with such a modification, our results illustrate why this
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question is so difﬁcultﬂ Indeed, in light of random matrix models cannot converge in Wasserstein
distance to the limiting non-commutative law unless that limiting law produces an approximately finite-
dimensional tracial W*-algebra. However, “good behavior” in random matrix theory and free probability
often entails generating a tracial W*-algebra that is “similar to” a free group von Neumann algebra,
which is far from being approximately finite-dimensional (see e.g. [67, §XIV.3]). The random matrix
question suggests a more general question in the framework of non-commutative optimal couplings.

Question 6.4. Suppose that p,, v, € ¥y r and p, — p and v, — v weak-x. Under what conditions
does d%,[z,)(un, Up) — dg,‘z,) (u,v)?

Monge-Kantorovich duality provides one avenue to attack this question. Indeed, suppose that (f,, gn)
are admissible pairs of E-convex functions minimizing i, (fr)+vn(gn). Suppose that (f, g) is an admissible
pair minimizing u(f) 4+ v(g). To give a positive answer to Question it suffices to show that p,(fn) +
Un(gn) — w(f) + v(g). Suppose that we somehow show that f,, — f and g, — g uniformly on each
operator norm ball, so that u,(fn) — pn(f) — 0 and v(g,) — v(g) — 0.

Then it remains to show that u, (f) — p(f) and v,(g) = v(g). If f and g take finite values everywhere,
then for each A € W, f4 and g will define continuous functions on L?(A)7, and in particular, A — A(f)
and A — A(g) are continuous with respect to Wasserstein distance. However, we only assumed weak-x
convergence of i, — p and v,, — v. Thus, in order to obtain the convergence of the Wasserstein distance,
we would want the stronger condition that f and ¢ are continuous with respect to convergence in law,
that is, A — A(f) and A — A(g) are weak-* continuous on %,, r for each R > 0.

The examples of Monge-Kantorovich duality in [41) Lemma 9.10, Remark 9.11] use functions that are
continuous with respect to the weak-* topology on 3,, r. However, we doubt that the optimizers (f, g) in
the Monge-Kantorovich duality can always be chosen to be weak-* continuous. Nonetheless, it is worth
investigating in future research how E-convex functions and Legendre transforms behave with respect to
convergence in law.

6.2. Bimodule couplings and UCPT-convex functions. Another operator-algebraic analog of the
idea of coupling arises from bimodules over von Neumann algebras, which have been very important in
many areas of von Neumann algebras. For further background, see [12, Appendix F] and [2, §13].

Definition 6.5. If A and B are W*-algebras, then a Hilbert A-B-bimodule is a Hilbert space H with
an A-B-bimodule structure, such that the associated maps A — B(H) and B — B(H) are weak-x
continuous. Given tracial W*-algebras A = (A, 7) and B = (B, o) and a A-B-bimodule H, we say that
a vector & € H is bitracial if (€,af) = 7(a) for a € A and (€,£&b) = o(b) for b € B.

For example, suppose that there are tracial W*-embeddings ¢; : A — C and 2 : B — C. Then
L2(C) is a Hilbert L>°(A)-L>°(B)-bimodule and ¢ = 1 € L2(C) is a bitracial vector. Thus, bimodules
with bitracial vectors are a generalization of pair of tracial W*-embeddings. In the case of a pair of
embeddings ¢; and ta, there is an associated factorizable map t5¢1 : A — B. In a similar way, general
L*>(A)-L>(B)-bimodules with bitracial vectors correspond to general UCPT-maps.

Lemma 6.6 (See [2, §13.1.2]). Let A, B be tracial W*-algebras. If H is a Hilbert L (A)-L>°(B)-bimodule
and £ € H is a bitracial vectors, then there exists a unique ® € UCPT(A, B) such that (£, a&b) = m5(P(a)b)
for all a € L>®(A) and b € L>*(B). Conversely, ® € UCPT(A, B), there exists a Hilbert L>(A)-L>(B)-
bimodule H and a bitracial vector & satisfying (€, a€b) = 15(P(a)b). If we further demand that H is
generated by & as a Hilbert L™ (A)-L*(B)-bimodule, then the pair (H,&) is unique up to isomorphism.

The bimodules and their associated UCPT-maps lead to an alternative notion of couplings for non-
commutative random variables.

Definition 6.7. Let p and v € %, be non-commutative laws, and let (A, X) and (B,Y) be the GNS
realizations of u and v respectively. A bimodule coupling of 1 and v is a Hilbert A-B-bimodule H together

6Questions of large-N convergence in mean field games are also extremely subtle and require regularity of the putative
model for the large-N limit.
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with a bitracial vector {. We define Chim (1, ) to be the supremum of 377, (€, X;€Y;) over all bimodule
couplings of p and v, or equivalently,

Chim (1, V) = sup  (P(X),Y)r2(m)m-
PcUCPT(A,B)
We then define dpim (11, V) by
dbim(.ua V)2 = Z ,LL(:L'?) + Z V(I?) - 2Cbim(.ua V)'
j=1 j=1
We remark that dpim (@, ) is the infimum of || X¢ —£Y|| in H™ over Hilbert L (A)-L°(B)-bimodules
with bitracial vectors (this follows from (6.1) below). Moreover, the existence of optimal bimodule
couplings can be deduced from the compactness of UCPT(A, B) in the pointwise weak-* topology. The
properties of Chiy and dpiy, are quite similar to those of C' and d%,?,) only with factorizable maps replaced
by general UCPT maps, but we will see in Corollary that they do not agree in general. But first,
for completeness, we give proofs of some of the basic properties with the aid of the following lemma.

Lemma 6.8. Let A and B be tracial W*-functions and ® € UCPT(A,B). Let X € L>®(A)7 and

Y € L*>(B)& with || X[z (aym < R and [|Y||poaym < R. Then foriy, ..., ip € {1,...,m}, we have

B 1/2
|D(Xs, ... Xi,) = Vi, ... Ve || p2(s) < CRT (HXH%?(A);’; = 2(®(X),Y) 2(Bym + ||Y||L2(B).:£i) :

Proof. Let H be an L*(A)-L*°(B) bimodule with a bitracial vector £ such that (®(Z),W)r2z) =
(§, ZEW ) 2y for all Z € L>(A) and W € L*>(B). Direct computation shows that

(6.1) 19(Z) = W72 = B(2) 1725y — 2Re(®(2), W) L2(5) + W |12
<N ZN72 () — 2Re(®(2), W) L2(8) + W72 (5)
= [|z¢ — W ?.

This implies that
||®(Xll s Xiz) - Y;d s Ee”LQ(B) < ||X'Ll s Xizg - gY;l s )/ie ”

£
<Y NXiy o Xi &Y, Y = Xy X EY LY
k=1

¢
< Z”Xll oo Xik—l ||L°°(.A) ||X'Lk£ - é-)/;k ” ||Y'-L-k+1 s Yvi[. ||L°°(B)
k=1
<R XE—gY|
o1 2 1/2
= R (X ey — 20(X), V) 2wy + Y 2yg) - O
Proposition 6.9. (X,, r,dbim) is a complete metric space. If A\, p € ¥y, g, then

(6.2) Mas, - 2i,) — (s, .. wq,)] < LR M dpim (N, ) < LR (A, ),

and in particular, the topology generated by dpim, refines the weak-+ topology, and the topology generated

by dgf,) refines the topology generated by dyim. Moreover, dpim 15 lower semi-continuous on Xy, g X Xpm R
with respect to the weak-x topology.

Proof. In the following, let A, u, and v € X, g, and let (A, X), (B,Y), and (C, Z) be their respective
GNS realizations.
First, we prove (6.2). If ® € UCPT(A, B), then using (6.1)),

|A(J?“ ...inz) —,u(xil ...inz)| = |TB(¢)(X1'1 -~-Xiz) — Yz }/u)|

B 1/2
< R (X2 — 2O Y ) 2oy + 1Y lezmy) -
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Taking the infimum over ®, we obtain the first inequality of . The second inequality follows because
dpim (M, 1) < d\P (A, 1) since FM(A, B) C UCPT(A, B).

Next, we show that dpim is a metric on X, g (postponing the proof of completeness to the end).
Clearly, dpim (A, 1) > 0. If dpim(A, ) = 0, then by (6.2), we have A = p. Because every UCPT map has
a UCPT adjoint, we have

Cbim()‘7 ,LL) = sup <(I)(X)7 Y>L2(B);g = sup <X7 ®*(Y)>L2(.A);g = Cbim(,l,b, )‘)a
PcUCPT(A,B) PcUCPT(A,B)

and hence dpim (A, ) = dpim (1, A). To prove the triangle inequality, we use the fact that UCPT maps are
closed under compositionﬂ Let ® € UCPT(A,B) and ¥ € UCPT(B,C) be UCPT maps corresponding
to optimal bimodule couplings between A and p and between p and v respectively, so that

dpim(N, 1) = | X[z ym — 20P(X), V) r2mym + 1Y || L2(8)m
= (”XH%?(A);’; - ||‘I’(X)||2L2(zs);g) +[@(X) = Y72 5)m
> [|9(X) = Y|72(5)

and
doim (v 1)? = 1 2320y = 2007 (2), V) 1ayy + 1Y 2oy
= (12132 ey, = 19" (2) 3y ) + 19°(2) = Y3 i)
= 1v*(Z) - Y||%2(13)-
Then

dim (N, v)? < (X720 aym — 2(¥ 0 B(X), Z) 20y + 1211720y
= (||X||2L2(A);g - ”q)(X)”%?(B)g;) +[[®(X) =¥ (D)2 (mym + (||Z||2L2(C);g - H‘I’*(Z)HQB(B);';)

< (I1X132 g = 1RO 2y ) + 19(X) = Y sy
+20(X) = V|29 (2) = Y2y
+ ([ (2) - Y||i2(5)gg + (||Z||%2(C);; - ”\Ij*(Z)H%?(B)g)
< dpim (A, 12)* + 2dbim (N, 1) diinn (12, V) + diim (1, )%

It follows from that the dp;-topology refines the weak-* topology, and the Wasserstein topology
refines the dpin-topology.

Next, we show that dpi, is lower semi-continuous with respect to the weak-* topology. Fix a non-
principal ultrafilter &/ on N, and suppose that (A, )nen and (pn)nen are sequences in X, g and (A, X,,)
and (B,,Y,) are their respective GNS realizations. Let A\ = lim, A, and g = lim,_y pi,. Let
A =1Ly A and B = [[, ,,Bn- Let X = [Xp]nen € L*(A)7 and [Yy,]nen € L*(B)2. By
Lemma X and Y have non-commutative laws A and p respectively. Let @, € UCPT(A,,B,)
such that Chim(An, pn) = (2(Xn), Yo)r28,)m- If (Zn)nen and (Z),)nen are sequences in [], A, and
if limy, /(| Zn — Z},[|22(4,) = 0, then lim,, || 9, (Z,) — ®1(Z},)l|L2(5,) = 0 because each @, is a con-
traction with respect to the L? norms on A and B. Therefore, the equivalence class [®,,(Z,)]nen in B
only depends on the equivalence class [Z,]nen in A, so that the sequence ®,, produces a well-defined
map @ : A — B. It is straightforward to check that ® € UCPT(A, B). Let ® : W*(X) — W*(Y) be
the composition of the inclusion W*(X) — A, the map ® : A — B, and the trace-preserving conditional
expectation B — W*(Y). Then

Chim(A, 1) > (P(X),Y) 2w+ vy = (®(X),Y) p2)m = J%@n(){n),yﬁm(sn) = Jl_ffa Chim(An, i)

This implies that dyim (A, 1) < limg, s dbim (An, fin), SO dbim is weak-+ lower semi-continuous as desired.

"The corresponding notion for bimodules is the Connes fusion, and the proof of the triangle inequality is quite natural
from this viewpoint; however, we will use a more elementary argument.
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Finally, we show that (2, g, dbim) is complete. Let (A,)nen be a Cauchy sequence with respect to
dbim. Using (6.2)), for each iy, ..., ig € {1,...,m}, the sequence (A, (z;, ...%;,))nen is Cauchy and hence
converges in C to some limit A(z;, ...x;,). Extend A linearly to a map on C(z1,...,z,) — C, and then
it is straightforward to check that A € X,, r using Definition @ Then because dp;y, is weak-* lower
semi-continuous,

dpim (An, A) < lHminf dpim (An, Ak) < SUp dpim (An, Ak)-
k—o0 k>n
The right-hand side goes to zero as n — oco because (\,)nen was assumed to be Cauchy in dpiy,. This
shows that \,, — X\ in dy;, as desired. O

We saw in the preceding argument that Chin, (@, v) > C(u,v). In the commutative setting, we have
equality by a similar argument as in [I1l Theorem 1.5]. (For further discussion of bimodules over com-
mutative tracial W*-algebras, see [2 Example 13.1.2].)

Lemma 6.10. Let 1 and v € £, r be non-commutative laws that can be realized by elements of com-
mutative tracial W*-algebras. Then Cpim(u,v) = C(u,v), and there exists an optimal coupling in a
commutative tracial W*-algebra.

Proof. Let (A, X) and (B,Y) be the GNS realizations of x and v. Consider an optimal bimodule coupling
given by a Hilbert A-B-bimodule H and a bitracial vector £ € H. Let XJ’» € B(H) be the operator of
left multiplication by X, and let Y; € B(H) be the operator of right multiplication by Y;. Let M be
the W*-subalgebra of B(H) generated by X' = (Xj,...,X;,) and Y’ = (Y{,...,Y};). Since X; and Y}
commute and X; and X commute and Y} and Y] commute, M is commutative. Let 7: M — C be the
map T +— (£, T€). Since M is commutative, 7 is a trace (it is a state and satisfies 7(ab) = 7(ab)). We
have not shown that it is normal or faithful, but nonetheless, the map v = A(x/ y+) : C(x1, ..., 22m) — C
given by p — 7(p(X,Y")) is still an element of ¥, r according to Definition Moreover, since £ was
a bitracial vector for A and B, we have 7(p(X")) = 74(p(X)) = u(p) and 7(p(Y")) = m8(p(Y)) = v(p).
Therefore, v has the marginals p and v. If (C, ()/57 }7)) is the GNS realization of v, then C is commutative
because for any non-commutative polynomials p and ¢ in 2m variables,

(P — ap)(X, V)3 2c) = ¥l(pa — ap)" (pa — ap)] = 7((pa — qp)" (pq — qp)(X',Y")) =0,
and non-commutative polynomials of X and Y are dense in L?(C) (by Lemma [2.34)). Moreover,

m

(K7 e = 2o wsms) = (X)) = D06 X5e)
n o .

j=1 j=1

Hence, (C, X , 17) is a coupling in a commutative tracial W*-algebra which is also an optimal bimodule
coupling of p and v. O

For general non-commutative laws, the inequality C'(u,v) < Chim(p,v) can be strict, even for non-
commutative laws of matrix tuples. We can deduce this from another result of Haagerup and Musat that
FM(M,(C), M, (C)) is in general strictly smaller than UCPT(M,,(C), M,,(C)), and in particular there is
an explicit non-factorizable UCPT map on M;5(C).

Theorem 6.11 (Haagerup-Musat [32, Example 3.1], [33], Theorems 5.2 and 5.6]). Forn > 1, let W :
M, (C) — M,(C) be the Holevo-Werner channel W, (z) = —5(Tr,(z) — x'). Then W, is a UCPT
map, and it is factorizable if and only if n # 3.

Combining non-factorizability of W, with Lemma similarly to the proof of Corollary we
deduce the following corollary.

Corollary 6.12. There exist X, Y € M3(C)2, such that Cpim(Ax, Ay) > C(Ax, Ay).

sa

This shows that the metrics dp;, and d%,‘z,) are distinct. It is unclear to us whether dy;, and dg,%,)

generate the same topology. However, the results of about the Wasserstein distance adapt to the
UCPT setting without much difficulty. For instance, we have the following analog of Lemma [5.16]
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Lemma 6.13. Let (tn)nen and p be non-commutative laws. Let (A, X) be the GNS realization of . Let

A, be a tracial W*-algebra and X,, € L (A,)5 such that A\x, = pn. Then the following are equivalent:

(1) limy, 74 dpim (pn, 1) = 0.

(2) There exists a tracial W*-embedding ¢ : A — []
that

A, and there exists ®,, € UCPT(A, A,) such

n—U

¢(X) = [Xulnen,  0(2) = [®n(Z)lnen for all Z € L= (A).

Proof. (1) = (2). By Lemma there is a tracial W*-embedding ¢ : A — ][], An with
#(X) = [Xnlnen. Let @, € UCPT(A, A,) such that (®,(X), Xn)r2(a,)m = Cbim(tin, ). As in the
previous lemma, there exists ® € UCPT(A,]],,_,;, An) such that

O(Z) = [@,(2)]nen for all Z € L*=(A).

It remains to show that ® = ¢. Let X,, = ( 721),..., ,(Lm)) and X = (XM ... X)), Using (6.1, for
every iy, ..., 4¢ € {1,...,m}, we have

. . . . 1/2
H‘I)n(X(“), L ,X(”)) _ Xy(L“)’ o 7X7(L”)||L2(An) < /R (HXHQL?(.A)S"; —2(®,(X), X,,) + HXHHQL?(A);';)

= LR diim (i, 1)
Taking n — U, we obtain
@), X0y —g(x )X a4 < Jg{éR‘*ldbi,n(un,u) =0.

Hence, ®(p(X)) = ¢(p(X)) for every non-commutative polynomial p. Since non-commutative polynomials
are in X are dense in L?(A) and ® and ¢ are both contractions with respect to the L? norm, we have
d = ¢.

(2) = (1). The proof is the same as in Lemma so we leave the details to the reader. O

In a completely analogous way to Proposition [5.21] one can deduce that the weak-* and dy;y, topologies
agree at some point pu € X, g if and only if the corresponding tracial W*-algebra A obtained from the
GNS construction is UCPT-stable, meaning that every tracial W*-algebra embedding from A into some
ultraproduct [],_,;, An of tracial W*-algebras lifts to a sequence (®,),en where ®, € UCPT(A,A,).
Furthermore, if A is Connes-embeddable, then these two conditions are also equivalent to A being ap-
proximately finite-dimensional; the proof is essentially the same as that of [5] Theorem 2.6] or that
of Proposition [5.26] However, it is unknown how FM-stability and UCPT-stability are related in the
non-Connes-embeddable setting.

To circle back to Monge-Kantorovich duality, given the relationship of optimal couplings with factoriz-
able maps on the one hand and E-convex functions on the other hand, one might wonder whether there is
an alternative version of the theory of convex functions and Legendre transforms that is based on UCPT
maps rather than factorizable maps. Indeed, this is possible, and we will sketch here some of the basic
properties and the parts of the proof that are different from the E-convex case.

Definition 6.14. A W*-function with values in [—o00, 0c] is UCPT-convez if either f is identically —oo,
or else for every A, f4 is a convex and lower semi-continuous function with values in (—oo, o], and we
have fA(X) < fB(®(X)) for every A, B € W and ® € UCPT(A, B) and X € L2(A)™.
Definition 6.15. The UCPT-Legendre transform of a tracial W*-function f is the tracial W*-function
Kf given by
KNAX) = s (XY ) ey — Y.
<I>eUCl§T(.A,B)
YeL?*(B)™
We have the following analog of Proposition (3.1

Proposition 6.16. If f, g be a tracial W*-functions.

(1) Kf is UCPT-convez.

(2) If f < g, then Kf > Kg.

(3) We have K2 f < f with equality if and only if f is UCPT-convex.
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(4) K2f is the mazimal UCPT-convex function that is less than or equal to f.

The proof is essentially the same as that of Proposition [3.17] modulo the necessary changes to work
with UCPT maps rather than tracial W*-embeddings and conditional expectations. For instance, to
show monotonicity of Kf under UCPT maps, suppose that ® € UCPT(A,B) and X € L?(A)m. If
¥ € UCPT(B,C), then ¥ o ® € UCPT(A,C). Therefore,

KfA(X) > sup ((Tod(X),Y) - f4(Y)) = KfP(@(X)).
\IJGUCIGDT(B,C)
YeL? ()i
The relationship between the UCPT Legendre transform and the E-convex Legendre transform is as fol-

lows (compare the relationship between the E-convex Legendre transform and the Hilbert-space Legendre
tranform).

Corollary 6.17. Let [ be a tracial W*-function.
(1) If f is UCPT-convex, then f is E-convex.
(2) Kf > Lf.

(3) K*f < L*f.

(4) If f is UCPT-convex, then Kf = Lf.

Proof. (1) and (2) are immediate from the definitions of £ and K since every tracial W*-embedding is a
UCPT map.

(3) Observe that K2f is E-convex by (1) and K2f < f. Therefore, Proposition (4) implies that
K2f < L2f.

(4) We already know that £Lf < KCf. For the reverse inequality, the idea is already contained in the
proof of Proposition (3). Note that for A,B € W and ® € UCPT(A,B) and X € L?*(A)™ and
Y € L?(B)™, we have

sa’
(O(X),Y) p2m)m — fEV) < (X, @ (V) p2(aym — FAP*(Y)) < LIAX).
Taking the supremum over B, ®, and Y, we obtain Kf < Lf. O
The UCPT-analog of Monge-Kantorovich duality is as follows.

Definition 6.18. A pair of tracial W*-functions (f,g) with values in (—oo,o0] is said to be UCPT-
admissible if for every A, B € W and X € L*(A) and Y € L*(B)™ and ® € UCPT(A, B), we have

FAX) + g5 (Y) 2 (2(X),Y) 2y

Proposition 6.19. Chin (i, v) is equal to the infimum of p(f) +v(g) over all UCPT-admissible pairs of
tracial W*-functions, as well as the infimum of u(f) + v(g) over all UCPT-admissible pairs of UCPT-
convex functions.

The proof is the same as that of Proposition similarly, there is an UCPT analog of Proposition
3.23] However, although there is an analog of Monge-Kantorovich duality, there are many questions
about bimodule couplings for which the answer is not immediately clear:

Is there a bimodule analog of the displacement interpolation?
Is there a bimodule analog of the LP Wasserstein distance for p # 27
Is there a useful subgradient characterization of UCPT-convexity analogous to Lemma [3.10]

Do dp;m and dg,) generate the same topology on X,, r?

APPENDIX A. NON-COMMUTATIVE LAWS AND COUPLINGS FOR LP VARIABLES

Although we have focused in this paper on the non-commutative L?-Wasserstein distance, Biane
and Voiculescu [I1] also defined LP Wasserstein distance for p € [1,00). Although they only defined
the Wasserstein distance for tuples of bounded operators, it is natural to extend the theory to non-
commutative LP spaces. In this section, after reviewing the properties of affiliated operators to a tracial
W-algebra, we define laws, couplings, and LP Wasserstein distance for m-tuples of self-adjoint operators
in non-commutative LP space, and show the existence of optimal couplings and Wasserstein geodesics.
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A.1. Affiliated operators, LP spaces. For background on unbounded operators, refer for instance
to [62, §VIIT]. We recall that if H is a Hilbert and T : H O dom(T) — H is a closed densely defined
unbounded operator, then T has a polar decomposition as U|T| where |T'| is a positive self-adjoint operator
with dom(|T']) = dom(T") and U is a partial isometry [62, §VIIIL.9].

We quote without proof the basic definitions and results about affiliated operators and non-commutative
L? spaces. Affiliated operators were first studied by Murray and von Neumann in [50, §XVI], and the
non-commutative LP spaces were studied in [24]. For a modern exposition of affiliated operators and L?
spaces in English, see [20] as well as [2], §7.2].

Let A = (A, 7) be a tracial W*-algebra. To avoid ambiguity, we use the notation H 4 rather than L?(A)
for the completion of A with respect to the inner product (a,b) — 7(a*b). We still use the notation a for
the element of H 4 corresponding to a € A.

Definition A.1. Let A = (A4, 7) be a tracial W*-algebra, and let us view A as a subset of B(H 4) as
in Theorem A closed densely defined operator T' : dom(T") — H 4 with polar decomposition U|T|
is affiliated to A if U € A and the spectral projection 15(|T|) € A for every Borel set S C [0,00). We
denote the set of affiliated operators by Aff(A).

Ezample A.2. Let (£2, P) be a probability space and let A be L>°(Q, P) equipped with the trace given by
integration against P. Then Aff(A) can be canonically identified with measurable functions on € that
are finite almost everywhere, viewed as unbounded multiplication operators on L2(2, P).

Theorem A.3. Let A= (A,7) be a tracial W*-algebra.
(1) Aff(A) satisfies the following properties:
o IfT e Aff(A), then T* € Aff(A).
o IfTy, Ty € Aff(A), then T1|aom (T, )ndom(Ts) T+ T2|dom(Ty)+dom(Ty) @5 closeable, and its closure
is in Aff(A).
o IfTy, T € Aff(A), then T1T2|T;1(dom(T1)) is closeable and its closure is in Aff(A).
In this way, Aff(A) can be equipped with the structure of a *-algebra.

(2) The canonical inclusion A — Aff(A) is a x-homomorphism. Moreover, if T' € Aff(A) is a bounded
operator, then T € A.

(8) If T € Aff(A) is a normal operator, and f is a Borel function on its spectrum, then f(T) € Aff(A).
If f is bounded, then f(T) € A. There is a unique probability measure ur on C such that
T(f(T)) = [ fdur for all bounded Borel functions f. The spectrum of T is ezactly the closed
support of pr.

(4) Let Aff(A)4 be the set of positive operators affiliated to A = (A, 7). Then T extends to a map
Aff(A)4 — [0,00] satisfying

R(T) = T 7(fu(T)),
n—oo

whenever f, is any sequence of nonnegative Borel functions increasing to the identity function
on [0, 00).

Definition A.4. For a tracial W*-algebra A = (A4, 7) and p € [1,00), we define
LP(A) ={T € Afi(A) : 7(|T|P) < oo},
and we write
1T || o ay = T(ITIP)V/P.
As stated above, L>°(A) = A and [|T|| (4 is the norm on A.

Theorem A.5. Let A= (A, T) as above.

(1) For p € [1,00], |||, defines a norm on LP(A), and LP(A) is a complete with respect to this norm,
hence it is a Banach space.

(2) A is a dense subspace of LP(A) forp € [1,00).

(3) Let p, p1, p2 € [1,00] with 1/[=1/p1 + 1/pe. If Ty € LP*(A) and Ty € LP2(A), then T'Ty € LP(A)
and | Ty To|lp < [|Tulp, [ T2]lp, -

(4) Forp e [1l,00|, if T € LP(A), then T* € LP(A) with ||T|, = |T*||p-
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(5) T extends uniquely to a bounded map L'(A) — C (still denoted by T or 7.4) that satisfies T(a*) = 7(a)
(6) Let p € [1,00) and let 1/p+ 1/q = 1. Then L%(A) may be canonically identified with the dual of
LP(A) through the pairing (Th,Ts) — 7(T1Ts). In particular, this yields an identification between
LY (A) and A..
(7) If A, is separable, then LP(A) is separable for p € [1,00).

Theorem A.6. Let A= (A,7), and T € Aff(A). Then T € L2(A) if and only if 1 € dom(T). There is
unitary isomorphism of Hilbert spaces ¢ : L?(A) — H 4 given by T — T1. Furthermore, for T € L?(A)
and a € A, we have ¢p(aT) = ap(T).

The next lemma can be deduced from well-known facts about C*-algebras as well as the properties of
affiliated operators and LP spaces in the previous section.

Lemma A.7. Let v : A — B be a tracial/ W*-embedding. Then ||c(a)| = |la|| for a € A. Moreover, for
a € A and p € [1,00), we have ¢((a*a)?/?) = (1(a)*t(a))P/?. Hence, ||u(a)|zr) = ||allzr(a) for a € A,
and therefore, ¢ extends to an isometric linear map LP(A) — LP(B) for every p € [1,00). In fact, ¢
extends to an injective x-homomorphism Aff(A) — Aff(B).

Notation A.8. If . : A — B is a tracial W*-embedding, we will denote the extended map Aff(A) —
Aff(B) also by ¢.

Proposition A.9. Lett: A= (A,7) = B=(B,0) be a tracial W*-embedding. Let E : L*(B) — L*(A)

be the adjoint of the map 1 : L*(A) — L?(B).

(1) Forp € [1,¢], E to a unique bounded linear map LP(B) — LP(B), and (denoting the extended map
still by E) we have ||E()| zray < 16l Le()-

(2) For allb € LY(B), we have T(E(b)) = o(b); in other words, E is trace-preserving.

(3) For allb € LY(B), we have E(b*) = E(b)*.

(4) If b € LP(B) and a € LY(A) with 1/p+ 1/q =1, then E[(a)b] = aE[b] and E[bi(a)] = Ebla.

Sketch of proof. (1) Fix p,q € [1,00] with 1/p+1/¢g=1. If a € L*°(A) and b € L*>(B), we have
[(a, E[b]) 4| = |<L(a)7b>L2(B);’; < ||L(a)||L4(B)Hb||LT’(B) = ”a”LQ(A)Hb”LP(B)-

By density of L>°(A) in L9(A) and the duality of LY(A) and LP(A), we obtain [|E[b]||rra) < [|b]Lr(5),
and the extension follows from this.

(2) Since ¢(1) = 1 and E = ¢*, we obtain 7(E(b)) = o(b) for b € L*(B) and this extends to L!(B) by
density.

(3) (4) The claims are first checked for b € L>°(B) and a € L*°(A) using the properties of the trace
and the fact that E is the adjoint of ¢, by similar reasoning as in Lemma [[.17} Then we use density of
L in LP? to conclude. |

Notation A.10. Let A = (A, 7) be a tracial W*-algebra. Let X = (X1,...,X,,) € Aff(A)™. We denote
by W*(X) the smallest W*-subalgebra of A to which X, ..., X, are affiliated operators. Equivalently,
letting X; = U;|X,| be a polar decomposition of X;, W*(X) is the weak-* closure of the x-algebra
generated by U; and f(|X;|) for bounded Borel functions f : R — C and j =1, ..., m. We view W*(X)
as a tracial W*-algebra, where the trace is the simply the restriction of 7.

Notation A.11. Let A = (A,7) and B = (B,0) be tracial W*-algebras. For p € [1, 0], we equip
LP(A)™ with the norm

1/p
m * X \P/2
G Xy = § (R CGXDP) <o
maxj=1,..m| Xjl|; p=00
Note that LP(A)™ is a real subspace of LP(A)™. For X = (X1,...,X,,)and Y = (Y1,...,Y,,) in L2(A)™,
we define
(X, Y) 2y = Y 7(X5Y5) =Y (X;,Y))a

Jj=1 Jj=1
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Given a tracial W*-embedding ¢ : A — B and the corresponding conditional expectation E : B — A, if
X e L'(A)™ and Y € LY(B)™, we write

U(X) = ((Xq1)y. .oy t(Xm)), E[Y]:= (E[Y1],..., E[Ynm]).
Note that ¢ and FE both preserve the real subspaces of self-adjoint tuples.

A.2. Laws and the Wasserstein distance for L? variables. To extend the notion of non-commutative
laws and couplings to L? variables, we use a fairly standard trick in operator algebras, namely transforming
an unbounded operator into a bounded operator using functional calculus. If (X,...,X,,) € LP(A)X,
then arctan(X) := (arctan(X;),...,arctan(X,,)), where arctan(X;) is defined by functional calculus,
is an m-tuple of bounded self-adjoint operators with has a non-commutative law Aurctan(x) € L, x/2-
Rather than defining Ax directly, we will work with Auicran(x) instead. The analogous procedure in
classical probability theory would be to study a probability distribution g on R™ through the com-
pactly supported probabilitity distribution arctan, g obtained by pushing forward p by the function
(1,...,2q) — (arctan(zy),. .., arctan(zq)).

Given a law A € ¥, /2, the following criterion decides whether A = A,;ctan(x) for some m-tuple X in
a non-commutative LP-space:

Lemma A.12. Let X\ € X, x/2. For each j there is a measure \; on [—m/2,m/2] with [ f(x)d\;(z) =
A(f(z5)) for all non-commutative polynomials f. The following are equivalent:

(1) tan € LP(\;) for every j.

(2) There exists a tracial W*-algebra A and X € LP(A)% such that X = Agreran(x) -

Proof. (1) = (2). Let (A,Y) be the GNS realization of A given by Proposition Then J; is the
spectral distribution of Y; with respect to 7. Because tan € LP(\;) for each j, we know that \; has no mass
at £7/2 and therefore X; = tan(Y}) is a well-defined self-adjoint operator affiliated to .A. Using Theorem
(3), we have fiean(y,) = tan, py, = tan, A;. Hence, 7(|X;[P) = [[t[? dux,(t) = [ |tant[P d);(t) < oco.
Therefore, X; € LP(A)sa and Aarean(x;) = A-

(2) = (1). If X is as in (2), then let Y; = arctan(X;). The spectral distribution of Y; with respect
to 7 is thus puy;, = A. O

Definition A.13. We define 25};) as the set of non-commutative laws A in 3, /5 such that tan € L3(\))

for every j. We define the weak-* topology on 255) as the restriction of the weak-* topology on %, /2.

Next, we define couplings of laws in 25}5). It will be useful to have two different points of view on
couplings, one more measure-theoretic, and the other more probabilistic.
Definition A.14. Given u,v € 255), a measure-theoretic coupling of p and v is a law v € Egz
such that y(f(z1,...,2m)) = p(f(z1,...,2m)) and Y(f(@mt1,-.-,Tam)) = v(f(z1,...,2m)) for all

f€C(xy,...,Tm). We denote by I'®)(u,v) C Zg’;r)L the space of measure-theoretic couplings.

Definition A.15. A probabilistic coupling of 1 and v is a tuple (A, X,Y), where A is a tracial W*-algebra
and X,Y € LP(A)% with Ayrctan(x) = 4 and Agctan(y) = V-

Of course, if (A, u,v) is a probabilistic coupling, then v = Arctan(x),arctan(y) is @ measure-theoretic
coupling. Conversely, if v is a measure-theoretic coupling, then a probabilistic coupling can be obtained
from the GNS construction of ~.

Definition A.16 (Wasserstein distance). For a given p, v € 255), we define d%)(u, v) to be the infimum

[ X = Y||Lr(aym over all probabilistic couplings (A, X,Y) with A € W.

Proposition A.17. The Wasserstein distance d%) defines a metric on the set 255) which makes it into

a complete metric space.

The argument to show that d%) is a metric on B is exactly the same as in [II]. The hardest axiom
to verify is the triangle inequality, but this follows because a coupling of p; and py and a coupling of pq
and ps can be joined by taking the amalgamated free product of the tracial W*-algebras corresponding
to the two couplings over the subalgebra generated by the variables corresponding to us. Hence, ng) is
a metric space.



DUALITY FOR OPTIMAL COUPLINGS IN FREE PROBABILITY 55

A.3. Optimal couplings and Wasserstein geodesics.

Definition A.18. A probabilistic coupling (A, X,Y) of p and v € 2£,€) is said to be optimal if | X —

Yoraym = d%)(,u,l/); in this case we also say that the corresponding measure-theoretic coupling is

optimal. We denote the space of optimal measure-theoretic couplings by ]."((f;)t(u, v).

To show the existence of optimal couplings, we use a certain type of continuity and compactness.

Lemma A.19. Let p € [1,00). Then T'P)(u,v) is compact in the weak- topology. For v € T®) (u,v),
the quantity

N(’va) = ||X - YHLP(A);”'; where Y= )‘arctan(X),arctan(Y)a
where (X,Y) € L2(A)T is a 2m-tuple with Xyretan(x),arctan(x), only depends on v, and moreover ~y
N(~,p) is continuous.

Proof. First, I®) (u,v) is compact because it is a closed subset of Yi9m,x /2, Which is compact. To show
well-definedness and continuity v — N (v, p), first note that for any polynomial ¢, the map

Az,zr = 10(Z) = H(Z") | Leaym
is well-defined and continuous on Yo, . Indeed, let M be an upper bound on |¢| and let g, be a
sequence of polynomials that converge uniformly on [—~2M,2M] to the function |-[P/2. Then g,,((#(Z) —
d(Z))*(9(Z)—d(Z"))) converges to |¢(Z) — ¢(Z")|P and the rate of convergence is uniform for all A and
all (Z,2') with |[(Z, Z")||cc < 7 because of the spectral mapping theorem. The continuity of

Az,z ng(¢(z) = &(Z2") = Az,2/(gm(d(2) — P(Tm+j)))

is immediate by definition of the weak-* topology. Thus, the continuity of Az 7z — ||¢(Z) — &(Z')]],
follows from uniform convergence. Similarly, using uniform convergence, we can generalize ¢ from a
polynomial to an arbitrary continuous real-valued function on [—7m/2, 7/2].

Now let ¢, € C([—7/2,7/2];R) be a sequence such that |¢,,| < |tan| and ¢, — tan pointwise.
Suppose that v € I'P)(pu,v) and v = A(z,z/). Then (tan(Z),7(Z")) € LP(A)m. Also,

ltan(Z) = tan(Z) |, — 16m(2) = Sm (2] < D _ltan(Z;) = ém(Z)) oy + D ltan(Z}) = ém(Z5) | Lrca)
j=1 Jj=1

m 1/p m 1/p
=3 ([rnonran) + 3 ([lan-o,pa)
i=1 i=1

where p; and v; are the measures on [—7/2, 7/2] representing the jth marginals of ;1 and v respectively.
The bound on the right-hand side only depends on g and v and thus is a uniform bound for all v €
I'®)(y,v). Furthermore, by the dominated convergence theorem |tan —¢,,| — 0 in LP(u;) and LP(v;).
Therefore, the map sending y to [tan(Z)—tan(Z’)||Lr(4ym is continuous as the uniform limit of continuous
maps. ([

(p)

Corollary A.20. For each p,v € 255), the space of optimal couplings T g

is nonempty and compact.

Given the existence of L? optimal couplings, all the theorems from §3| and §4| can be generalized to
27(721) with the appropriate changes to notation. Almost no change is needed for the proofs since E-convex
functions were defined for L? non-commutative random variables to begin with.

Just as in the case of classical probability theory, the existence of optimal couplings and the ability
to take convex combinations of non-commutative random variables immediately leads to the existence of

geodesics between any two points in 255).

Definition A.21. Let (£2,d) be a metric space. A geodesic in (€2,d) is a continuous map g : I —
where I C R is an interval (of positive length), such that for all ¢; < t5 < t3 in I, we have

d(g(tr), g(ts)) = d(g(t1), g(t2)) + d(g(t2), g(t3))-
The geodesic is said to be constant speed if d(g(t1), g(t2))/(t2 — t1) is constant for all ¢; < to.
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Proposition A.22. Letp € [1,00). Let p,v € Efip), and let (A, X,Y") be a probabilistic optimal coupling.
Fort e [0,1], let Xy = (1 —t)X +tY. Let j1y = Aarctan(x,)- Then t — pu; is a constant speed geodesic in

(255>,d§€)). Moreover, for s,t € [0,1], (A, X5, X¢t) is an optimal coupling of pus and ;.

Proof. Of course,

dP) (1, p10) < 1 X5 — Xillzocaym = 15 — X = Y 1o aym-

Thus, for s < t,

I1X = Y[l = dip (X,Y)
< dP (X, X,) + dP (X, X;) + dP) (X,,Y)
<X = Xsllpraym + 11 Xs = Xelloaym + [1Xe = Ylze(aym
= |X = YlLocaym-

Thus, all the inequalities are forced to be equalities. Hence, d%)(us, we) = (t — s)d%) (s, v). Therefore,

t — p is a constant speed geodesic. Also, d%)(umut) = [|Xs = Yi|lr(aym, so that (A, X, X¢) is an

optimal coupling. O
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