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Abstract

A new concept of Fisher-information is introduced through a cost function. That
concept is used to obtain extensions and variants of transport and logarithmic Sobolev
inequalities for general entropy functionals and transport costs. Our proofs rely on
optimal mass transport from the Monge-Kantorovich theory. They express the convexity
of entropy functionals with respect to suitably chosen paths on the set of probability

measures.
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1 Introduction

The purpose of these notes is to further explore the connections between optimal mass trans-
port and Sobolev type functional inequalities. More precisely, the aim of the paper is two-fold.
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On one hand we introduce generalized notions of entropy and of Fisher information, already
present in previous notes of Gangbo and Houdré [15]. This new concept of Fisher-information
occurs naturally when one studies quasilinear parabolic—elliptic equations (1.1), an important
class of equations in partial differential equations (see [2], [21], [22] and, more recently, in [1]).
On the other hand, we show that the simple approach given by Cordero-Erausquin in [13]
for proving logarithmic Sobolev, transport and interpolation inequalities extends to this new
setting. Our approach is purely analytical and uses the Monge-Kantorovich theory.

Since its study by Gross [19], the logarithmic Sobolev inequality (in various forms) has
proved useful in several fields of mathematics. In PDE, it provides a control of the entropy
production for evolutive dissipative systems. In probability theory, it is a tool to obtain
concentration of measure phenomena or to study smoothness properties of Markov processes.
In combinatorial theory, it gives estimates on mixing time of randomized algorithms. Since our
framework is motivated by classes of non linear PDEs, the version of the logarithmic Sobolev
inequality we have in mind is the one linking entropy and Fisher information. Indeed, the
entropy appears naturally as an energy functional in the study of the Fokker—Planck equation,
and in turn the logarithmic Sobolev inequality is used to study the asymptotic behavior of its
solutions. The Fokker—Planck equation is part of an important class of equations modelling
dissipative systems, the so—called quasilinear parabolic—elliptic equations which are described
via

@(t, z) +div[p(t, 2)U,(t,x)] =0,  (t,z) € [0, 400) x O

ot
U, ==V (V(Fop+V)), (tx)€[0,+00)x Q. (1.1)

Here, Q2 C R? is an open set, ¢ € C1(R?) is strictly convex with Legendre transform c*,
F € C'(R"), and the unknown is t — p(t,-) € WH(Q2). When Q is bounded, we impose in
addition that the boundary condition

U, n=0,

holds for (t,z) € [0,4+00) x 02, where n is the outward unit normal to 5.

Quasilinear parabolic—elliptic equations have been studied by several authors, and pioneer-
ing existence results were obtained by Alt and Luckhaus [2]. The functional inequalities we
obtain in the present paper should prove useful for studying the asymptotic behavior of these
systems.

In order to introduce a criterion which is a way of assessing how two probability measures
are different from one another, we introduce a cost function ¢ : R¢ — R* = [0, +0), so
that if z and y are two points in R¢, then ¢(x — ) represents the cost of transporting a unit
mass from z to y. Given two probability measures p and v on R?, the minimum cost for
transporting p onto v is then

We.(p,v) = inf clx —y)dy(x,y), (1.2)

~vyel(u,v) JREIXRE
where I'(p1, 1) is the set of Borel probability measures with marginals p and v, respectively:

u(B) =~(B xRY), v(B)=~R'x B)



for every Borel set B C R%. When p and v are absolutely continuous with respect to the
Lebesgue measure, i.e., du = podzx, and dv = p; dz, we write I'(pg, p1) instead of I'(u, ).
Next, a Borel map T : R? — R? is said to push u forward to v (or to transport i onto v) if
for every Borel set B C R?
WT~H(B)) = v(B).

In other words, v is the image of p by T, and this is written as v := Thpu (or using a
probabilistic notation v := po T™1). Again, when du = pgdz, and dv = py dz, Typo = p1 is
used instead of T p = v. A map 7" pushing ;o forward to v is said to be c-optimal if

Wolpv) = [ ola = T(@)du(a). (13)

and in this case

/Rd cle —T(x))dp = i%f /Rd c(x — S(z))du,

where the infimum is taken over all Borel maps S : R* — R? pushing p forward to v. Let us
now make some standing assumptions on the cost ¢ which will be used throughout the text:
(H1) c: R? — [0, 00) is strictly convez, even, and of class C*.

Imposing that “c is even” is not important in the present work. This property of ¢ is used
only to state nice symmetric results. As a consequence, the Legendre transform ¢* is even and
V¢ is odd. We also conveniently impose that ¢(0) = 0 so that ¢*(0) = 0. This allows us to
avoid carrying the term ¢*(0) as an extra additive constant in inequalities such as (1.28).
(H2) ¢(0) = 0.

(H3) |1|im C|(—j|) = +00.

Observe that (H3) is unnecessary when transporting densities with bounded supports.

Cost functions satisfying (H1-H3) include all the radial costs c(z) = £(|z]) of class C*,
growing faster than linearly, and such that ¢(t) > ¢(0) = 0 with ¢ strictly convex. Homo-
geneous costs given, for instance, by c¢(z) = [|z[5 = XL, %P, p > 1, also satisfy these
conditions.

Since by definition c*, the Legendre transform of c, is given by

c(y) = sup{y - z — c(2)}, (1.4)

z€R4

and c is convex, Young’s inequality
vz < y) +el2), (L5)

holds for all y, 2 € R? and is saturated when z = Ve*(y) :

y-Vci(y) =c(y) + (V' (y)), (1.6)
for all y € R?. Moreover, the convexity of ¢* implies that for all y € R,
y-Vei(y) = (y) — (0) = c*(y) =2 0, (L.7)
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since ¢*(0) = ¢(0) = 0.

When the cost is the quadratic one, i.e. ¢(z) := |z|?/2, a result of Brenier characterizes the
optimal map 7" in (1.3) as the gradient of a convex function [8, 9]. For general strictly convex
costs, Caffarelli [10] as well as Gangbo and McCann [16, 17] independently proved that the
c—optimal map is unique and takes the form

T(x) =z —Vc(Vo(x)),

where 6 is a c—concave function. We refer to [17] for the definition of c—concavity and precise
statements. Now, let P* be the set of Borel probability densities, i.e.,

P . — {peLl(Rd):pZOand /dpdle}.
R
Let V : R — R be such that
V(b) —V(a) > VV(a)- (b—a)+ apc(a —b), (1.8)

for some ap € R and all a,b € R% When c¢(z) := |2|>/2 and V is twice differentiable,
(1.8) is equivalent to HessV > agl,, where I; stands for the d x d identity matrix. Let also
F :RT™ — R be strictly convex.

We now introduce the so-called, free energy functional

HE(p) = [ (F(p)+pV)dz,

which is the sum of the internal energy and the potential energy given respectively by

H'(p) = | Flp)dr, (1.9)
Hy(p) = /Rd pVdz. (1.10)
Eventually, we will work with the triple (F, V] ps,) where ps, € P® is uniquely determined by
Fl(pss) +V =0, (1.11)

on its support. In light of (1.11), by the strict convexity of F', and unless p = po., we have
F(p)+pV > F(pso) + pcV = —F*(=V), (1.12)

on the support of ps, (since F' is only defined on R™, and in order to properly define F* when
needed, we set throughout F(t) = +oo, for ¢ < 0). Thus, H{(p) is well defined, although
possibly infinite, provided that F*(—V) is integrable. Furthermore, p,, is the unique minimizer
of HY on that set. In the classical case, when

c(z) =1z|°/2, F(t)=tlogt—t, F(0)=0, (1.13)
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and, in view of (1.11),

Poo = er,
we simply denote the free energy functional by H and we have H(p) = [ga plog(p/peo)dz — 1.
As already mentioned, (1.8) then reads as

HessV > agly,
when V' is twice differentiable. To use a terminology similar to the classical one,

H{ (p) — H{ (pso), (1.14)

is called the relative entropy of p with respect to p... Note that under the condition (1.13),
the equation (1.1) is just the Fokker—Planck equation

a—'z =div(Vp+ pVV) =div(pV (logp + V)). (1.15)

with ground state po, = e~". When its solution p is smooth enough, it satisfies

d

E(H(/))) =—1(p| po), (1.16)

where I(p | poo) is the relative Fisher information of p with respect to p.., defined by

Ip| p) = [, IV(logp+ V)] pd. (1.17)

Similarly, if p is a smooth solution of the quasilinear parabolic—elliptic systems (1.1) then it

is easily verified that
d

%(H5(p)) = —Le(p | poo); (1.18)

where

I<(p | poo) := /Rd V(Flop+V)- Vc*(V(F' op+ V))pdx. (1.19)

Because of the analogy between (1.15) and (1.16) on one hand, and (1.1) and (1.18) on the
other hand, we call I.«(p | pso) the generalized relative Fisher information of p with respect to
Poo, measured against the cost ¢*. Note that by (1.7), I«(p | poo) is nonnegative (and possibly
infinite).

The idea of finding paths connecting elements of P has, in the present context, its origin
in the work of McCann [25]. Tt will provide a nice interpretation of the inequalities we are
interested in. When c is homogeneous of degree p > 1, these paths will turn out to be geodesics
for the metric Wcl/ P. To avoid technical difficulties when studying properties of HY, we keep
our focus on path connections for pgy, p; € W1*°(Q), (€2 open bounded and convex), such that
infg pg > 0. If T' is the c-optimal map that pushes py forward to p;, we define the interpolant
measures

oy = <(1 —t)id + tT>#(p0dx). (1.20)
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For the functional H* in (1.9) to have interesting properties along t — p; we assume that
(H4) F € C*(0,+00) N C([0, +00)), and F(0) = 0.

The assumption F'(0) = 0 is made to ensure that

/Rd F(p)dz = /{p>0} F(p)dz.

(H5) t — t*F(t~?) is conver and nonincreasing on (0, +00),

In the classical context, (H5) appears in McCann [25] as a condition that ensures ” displacement
convexity” of H and is used to prove (1.21) below.

It is important to have in mind the following examples of functions F', related to the
so-called Rényi entropy functionals in information theory:

En(p) = L(pm —p).

m—1
In that case, (H4-H5) is satisfied if and only if m > 1 — 1/n. The case m = 1, defined in
the limit as Fj(t) = tlogt, was already considered above. For a given m > 1 — 1/n, the
corresponding ps in (1.11) is given by
1

1 — 1—-m
o = 7V ) .
pol@) 1= (o + V(@)
In the classical case (V(x) = |z|?>/2) this function is sometimes called the Barenblatt profile.
Note that it is compactly supported when m > 1 and positive of polynomial decay when
m < 1.

It shown in [1] and [26] that when c satisfies (H1-H3), and F satisfies (H4-H5) then

H (p1) — H () >/ (Aopo)dx—/Rd(T—id).V(F’opO)podx, (1.21)

where A(0) = 0, and A(t) := tF'(t) — F(t), for t > 0. A simple proof of (1.21) under different
boundary conditions will be given in Appendix A, Proposition 5.1. Cordero-Erausquin [14] has
noticed that (with stronger regularity assumptions on the cost ¢) the u;’s (1.20) are absolutely
continuous with respect to Lebesgue measure. Hence, it is natural to define the displacement
interpolant densities

pe = [(1 = t)id + tT)po. (1.22)

We emphasize that in the proofs of the current work, we will make no use of the fact the
s are absolutely continuous with respect to the Lebesgue measure. We rather follow the
“direct” approach of [13]. We have mentioned this property of the p,;’s simply to motivate
some of our definitions. For instance, formally (1.21) is equivalent to the familiar inequality

H (p1) — H (p0) = [ H (p1)] _



expressing that t — H'(p;) is convex. We say that H is W,—convex whenever (1.21) holds
(when c(z) = |z|?/2, this is McCann’s displacement convexity). In Lemma 2.3 when V €
CH(RY), we show that the pointwise inequality (1.8) is satisfied if and only if

HV(pl) - Hv(po) Z /Rd vV . (T - id)po dx + Oé()WC(po, pl) (123)

Formally (1.23) says that the following second order Taylor expansion holds

Hy (p1) — Hy(po) > [%HV(PJLO + aoWe(po, p1)-

We then say that Hy is W.—semiconvex whenever (1.23) holds. Combining (1.21) and (1.23)
we derive Theorem 2.4 — the central ingredient of this work — which generalizes an inequality
of [13] into:

Hy: (p1) — Hy (po) = coWel(po, pr) + /Rd(T —id) - V(£ 0 pg — F' 0 pec) po d. (1.24)

In other words, H{, is W.-semiconvex, and is W,—convex (resp. uniformly W,—convex) in the
particular case ap > 0 (resp. g > 0), since (1.24) expresses that

d
Hy (p1) — Hi: (po) = {%H\P;(Pt)h:o + aWe(po, p1)-

In Section 3, we obtain the generalized transport inequality (1.25), and the generalized
“logarithmic” (there is more logarithm...) Sobolev inequality (1.28) as direct consequences of
(1.24). Indeed, assume first that the functions p and p,, have bounded supports. Whenever
g > 0, by substituting the cost function ¢ by aqc if necessary, we may assume without loss
of generality that ap = 1 in (1.8) and (1.24). By setting py := ps and p; := p in (1.24) we
obtain that

We(p, po) < H\I;(p) - H\I;(pw)v (1.25)

which is an generalization of the transport inequality. By an approximation argument, we
extend (1.25) to the case where the supports of p and p., are not necessarily bounded.

To obtain a generalized version of the logarithmic Sobolev inequality, we set py := p,
P1 = pPoo and again oy = 1 in (1.24) to deduce that

HE(p) = HY (po) + Welpope) < [ (id=T) - V(F 0 p— F 0 po)pa. (1.26)
Applying Young’s inequality (1.5) to the right hand side of (1.26) we conclude that
HE(p) = B (p) + Welprpoe) < [ cla = Ta)pda
v [ F(V(Fop—Fopy))pda. (1.27)

Rd

Using (1.7), (1.11) in (1.27) we obtain
HE () = B (px) < [ ¢(V(F 0 p+V))pd < L (plpwc). (1.28)
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When F(t) = tlogt —t, and c(z) = Mz[?/2 (A > 0), (1.28) is the classical logarithmic
Sobolev inequality, in the form obtained by Bakry and Emery [4]) and the transport inequal-
ity (1.25) is then an extension obtained in [5, 7, 28] of the transport inequality studied by
Talagrand [31] and Marton [23]. Since for general F', (1.28) may have no logarithmic term, it
may seem misleading to refer to it as a ”generalized logarithmic Sobolev inequality”. This is
why we often refer to it as a generalized entropy-information inequality. If c(z) = \|z|?/2 with
A > 0 and F that satisfy (H4-H5), (1.28) allows us to recover generalizations of the logarithmic
Sobolev inequality obtained by Arnold, Carrillo, Juengel, Markovich, Toscani and Unterre-
iter [3, 11] with the Bakry-Emery semi-group method, and by Del Pino and Dolbeault [18]
with a method from the calculus of variations. When ¢ is homogeneous of degree p > 2 and
F(t) = tlogt —t, (1.25) and (1.28) also recover results of Bobkov and Ledoux [7] obtained
there as consequences of the Prékopa—Leindler inequality.

We stress again that the notion W, -convexity along paths in the set of probability measures
is mentioned only for the nice interpretation it provides but is not used in the proofs. We can
also mention that for most of the inequalities presented here (in the case ap > 0) the use of
c-optimal maps is not compulsory: one can for instance work with the more classical “Brenier
map” (which is the optimal map for the quadratic cost).

The present paper is organized as follows: in Section 2, we state inequality (1.21) obtained
in [1] and [26] and we readily derive from it inequality (1.24). This inequality is then used
in Section 3 to generalize the transport and logarithmic Sobolev inequalities. In Section 4
we briefly comment on functionals of the form K(p) = HE (p) + [ p W x p, where a non-local
term is added to H{ and where V satisfies (1.8) with c(z) := |2|?/2. Convexity properties of
K were studied in details in a recent work of Carrillo, McCann and Villani [12]. We show,
as enquired by these authors, that the method of [13] as extended here, also applies to the
situation where H{; is replaced by K (c remaining quadratic).

This collaboration was initiated while the first named author was visiting W. Gangbo and
R. McCann at the Georgia Institute of Technology. He wishes to express his gratitude to this
institution for its hospitality.

2 Uniform displacement convexity of generalized en-
tropy

In this section, 2 is an open convex bounded (unless otherwise noted) subset of R? and P¢(Q)
denotes the subset of P of density functions defined on €2; that is the set of Borel functions
p:Q — [0,+00) such that [, pde = 1. F is also assumed to satisfy (H4-H5). We first state an
“energy inequality” on P*(2), a result obtained by Otto [26] for the so-called Tsallis entropy
functionals [30, 32], and later generalized by Agueh [1] to a wider class of entropy functionals.
This energy inequality is a generalization of the displacement convexity inequality proved by
McCann [25] when ¢(z) = |2]?/2; it can informally be stated as

[ Plode - [ Fnyin > [ [ Faas]



In fact, this generalized version is instrumental in studying existence of solutions of the quasi-
linear elliptic-parabolic-degenerate equations in [1].

Proposition 2.1 (Agueh, Otto) Let py,p1 € P*() with py € WH°(Q) and infq py > 0.
Let also ¢ and F satisfy respectively (H1-H3) and (H4-H5). Then

HE (p1) — H (py) > /Q(T —id) - V(Ao po)dx = /Q(T —id).V(F o po) podar,  (2.1)

where A(0) = 0, and A(t) :=tF'(t) — F(t) fort >0, and where T is the c—optimal map such
that T#po = pP1-

Proof: The proof of Proposition 2.1 can be found in [1]. In Appendix A, we state Proposition
5.1, a variant of Proposition 2.1, for which, we provide a simpler proof than those in [1] and
[26]. The generalized version of the logarithmic Sobolev inequality obtained below can also be
derived from Proposition 5.1. However, the proof of the transport inequality seems to require
rather involved approximation arguments. QED

Remark 2.2 (should one use the c-optimal map?) What is apparent in [1] and from the
proof of Proposition 5.1, is the fact that the energy inequality (2.1) continues to hold if one
substitutes the c-optimal map T by any map S such that its differential "dS” (possibly defined
in some weak sense) has only real nonnegative eigenvalues and such that Sypy = p1. For
exzemple, one can use the Brenier map (c(z) = |z|>/2) or the (triangular) Knothe map. We
refer the reader to Remark 2.5 where we mention some advantages of working with the c-
optimal map T instead of any other map S.

Let {p:} be the displacement interpolant density functions introduced in (1.22). Formally

d
pm [Hy (p)] /VV —id)po dz. (2.2)

Since oy = 0 in (1.8) means that V is convex, the next lemma can be interpreted as follow:
V' is convex if and only if t — [V p, dz is convex.

Lemma 2.3 Let V € CYR?) and let Q be an open convex subset of R The following
assertions are equivalent:

(i) V satisfies the pointwise inequality (1.8) for all a,b € .

(ii) For po, p1 € P*(Q) and, T the c-optimal map such that Tyupy = p1, we have that

HV(pl) - Hv(p()) Z /vi . (T - ld)podl' + OZ()WC(p(), pl) (23)
Proof: Assume first that (1.8) holds and let pg, p1 € P*(€2). Then
V(Tz) = V(x) > VV(z) - (Tz — z) + apc(x — T(x)),

for pp-almost every = € ). Now, integrate both sides of the above inequality, use the fact that
T is c-optimal and that Tlzpy = p; to obtain (2.3).
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Conversely, assume that (2.3) holds for all py, p1 € P*(§2). Let a, b € €. Choose a collection
{ps} € P*(£2) supported in the ball of center a and radius r, and such that {p}} converges
weak-* to the Dirac mass at a. Define T, : ¢ — x + b — a and the measures

P = Toyrp-

If T" is another Borel map such that pi = T pj then, Jensen’s inequality yields that

/Qc(x — Tx)py(z)dz > c(/ﬂ(x — Tx)pg(x)dx) =cla—0b) = /Qc(x — Tox)ph(x)de.

This proves that T, is the c-optimal map that pushes forward pj, to pj. Using pf (resp. pj) in
place of py (resp. pp) in (2.3) we have that

[ (V@ +b=a)=V@)pj)dr > [ VV(@)- (b= a)pie)dz+ao [ clb—a)pj@)dz. (24)
Letting r go to 0 in (2.4) we obtain (1.8). QED
Our next result expresses the W.—semiconvezity of the generalized entropy functional.

Theorem 2.4 (Evolution of H{' along c-optimal transport) Let ¢ satisfy (H1-H3) and
let F satisfy (HA-H5). Let also V € CY(RY) satisfies (1.8), for some g € R. Let py,p1 €
PYQ) be such that py € WH(Q) and infqpy > 0. Then if T is the c-optimal transport
pushing po forward to p; one has:

Hi:(p1) = Hy: (po) = coWe(po, p1) + /Q(T —id) - V(F'(po) + V) podr. (2.5)

Proof: Combine Proposition 2.1 and Lemma 2.3. QED

Remark 2.5 (why do we use the c-optimal map? (bis)) When oy < 0, and unlike in
Proposition 2.1, we don’t know how to prove (2.5) without appealing to the c-optimal map T
pushing po forward to py. Also, it is convenient to use the map T so that one could interpret
(2.5) as a c—displacement convezity as explained in the introduction. Finally, the use of the
map T becomes crucial when studying parabolic-elliptic PDEs as in [1].

Remark 2.6 (Other assumptions) Using Proposition 5.1, Theorem 2.4 can be restated
with slightly different assumptions on py and py. Inequality (2.5) is then valid if py and
p1 are only assumed to be compactly supported Borel probability densities (no assumption on
Q is required), but we then ask that py € W1°(R?).

Remark 2.7 (Probability densities?) The results clearly remain valid if instead of requir-
ing that [gapidx =1 (i =0,1) we impose 0 < [ga podr = [ga p1dr < +00.
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3 Generalized transport and entropy—information in-
equalities

Throughout this section, we assume that  C R¢ is open, convex, and possibly R%. We denote
as before by P%(Q) the set of probability densities on Q. We assume that V € C*(RY) and
that (1.8) holds with ag = 1 (for positive ag, replace, as we already said, the convex function
¢ by apc). We assume that F' satisfies (H4 — H5) and that there exists p,, € P%(2), such that
Poo > 0 on 2 with also

F'(pss) +V =0o0n Q.

To ensure that H{ (ps) is finite, we assume that F(ps) + psoV is in LY. Our next result,
Corollary 3.1, is a generalization of a transport inequality, due to Talagrand when c¢(z) =
122/2, F(t) = tlogt — t and p is the standard Gaussian density in Q := R¢. In Corollary
3.2, we extend the logarithmic Sobolev inequality to general cost functions c.

Corollary 3.1 (Transport inequality) Let ¢ and F' satisfy respectively (H1-H3) and (H4-
H5). Assume that V € C*(RY) verifies (1.8) for ay = 1, and that ps > 0 as above. Then for
every Borel measurable function f: Q — [0,+00) such that p :== fps € P*(Y), we have that

We(p, poo) < H\I;(p) - H\I;(pw)' (3.1)

Proof: Recall that F'(ps)+V = 0, and so, the proof of Corollary 3.1 would be straightforward
if we could set in (2.5), po ‘= pso and p; := p. Unfortunately, 2 may be unbounded, or
Po = Poo and p; := p may not satisfy the assumptions of Theorem 2.4. We further assume
that HE(p) # +oo since otherwise there will be nothing to prove. In light of (1.12), this
means that F'(p) + pV is integrable.

To apply Theorem 2.4, we first assume without loss of generality that f € C'(2), and that
info f > 0. We approximate p and p., as follows: let {€2,}22, be a sequence of open, convex,
bounded subsets of R? such that ,, C ,,1, and U2, 9, = Q. Let xq, be the characteristic
function of €2,,. Define

Po,n = PooXns

and set p, = [o pocdz. By Lemma 6.1 there exists a sequence {p;,}52, such that

/ p1ndr = / Pondx, and liril H‘f(pM) = H‘f(p) (3.2)
Q Q n—-r+oo
Since F'(pon) +V =0 on €, our main result, Theorem 2.4, gives that

WC(Pl,na PO,n) < H\};(/)O,n) - Hg(an)- (3'3)

We combine (3.3) and (3.2), and use that W, is lower semicontinuous [29], to conclude the
proof of Corollary 3.1. QED
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Corollary 3.2 (Generalized entropy—information inequality) Assume that ¢, F sat-
isfy respectively (H1-H3), (H4-H5), and that V € C*(R?) satisfies (1.8) with ag = 1. Assume
Poo € C(Q) is a positive probability density verifying F'(ps) = =V on Q. Then for every
positive f € C(Q) such that p = fps € P*(Q) N CHQ), we have that

Hy(p) — Hy (poo) < /Rd C(VIF o p+V))pde < L (plpso). (3.4)

Proof: Note that since (1.7) gives that ¢*(y) < Vc*(y)-y for all y € R%, the second inequality
in (3.4) is straightforward to obtain. The task is then to establish the first inequality in
(3.4) and, to do so, we assume without loss of generality that [ga c*(—V[F' o p+ V])pdz is
finite. The result would follow easily from Young’s inequality(1.5), if we could set py := p and
Pl := pPoo in theorem 2.4. As noted in the previous corollary, p or p,, may have supports which
are not bounded, and so we will approximate them as follows: let {€2,}>°, be a sequence of
open, convex, bounded subsets of R? such that €, C 2,1, and U2, 82, = Q. We denote by
Xq, the characteristic function of €2,,. Define

P1in = PooXns

and set p, = [o poodzr. Lemma 6.1 gives the existence of a sequence of positive functions
{pon}, C C(Q,) converging to p in L'(Q) as n tends to +oo. Furthermore, py,, = p on
2, \ ©; and

Pon converges strongly to pin Wh(€), (3.5)
/onﬁndx = /Qm,ndI, and nErJquoo H (pon) = HE(p). (3.6)

Denote by T, the c-optimal such that T},4p0, = p1,. In light of Theorem 2.4, we have that

H\};(pl,n) - H\i‘(pO,n) Z Wc(ﬂl,nv pO,n) + ‘/Q(Tn - id) : V(F/(Po,n) + V) pO,ndl“

This, together with Young’s inequality (1.5) and, the fact that We.(p1,,pon) = Jqc(Tn —
id)po., dz yields

Hy: (p10) — Hy (pon) > —/ " <—V(F/(Po,n) + V)) Pon d. (3.7)

Qn

Finally, observe that

[ e (V(F (o) + V) po

= | [ (VE ot VD)o = ¢ (V(Eop+ V))plde + | (V(F'op+V))pda
< [ [V o+ V)pon = S (V(Fop+ Vel + [ (V(Fop+V))pdn,3.5)

where, in the last inequality, we have used that ¢* is nonnegative. We let n tend to +oo in
(3.7) and (3.8), we use (3.6) together with the fact that p,, minimizes H{’ to conclude the
proof of the corollary. QED
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Remark 3.3 By standard approximation arguments, one can extend Corollary 3.1 and Corol-
lary 3.2 to a larger class of density functions p € P*(Q2). The reader can also see that the
combination of Lemma 2.3 and Proposition 5.1 yields corollary 3.2, for more general domains
Q and functions p € P*(Q) (see Remark 2.6).

Let us write Corollary 3.2 when F'(t) = tlogt—t. If ps, is a probability density of the form
Poo = €V, then py, verifies F'(ps) +V = 0 and for every non-negative g with [ g podz = 1
we have that

Hy (9ps0) — Hy (pss) = /Rdglog(g) poc d

is the entropy of g with respect to po. Thus (3.4) with p = fps gives:

Corollary 3.4 (Log-Sobolev inequality for c-uniformly convex potentials) Let p,, be
a probability density of the form:

Pos(z) = V@),
Assume that ¢ satisfies (H1-H3) and that V € CY(R?) satisfies (1.8) with ag = 1. Then for
every smooth compactly supported non-negative function f such that [ f psodx = 1 we have:

/flog poox</ ( )fpoodx (3.9)

Note that by approximation (3.9) holds when no other assumptions beyond convexity is
made on ¢, and when c is not assumed to be even. In that case one needs to replace the
expression c* ( ) by c* ( A4 ) .

It is interestmg to note that when HessV' > AId (A > 0), (1.8) is satisfied with c(z) :=
A|z|?/2 and the log-Sobolev inequality (3.9) becomes, after setting f = ¢,

/glog ) Poo dx < — / IVg|? pos dz, (3.10)

for every smooth compactly supported g with [ g2 poo = 1. This is the classical Bakry-Emery
log-Sobolev inequality [4]. A more general inequality due to Bobkov and Ledoux can also be
recovered.

Example 3.5 (A logarithmic Sobolev inequality of Bobkov and Ledoux) The previ-
ous inequality (3.4), in the form (3.9), extends a result of Bobkov and Ledoux [7]. Let || - ||
be a norm on R and V a convex potential uniformly p-convex with respect to || - || for some
p > 2, ie: there exists a constant § > 0 such that for every z,y € R,

Vi) + V() -2V (T3 Y) 2 e - ol (3.11)

or equivalently tV (x) + sV (y) — V(tz + sy) > (0 min(t, s)/p)||lx — y||?, fort+s=1, t,s >0
(see [7] for the equivalence). The typical situation is when ||z| = ||z||, is the £,-norm on
R? and V(z) := ||z||5. Then inequality (3.11) is satisfied with the optimal § := (5p = p27P.
Denote by q the conjugate number of p, ¢ = p/(p — 1) and by || - ||« the dual norm of || - ||.
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If poo := €7V is a probability density with V wverifying (3.11), Bobkov and Ledouz proved,
using the Prékopa—Leindler inequality, that for very positive smooth and compactly supported
function f such that [ga f¢pecdx =1, one has

/Rd f11og(f?)pos dz < <%)q1/3d IVl poo de. (3.12)

We will see that this is a particular case of our logarithmic Sobolev inequality. For a,b € RY,
as mentioned, condition (3.11) reads as, fort <1/2,

(1— )B(0) + t8(1) — B(t) = %ubup

where G(t) := V(a+tb) =V((1 —t)a+t(a+0b)). Looking at the first order Taylor expansion
at t = 0 in the previous inequality we obtain

B(1) — 5(0) = F(0) + gubup-

)

This is equivalent to saying that V' satisfies condition (1.8) with cy = 1 and ¢(z) := —||z||".
p

We next apply Corollary 3.4. Inequality (3.4) applied to p = fips gives,

L f108(Mpsde < [ e (Tllog f7]) fipac do
R R

- [ (@) F1pse di

Since (|| - |1P/p)*(2) = ||2||2/q we have, using the homogeneity of || - ||2 :

. 1
¢(2) = 5mi-

=11
and thus we recover exactly inequality (3.12).

To conclude this section we would like to comment on consequences of our results and
on related problems. We only work out a few applications, others, such as concentration
inequalities, HWI inequalities, etc. are also possible.

Transport implies entropy—information

As in Otto—Villani [28] one can use (2.5) to prove that even when V fails to be convex, a
transport inequality implies a log-Sobolev inequality provided that V' satisfies an appropriate
c-semiconvexity property. Our precise statement is the following:

Proposition 3.6 Assume as in Theorem 2.4 that ¢ and F respectively satisfy (H1-H3), and
(H4-H5). Assume that V € C*(RY) satisfies (1.8) for some ay < 0, that ps, € CH(RY), and
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that F'(ps) +V = 0. Eventually, suppose that ps, satisfies a transport inequality: for every
probability density p,

1
We(ps poo) < E(H5(p) — Hy (ps)) (3.13)
for some 31 > 0. If0 < k < By + g then ps satisfies the following log-Sobolev inequality:
b1

H{ (p) — HY (pso) <

* ' b1
S 3T ar = Jus O VI () + VDpde < g T (plpcc).

for all smooth densities p. Here, C' := kc. When c is homogeneous of degree p > 1, the previous
mequality can be replaced by

ap’"' B ap?'B
(B1 + ag)d (81 + )1
Proof: We use Theorem 2.4, where we substitute the convex function ¢ by the convex function

C. Asin the proof of Corollary 3.2, we use an approximation argument and Young’s inequality
to conclude that

HE (po) = HE(p) > (a0 = )Welpopos) = [ C*(VIF(p) + V)pda  (3.14)

HE () = HE () < L€ (VIF () + Vo < I (plpwo)

In fact, we have used an extension of inequality (2.5) to densities with unbounded supports,
with pg := p and p; 1= ps. We combine (3.13) and (3.14) to conclude that

(1= EZ 0V HE () ~ HE (o) < [ C*(VIF (o) + V]pi

b
This, together with the fact that C*(z) < VC*(z) - 2, yields the claimed inequality. When ¢
is homogeneous of degree p, the result is obtained by optimizing in k. QED

Poincaré type inequalities

It is well known that the linearization of a log-Sobolev type inequality gives a Poincaré type
inequality. This is also true in our general situation. We have in view the quadratic case ¢(z) =
|2|2/2, but we only assume here that ¢ is homogeneous of degree 2. We assume furthermore
that the conditions of Theorem 3.2 are satisfied. As before, let A(t) = tF'(t) — F(t). We
apply (3.4) with p. = (1 + ef)ps where [ fp, = 0. It is easily checked that,

2
HE(p2) = HY (po) = 5 [ P4 (prc)pocdde +0fc?)
and by homogeneity

L SO ) + VD)pede = [ (VA (pac) et + o)

Rd

when € — 0. Thus a second order Taylor expansion in (3.4) gives the following Poincaré type
inequality: if f is a smooth compactly supported function such that [ fps.dx = 0, one has,
under the assumptions of Theorem 3.2 (with ¢ homogeneous of degree 2),

[ PA ) pda <2 [ ¢ (TIFA (pr)])pocda
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Note that F(t) = tlogt—t gives A(t) = t and one then recovers classical Poincaré inequalities
(with ¢(2) = |2]?/2).

Infimal convolution inequalities

In the classical case, where F'(t) = tlogt — t and c(z) = |z|*/2, it was noticed by Bobkov
and Gotze [6] that transport inequalities are dual version of infimal convolution inequalities.
One can check, that this is still true in our context and that such a duality amounts to
an inequality between Legendre transforms, at least at the formal level. The arguments we
present here are not rigorous although we believe they can be put into a satisfactory abstract
framework.

As earlier, we assume that p., a Borel probability measure verifying F’(p.) +V = 0. We
consider functions 7 that are continuous and compactly supported in R?. We denote by P
the set of Borel probability measures. As in [17], the c-transform of 7 is given by the infimal
convolution

n(y) = inf ey —2) —n(2).

Introduce the functional

G(n) = —/Rd 1 pocd.

One can check that, for a Radon measure v,

N B | Wev, pee) v EP
G'(v) = ngp/mndv G(n) —{

+00 otherwise

Now, for each 7 there exists A,y € R such that p, := (F*)'(n—V —\,) is a probability (p, € P).
Note that po, = (£*)'(=V) is recovered for n = 0. Introduce the functional

F(n) =X\, + /Rd F*(n—=V = \,)dz.
Then, the reader can check that for p € P* one has formally
F*(p) = Hy:(p).
Assume that for every n:
/Rd e dx+/ﬁd F*(p— V = A)de + HE (pso) + Ay < 0. (3.15)
Then this implies F < G — H{ (ps), and thus we can deduce the transport inequality

for every p € P*. When F\(t) := tlogt — t, inequality (3.15) becomes the infimal convolution
inequality for the measure p,, = e~V studied by Bobkov and Gétze [6]. Inequality (3.15) is
then closely related to the Prékopa—Leindler inequality, in particular in the form put forward
by Maurey [24] under the name of property (7). In our general situation, we do not know an
adapted Prékopa—Leindler inequality which would make use of (3.15).
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4 On a question of Carrillo, McCann and Villani

Throughout this section V' € C?*(R?) (confinement potential) and, W € C?(R9) is even
(interaction potential). We assume that the function F' as before, satisfies (H4-H5). In [12],
Carrillo, McCann and Villani study the PDE

dp

o = div (pVF/(p) + V + W % p]). (4.1)

To this aim they introduced the energy (or entropy) functional

K(p) = [ IF(p)+Vo+ 5 (W p)plds (4.2
= H"(p) + Hy(p) + Hw (p)

where H' and Hy are defined as before by (1.9)—(1.10) and Hy (p) := 3 Jga(W *p)pdz. Then,
accordingly, the information functional here is

J(p) = /Rd

It is well known, as explained in the introduction, that logarithmic Sobolev type inequalities
linking K and J provide a control on the rates of convergence to the ground state for solutions
of (4.1). In [12], a proof of the logarithmic Sobolev and “HWI” type inequalities was provided
by following the strategy of [27, 28] based, roughly speaking, on interpolation along mass
transport. In [12], the authors made the following statement: “It will be interesting to see
if the argument of [13] can be extended, to provide a simplified proof for the inequalities |...]
which will show up in the present work.” Here, we positively answer that question. Recall
that the Brenier map refers to the unique optimal map (for the quadratic cost c¢(z) = |2]?/2)
pushing forward a probability density onto another. This map T is the gradient of a convex
function ¢, T = V¢, and it can be written as T'(z) = z+V0(z) by setting 0(z) := ¢(x)—|z|*/2.

VIF(p) +V+Wsp]| pd. (4.3)

Theorem 4.1 Assume that V and F' given above satisfy in addition the following assump-

tions:
HessV > Al;, HessW > uly

for some real numbers A\ and p not necessarily nonnegative. Here, 1y is the d x d identity
matriz. Let py and p; be compactly supported probability density functions, and let T'(z) =
Vo(x) = x4+ VO(x) be the Brenier map pushing py forward to py. Then,

K(p1)—K(po) > /Rd VO.N[F'(po)+V +Wxpg] podz +,uT+)\ /Rd V0| poda — g\ml(pl —po)l-

(4.4)
Here my(p1 — po) stands for [ga x(p1(z) — po(x))dz, the difference between the center of mass
of p1 and that of py.

Proof: We could use Proposition 5.1 to conclude that
HE (p) = H' (o) = [ VO.VIF () da. (45)
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In the present case, where c¢(z) = |z]?/2, the proof of (4.5) is however simpler, and there is
no need to make statements as strong as those appearing in Proposition 5.1. Since T is the
gradient of a convex function (the so-called Brenier map) the method used in [13] (to whom
we refer for precise definitions) in the case F(t) = tlog(t) —t, applies here. Let us recall again
the ingredients, which are of course basically the same than those used in Proposition 5.1.
The Monge-Ampere equation

po(x) = p1(T(x)) det(I + Hesst) (4.6)

holds pg-almost everywhere when Hessf is understood as the Hessian of 6 in the sense of
Aleksandrov. Then, condition (H5) combined with the 1/d concavity of the determinant on
non-negative matrices and (4.6) implies

F(pi(T))/p1(T) = F(po)/po = —(A'(po)/po) Aa,

where A 40 := tr(Hess#) and A(t) := tF'(t) — F(t). We conclude by integrating with respect
to pp and noticing that the distributional Laplacian dominates the Laplacian in the sense of
Aleksandrov A4 (this allows to integrate by parts).

The analogue of Lemma 2.3 is of course straightforward:

A 2
Hy(p1) — Hy (po) = /Rd V(z + VO(x)) — V(z)|po du > /Rd VO.VV podz + §/Rd V020 da.
(4.7)
We now deal with the new term Hy,. We have

Hy(p) = % o V(@ = Y)pr(@)pa(y) dady = %/Rdmd W(T () = T(y))po(x)poly) drdy
> S [ W)+ V(- ) (V) - VO) +
51V0() = VO] pol) poly) dady
= Hiloo) 5 [, V(= y).(V6(x) ~ T0(u)) po()poly) ddy +
b 190@) = VO Ppo(@)po(y) drdy.

Using that VW is odd one can readily check that
Lo YW = y) - (V0(x) = VOw)) po(@)po(y) dady =2 [ VO.F(W + po) po da-
RxRd R
Therefore,

Hyw (p1) — Hw(po) > /Rd VO.N (W x po) po dx + % Sy VO(z) — Ve(y)\on(l’)Po(y) dzxdy.
(4.8)
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Combining (4.5), (4.7) and (4.8) we have that

K(p) = K(po) = [ VONIF(po)+V+W xpolpodo + (49)
/ VOlpodz + 5[ IVO() = VO(y) o w)po(y)dedy.(4.10)
Note that
2

Vo(z) — VO(y)[ dedy =2 [ |V d-—ﬂ/ V0 pod 411
Lo V6() = VO) Po(@)poy) dedy =2 [ [V0Ppoda—2| [ Vopoda)  (411)

and so, since Ty py = p; we have that
/Rd Vo pydr = /Rd(T(x) —x)po(z)dx = /Rd yp1(y)dy — /Rd xpo(x)de. (4.12)
We combine (4.10), (4.10) and (4.12) to conclude the proof of the theorem. QED

With Theorem 4.1 on hand, one can recover several results of [12] such as interpolation
(HWI), logarithmic Sobolev, or transport inequalities, just as we obtained this type of inequal-
ities from Theorem 2.4. For the sake of illustration, let us derive in Corollary 4.2 an extension
of the logarithmic Sobolev inequality. For that, we assume here that p., is the ground state
for the equation (4.1). In other words, it is the probability density characterized by

F'(poo) +V + Wk pog =0 = J(poo)-
Corollary 4.2 (Carrillo-McCann-Villani [12]) Assume that as in Theorem 4.1
HessV > Al; and HessW > uly
for some real numbers A and u. Let p be a smooth probability density. Assume moreover that
either yu > 0 or that /Rd xp(z)de = /Rd Ypoo(y)dy. Set k = X if p > 0. When p < 0 and

Jrexp(x)dr = [RaYpecdy(y), set k == X+ p. Choose k to be either of these values if both
>0 and [gaxp(z)dr = [raypody(y). Then, if k > 0, one has

f¥@)—1¥@m)?zklmpm)__2kJ()

Proof: Without loss of generality, we can assume p to be compactly supported. Let p be any
compactly supported probability density. When my(p; — po) = 0, (4.4) reads as:

, k
K(p1) — K(po) > /Rd VON[F'(po) +V + W % py| podx + 3 /Rd |VO)? podzx. (4.13)

When my(p1 — po) # 0 but u > 0, we use (4.12) and the fact that, by Jensen’s inequality,

Jra |VO?podz > | Jga VOpodz|?, to obtain (4.13). Now, (4.13) and Young’s inequality (1.5)
with ¢(z) := |2]?/2 yields that

K(p) — K(p) > ——

(p) = Kp) = =5 |,

We conclude the proof of the theorem by taking the infimum over all p and, by using that
inf; K (5) = K (poc). QED

IV[F'(p) +V + W p]|? pde.
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5 Appendix A: A proof of an energy inequality

Proposition 5.1 Let py, p1 be compactly supported probability densities with py € WH*(RY).
Let ¢, and F be such that (H1-H3) and (H4-H5) hold. Then

H (1) = H (p0) > [ (T —id) - V(A(po))dz = [ (T —id).V(F (po)) pod.

where A(0) =0, and A(t) :=tF'(t) — F(t) > 0, for t > 0, and where T is the c-optimal map
such that Typo = p1.

Proof: We first assume that ¢ and ¢* are C?. Then by [14] we know that for py almost every
x there exists a linear map denoted by dT), such that

po(z) = p1(T'(x)) det dT,. (5.14)

Furthermore, dT, has only non-negative real eigenvalues. The map dT} plays the role of the
differential of T" and in fact it is the differential of the set valued extension 0°¢p of the Borel
map T'(z) =z — Ve (p(x)) = 0°(x) ae., in the sense that for almost every x one has

sup |y —T'(x) — dT,(u)| = o(u).
Y€ p(z+u)

We fix an = € R? where (5.14) holds. Setting
a(t) == F(po()/ det(I + t(dT, — id))) det(I + t(dT, — id))/po()
for ¢t € [0,1] and using (5.14) we have
F(pi(T(x))/p1(T(x)) — F(po(x))/po(x) = (1) — a(0). (5.15)

Since the matrices id and dT, — id commute and id + ¢(d7, — id) has only non-negative real
eigenvalues, we can combine the 1/d concavity of the determinant (on triangular matrices
with non-negative eigenvalues) with the condition (H5) to conclude that « is convex. Thus

a(1) — a(0) > a'(0) (5.16)
Combining (5.15) and (5.16) we have for py almost every x,
F(p1(T(2))/ pr(T () = F(po(x))/po(x) = —tr(dTy — I)Alpo(x))/po().
Integrating with respect to pg we get
HE (p) = H (po) 2 = [ tr(dTs = 1) A(po(@) der

The conclusion follows from the fact that tr(d7 — I') is dominated by the distributional diver-
gence of T'—I. This fact is proved in [14]: for non-negative compactly supported test function
g we have

/Rdtr(dT g < —/Rd(T— 1).vg.

20



This achieves the proof for ¢ and ¢* in C?.

To complete the proof of the proposition in the case of non-smooth cost functions, we
approximate ¢ by a sequence ¢, € C?(RY) of strictly convex functions converging to c¢ in
CL.(RY), and such that ¢ € C?*(RY) is strictly convex. Let Q be some open bounded set
containing the support of py and p;. By the above

| (Fp) = Flpo)de > [ (T, —id) - V(A(po))dr, (5.17)

where T), is the ¢,—optimal map such that T,,.p0 = p;. In view of Lemma 5.2, {T,,}>,
converges to T in L*(Q, pg)?, and so, letting n tends to +oo in (5.17) concludes the proof.
QED

Lemma 5.2 Let ¢,c, € CY(R?) be strictly convex functions, such that {c,}2, converges to
cin CL . (RY). Assume that Q@ C R? is a bounded set. Let py, p1 € P*(), and let T, (resp.

loc

T) be the unique c,-optimal map (resp. c-optimal map) that pushes forward py to py. Then,
{T}52, converges to T in L*(£2, po)?.

Proof: The existence of T, T, is obtained in [16, 17] and moreover, the measures 7, :=
(id X T},) #po and 7 := (id x T') xpo are the unique minimizers of the functionals .J,, and J over
T'(po, p1); here

Jn(y) = /Rded cn(x —y)dy(z,y), J(y):= /Rded c(x —y)dy(z,y).

If {~n,}5°, is a subsequence of {7, }5°°, that converges weak-* to 7, then 4 € I'(pg, p1) and 7
minimizes J over I'(pg, p1). By the strict convexity of ¢, infr(,, ,,) J admits a unique minimizer
(see [16]), and so 7 = 4. The sequence {7, }°°, being precompact for the weak-* topology and
every of its subsequences converging weak-* to 4, we deduce that in fact the whole sequence
{22, converges weak-* to 7. Now set

Fi(z,y) = |yl?, F(z,y):=T(2)- v,

for z,y € Q. Straightforward computations show that

2 _ _ N —
/Q T, (z) — T()*po(x)dz = /R (F — Fy)dy, + /R o /R o P (5.18)

dwRd

We let n go to +o00 in (5.18), use the fact that {v,}>°, converges weak-* to 7 and that F} = F;
7 almost everywhere to deduce that the expression in the right hand side of (5.18) tends to 0
as n tends +o0. This proves that {T},}°°, converges to T" in L*(€2, po)<. QED
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6 Appendix B: An elementary approximation of density
functions

Throughout this section, we assume that Q C R? is nonempty, open, and convex, that F
satisfies (H4-H5). We assume that V € C1(RY) is convex and that there exists py, € P%(Q)
such that F'(ps) +V = 0 on Q. Eventually, we assume that F'(ps) + peoV € LY(€) so that
(1.12) gives that HE (p) is well defined for density functions which are absolutely continuous
with respect to poo.

Lemma 6.1 Assume that p € P*(Q) N C (), that p > 0 on Q, and that {p,}>, is a non-
decreasing sequence in [0,1] converging to 1 as n tends to +oo. Let {§2,}22, be a sequence
of open, convex, bounded subsets of R such that Q, C Qu41, and U ,Q,, = Q. Then, there
exists a sequence of positive functions {p,}°2; C L'(Q,) N C(Q,) converging to p in L'(2)
and satisfying the following properties:

(1) For n large enough, 0 < infg pn, pp = p on Q, \ Q1 and, [o ppdz = py.

(ii) We have that ||pn, — p||wiee(q,) tends to 0 as n tends to +oo.

(i) HE (pa) = HE(p) + o(1). ]

(i) Furthermore, if p € C'(Q), we can choose p, such that p, + - € ().

Proof: Because €2 is nonempty, relabelling {€2,}2 ; if necessary, we may assume that ; is
nonempty. We next choose a function ¢ € C°(€2;) compactly supported inside € that is not
identically 0 and such that 0 < ¢. Denote by xq the characteristic function of 2, and let

Pn — fﬂn pd.ﬁ[

Pn = pXa, + TP, where 7, 1=
le pdx

Note that [, ppdx = p,. Because ¢ € C°(Q1), we have that p, = p on ,, \ €;. Since Q,, is
bounded and {r,}7>, converges to 0 as n tends to 4+o00, it is apparent that 0 < infg p, for n
large enough. This proves (i). Next, (ii) is a direct consequence of the fact that p, —p = r,p.

To avoid trivialities, we assume that H{:(p) is finite. By (1.12), we obtain that F'(p)+pV €
L'(2). We use again the fact ¢ is supported inside ; to deduce that

Hy (pa) = Hy:(p) +/Q (F((L+rap)p) = F(p) + rapVip)de — /Q (F(p) +pV)dz.  (6.19)

1 n
The first integrand on the right handside of (6.19) tends to 0 uniformly on €; as n tends
to +00. The Lebesgue dominated convergence theorem gives that the second integral on the
right handside of (6.19) tends to 0 as n tends to +o00. We obtain (iii). The proof of (iv) is
easy. QED

Note added in proof. Closely related papers have appeared since the achievements of the
present work. We mention for instance:

e M. Agueh, N. Ghoussoub and X. Kang. ”Geometric inequalities via a duality between
certain quasilinear PDEs and Fokker-Planck equations.”
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e M. Agueh, N. Ghoussoub and X. Kang. ”The mother of most Gaussian and Euclidean

inequalities.”

e D. Cordero-Erausquin, B. Nazaret and C. Villani. A mass transportation approach to

sharp Sobolev and Gagliardo-Nirenberg inequalities.
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