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Abstract

We study the evolution of a system of n particles {(x;,v;)}", in IR*?.
That system is a conservative system with a Hamiltonian of the form H[u] =
W3 (i, ™), where W is the Wasserstein distance and p is a discrete measure
concentrated on the set {(z;,v;)} . Typically, ©(0) is a discrete measure
approximating an initial L> density and can be chosen randomly. When
d = 1, our results prove convergence of the discrete system to a variant
of the semigeostrophic equations. We obtain that the limiting densities are
absolutely continuous with respect to Lebesgue measure. When {v"}5
converges to a measure concentrated on a special d—dimensional sets, we
obtain the Vlasov-Monge-Ampere (VMA) system. When, d = 1 the VMA
system coincides with the standard Vlasov-Poisson system.
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1. Introduction

In this paper, we fix n distinct points (centers) cf,---,cl € R** and
consider the Hamiltonians H™ : IR — IR defined by

n n 1 : n,o
H"(z) = H" (21, ,2) = 5 i ||z — ¢ (1)

where, .S, is the set of permutations of n letters, and

n
e — (02(1)7 R 762(71))’ Hz _ Cn,UH2 _ Z |Zz _ C?’U 2
i=1
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Here, | - | denotes the Euclidean norm. One can readily check that H™ is
semiconcave since the eigenvalues of its second derivatives are less than
or equal to 1/n. Thus, the set where it is not differentiable is (2nd — 1)—
rectifiable. For z = (z1,---,2,), a point of differentiability of H™, there
exists a unique o, € S, which minimizes the expression in (1) ; in that
case,

nV,H"(z) =2z — c™=.

The Hamiltonian systems associated to nH™ are then

T, =U; — b?’gz
{ . 7,02 (2)

0 = —(x; —a;""").

Here, we have used the notation z; = (z;,v;),c? = (a?,b?) € R* x R* =
R** . We study the Hamiltonian systems in (2) and their limits when n
tends to +0o. We assume throughout this study that there exists a constant

E > 0 independent of n such that
et < E Vi=1,---,n, n=12---. (3)

Depending on the dimension d and the geometry of the set {c?}7
when n is large, the system in (2) converges to the 1-dimensional Vlasov-
Poisson system, the d—dimensional Vlasov-Monge-Ampere system or the
semigeostrophic equations. The Vlasov-Poisson system appears in the flu-
ids mechanics literature and has been extensively studied recently, [4], [7],
[21], [22], in contexts completely different from ours. The Vlasov-Monge-
Ampere system was apparently discovered by Brenier [8] who considered
the discrete system in (2) and its connection with the Euler incompressible
equations as n tends to +oco. We also refer the reader to [10] and [20] for
further studies. The semigeostrophic system was introduced as a model for
large-scale flows of the atmosphere and ocean by Eliassen, [16], and Hoskins
[19]. A semi-discrete solution procedure for them was introduced by Cullen
and Purser, [14], [15]. Our discrete scheme is different from theirs. The
continuous semigeostrophic system has been analysed by [9] and [13]. The
Hamiltonian form of the continuous evolution equation was analysed by [23]
and a discrete form related to ours was introduced by [6], whose study can
be viewed as a preliminary to the current study. For wider reviews see also
the monograph by L.C. Evans [17] and the book by Cullen, [12]. The rela-
tion of the Hamiltonian form of the semigeostrophic equations to that of the
2d incompressible Euler equations is discussed by [23]. Discrete schemes for
the 2d incompressible Euler equations are reviewed by [3]. The convergence
of the discrete scheme in (2) appears to be easier than the discrete scheme
for the 2d incompressible Euler equations as well as the one for the n—-body
problem because the velocity field is more regular.

We first collect useful notation which will be used throughout this paper
and recall the definition of the Wasserstein distance between two probability
measures defined on a normed space.
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We denote by I the d x d identity matrix and by id, the identity map
on IR%. We denote by I the (2d) x (2d) matrix and by id the identity map
on IR*. We denote by J the symplectic matrix

(0 =14
=)
which is the rotation of angle 7/2 when d = 1.
-If R > 0 and z € IR”, Bp(z) denotes the ball in IR” of center z and
radius R. If B C IRP we denote by B¢ the complement of B.
- We denote by P(A) the set of Borel probability measures on a metric

space (A, dist). If r > 0 and p € P(A), the r-moment of p with respect to
the z, € A is

M, (p)(z0) :Adistr(x7xo)du(x).

When Ms(p)(0) < +o0, we write 1 € Po(A). In case A C RP, P*(A) is the
set of u € P(A) which are absolutely continuous with respect to £P. In the
later case, we denote by Pg(A) the intersection of P*(A) and Pa(A).

- Assume that p is a measure on a topological space X and that v is
a measure on a topological space Y. We say that a Borel map t: X — Y
transports 4 onto v and we write tuu = v if v[B] = u[t~1(B)] for all Borel
sets B C Y. We sometimes say that t pushes p forward to v.

- If h € C'(IR*"), the Hamiltonian vector field associated with h is
X;, = JVh. When X € C'([a,b] x IR*, IR*") where 0 < a < b, the flow of
X is @ : [a,b] x R** — IR* defined by
b(t,2) = X(t,P(t,2)) te€lab], zec R™ A

8(0,2) = 2z, ze€R* )

If we set pi, = 9, and set py, = P(¢, )4 fto, then

d
e+ V- (1 X) = 0. (5)

Assume that (X, |- ]) is a normed space, if p, v € Po(X), we define I'(u, v)
to be the set of Borel probability measures on X x X which have p and v
as their marginal, i.e. such that u[A] = v[A x X], ~[X x B] = v[B] for all
Borel sets A, B C X. We call any element of I'(u, v) a transport scheme for
u and v. The Wasserstein distance Wa(u, v) between p and v is defined by

Wiuo) =it { [ e sParea)s verwnf. o)

~

Properties of the metric W5 can be found in [2].
Any minimizer v, in (6) is called an optimal transfer plan between p
and v. We write v, € Io(p, ).



4 M. CULLEN, W.GANGBO, G. PISANTE

Assume that y is a Borel probability measure on X = IR” that vanishes

n (D—1)-rectifiable sets. Then for any v € Py(IR”), I, (11, v) is a singleton,

i.e. there exists a unique minimizer 7, in (6). That minimizer is character-

ized by the fact that v, = (id X t;) zu for some map t}; : R” — RP which

is the gradient of a convex function. The map t}; is the optimal map that
pushes p onto v.

We next demonstrate the various interpretations of the Hamiltonian sys-
tem (1). We endow P, (IR??), the set of Borel probability measures on IR??
with second moment bounded, with the Wasserstein distance W5, defined in
(6). A sequence {p"}2°, C Py(IR??) converges in the Wasserstein distance
to p for the Wy metric if and only if {u"}22 ; converges narrowly to p and
we have convergence of the second moment.

[V = [ jePduco).
R2d R2d

We refer the reader to [2] remark 7.1.11 which is one of the many sources
where one can find the proof of that statement.

When {v"}02, = {1/nY " den}o2, converges to a probability mea-
sure v in the W metric and {p"}22, = {1/nY 1, 6., }52, converges to a
probability measure p in the W5 metric then, as n tends to +o0,

Hn(zla T ’Zn) = 1/2W22(:un7 Vn) - H(:u) = 1/2W22(u’ V)'

When d = 1 and v = xoL?, where Q C IR? is an open set and £? is the
Lebesgue measure on IR?, then H is the Hamiltonian for the semigeostrophic
system. If instead,

(are one-dimensional), setting z; = (z;,v;), we observe that
n n .
n +1.5
_ Cn,o 2 _

) 1 1
_E v + a7} +E o)) n+ ) 2<x;%—n2—; >
(7)

Here, we have set 0 = (o(1),-+ ,0(n)). The von Neumann inequality gives

us that the minimum in (1) is attained for o, such that x%= " is the nonde-
creasing rearrangement of x. Thus,

1 1 o, mn-+1
— E i — x| = — <X;— — > . 8
n i :Cj| n x n 2n (8)



Discrete semigeostrophic equations 5

Also,
L gnyoa(i) n+1N\2 11 g~y (n41)? n+lg )
2ni_1( n 2n ) _2rz(n2lz_;Z + 4n n? ;Z
11 1

We combine (7), (8) and (9) to conclude that

H" (21, ,2n) = ﬂ——E:G x; — ;) 14(1+3/n—1/n)

1,j=1

where G(x) = |z| is the 1-dimensional Green’s function for the heat equa-
tion. The computations which led to the expression of H™ are slight mod-
ifications of computations made by Brenier in [6], an unpublished paper.
Since {1/n ) dr }or, converges in the Wy sense to the one-dimensional
Lebesgue measure restrlcted to the interval (— 2, 2) then as n tends to +o00,
H™(z1,- -+, zp) converges to

2
H(,u):/2| ? du(z,v) — /G*uldul (10)
R
where pq is the first marginal of p. In other words,
2
/ ‘2| du(z,v) / G * pdpn (z = W3 (p, x(—1,1)L" x &)
RZ

Thus, H is the Hamiltonian for the 1-dimensional Vlasov-Poisson equation

O f(t,2,0) + 0 (vf (8, 2,0)) = Du(f(t,2,0)VD(t, x))
a:%mds(t? SU) =1- p(tv .T),

where p(t,x) = [ f(t, z,v)dv.

When d > 1 the 1dent1ty in the second line of (11) becomes nonlinear as
we see next.
Vlasov-Monge-Ampére system. Conclusions similar to (10) and (11)
can be reached when d > 1. Assume that v, = (xgH%) x § where Q C R*
is a unit cube, 0 € IR? is the origin and H is the d-dimensional Hausdorff
measure. Let p = fdxdv be an absolutely continuous probability measure
on IR*! and denote by py = p(z)dx its first marginal. Let ¢ : R? — R
be a convex function such that (V,@)xpu = xoH?. Clearly, @ : R* — IR
defined by &(z,v) = p(z) is a convex function. If F € C.(IR*?) we have

| P0G o)duon) = [ F(V.p@).0due.)
RZd R2d

(11)

— / F(Vyp(x),0)du () (12)
Rd

/Q F(a,0)da = /R Fdv,.  (13)
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The equality in (12) is due to the fact that u; is the first marginal of u, and
the first one in (13) is due to the fact that (V,p)xu1 = xoH?. This proves
that (V®)xp = v,. The Monge-Kantorovich theory asserts that if V&, the
gradient of a convex function, transports p onto v, then (id x V@), is the
unique minimizer in (6) when X = IR*. Here, id is the identity map in
IR*. Thus, if yi is the second marginal of y, we have that

W2 (s v0) = / (2, ) — VB(,v)Pdu(z, v)
BZd

N /Bm('x = V()] + [v]*)du(z, v)
- / 2 = Va(@)Pdpun (@) + / o]2dus(v).  (14)
R -

By (14)

1) =112 xo7) + [ o) (15)

le 7
Let ¢, be a function depending on p, characterized by the fact that it is
convex, V@, maps the support of p onto ) and

p(x) = det V3,0, (@), (16)

The infinite dimensional Hamiltonian system associated to (16) is
O f(t,x,v) +divy(vf(t,z,v)) =divy(f(t,z,v)V.P,,(t,2)) (17)
det[Id - Vgxdspt (1‘)] = pt(x)

where ¢, (z) = |z|?/2 — ®,,(x) is a convex function in the z variables and
I, is the d x d identity matrix. We have obtained in (17) the analogue of the
Vlasov-Monge-Ampere system,studied first by Brenier [7] and also later by
Brenier and Loeper [10]. The expression det V2 ¢, (x) whose dependence in
V2 ¢,(x) is linear in the case d = 1 becomes nonlinear for d > 1.

In section 2 we develope the necessary tools to prove under what con-
dition the solutions of the systems in (2) converge to solutions which are
absolutely continuous with respect to Lebesgue measure. For the conve-
nience of the reader, we summarize some of the results of section 3 at the
end of this introduction. Let

n
p=1/n) " Sane)on )
i=1
where (2] (t),v]'(t)) are solutions to the differential equation (2). The main
result of section 3 is that if, at time ¢ = 0, u converges in the metric Wy
to a probability measure p, << £2¢ of bounded support on R* as n be-
comes large, then up to a subsequence, at each time ¢t € [0, T], u}* converges
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in the metric Ws to p; << L£2?. In fact, we show that the initial val-
ues (z'(0),v?(0)) can be chosen randomly. To make accurate statements,
we start by considering a probability measure space ({2, X, IP) and inde-
pendent identically distributed random variables §; : 2 — IR*? such that
& 4 IP = po. We assume that p, is a probability measure of bounded sup-
port on IR*? and that T > 0. We assume that we are given sequences of
finite terms {c?}? , C IR** and there exists a constant E > 0 such that (3)
holds. We set v™ = 1/n) 1" den. Let @™ : [0,T] x R* — R*™ be the
flow for the Hamiltonian nH"™, where H™ is defined in (1). We consider the
empirical distributions

1 n
py = - Z O (1,67 (w))
=1

where " (w) = (§&1(w), -+, &n(w)).

Theorem 1 (Summary of section 3). In addition to the above assump-
tions, we further assume that p, = poL?* and that p, is a bounded function.
We assume that {v™}52, converges to v in the Wasserstein distance. Then
there exists a IP-measurable set £2' C §2 such that IP[2'] =1 and for every
w € 2, the following hold:

(i)t — P"(t,&"(w)) is well defined and is absolutely continuous on [0,T).

(ii) (absolute continuity of the limit of the empirical measures).
There exists a sequence {ny(w)}7>, (depending onw) and for eacht € [0, T,
there exists a probability density pe << L£2? such that the empirical mea-
sures {u?’“(w)’w}zozl converge to p¥ in the metric Wa.

(iii) There exists a constant a(w) < +00 such that Wa(uy, u) < a(w)|t — s|
for all s, t € [0,T].

() pg = Ho-

(v) (semigeostrophic system in arbitrary dimension). There exists
convex, uniformly Lipschitz functions ¢¢ R** — IR such that (VPP )y =
v and

%uf + diV:p((v - Vuﬁﬁf)ﬂf) = div, ((SU - Vr‘bf)ﬂf)

in the sense of distributions.
(vi) (conservation of the Hamiltonian) We have H[uy] = H]u,| for
te 0,1

The proof of theorem 1 is provided in theorem 4.
2. Convergence of empirical distribution and measure preserving
maps

Throughout this section, (§2, X, IP) is a metric probability space. We
assume that we are given R, > 0 and
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(H1) po = poLP € P*(IRP), supported by Bg,, the open ball of radius
R,, centered at the origin.

We assume that we are given a sequence of Borel maps
(H2) & : 2 — R that are independent and such that & 4P = p,.

It is well-known that we can approximate pu, in the narrow convergence
sense by the sequence of empirical distributions {u*“}52 ,, given by

n

, 1
Molaw = E Z 5&(&1)’

i=1

as shown by (19). These measures are randomly chosen. We then let the
approximate initial measure p*“ be transported by Hamiltonian flows ¢} :
R™P — R™P to obtain time-dependent random probability measures [T¥aa
The purpose of this section is to show that since the Hamiltonian flows are
measure-preserving, under appropriate assumptions, if p, << £P with an
L*> density, then up to a subsequence (which depends on w), {u;"“}5,
converges narrowly to a measure p which is absolutely continuous with
respect to LP. Tt is not a loss of great generality to first consider ¢} :
R"P — IR"P which are time independent. Later, we also comment on
necessary conditions that need to be imposed, for our conclusions to hold.

We consider a family of maps ¢™ : R™” — IR™P which preserve Lebesgue
measure in the sense that

oL = L7, (18)

for each n positive integer. We define a new sequence of empirical distribu-
tions

n,w 1 .
W=D denen e,
i=1
where ¢ are the components of ¢", i.e. 9" = (¢}, -, o) and

fn = (617"’ 7€n)

Note that {¢7(€™), -+, 7 (™)} may not be independent and this is a source
of complication while studying the points of accumulations of the sequences
{1} ;. In this section, we partially characterize these points of accu-
mulation for the narrow topology.

In the simple case where the ¢"’s are the identity map on R™” and p e

C (ZRD ) is a bounded function, then, by the Strong Law of Large Numbers,
_ 1 n
| e = 23 el » Eoo&) = [ edus 19)
RD n im1 RD

for IP-almost every w. Here, IE(pof;) is the expectation of po&; and we have
used that {@ 0 §;}5°, is a collection of independent identically distributed
random variables. However, the set where (19) fails, is a set of IP-zero
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measures, which depends on ¢. We use (H1) and (H2), together with the
fact that C(Bp,) is separable to find a set 2 C {2 such that P[{2'] = 1 and
(19) holds for all w € 2/, ¢ € C(IRP). In other words, for each w € £/,

{152, converges narrowly to (20)

as n tends to +oo.

We next note that we cannot expect that y; << £ unless more restrictions
can be placed on ¢".

1. The L°°—norm may be increased unless there are extra assumptions
on ¢.
If T, S € C'(IRP, RP) are two Borel maps, inverse of each other and we
set

d)? :Ta¢g:87¢g:T7¢Z:S5 ;
for n even. The previous reasoning can be adapted to prove that

{32, converges narrowly to  (Tiufio + Sufio)/2 =m1  (21)
as n tends to +oo. By (21), 1 = p1 LP and we may have chosen T' such
that

[|pol | (Bx,)
2||d6tVTHL°°(BRO)

llpallze = (22)

and so, in general, one cannot expect that ||p1||pe~(1(Br,)us(BR,) <

[1Poll L= (BR,)-

2. Concentration to a Dirac mass may occur unless there are extra
assumptions on ¢.

When
(21, 2n) = Qn(n—l)zhfbg(zh... \Zn)
— ;72” (21, ) = %’
one can readily check that
{u"“}>°, converges narrowly to do. (23)

(23) shows that one cannot expect that p; << L£P unless more re-
strictions, such as we give in (24) below, are imposed on ¢". Under this
additional assumption, we learnt from (21) that even if we succeed in prov-
ing that p; = p LP << LP we cannot expect a control of the L>-norm of
the form ||po||L > ||p1|| - In fact, (22) suggest that ||p1|| L~ may become
very large.

Suppose that there exists Ry > 1/2 such that

|¢?(Z1,,Zn)|SR1 (Z':L"~7’I’L, and lel,"'), (24)
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forall z; € Br,, -, 2n € Bpg,.In section 3, we show that this can be proved
for the semigeostrophic shallow water system. The aim in this section is to
prove under this condition that if up to a subsequence which depends on
w, {u™¥}52, converges narrowly to u* IP—almost everywhere, then u* <<
LP . To achive that goal, we state two intermediary lemmas.

Lemma 1. Assume that 1, = p,LP and {£;}52, are such that p, € L and
that (H1), (H2) hold. Let Cy = max{||po||z~,1/2|Qr,|} and ¢" : R™P —
IR"P be Borel maps which preserve Lebesgue measure in the sense that (18)
holds and assume that (24) holds (with 2Ry > 1). If up to a subsequence
(which depends on w), {u™*}22, converges narrowly to pu¥ IP-almost ev-
erywhere, then for all Borel sets A ¢ R”, P{w € 2 : u“[A] > p} =0
whenever p € (0,1) and 2C,|Qg, ||A|P < 1.

Proof. 1. We first claim that for each Borel set A C IR” such that |A] < 1,
for any real number p € (0,1) and integer n > 1,

Ploe2: 1m[4] 2 p} < (20]Qn, 14" (25)

where Qr, = [-R1,R1] X - X [-R1, R1] C IRP. We prove this claim only
for p such that pn is not an integer. The proof in the case where pn is an
integer follows the same line of argument. Let ¢ = [pn] + 1 where [] is the
greatest integer part function. Set

I={i= (i1, ,ig) EN: 1<y <ip<---,ig <n}.

For i € I we denote by @Q° the subset of IR™P of the form Ay x Ay x -+ A,

where,
A = A j:ila"'7iq
! QR1 j#ila"'aim
Since p™*[A] € {0,1,---, 2=1 1} and pn is not an integer then p™“[A4] > p

is equivalent to p™“[A] > ¢/n. Hence,

P{we 2: p"“[A] > p}=P{we 2: p"“[A] > q/n}
=P{weR:3iel,¢"("(w)eQ'}
<Y Plwe:¢"(¢"(w) €Q}

el

<Y Plwe:¢"w) e (¢") QT

iel
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This, together with the facts that (18) holds and the ¢;’s are independent
yields that

P{w e Mn’w[A] > p} < Z/ffo X X o |:(¢n)_1[Ql]:|

icl

<3 lpollz=£7P (6" (@]
el

=" lIpol 3= £7P(Q]
iel

< 27|l Q"1 A"

< 2% |po [ |Qr, "7 A

(26)

To obtain the last inequality in (26) we have used that |A| < 1 and |Qrg,| >
1. This proves (25) with C, = ||po]| -

2. Let {2 be a subset of 2 such that P[f2;] = 1 and for all w € {2y,
there exists an increasing, unbounded sequence {nj(w)};2, such that

{pe@)e@ree - converges narrowly to  p“ (27)

as k tends to +oo. Let A be a Borel subset of IR” such that 2C,|Qg, ||A]? <
1. Since |@Qr, | > 1 we conclude that

2C,|Qr, ' PIAPP < 1. (28)

For € > 0, thanks to (28), we may choose an open set A, containing A
and such that

|A < |A|+e< 1, 20,|Qr, |1 P|AJP < 1. (29)
We use (27) to conclude that

lim inf g™ @)@ [A] > p¥[A.].
lim inf 4 [Ad] = p*[Al]

Consequently, for each integer k > 1,
fwe 2 A > p} C UL {w e 1 w[A] = p}. (30)

Since by (29) |Ac| < 1, we conclude that (25) holds for A, in place of A. We
could conclude the proof of the lemma here by simply invoking the Borel-
Cantelli lemma. However, for those not familiar with the Borel-Cantelli
lemma, let us detail the arguments yielding the proof. We use (25) with A,
in place of A, together with (30), to conclude that

oo

Plwe 2: p[A] > p} < 3 (2C0IQr, [ 7IAIT)”

n=~k
- (2cdenlrar)
1 (26.0Qn,17IA)
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Hence, i
(2C01Qn,71A.1)
1= (2C0]Qu, P rlAP)

We let first e tend to 0 in (31), then k tends to +oo in the subsequent
inequality to conclude the proof of the lemma. 0O

Plwe 2: p?[A] > p} <

(31)

Warning. The inequality in (25) yields that
Ploef: yme[4] > p) =0 (32)

whenever A € IR” and |A| = 0. This is not sufficient to give the conclusion
that ™ << L£P. Indeed, let us consider the family of measures

VY =0y ()

which does not satisfy the assumptions in lemma 1, but are used just to
illustrate that (32) cannot be used as a short cut to the conclusions of the
theorem. Clearly, if p € (0, 1), since v™*[A] > p is equivalent to v™*[4] =1
we conclude that

Plwe: v"W[A >pt=P{we2: vV"W[A] =1}
—Ploe0: 6(w) € A} = po[A].

Thus (32) holds although v™* << LP fails.

Lemma 2. Assume that {u“}wen s a family of Borel probability measures

on RP. Assume that there exists a constant C > 1 such that for all Borel

sets A ¢ R, IP{w € 2 : p“[A] > p} = 0 whenever p € (0,1) and

2C|AP < 1. Then, there exists a IP-measurable set 2 C (2 such that
P2 =1 and

w In(20)

”Lﬂg—mw

forallw € ', and all A C R” such that 2C|A| < 1. Here, we have denoted
by |A| the Lebesque measure LP(A) of A.

(33)

Proof. 1. We first prove a weaker statement. Let A € IR” be a Borel set
such that 0 < 2C|A4| < 1. Set

In(2C)

P= Tl

We use that C' > 1 to conclude that p € (0,1). Since 2C|A|P = 1 we may
find a sequence {p, }52; C (0,1) decreasing to p and such that 2C|A|P» < 1.
For each n, there exists a set N,, C {2 such that IP[N,] = 0 and u“[A] < p,
for all w € 2\ N,, and all n > 1 integer. Set

N(A) = U, N,,.
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We have IP[N(A)] = 0 and p“[A] < p, for all w € 2\ N(A). Letting n
tends to +o00, we conclude that

In(2C)

w < [ S
WAl <p=

for all w € 2\ N(A).

2. We next select a specific countable basis for the standard topology
of RP. Let Ry be the set of rectangles in IRP, whose vertices are rational
numbers. Any rectangle being completely determined by D+1 of its vertices,
we clearly have that R4 is countable since it can be imbedded in QP(P+1),
We conclude that the set R; which consists of subsets of IRP which are
k-unions of subsets of Rq, is countable. Thus,

R == Uzolek

is also countable. We denote by A the set of A € R such that 2C|4| < 1.
For each of these A, we define 2(A4) = 2\ N(A) and we set

Q= Nacaf2(A).

Since A is countable and by assumption IP[2(A)] = 1 for each A € A, we
conclude that P[2'] = 1.

3. Let K C IR be a compact set such that 2C|K| < 1. There exists
a sequence R, € A such that K C R, and |R,| < |K|+ 1/n. Thus, for
w € 2 and n large enough so that 2C(| K|+ 1/n) < 1, we have

In(2C) < In(2C)

p (K] < p[R,] <

—In|R,| — —In(|K|+1/n)’
Letting n tend to +o00 in the previous inequalities, we conclude that
In(2C)
“ . 34
pOE] < — - K] (34)

4. Let w € 2 and let A € IRP be a Borel set such that 2C|A| < 1.
Since p“ is a Radon measure, for each integer n there exists a compact set
K, C IRP such that K,, C A and u“[A] < pu*[K,]+1/n. Hence, 2C|K,| < 1
and so, using (34), we have

In(2C)
—In|K,|

In(2C)

w w <
WA < p K]+ 1/n < S

+1/n <

+1/n.

Letting n tend to +o00, we conclude the proof of the lemma. O

Remark 1. Assume that p is a probability measure on IR” such that
u[A] < C/|n|A|| for, say, all |[A] < 1/2. Then p = pLP for some p :
R* — [0, +00] such that

/ ﬂMMzgﬂm—wm+c/m¢“M&
RDP 2

Ins
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Here, ¢ : [0,400) — [0,4+00) is any increasing function. For instance one
can choose p(t) = (Int)!~¢ for ¢ large, where € € (0,1). Indeed,

o oo
/ ¢(p)pdz = / e(p)dp = / n{e(p) > trdt = / pip > st (s)ds.
RPD RPD 0 0
(35)
For s > 2, if we set A = A, := {p > s}, Markov’s inequality gives 2|A4| <
s|As| < 1. This, together with (35), yields

: > Cy/(s) /()
/R plp)pde < / o/ (s)ds+ / T S P00 / s

This completes the proof of the remark.

The main theorem of this section is the following.

Theorem 2 (Absolute continuity of the limit of the empirical dis-
tributions). Assume that ju, = p,LP is such that p, < C, for a con-
stant Cp, > 1/|Qr,|. Assume that (H1), (H2) hold and that 2Ry > 1.
Let ¢" : R™P — IR™® be Borel maps which preserve Lebesgue measure in
the sense that (18) holds and assume that (24) holds. Assume there exists
a subsequence {ny(w)}52, (which depends on w,) such that {p™ @)=}
converges narrowly to p® IP—almost everywhere. Then there exists a IP-
measurable set 2" C §2 such that IP[2'] =1 and

1n(4Co|Q31 D

w <
plA] < “In[A|

for all Borel sets A C R such that 4C,|Qg, ||A| < 1.

Proof. The proof of this theorem is a direct consequence of lemmas 1 and
2. 0O

Remark 2. Let 2’ be the set found in theorem 2 . By remark 1, u* << £P
for each w € (2.

3. Convergence of the spatially discrete scheme

Throughout this section, ({2, IP) is a metric probability space. We
assume that

(C1) o = poL?® € PS(IR*)
We assume that we are given a sequence of Borel maps

(C2) & : 2 — IR* that are are independent and such that &iwlP = po.

The variant of the de la Vallée—Poussin lemma proven in [11] (page 835
836), together with (C1) gives a nonnegative, convex, increasing function
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¢ € CH([0,+0c0)) with the property that ¢(0) = 0, lim;_, 1 ((t)/t = +o0,
1¢7[[ e <1 and

/ C(122)dpo(2) < +oo. (36)
B2d

It is easy to see that we can approximate pu, in the narrow convergence
sense by a sequence of discrete probability measures {u*}%2 ; chosen ran-
domly and given by

1 n
e == Oeuw)
i=1

More precisely, the Strong Law of Large Numbers ensures that for [P-almost
every w € £2, {u“}> | converges narrowly to p, and the second moments
of {u*}22, converge to the second moments of i,. In other words, for
IP-almost every w € (2,

lim  Wa(ho™, p1o) = 0. (37)

As in the introduction, we first fix n distinct points ¢} = (af,b}) , -+ -,
& = (a?,b) € IR** and consider the Hamiltonians H" : IR*"* — IR defined
by

.
Hn(zlu"' ,Zn) = %OI'IEI%SH ||z_c7l70'||2
n

where S, is the set of permutations of n letters, we have used the notation

o — (02(1)»' .. ’Cg(n)), z=(21,""",%n),

and the Euclidean norm of z — ¢™7 is denoted by ||z — ¢7||. Set
V”zl/nZéc? and uzl/nZ(Li.
i=1 i=1

If we identify I'(u, v™) with the set of bistochastic matrices, Birkoff’s theo-
rem gives that its extreme points are the permutation matrices. From this
and the fact that W3(u,v™) is the infimum of a linear functional of bis-

tochastic matrices, it is clear that H" (21, , 2z,) = 1/2W2(u,v™). Observe
- el + el 1
n Z n
H"(z1, - ,2p) = o _EG (z),
where
G"(z) = sup (z;c™7), (38)
Uesn

is clearly a convex function as a supremum of finitely many linear functions.
Hence the eigenvalues of the matrix of the second derivatives of H™ are less
than or equal to 1/n. Note that the extreme points of dG"(z) are the c™“
which satisfy G™(z) = (z;c¢™?). When G is differentiable at z, ¢™7 is
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uniquely determined and is denoted by ¢™?=. We define the vector field
b: Ran N BQnd by

b(z) = —n(JV, H",--- ,JV, H").
where we recall that J is the (2d) x (2d) symplectic matrix defined by

(0 =14
J= ( D )
At the points of differentiability of H™ we have
b(z) = —(J(z1 = %), o (e — ) ).

We have the following proposition whose first parts (i) and (ii), follow di-
rectly from section 6 of Ambrosio’s theory [1]. Its last part, (iii), is then a
direct consequence of (i) and (ii).

Proposition 1. Let T > 0 be a real number. Then there exists a flow D™ :
[0, 400) x R*™ — R*" satisfying the following condition.:

(i) D" (t, ) x L2 = L2 for t € [0,T).

(ii) There exists a set N, C IR*™ satisfying L2 [N,] = 0 such that
for z € R*™\ N, "(-,2z) is an absolutely continuous path and &"(t,z) =
z + fot b(9"(s,z)))ds for every t € [0,T] and TE < R/2, where E is the
constant defined in (3).

(iii) For z € R*\ N,,, H"*(®"(t,z)) = H"(z).

As a consequence, we have for every z € IR*"®\ N,, and £!-almost every
te(0,7)

(39)

{qin(t, z) = b(d"(t,z))
"(0,2z) = z.

In other words, " is the flow for the Hamiltonian nH". The theory in [1]
does not apply directly to b since we have b € LgS (IR*"*)?"? instead of

b € L= (IR*"*)2"4, To obtain proposition 1 from the theory in [1], we use a
cutoff function and approximate H™ by

n 2 2 c2
m =Y HE B ang,

p 2n 2n
where [,.(t) = ri(t/r) and | € C*°(IR) is such that |I(¢)] < 2,0 <U'(t) <2
and
t for |t] <1
I(t) = - 40
®) {0 for |¢| > 2. (40)

The theory in [1] applies to b,(z) = —n(JV,, H",---,JV, H") to pro-
vide a flow @}, for the Hamiltonian H'. One can readily check that the
arguments which led to (45) apply to b,. and yield that

|272:(t,2)| < [z:] + Bt (41)
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Here, we have written
an(t? Z) = (@?(ta Z), T 7@Z(t, Z))a
¢?<t7 Z) = (¢:},1<t7 Z)’ T 7¢:L,n(t’ Z))

Observe that b, coincides with b on {z € R?>"? . |22 --- |z,]? < 7}
This, together with (41), yields that if r is large enough so that TE <
r/2, then when |z;| < r/2, we have that &7 (t,z) = &"(t,z). Letting r
tend to +00 we obtain the proposition. We have used (39) to obtain that
dH"™(®"(t,z))/dt = 0 for L'-almost every t € [0,T] which gave (iii).

Let £2,, be the set of w € 2 such that {"(w) € N,,, where

=& x - X &n.

We use (C2) and the fact that u, << £2? to obtain that (£")4IP = pu, ¥
“X o << L2 Since L3N] = 0 we conclude that IP[£2,] = 1. Set

2° =N, 0,.

n

We also define {2’ to be the set of w € £2° such that {u“}>2, converges to
to in (Pa(IR?Y), Wy) and

LS e / 2)dpo(z (42)

n ’
i=

for p : IR*® — IR such that
p(z) =[z| or p(z) =2 or p(z) =((2]?).

y (C2) and the Strong Law of Large Numbers,

P[] =1. (43)
For each w € 2/ we set
1 n
= ; 07 (1,67 (w))- (44)

Remark 3 ( Properties of " and u;").
(i) If z ¢ N,, then _
27 (t,2)| <[] + EX, (45)

where FE is the constant defined in (3).
(ii) f w e 2° and 0 < s <t < T, then

Wa(pi™, pd®) < (t = s)a(w) (46)

where a(w) = sup,,>; 4(WF (i, 80) + (T +1)2E?)1/2. We use (37) and the
fact that by the triangle inequality

Wa(po“,60) < Wa(pg™, to) + Wa(tto, o)
to obtain that a(w) < +o0.
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Proof. Using (39) we obtain that for each i =1,--- | n

dr pn
o|P}| = <@;|,—J(¢‘? — ch’")> = <|@;,Jc?"> <E,
? i

which proves (45). We define V; : R** — IR*?, a time dependent Borel
velocity field on the support of u;"*, by

V(@] (t,w)) = b; (én(t,fn(w)» = —J(@;L(t7§”(w)) _ C?"(t,s"w»)

Using (45), we conclude that

n

1
2 _ 2 n,w __ n n Ton (1,67 (w)) |2
WVl = [, WP = 0 07,6 — |

8 2 2 12
<2 ; T +1)%E
<< ;(K @[F+(T+1) (47)
< 8(W3 (g, 00) + (T +1)*E?)
< a’(w).
By (39), and the definition of p;"*, we have

d

gV (V) =0 (48)

in the distributional sense on IR*?. Using theorem 8.3.1 in [2] and combining
(47), (48), we obtain for 0 < s < ¢t < T that

t
Walii i) < [ Willzagupydl < ¢ = 9a(o),
which proves (ii). O
Lemma 3. For eachw € ' (£2' being defined right before (42)), there exists

a collection {pf }icior)wen and a subsequence {py™“}p2, of {p ™}y
(depending on w but independent of t) such that

(i)
hm Wa (g™, ue) = 0. (49)
(i) We have p¥ = u, and for s,t € [0,T7,

Waug, 1) < [t — sla(w).
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Proof. First, by (37), (i) holds for ¢ = 0 and so, p¥ = pu, for IP-almost
every w € {2 which proves the first statement in (ii). Let w € 2. We use
(45) and the convex increasing function in (36) to conclude that

e 2) = £ 3ot e @)
IU(CEESED

fZ<(|a P+ E2T2)2)  (50)

IN

| /\

<o ZC |&(w)[?) + ¢(T2E?)

< %agw < aglw).

Above, we have used the convexity and the monotonicity of ¢, and have set
ac(w) = bup< ZC 1€ (W)7) + C(TQEQ))
Since w € 2, we have that ac(w) is finite. Let
Kw) = e PoB s [ Cll=P/4au) < at(w).

Then K(w) is a compact subset of (Py(IR*?),Ws) Indeed, (50) and the
Banach-Alaoglu theorem ensures that every sequence of 772(]R2d) admits
a narrowly convergent subsequence, whose second moments converge to the
second moments of its limit. By (50), t — ;" is a path in £(w) and remark
3 (ii) gives that the collection of the paths is uniformly Lipschitz. Conse-
quently, there exists a subsequence {p;**“}72 ; of {u;"“}22; (depending on
w but independent of ¢) such that (49) holds. This proves (i). Now, (ii) is a
direct consequence of (i) and (46). O

Suppose in the remaining of this section that {1, }7%; converges to v in the
sense of the Wasserstein distance, where we recall that

n
Vp = 1/nZ(5c?.
i=1

Define the Hamiltonian H : Py(IR*') — IR by
H{u) = 1/2W3(s,v).

We next obtain a transport equation without imposing a severe restriction
on ft,.
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Theorem 3 (Transport equation for uy ). Assume that (C1) and (C2)
hold. Let {u¥ : t € [0,T],w € §2'} be the collection of probability measures
of Lemma 3 and suppose that v vanishes on (2d — 1)-rectifiable sets so that
Iy (uy,v) contains only one element (see [5] or [18] ). Then, there exists a
collection {~¥ : t € [0,T],w € '} of probability measures on IR** x IR>?
which satisfies the following:

(i) v has ¢ and v as first and second marginals and its support is cyclically
monotone.

(ii) recalling that z = (z,v) and ¢ = (a,b), we have for g € CL(IR*?),

G e = [ ((Fag@iv - - (Tugio - o) )i (o),
R2d RQdXR2d

in the sense of distributions on (0,T).
(iii) We have p¥ = o and for s,t € [0,T],

Wa(py, 1y) < [t — sla(w).
(iv) We have H[u¥] = H|po) for all t € [0,T].
Proof. Lemma 3 and the fact that w € 2’ give (iii).
For w € 2, we define a probability measure ;" on R*! x IR*® which
has p;"“ and v™ as its marginals and whose support is cyclically monotone.

Since w € 2/, H" is differentiable at £"(w) = (&1 (w), -+ , & (w)) and so ;"
is uniquely determined for £'-almost every t € (0,T). We have

1< Ten(een
[ P = LS R(BE @) ) o)
R24 x [R2d n P

We use (48) to obtain that, for g € C}(IR*?),

a
dt JR2d

=13 (vo(ereen)mi(eneew))

o = [ (Vo) Vi (2

(52)

_% En: <V9 (@L(ty 5”(w))) ; J(@y(t,gn(w)) _ ng,gn(u»»
=1

(Vag(2);v = b) = (Vug(2);2 — a) Jdy"”.
[ )

. N ,W\ 0o T,w\ 0o i

Lemma 3 ensures existence of a subsequence {u;***}72 ; of {p;"*}5, which
converges to uy in the Wy metric. Since {v"*}72 | converges to v in the
Wy metric, we conclude that {y™*“}%°, converges narrowly to the unique
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element of vy € I,(uy, v). Also, the second moments of {y"**}¢° ; converge
to the second moments of ~’. This, together with (52), yields (i) and (ii).

2H[] = W3 (g v) = Tim W3 (™, ™)
— 3 Ng U Ng — 3 NE [Nk
=2 lim HM@N (W) =2 lm HMENW)] (53)

= Jm W (gt vm) = Wo' (g v) = 2H o]
We have used proposition 1 to obtain the second inequality in (53). O
The second main theorem of this section states a transport equation for
the measures {uy'}. It asserts that these measures are absolutely continuous
with respect to Lebesgue measure on R* In particular, when d = 1, it
proves that the empirical measures in (44) converge to absolutely continuous
measures which satisfy the semigeostrophic system.

Theorem 4 (Transport equation with absolutely continuous mea-
sures). Assume that (H1) and (H2) hold. Let {uf }icjo,1),weqr be the col-
lection of probability measures of Lemma 3, obtained as points of accumu-
lation for the Wa-distance, of the empirical measures in (44). Suppose that
{vryee, = {1/nX " 6352, converges in the metric W to a measure v
whose support is compact. Then there exists a IP-measurable set Q" c
such that IP[2"] = 1 and the following hold for w € 2" :

(i) (absolute continuity) u << £ and there exists convex, uniformly
Lipschitz functions ¢¢ : R*® — R such that (V) s = v .

(ii) (transport equation)

D+ iva (0 = Vg ) = dive (@ — Vo))

in the sense of distributions.
(i) pg = po and, for all s,t € [0,T],

Wa(pi', 15) < [t — sla(w).

(iv) (conservation of the Hamiltonian) We have H|[u¥] = Hu,| for
t e 0,7

Proof. As in the proof of theorem 3, there exists a subsequence {u;"**“}%2
of {uy"*}22, which converges to ¢ in the Wy metric. Lemma 3, and the
fact that w € 2/, give (iii).

For w € 2, n an integer and t € [0,T], &{* : R*" — IR*™ preserves
the £2"? Lebesgue measure. By remark 3, there exists a constant Ry > 1/2

such that
(2()

By theorem 2 for p € (0,1) and A C IR?*? a Borel set such that 2C,|Qr, ||A|P <
1, we have

SRl Zl,"',ZnGBRG.

%

P{lwe 2: uf[Al >p}=0
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for each t € [0,T]. We set C' = 2C,|Qr, | and use theorem 2 to obtain the
existence of a IP-measurable set 2, C 2’ such that IP[§2,] = 1 and

In(2C)
g <
M [A} — —11’1|A|

(54)

for all w € £2; , all A € IR?** such that 2C|A| <1 and all ¢ € [0,7]N Q. In
fact these assertions hold for all ¢ € [0,T]. We set

’

2" = Niefo,r1nQ 8%

and obtain that IP[£2"] = 1. Recall that (iii) gives us that the path t — p¥
is a Lipschitz path. We use this, together with the fact that (54) holds for
open sets and ¢ rational, to extend (54) to all ¢ € [0,T] all w € 2" and all
open sets A C IR*® such that 2C|A| < 1. Consequently, we have proven that
pe << £ for all t € [0,7] all w € 2". The Monge-Kantorovich theory
ensures that I,(uy, v) has exactly one element (see [5] or [18] ) and so, the
sequence {y"*“}2° , of theorem 3 converges narrowly to the unique element
v¢ € T,(u¢,v). Also, we have existence of a convex function ¢% : R* — IR
such that

0¢y C IR* x sptv, (Vo )upy =v, ¢ = (id x Vo )upuy.

We have completed the proof of (i). These, together with (51 ) yields (ii).
The proof of (iv) is similar to that of theorem 3 (iv). O

Remark 4. (i) When d =1 and v = xo£? for Q C IR?, then the transport
equation in theorem 4 (ii) is nothing but the semigeostrophic equations.
(ii) As a corollary of theorem 4, we have the following: assume that p, is
a probability density on IR?, of compact support, with an L density. Let
ur=1/n Z?Zl 5(3:?(0)71,?(0)) be a sequence of discrete measures converging
to po in the Wa-distance. Fix T' > 0 and let ¢t — (27(¢),vP(¢)) be a solu-
tion in [0, T of the differential equation in (2) with (27(0),v[*(0)) as initial
values. Set
n
=1/ 0w )
i=1
Then, we can always choose the initial values (22(0),v(0)) appropriately
so that
- (2) has a solution.
- There exists an increasing sequence {ny}7>; such that for ¢ € [0, 77,

{p¢*} tends to p as k tends to 4o0.
- 1y << L2 and satisfies the semigeostrophic system.

Corollary 1 (Vlasov-Monge-Ampeére system). Assume that (H1) and
(H2) hold and that v = (xq,L%) x &, where Q1 = (—1/2,1/2)%. Let ¥ =
fiL% let ¢¢ be as in Theorem 4 and define pi(x) = Jga fe(@,v)dv. Then,
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There exists &, = D, such that (id — V,P,,)zprH = xo, HY, |z]?/2 —
D, (x) is a conver function in the x variables and

{&f(t,x,v) +dive (vf(t, z,v)) = divy(f(t, 2, 0)(Va®Py, (1)) (55)

det (Id — V2,8, (x)) = pi(z).

Proof. Let w € 2. As argued in (14), there exists a convex function
@y : R* — IR such that ¢ (x,v) = ¢(x) and (V) gp: L = xg, L% We use
theorem 4 (ii) to conclude that (55) holds. O
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