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Abstract

It is shown that if d ≥ 2, then every map φ : Ω ⊂ Rd → Rd of class
L∞ can be approximated in the Lp-norm by a sequence of orientation-
preserving diffeomorphims φn : Ω̄ → φn(Ω̄). These conclusions hold
provided that Ω ⊂ Rd is open, bounded, and that 1 ≤ p < +∞. In ad-
dition, φn(Ω̄) is contained in the 1/n-neighborhood of the convex hull
of φ(Ω). All these conclusions fail for Ω ⊂ R. The main ingredients of
the proof are the polar factorization of maps [4] and an approximation
result for measure-preserving maps on the unit cube for which we pro-
vide a new proof based on the concept of doubly stochastic measures
(corollary 1.5).

∗WG gratefully acknowledges the support of National Science Foundation grants DMS-
99-70520, and DMS-00-74037.
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Introduction

The purpose of this paper is to prove that every map φ : Ω → Rd of class
L∞, is the limit in the Lp-norm of a sequence φn : Ω̄ → φn(Ω̄) of orientation-
preserving diffeomorphims. These diffeomorphims can be chosen such that
φn(Ω̄) is contained in [convφ(Ω)]1/n. Here, 1 ≤ p < +∞, d ≥ 2 and Ω ⊂ Rd

is open and bounded. If A ⊂ Rd and ε > 0, conv (A) stands for the convex
hull of A, and Aε denotes the set of x ∈ Rd such that the distance between x
and A is less than or equal to ε. An analogous result can be readily derived
for vector-valued maps φ of class Lp(Ω). These approximation results are in-
teresting from a purely mathematical point of view, but they are also useful
in approximating functionals occuring in variational problems (e.g. [16] the-
orem 3.2). These conclusions fail when d = 1. Indeed, a diffeomorphism in
(0, 1) is e! ither increasing or decreasing and so, in general a map φ ∈ L∞(0, 1)
cannot be the limit in any Lp-norm of a sequence φn : [0, 1] → φn([0, 1]) of
diffeomorphisms.

Our result uses two main ingredients. The first one is the following ap-
proximation result on measure-preserving maps (corollary 1.5): if Q ⊂ Rd

is an open cube and s : Q → Q is measure-preserving with respect to Hd,
the d–dimensional Lebesgue measure, then s can be approximated in the Lp-
norm by a sequence of orientation-preserving diffeomorphisms sn : Q̄ → Q̄.
Furthermore for each n, sn is measure-preserving and sn(x) = x for all x
in a neighborhood of ∂Q. These conclusions hold provided that d ≥ 2 and
1 ≤ p < +∞. This result has been known for a while and can be found, pre-
sumably for the first time, in A.I. Shnirelman’s seminal paper on groups
of volume preserving maps [26]. There are many related results on ap-
proximations of measure-preserving maps by permutation maps or measure-
preserving homeomorphisms. See for instance the works of A. B. Katok [20],
P. Lax [21] and A.I. Shnirelman [27]. It is also worthy to mention a result
by Fonseca & Tartar [12] asserting that every permutation is the Lp limit
of a sequence of measure-preserving diffeomorphisms that leave invariant a
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neighborhood of the boundary of Q. Our proof differs from the one used
by Shnirelman [26] and was introduced in an unpublished lecture notes by
the first author [3]. It is based on a classical result by G. Birkhoff [2] that
characterizes the extreme points of the set of bistochastic matrices m. To
describe our approach and the use of the Birkhoff theorem, we first introduce
needed terminologies.

A N×N real-valued matrix is said to be a bistochastic matrix if is entries
satisfy mij ≥ 0 and

N∑
i=1

mijo =
N∑

j=1

mioj = 1,

for all io, jo = 1, · · · , N. By analogy we say that a Borel measure γ on Q×Q
is a bistochastic measure if it has µ1 = Hd and µ2 = Hd as its marginals:

γ[B ×Q] = γ[Q× B] = Hd[B].

for all B ⊂ Q Borel. A permutation matrix is a matrix obtained by permuting
the rows of the identity matrix. Analogously if n is an integer, we divide
Q̄ = [−1/2, 1/2]d into N := 2nd parallel cubes Qn,i, of the same size and
of center xn,i (i = 1, · · · , N). To each permutation σ of {1, 2, · · · , N} we
associate the n-permutation map pσ : Q̄→ Q̄ defined by

pσ(x) = x− xn,i + xn,σ(i), (x ∈ Qn,i).

Let Pn be the set of n-permutation maps. We define a permutation map to
be any element of

P := ∪∞
n=1Pn.

We say that pσ is a transposition of adjacent cubes whenever σ is also a
transposition of two cubes that intersect the same hyperplane. Note that
any permutation map can be obtained as a finite composition of transposi-
tion of adjacent cubes. An improved version of the Birkhoff theorem asserts
that every N × N bistochastic matrix is a convex combination of K ≤ N2

permutation matrices (see [23] pp 117–119). In theorem 1.4 we use Birkhoff
theorem to deduce that every bistochastic measure is contained in the weak
∗ closure of the set {µp | p permutation}. Here, if s : Q→ Q is a Borel map,
µs is the Borel measure on Q̄× Q̄ defined by

µs[B] = Hd[{x ∈ Q | (x, s(x)) ∈ B}],
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for B ⊂ Q̄ Borel. In particular if s : Q → Q is measure-preserving with
respect to Hd then s is contained in the Lp closure of P even if s in not
one-to-one. Similar results were used in [14] (see Proposition A.3). In the
sequel we denote by SQ the set of (Lebesgue) measure-preserving maps from
the closed cube Q̄ onto itself. The definition of measure-preserving maps is
given in Definition 0.2.

The second main ingredient in this work is the polar factorization of maps,
a result obtained by the first author of this paper [4]. See also [5], [6], [13], [15]
and [22] for variants and extensions. The statement on the polar factorization
of maps is the following. Assume that Ω ⊂ Rd is open, bounded, that
φ : Ω → Rd is of class L∞ and nondegenerate (see Definition 0.1). Then
there exists a Lipschitz continuous convex function ψ : Rd → R and a
(Lebesgue) measure-preserving map s : Ω → Ω such that

φ = (Dψ) ◦ s.

Here D stands for the a.e. derivative of a Lipschitz function. One can readily
show that Dψ is the limit in Lp

loc(Ω) of a sequence of diffeomorphisms that are
orientation-preserving. We conclude with the help of approximation results
on measure-preserving maps obtained in Section 1 that (Dψ) ◦ s is in the
Lp–closure of the set of diffeomorphisms defined on Ω. In lemma 2.3 we show
that every L∞–map φ̄ : Ω → Rd can be approximated in the Lp norm by a
sequence of nondegenerate maps defined on Ω and conclude that φ̄ must be
in the Lp–closure of the set of diffeomorphisms defined on Ω. Results parallel
to ours were obtained by H.E. White in 1969 [28]. He used approximation
lemmas by Morse and Heubsch [18], [19], to conclude that every map φ
that is ”differentiable in a weak sense” with a nonnegative jacobian can
be approximated by a sequence of diffeomorphisms. Our approach neither
overlaps nor is a consequence of White’s approach and our conclusions are
somehow stronger. We also refer the reader to approximation results in the
literature related to dynamical systems, by P.R. Halmos [17].

Notations and definitions

For the convenience of the reader we collect together some of the notations
introduced throughout the text.
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• If Ω ⊂ Rd then Ω denotes the closure of Ω.
• BR(x) is the open ball of center x and radius R > 0. When x = 0 we

write BR instead of BR(0).
• Hd[A] stands for the d-dimensional Lebesgue measure of the set A ⊂ Rd.

For ε > 0 Aε is the set {x ∈ Rd : dist (x,A) ≤ ε}. The characteristic function
of A ⊂ Rd is denoted by χA.

• If Q ⊂ Rd we denote by ΓQ(Hd) the set of all Borel measure on Q̄× Q̄
such that

γ[Q̄×B] = γ[B × Q̄] = Hd[B],

for all Borel B ⊂ Q̄.
• If ψ : Rd → R then the Legendre-Fenchel transform of ψ is the convex,

lower semicontinuous function ψ∗ : Rd → R ∪ {+∞} defined by

ψ∗(y) := sup
x∈Rd

{x · y − ψ(x)}. (1)

• The subdifferential of a convex function ψ : Rd → R∪{+∞} is the set
∂ψ ⊂ Rd ×Rd consisting of all (x, y) satisfying

ψ(z) − ψ(x) ≥ y · (z − x), ∀ z ∈ Rd.

If (x, y) ∈ ∂ψ we may also write y ∈ ∂ψ(x). Recall x ∈ ∂ψ∗(y) whenever y ∈
∂ψ(x), while the converse also holds true if ψ is convex lower semicontinuous.
domDψ stands for the set where ψ is differentaible.

• id stands for the identity map id(x) = x.
• We denote the set of all d× d matrices whose entries are real numbers

by Rd×d.
• If Q ⊂ Rd we denote by SQ the set of measure-preserving maps from

Q̄ onto itself. We define

VQ := {v ∈ C∞
o ((0, 1) ×Q)d | div(v) = 0}.

If v ∈ VQ, we set j(v) := g(1, ·) where g is the unique solution of the initial
value problem

{ ∂g
∂t

(t, x) = v(t, g(t, x)) x ∈ Q̄, t ∈ [0, 1]
g(0, x) = x. x ∈ Q̄.

(2)

• We define GQ to be the set of all maps j(v) for v ∈ VQ. We denote by
ḠLp

Q the closure of GQ in Lp(Q).
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Definition 0.1 Let A,B ⊂ Rd. We say that a Borel map v : A → B is
nondegenerate if Hd[v−1(N)] = 0 whenever Hd[N ] = 0.

Definition 0.2 Let A ⊂ Rd and let s : A→ A be a Borel map. We say that
s is (Lebesgue) measure-preserving if Hd[s−1(B)] = Hd[B] for all Borel sets
B ⊂ A.

The first author would like to thank the Newton Institute of Mathematical
Sciences for its hospitality during the writing of this paper. The second
author would like to thank A. Swiech who provided fruitful discussions. Both
authors are grateful to T. Stoyanov for drawing figures 2 and 3 of this paper.
Figure 1 has been reproduced from M. Roesch’s PhD dissertation [24].

1 Approximating measure–preserving maps

by diffeomorphisms

Throughout this section we assume that 1 ≤ p < +∞ and that d ≥ 2.

Lemma 1.1 (Properties of GQ and ḠLp

Q ) If Q ⊂ Rd is a cube then
(i) GQ is a group for the usual composition law of maps ◦ and ḠLp

Q is a subset
of SQ which is itself just a semi-group.
(ii) If s1, s2 ∈ ḠLp

Q , then s1 ◦ s2 ∈ ḠLp

Q .

Proof: GQ is stable for the composition rule. Indeed, assume that two fields
v1, v2 respectively generate two elements s1 = j(v1) and s2 = j(v2). Then
s2 ◦ s1 is generated by the vector field

w(t, x) =
{

2v1(2t, x) if 0 ≤ t ≤ 1/2
2v2(2t− 1, x) if 1/2 ≤ t ≤ 1,

which is still divergence free, smooth and compactly supported in (0, 1)×Q.
The unit element of GQ is j(0) and the inverse of j(v) is generated by time
reversal of v. From its very definition SQ is closed for the strong Lp topology,
for all p ≥ 1. Furthermore, it is stable for the composition rule. However
it is only a semi-group since many elements are not one-to-one even in the
almost everywhere sense. For instance the map s defined on Q̄ = [−1,+1]2 by
s(x1, x2) = (2x1mod 1, x2) is not one-to-one. So, the proof of (i) is complete.
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Let us now prove (ii). Suppose now that s1, s2 ∈ ḠLp

Q , and ε > 0. We choose
first g1 ∈ GQ and then g2 ∈ GQ such that

||g1 − s1||Lp(Q) < ε/2, ||g2 − s2||Lp(Q) <
ε

2Lip(g1)
. (3)

By the triangle inequality we have that

||s1 ◦ s2 − g1 ◦ g2||Lp(Q) ≤ ||s1 ◦ s2 − g1 ◦ s2||Lp(Q) + ||g1 ◦ s2 − g1 ◦ g2||Lp(Q).

This, together with the fact that by (i) s2 ∈ ḠLp

Q ⊂ SQ implies that

||s1 ◦ s2 − g1 ◦ g2||Lp(Q) ≤ ||s1 − g1||Lp(Q) + Lip(g1)||s2 − g2||Lp(Q). (4)

Combining (3), and (4) we deduce that

||s1 ◦ s2 − g1 ◦ g2||Lp(Q) < ε. (5)

Since ε > 0 is any arbitrary number in (5), and (i) gives that g1 ◦ g2 ∈ GQ,
we conclude the proof of (ii). QED.

Lemma 1.2 (A special diffeomorphism) If Q := [−1,+1]2 then so :
Q̄→ Q̄ defined by so(x) = −x, belongs to ḠLp

Q .

Proof: Observe that Q can be expressed in polar coordinates (r, θ) as

Q = {(r cos θ, r sin θ), r2f(θ) ≤ 2}

where
f(θ) = 2 max(cos2 θ, sin2 θ) = 1 + | cos(2θ)|.

Let us approximate f by

fε(θ) = 1 +
√
ε2 + cos2(2θ) > f(θ)

and define
Qε = {(r cos θ, r sin θ), ε < r2fε(θ) < 2},

which is an open subset of the interior of Q differing from Q by a set of
vanishing Lebesgue measure as ε approaches 0. For each fixed ε, we can
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choose a smooth function ψε compactly supported in the interior of Q such
that

ψε(x) = λε
r2

2
fε(θ), ∀x ∈ Qε,

where

λε =
∫ π

0

dθ

fε(θ)
> 0.

Then,
vε(x) = (−∂x2ψε(x), ∂x1ψε(x))

define a smooth divergence free vector field compactly supported in the in-
terior of Q. Let us integrate the ODE

x′(t) = vε(x(t)), x(0) = x0.

Since ψε is preserved along each trajectory, Qε is an invariant domain. Thus
for each initial point x0 ∈ Qε, the solution x(t), written in polar coordinates
(r(t), θ(t)), satisfies

r′(t) = −λε
r

2
f ′

ε(θ(t)), θ′(t) = λεfε(θ(t)).

(Indeed the rotated gradient of ψε and x′(t) can be respectively written in
polar coordinates (−r∂θψε, ∂rψε) and (r′(t), r(t)θ′(t)).) So, in polar coordi-
nates, the ODE decouples. The angle θ(t) can be solved, as a monotonic
function of t, by the simple quadrature

∫ θ(t)

θ(0)

dφ

fε(φ)
= λεt.

Thus, using the definition of λε and the π− periodicity of fε, we deduce that
θ(t = 1) = θ(0) + π. Next, using the conservation of ψε, we get,

r2(t)fε(θ(t)) = r2(0)fε(θ(0)),

and, therefore, r(t = 1) = r(t = 0). So, the map j(vε)(x), generated by vε

at time t = 1, which belongs to G by construction, does not differ from −x
on Qε. Since the measure of Q minus Qε vanishes with ε, it follows that the
map −x on Q belongs to the (strong) Lp closure of G for all 1 ≤ p < +∞.
QED.
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Lemma 1.3 (Approximating permutations) We have that
(i) Every φσ transposition of adjacent cubes belongs to ḠLp

Q .
(ii) Every permutation φσ belongs to ḠLp

Q .

Proof: Let φσ be a transposition of adjacent cubes. By rotating coordinates
and translating the origin if necessary, we may substitute Q by the cube

C := [−1, 1] × [0, 1]d−1

and set

φσ(x) =



x+ e1 if x ∈ C1

x− e1 if x ∈ C2

x if x 6∈ C1 ∪ C2.

Here e1 := (1, 0, · · · , 0),

C1 := [−1, 0] × [0, 1]d−1 and C1 := [0, 1] × [0, 1]d−1.

Since we have reduced the proof of (i) to the particular case where d = 2
we assume in the sequel that d = 2. Let s be the map defined on C =
[−1, 1] × [0, 1] by

s(x) + x

2
= O := (0, 1/2).

We call s the central symmetry of center O.

1

1

�1

C2C1

A1 A2O

Fig 1

Let s1 be the unique map defined over C, whose restriction to C2 coincides
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with the identity map and whose restriction to C1 coincides with the central
symmetry of center A1 := (−1/2, 1/2). Similarly, we define s2 to be the
unique map defined over C, whose restriction to C1 coincides with the identity
map and whose restriction to C2 coincides with the symmetry of center A2 :=
(1/2, 1/2). By lemma 1.2 we have that

s ∈ ḠLp

C , s1 ∈ ḠLp

C1
⊂ ḠLp

C , s2 ∈ ḠLp

C2
⊂ ḠLp

C .

Hence, using lemma 1.1 (ii) and the fact that φσ = s2 ◦ s1 ◦ s, we obtain that
φσ belongs to ḠLp

C . This concludes the proof of (i).
Assume that σ : {1, 2, · · ·N} → {1, 2, · · ·N}. Then, φσ is a finite compo-

sition of transposition of adjacent cubes. Using lemma 1.1 and (i) we conclude
that φσ belongs to ḠLp

Q . QED.

We recall that ΓQ(Hd) is the set of all bistochastic measures on Q̄×Q̄. For
each measure preserving map s ∈ SQ, we define a corresponding bistochastic
measure µs by

µs[B] := Hd[{x ∈ Q | (x, s(x)) ∈ B}],
for every Borel set B ⊂ Q̄× Q̄.

Theorem 1.4 (Approximation of bistochastic measures) (i) For ev-
ery µ ∈ ΓQ(Hd) there exists a sequence {pn}∞n=1 ⊂ P such that µpn converges
weak ∗ to µ as n tends to +∞. In other words

lim
n→+∞

∫
Q
f(x,pn(x))dx =

∫
Q×Q

f(x, y)dµ(x, y),

for all f ∈ C(Q̄× Q̄).
(ii) In particular if s ∈ SQ, then there exists a sequence {pn}∞n=1 ⊂ P that
converges to s in Lp(Q).

Proof: Let m be an integer and divide Q into Nm := 2md parallel cubes
Qm,i, of same volumes Hd[Qm,i] = 1/Nm and of centers xm,i. The measure

γm :=
Nm∑

i,j=1

νi,jµ[Qm,i ×Qm,j]δ(xm,i,xm,j)

that approximates µ, as m tends to +∞ will be identified with the Nm ×Nm

matrix ν defined by
νi,j := Nmµ[Qm,i ×Qm,j ].
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Observe that ν is a bistochastic matrix, i.e., νi,j ≥ 0 and

Nm∑
i=1

νi,jo =
Nm∑
j=1

νio,j = 1

for each io, jo = 1, · · · , Nm. By Birkhoff theorem there exists an integer
K ≤ N2

m, depending on Nm, such that ν can be written as a convex combina-
tion ofK permutation matrices (see [23] pp 117–119). Hence, there exist non-
negative numbers θ1, · · · θK and permutations σ1, · · · , σK : {1, 2, · · ·Nm} →
{1, 2, · · ·Nm} such that

νi,j =
K∑

k=1

θkδσk(i),j ,
K∑

k=1

θk = 1.

Let [·] be the greatest integer function. To substitute θk by rational numbers,
we choose L := 2ld > Nm, where l will be specified later and choose εk ∈ {0, 1}
such that the rational numbers

θ′k :=
[Lθk] + εk

L
,

satisfy
K∑

k=1

θ′k = 1 and sup
k

|θ′k − θk| ≤ 1/L.

Define the matrix ν ′ whose entries are

ν ′i,j :=
K∑

k=1

θ′kδσk(i),j . (6)

Note that ∑
i,j

|νi,j − ν ′i,j| ≤
KNm

L
.

Up to a relabelling of the list of permutations with possible repetitions, we
may assume that all coefficients θ′k to be equal to 1/L and get a new expres-
sion

ν ′i,j :=
K∑

k=1

θ′kδσk(i),j .
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We subdivise each Qm,i into cubes Qm+l,i,m′ of centers xm+l,i,m′ and of the
same volume 2−(m+l)d, where, i = 1, · · · , Nm and m′ = 1, · · · , L. Then for m
and l fixed, we define the map pm,l : Q̄→ Q̄ by

pm,l(x) = x− xm+l,i,m′ + xm+l,σm′ (i),m′ , x ∈ Qm+l,i,m′.

It is straightforward to check that (i,m′) → (σm′(i), m′) is one-to-one, and
so, pm,l ∈ Pm+l holds. Let f ∈ C(Q̄× Q̄). We have to estimate I1−I2, where

I1 :=
∫

Q×Q
f(x, y)dµ(x, y), I2 :=

∫
Q
f(x,pm,l(x))dx.

We have that

|I1 − I2| ≤ |I1 − I3| + |I3 − I4| + |I4 − I5| + |I5 − I2|,

where,

I3 :=
1

Nm

Nm∑
i,j=1

f(xm,i, xm,j)νi,j , I4 :=
1

Nm

Nm∑
i,j=1

f(xm,i, xm,j)ν
′
i,j,

I5 :=
1

NmL

Nm∑
i=1

L∑
m′=1

f(xm+l,i,m′ , xm+l,σm′ (i),m′).

Let η be the modulus of continuity of f. We have that

|I1 − I3| ≤ η(2−m+d/2), |I3 − I4| ≤ ||f ||C(Q̄2)

K

L
,

|I4 − I5| ≤ η(2−m+d/2), |I5 − I2| ≤ η(2−m−l+d/2).

We have shown that

|I1 − I2| ≤ ||f ||C(Q̄2)η(2
(2m−l)d) + 3η(2−m+d/2), (7)

because L = 2ld and K = N2
m = 22md. Given ε > 0 we may choose first l

and then m large enough in (7) so that |I1 − I2| ≤ ε. Reordering the set
{pm,l}m,l we have shown that there exists a sequence {pn}∞n=1 ⊂ P such that
µpn converges weak ∗ to µ as n tends to +∞. This concludes the proof of (i).

To prove (ii), we use that by (i) there exists a sequence {pn}∞n=1 ⊂ P
which converges weak ∗ to µs. Since the sequence {pn}∞n=1 is bounded in
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L∞(Q), then its converges to s in Lp(Q) if and only if its converges to s in
L2(Q). Note that when f(x, y) is of the form g(x) · y, the fact that

lim
n→+∞

∫
Q
f(x,pn(x))dx =

∫
Q×Q

f(x, y)dµs(x, y)

implies that {pn}∞n=1 ⊂ P converges weakly to s in L2(Q). So, exploiting the
fact that pn, s ∈ SQ, we deduce that

lim
n→+∞ ||pn − s||L2(Q) = 2 lim

n→+∞

∫
Q

s · (s− pn)dx = 0. (8)

This conclude the proof of (ii). QED.

Example 1: The following figure illustrates how a (Lebesgue) measure-
preserving map so : [−1/2, 1/2]d → [−1/2, 1/2]d can be approximated by a
sequence of permutation maps in the case d = 1. Note that although so fails
to be one-to-one, the permutation map pm is one-to-one.

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

Fig 2: The blue graph represents the map so and the red
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one represents a permutation map pm that approximates so.

Example 2: The following figure illustrates how a bistochastic measure
γo defined on [−1/2, 1/2]d× [−1/2, 1/2]d can be approximated by a sequence
of permutation maps {pm} in the case d = 1. Note that permutation maps
are one-to-one although the support of γo does not lie on the graph of a map.

x

x

2

1

2

1�
x

2

Fig 3: The blue graph represents the measure γo which splits masses at
each point of [−1/2, 1/2] into two equal masses. The red graph represents

a permutation map po such that µpo approximates γo.

Corollary 1.5 Suppose that Q ⊂ Rd is an open cube and that 1 ≤ p < +∞.
Then for every measure-preserving map s ∈ SQ and every integer n > 0,
there exists a map s̃ ∈ GQ such that ||s − s̃||Lp(Q) ≤ 1/n. In other words we
have that ḠLp

Q = SQ.

Proof: Let us denote by P̄Lp
the closure of P in the Lp-norm. In light of

lemma 1.3 and theorem 1.4 we have that P ⊂ ḠLp

Q and that SQ ⊂ P̄Lp
. This

proves that SQ ⊂ ḠLp

Q . The reverse inequality is a direct consequence of the
fact that GQ ⊂ SQ and that SQ is closed in the Lp-norm. QED.
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2 Approximation of L∞ maps by diffeomor-

phisms

Throughout this section we assume that Ω ⊂ Rd is an open, bounded set.

Lemma 2.1 (Approximation of convex functions) Suppose that K ⊂
BR ⊂ Rd is the closure of a convex, bounded and open set. Suppose that
ψ : Rd → R is convex and that 1 ≤ p < +∞. Then there exists a family
{ψε}ε>0 of convex functions such that
(i) ψε, ψ

∗
ε ∈ C∞(Rd).

(ii) ψε converges to ψ in C(K) and in W 1,p(int(K)).
(iii) ∂ψε(K) ⊂ [conv∂ψ(Kε)]Rε.

Proof: We first observe that since ψ is convex and assumes only finite values
on Rd then ψ is continuous on Rd. Define

ρε(x) :=
1

εd
ρ(
x

ε
) (9)

where ρ ∈ C∞
o (B1(O)) is a nonnegative, radial function such that spt (ρ) =

B̄1(O) and
∫
Rd ρdx = 1. Set

ψε(x) := ρε ∗ ψ(x) + ε||x||2/2 (x ∈ Rd).

1. Note that since ρε ∗ ψ ∈ C∞(Rd) is convex then ψε ∈ C∞(Rd) is strictly
convex. Because the eigenvalues of D2(ρε ∗ ψ) are nonnegative, we readily
deduce that the eigenvalues of the matrix D2ψε are greater than or equal to
ε. This proves that Dψε is one-to-one on Rd and

εd ≤ det(D2ψε). (10)

It is easy to check that domψ∗
ε = Rd and so, using the fact that ψε is strictly

convex, we deduce that domDψ∗
ε = Rd and that

Dψ∗
ε ◦Dψε = id. (11)

If y ∈ Rd, setting x := Dψ∗
ε (y) we have that y ∈ ∂ψε(x), which together

with the fact that ψε ∈ C1(Rd) implies y = Dψε(x). This proves that Dψε

is surjective. So, we conclude that Dψε and Dψ∗
ε are two homeomorphisms
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of Rd onto Rd that are inverse of each other. We now use the fact that
ψε ∈ C∞(Rd), that Dψ∗

ε ∈ Co(Rd) and (10) to obtain that the function

y → A(y) :=
cofD2ψε(Dψ

∗
ε (y))

det(D2ψε)(Dψ∗
ε (y))

is continuous on Rd. In addition

D2ψ∗
ε (y) = AT (y). (12)

(See [1], or [11] theorem 6.1). Consequently, ψ∗
ε ∈ C2(Rd). So, using (10) and

(12), we inductively deduce that ψ∗
ε ∈ C∞(Rd). This concludes the proof of

(i).

2. Because ψ is continuous on Rd we have that

||ψ||L1(B2R) < +∞

and that {ρε ∗ ψ}ε>0 converges uniformly to ψ on compact subsets of Rd.
Consequently, {ψε}ε>0 converges uniformly to ψ on compact subsets of Rd,
and the constant k > 0 defined by

k := supε∈(0,1)||ψε||L1(B2R)

is finite. We deduce that there exists a constant cd depending only on the
dimension d such that

sup
ε>0

{||ψε||L∞(BR)} ≤ cd
||ψε||L1(B2R)

Hd(B2R)
≤ kcd

Hd(B2R)
. (13)

(See [10] pp 236). Similarly,

sup
ε>0

{||Dψε||L∞(BR)} ≤ cd
||ψε||L1(B2R)

2RHd(B2R)
≤ kcd

2RHd(B2R)
. (14)

Because ψε is convex we have that D2ψε is a nonnegative definite matrix,
and so, 4ψε ≥ 0. We combine (14) and the divergence theorem to deduce
the following: there exists a constant krd independant of ε such that

∫
B2R

|4ψε(x)|dx =
∫

B2R

4ψε(x)dx =
∫

∂B2R

τ ·Dψε(τ)dτ ≤ krd, (15)
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for all ε ∈ (0, 1). This yields that

||D2ψε||L1(B2R) ≤ krd, (16)

for all ε ∈ (0, 1). Combining (13), (14) and (16) with the Sobolev imbedding
theorems, we deduce the proof of (ii).

3. Let xo ∈ K. Note that for each η > 0 we have that

∂ψ(Bε(xo)) ⊂ ∂ψ(Kε) ⊂ Cη, (17)

where
Cη := [conv(∂ψ(Kε))]η.

The interior of Cη is not empty, and so, translating coordinates if necessary,
we may assume that 0 is contained in the interior of Cη. Define the gauge

gCη(z) = inf{λ | λ > 0, z ∈ λCη}, (z ∈ Rd).

Because Cη is a convex set, the function gCη is convex, homogeneous of degree
one. Since Kε is a compact set, so are ψ(Kε) and Cη. As a consequence Cη is
the unit closed ball of Rd with respect to the norm gCη , i.e.,

Cη = {z ∈ Rd | gCη(z) ≤ 1}.

It suffices to show that gCη(D(ρε ∗ ψ)(xo)) ≤ 1 and let η go to 0 to conclude
the proof of (iii). We use (17) and Jensen’s inequality. We use the fact that
spt (ρε) = Bε and that gCη is homogeneous of degree one to obtain that

gCη(D(ρε ∗ ψ)(xo)) ≤
∫

Bε(xo)
ρε(xo − y)gCη(Dψ(y))dy ≤ 1.

This is the needed inequality that enable us to conclude the proof of (iii).
QED.

We now recall an elementary result of measure theory and skip its proof
which can be found in [25].

Lemma 2.2 Suppose that φ : Ω → Rd is a Borel map and that M :=
||φ||L∞(Ω) < +∞. Let ε > 0. Then there exists a Borel map φε ∈ L∞(Ω)d such
that the cardinality of φε(Ω) is finite, ||φε − φ||L∞(Ω) ≤ ε, and φε(Ω) ⊂ φ(Ω).
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Lemma 2.3 Suppose that φ : Ω → Rd is a Borel map and that φ(Ω) =
{a1, · · · , ak}. Set M := supx∈Ω{||x||}. Then there exists a positive real number
εo depending only on φ(Ω), and diam(Ω), there exists φε ∈ L∞(Ω)d such that
(i) ||φε − φ||L∞(Ω) ≤ εdiam(Ω), for every ε ∈ (0, εo).
(ii) φε(Ω) ⊂ [φ(Ω)]εM , for every ε ∈ (0, εo).
(iii) φε is Borel measurable, nondegenerate and one-to-one.

Proof: The proof is simple and is done as follows. Define the real number

εo :=
mini6=j ||ai − aj ||

4diam(Ω)
,

the sets
Ai := φ−1{ai} (i = 1, · · · , k)

and the maps
φε := φ+ εid.

It is straightforward to check that φε satisfies (i) and (ii). Also, observe that
φε is one-to-one on Ai and

||φε(x) − φε(y)|| ≥ εodiam(Ω)

whenever i 6= j, x ∈ Ai and y ∈ Aj. This proves that φε is one-to-one on Ω.
We next claim that φε is nondegenerate. Indeed, let B ⊂ Rd be Borel

measurable. Using the fact that φε is one-to-one on Ω and that

φ−1
ε (B) = ∪k

i=1φ
−1
ε (B ∩ (ai + εAi)),

we deduce that

Hd[φ−1
ε (B)] =

k∑
i=1

Hd[φ−1
ε (B ∩ (ai + εAi))] =

1

εd

k∑
i=1

Hd[B ∩ (ai + εAi)].

Note that from the above calculations if Hd[B] = 0 then Hd[φ−1
ε (B)] = 0.

Hence, φε is nondegenerate. QED.

Lemma 2.4 Suppose that φ ∈ L∞(Ω)d is a Borel, nondegenerate map and
that 1 ≤ p < +∞. Then for each ε > 0 there exists a diffeomorphism φε :
Ω̄ → φε(Ω̄) such that
(i) ||φε − φ||Lp(Ω) ≤ ε

(ii) φε(Ω̄) ⊂ [convφ(Ω)]ε.



YB/WG/Lp Approximation of maps by diffeomorphisms 19

Proof: Since φ ∈ L∞(Ω)d is nondegenerate applying polar factorization of
maps result in [4] to φ we deduce that there exists a measure preserving map
s̄ : Ω → Ω and a convex function ψ : Rd → R such that

∂ψ(Rd) ⊂ conv(φ(Ω)) (18)

and
φ(x) = Dψ(s̄(x)),

for a.e. x ∈ Ω. Let Q be an open cube large enough such that Ω̄, φ(Ω) ⊂ Q.
Define s on Q̄ by

s(x) =
{

s̄(x) if x ∈ Ω
x if x ∈ Q̄ \ Ω.

Note that s : Q̄ → Q̄ is measure preserving and so, in light of corollary 1.5
there exist a set N1 ⊂ Rd of null Lebesgue measure and a sequence (sn) of
measure-preserving diffeomorphisms of Q̄ onto Q̄ such that detDsn ≡ 1 and

sn(x) → s(x) (19)

for every x ∈ Q \ N1, as n tends to +∞. Thanks to lemma 2.1 and (18)
we deduce that there exists a sequence (ψn) of convex function such that
ψn ∈ C∞(Rd), Dψn is a diffeomorphism of Rd onto Rd. Furthermore,

ψn → ψ in C(Q̄) and in W 1,p(Q) (20)

and
∂ψn(Q̄) ⊂ [ψ(Q̄1/n)]1/n.

This, together with (18) implies that

∂ψn(Q̄) ⊂ [convφ(Ω̄)]1/n ⊂ Q. (21)

Set
φ̄n(x) := Dψn(sn(x)) (x ∈ Ω̄).

We have that φ̄n is a diffeomorphism of Ω̄ onto φn(Ω̄). In light of (21) we
conclude that

φn(Ω̄) ⊂ [convφ(Ω)]1/n ⊂ Q. (22)

Using the fact that

||φ̄n − φ||Lp(Ω) ≤ ||Dψn ◦ sn −Dψ ◦ sn||Lp(Ω) + ||Dψ ◦ sn −Dψ ◦ s||Lp(Ω)
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and that sn is measure-preserving, we obtain that

||φ̄n − φ||Lp(Ω) ≤ ||Dψn −Dψ||Lp(Ω) + ||Dψ ◦ sn −Dψ ◦ s||Lp(Ω). (23)

Now, define

N := ∪∞
n=1s

−1
n [Rd \ domDψ] ∪ s−1[Rd \ domDψ] ∪ N1.

Observe that N has null Lebesgue measure and by (19) we have

lim
n→+∞Dψ(sn(x)) = Dψ(s(x)), (24)

for all x ∈ Ω\N. By (18) {Dψ ◦ sn}∞n=1 is bounded in L∞(Ω)d. So, using (24)
we conclude that

lim
n→+∞ ||Dψ ◦ sn −Dψ ◦ s||Lp(Ω) = 0. (25)

Combining (20), (23) and (25) we obtain that

φ̄n → φ in Lp(Ω), (26)

as n tends to ∞. Given ε > 0 we choose n large enough in (22) and (26) to
conclude the proof of theorem 2.4. QED.

Theorem 2.5 (Main results) Suppose that φ ∈ Lp(Ω)d is a Borel map,
where 1 ≤ p < +∞. Then for each ε > 0 there exists a diffeomorphism
φε : Ω̄ → φε(Ω̄) such that
(i) ||φε − φ||Lp(Ω) ≤ ε
(ii) If in addition φ ∈ L∞(Ω)d, then φε can be chosen so that φε(Ω̄) ⊂
[convφ(Ω)]ε.

Proof: Note that since every map in Lp(Ω) map can be approximated by
a sequence of maps in L∞ map, it suffices to prove theorem 2.5 when φ ∈
L∞(Ω)d. Assume then that φ ∈ L∞(Ω)d and that 1 ≤ p < +∞. Combining
lemmas 2.2–2.4, we deduce that there exists a diffeomorphism φε : Ω̄ → φε(Ω̄)
such that ||φε − φ||Lp(Ω) ≤ ε/2 and (ii) hold. QED.
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