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Abstract

We study the homogenization of a class of actions with an underlying Lagrangian £ defined on the set
of absolutely continuous paths in the Wasserstein space Pp (R?). We introduce an appropriate topology
on this set and obtain the existence of a I'-limit of the rescaled Lagrangians. Our main goal is to provide
a representation formula for these I'-limits in terms of the effective Lagrangians. This allows us to study
not only the “convexity properties” of the effective Lagrangian, but also the differentiability properties of
its Legendre transform restricted to constant functions. For the case d > 1 we obtain partial results in
terms of an effective Lagrangian defined on L? ((0, 1)4; RY). Our study provides a way of computing the
limit of a family of metrics on the Wasserstein space. The results of this paper can also be applied to study
the homogenization of variational solutions of the one-dimensional Vlasov—Poisson system, as well as the
asymptotic behavior of calibrated curves (Fathi (2003) [6], Gangbo and Tudorascu (2010) [12]). Whereas
our study for the one-dimensional case covers a large class of Lagrangians, that for the higher dimensional
case is concerned with special Lagrangians such as the ones obtained by regularizing the potential energy
of the d-dimensional Vlasov—Poisson system.
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1. Introduction

Let us consider a continuous path defined on the set of probability measures on the phase
space P(R? x RY) : t € [0,T] — f; € P(R? x R?) and consider rescaled actions defined on
such paths

1 T
AS(f) = -/ f [v|? f; (dx, dv)
2 Jo Jrixmrd

—/ / W(u)ﬁ(dx,dwff(dy,dw),
R xR4 JRE x R4 €

whose critical points satisfy a nonlinear Vlasov system. When f; is the push forward of a
probability density o; defined on the physical space R? by a map of the form id x v, defined
on R? x RY (where id is the identity map), the above actions are reduced to

Lt 2 xX—y
5/ / Vo)) @(dx)—/ f w (222 )0 dvror@y). (L)
0 Rd ]Rd ]Rd €

In this work we study the I'-limit of a class of functionals that includes those appearing in (1.1)
and their link with the homogenization of systems of PDEs of the nonlinear Vlasov type. We
endow ACP(0,T; P, (R%Y), the set of p-absolutely continuous paths on P, (R9Y [2], with a
topology 1, for which the sublevel sets of our actions are pre-compact (cf. Section 3). More
precisely, t,, is defined as follows: we say that {c"}, C ACP(0,T; Pp(Rd )) satisfying the
condition

T
sup/ (Wﬁ(ot",&))—i— |(a")/|{’)dt < o0
neNJO

Ty-converges to o in ACP(0, T; P, RY)) if

T
lim / Wi(o}", oy)dt = 0.
n—oo O

Here, W, is the L?-Wasserstein distance for 1 < g < oo and |o’| is the metric derivative of
o € ACP(0, T; P, (R%)). For such paths o and the associated (unique) velocity v of minimal
L?(0)-norm [2], we define

T
ff(a):/ L(D,/“o1, v, o D)dt, (1.2)
0

where D€ is the map of RY onto itself defined by D€x = ex. The notation L? replaces L?” when
dealing with R%-valued p-integrable functions. If d = 1, we stick with the classical notation
LP. We have denoted the push forward operator by # : P,(R?) — P,(R?). The topology
seems to be too weak to directly provide information on the I'(t,)-limit of the functionals F*.
Our strategy is to introduce a stronger topology t on a subset of AC?(0, T; P, (R%)), hoping
to be able to extract enough information from the I'(z)-limit of the functionals F€ in order
to draw some conclusions on the ['(ty,)-limit. The strategy completely paid off when d = 1,
and produced partial results in the multi-dimensional case. The t-topology that we consider is
inspired from the well-known isometry between the convex cone of nondecreasing functions
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in L?(0, 1) and the Wasserstein space P,(R). Define X := (0, 1)¢. We consider the set of
pairs (o, v) such that o € AC?(0,T; P, (Rd )), v is its minimal norm velocity and there exists
¢ € ACP(0,T;LP(X)) satisfying the following properties: b = Vi o ¢ for almost every
t € (0,T) and ¢; pushes vy (the Lebesgue measure on the unit cube X) forward to o; for
all + € [0, T]. When these conditions are satisfied, we say that ¢ is a flow associated with
(0, v). We denote by S, (R9) the set of such special curves . When d = 1, ACP(0, T; Pp(R))
and S, (R) coincide [10]. Let {o"}, C Sp(Rd) and suppose V" is the velocity of minimal
norm for o”. We say that {c"}, t-converges to o in SP(Rd) if there exists a sequence
{6} U {o"}, € ACP(0, T; LP(X)) such that ¢" (and ¢) is a flow associated with ¢” (and o,
respectively) and

9" — llLr(0.7)xy) — 0 and {¢"},, {¢"}, are bounded in L”((0, T) x X)

for any Y € X. We only consider Lagrangians £ for which there exist real-valued functionals L
defined on L”(X) x L?(X) such that L(,v) = L(M,vo M) if u € Pp(Rd), v e L?(n) and
M e LP(X) is a map which pushes vg to .

In the first part of this work we study the I'(t)-limit of F€ or, equivalently, the I'(ty)-
limit when d = 1, without imposing any convexity assumption on L(M, -). Our study on
S = AC?(0, T; P,(R)) is greatly facilitated by the well-known isometry mentioned above. We
considerably exploit the established fact that if o € S and v is the velocity of minimal norm for
o, then d}, = vyo¢; for almost every ¢ € (0, T') (cf. [10]). Here, ¢; is the monotone nondecreasing
map that pushes vy forward to o;. We establish, under some mild continuity assumptions on L, a
representation formula for F,, the I'(ty,)-limit of F€, and for F, the I'(t)-limit of F¢, in terms
of the effective Lagrangian L of L:

T —_
F(o) =/0 L(v; 0 ¢)dt = Fop (o). (1.3)

We extend some of the results obtained in the one-dimensional setting to the higher
dimensional one, where the Lagrangians L£¢ are defined on the “tangent bundle” of the
Wasserstein space P, (R?). To simplify the arguments in the second part of this manuscript,
we restrict ourselves to Lagrangians assuming the special form L(u, &) = ||&]] ,'j /p + W),
where WV is a continuous, real-valued periodic function, in a sense to be specified.

For u € Pp (R%) and £ € LP(u) it is readily seen that the expression

Co,r (o, (TE)xw)
T

L(w, &) = liminf (1.4)
T—o0

is independent of wy € Pp(Rd). Here, Co 7 (@o, (T§)4up) is the infimum of fOT L(oy, v;)dt
over the set of (o, v) such that o € AC?(0,T; P, (R%)), v is a velocity for o and o9 = o,
or = (TE)gu. We refer to L as the effective Lagrangian associated with £. Note that no topology
need be mentioned in connection with the definition of £ and so, this functional is intrinsic.

For the strong topology 7 chosen in Section 5.3, existence of the I'(z)-limit F of F€ is
obtained by standard arguments. We show that

T T
f(a)=/ Z(a,,v,)dt=/ L(v; o ¢y)dt (1.5)
0 0

for a convex functional L : L”(X) — R, which is precisely the effective Lagrangian of L. Here
v is the velocity of minimal norm for o and ¢ is any flow associated with (o, v). What is obvious
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is that 7, < Fon S, (R9). The harder and more interesting question is that of how to obtain a
representation formula for . In higher dimension, only for a dense subset of P, (R4) were we
able to establish the representation formula

T
fw(a)=]-‘(a)=/ L(v; o ¢,)dr. (1.6)
0

More precisely, we have proved that (1.6) holds if the path o is an average of finitely many Dirac
masses and is piecewise a geodesic in P, (R?). We also establish this representation formula for
o of the form o, = (¢&)#vg where & € LP(X). It remains unclear whether one can extend that
result to paths of the form o; = (id + #&)4vp. This seems to be the obstruction to extending the
representation formula to arbitrary elements of AC?(0, T'; P, (R9Y).

There is a vast literature in the finite dimensional setting, on the I"-limit theory of functionals
of the form fOT I(r/e, ¥)dr where r : R — R¢ and so, the Lagrangian [ corresponds to a system
which has finitely many particles. One can view our study as an extension of the previous ones
to encompass systems of infinitely many particles.

When L is appropriately chosen, critical points of F¢ satisfy some interesting PDEs. For
instance, let | - |1 be the periodic metric on the one-dimensional torus T! and set

1 1
Luw) = 3wl - 5 /R =3By — I =Y ImR@OR@y)  (w) € TP ®).

This is the Lagrangian for the one-dimensional Vlasov—Poisson system. Let o¢* be a critical
point of F¢ and let v¢* be the velocity of minimal norm for o €*. The path o €* induces a path g¢
on P, (R x R), which itself induces a path f€ on P, (€T! x R) as follows:

g5 = (id x v *)yo ©*, 5= ng(x + €k, v).
keZ

According to [11], f€ is a solution of the Vlasov—Poisson system, e-periodic in the space
variable:

1
a,f; +vd ff = -a PEO, f£
— €0y Py = Ept (1.7)

/f(dv)

For variational solutions of (1.7), using standard arguments of the I'-limit theory we have been
able to characterize the points of accumulation of { f€}.

Now let us consider £ such that, given g, 11 € P2(R), the infimum of F€ (o) over the set
of paths o with endpoints po and w is a number (dist®(uo, w1))? such that dist¢ is a metric.
As AC%(0, T; P>(R)) is a separable space, it is easy to obtain a subsequence {dist}, of these
metrics which converges pointwise to a limit dist. The I'-limit of F¢ can be used to write a
representation formula for dist. We use these results to study homogenization of Hamilton—Jacobi
equations on the Wasserstein space.

The class of Lagrangians covered by our study includes those of systems of two interacting
species in motion on the real line:

1 1
Lal, pa, &1, 8) = JlIEG, + 7 1815, - fR WO = i dopa(dy).
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Here, W is a periodic, bounded function defined on the real line. We also consider Lagrangians
of systems of interacting one-species (resp. non-interacting) particles:

Lo, &) = La(u, 1, £.8). tesp. L1(n.§) = [v]2/2 — /R W

According to the rule L(u, v) = L(M, v o M), the above Lagrangians give rise to

1 1
LaM, N) = SINIP - —/ W(Mx — My)dxdy,
XxX

2
] (1.8)
resp. Li(M,N)= E||N||2 — / W(Mx)dx,
X
where || - || denotes the L2(X; R?)-norm. Our strategy is to prove under suitable hypotheses that

the action of L(M, N) := L(M/e, N), converges (in the I'-convergence sense) on curves in
H to the action of a homogenized Lagrangian L. Most of the techniques of E [19] apply to our
infinite dimensional system as well. We can prove that Li(N) = f X I} o Ndx, where [; is the
Lagrangian defined over R? by [ (x, v) = v?/2 — W(x) [19,15] whose effective Lagrangian /1
is computed “explicitly” in [15].

Two important consequences will emerge: we obtain the homogenization for the time-
dependent Hamilton—Jacobi equations on (0, c0) x P,(R) associated with £¢. Indeed, it is a
remarkable fact that one is able to use a I'-convergence result for the “extended” Lagrangians
L€ to make inferences about £€. This comes as a consequence of the fact that the optimal
paths/characteristics in the variational solutions for the Hamilton—Jacobi equations considered
here lie pointwise in the set of monotone nondecreasing functions in L? (0, 1) (this was observed
in [10]) if the endpoints do so.

Secondly, we will obtain the convergence of action-minimizing solutions for systems of the

type

{8ng +0x(pv) =0 (1.9)

3 (pv) + B[ o (V)] = —e ' AT

to minimizers of the action fOT L;(M)dt, for

AS(x) = V’<§> and A;(t,x)z/V/<x€;y)p€(t,dy),

respectively.

Periodic potentials for Vlasov or Vlasov—Poisson systems occur, for example, in the case of
ion lattices [1,14]. Such systems are part of mainstream studies of models of particle interaction
with electric fields [3,13,17] etc. The length scales involved are accounted for by the epsilon-
periodicity assumption. As usual, it is then natural to ask what the effective behavior of such a
system is (as epsilon goes to zero). Extending our results to more general Lagrangians (almost
periodic, or even stationary ergodic) is an interesting problem, not addressed in this work.

2. Homogenization on L? (X)

For any open set {2 C R we denote by H; the set of ¢ € WLP(Q2; LP(X)) which admit
extensions ¢ € WIL‘CP (R; L?(X)), and we write H in place of H o, when there is no confusion.



W. Gangbo, A. Tudorascu / Advances in Mathematics 230 (2012) 1124-1173 1129

Let L be a Lagrangian on L? (X) x L?(X) satisfying the growth conditions
c[NIIP < L(M,N) <C(1L+|IN||”), forall M, N € LP(X), 2.1

where ¢, C are given positive constants. We set L¢(M, N) = L(M/e, N), and assume L is
1-periodic in M, i.e.

LM+Z,N)y=L(M,N) forall Z e L’ZZ(X), M, N e L”(X), 2.2)
where we adopt the notation

LY(Q) ={Z e LP(X) : Z(X) c Z°}. (2.3)
Also, we will use the sets

Ly(X)={Z: X — RY Lebesgue measurable : Z(Q) is a finite subset of Zd} 2.4)
and

LoX)={0: X — R Lebesgue measurable : Q(X) is a finite subset of Qd}. 2.5)

Given an open set {2 C R, we identify L? ({2 x X) with L?({2; L?(X)). We referto t € {2
as the time variable and often write ¢, in place of ¢ (¢, -). This should not be confused with the
partial derivative 9;¢. If ¢ € Hp we identify ¢, the Fréchet derivative of t — ¢, with the
distributional derivative of ¢ with respect to the time variable.

2.1. The effective Lagrangian in LP (X)

Given M,, My € LP(X),e > 0and a < b we set
. . bl
Cy p(Ma, Mp) = inf L = ¢ )dt i d € Hapy, $a = Ma, $p = My
a

and write C, 5, in place of Ca{ p- Observe thatif a < ¢ < band M, € L?(X), then
Cap(Ma, Mp) < Ca,c(Ma, Mc) + Cep(Mc, Mp) (2.6)
and so, by (2.1), whenever M|, M, N € L”(X) and S > 2 we have
Co,s(My, M1 + SN) < Co,1(My, Mp) + Co,(5—2)(Mp, M2 + (S —2)N)
+C(1+ 12N + M — Mz ||P).
Hence,

.. . Cos(My, My +SN) .. . _Cos(Mp, My + SN)
lim inf < liminf .
S—00 S S—00 S

2.7)

Since (M,, M) and (M3, M) are arbitrary, we conclude that the two limits in (2.7) coincide
and so,

_ Co.s(Mg, My + SN
L(N) := liminf 0.5(Ma, My + SN)
S—o00 S

(2.8)
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is independent of M,, M| € L?(X).Ife, T > 0 and ¢ € H then

r T

ef L(gE, §)ds =f L2 4, )ar, 2.9)
0 0 €

where e¢¢ = ¢¢;. Hence, €Co 1/c (do/€, o1 /€) = CS’T(qbo, ¢7) and so, in light of (2.8),

C&T(EM, TN) o
— = limin
T e—0t

C5.7(0.TN)

L(N) = liminf (2.10)
e—0t

Remark 2.1. Suppose M € L?(X), Z € Lz(X) and T > 0. Then TL(Z/T) < Cor(M, M +
Z). In particular, if 0 € L”(X) and T > 0 are such that TQ € Lz(X), then Cor (M, M +
TQ)=TL(Q).

Proof. Let ¢ € H be such that ¢g = ¢7 = 0. Extend t — ¢, to obtain a periodic function on R,

that we still denote by ¢. Note that t — L(M +t/TZ + ¢;, Z/ T + ¢,) is T periodic, equal to
M att =0andequalto M + jZ att = jT. Thus,

T
][ LM +t/TZ+ ¢, Z|T + ¢,)dt
0

Co,jr(M, M+ jZ)

jT '
We let j tend to oo, use (2.8) and take into consideration that ¢ € H is arbitrary and satisfies
¢o = ¢r to conclude the proof of the remark.

jT .
=][ LM +1/TZ + ¢, Z)T + it >
0

2.2. Time and space discretization of elements of H

In this subsection we recall a lemma and corollary which are, in different forms, well-known.
Suppose ¢ € H. Fix an integer m > 1 and set t; = j/mT = ih for j = 0,..., m. For
s € [, ti+1] we set

s — 1 s — 1
¢:n = <1 - h l>¢fi + Tl¢li+1'

Lemma 2.2. We have
T T B
/ @™ 1P (s)ds < / 17 )ds, e — G717 < 207 Cy forallt € [0, T,
0 0

where C(;’ = fOT |@¢'|P (s)ds. Hence, {¢"} N converges to ¢, in LP (X) fort € [0, T]. If |¢'| < Cq
almost everywhere on (0, T) then |(¢™)'| < C, almost everywhere on (0, T).

Corollary 2.3. Let ¢ € H and let 5 > 0. Then there exist a partition of X into finitely many
parallel cubes {Xi}i.‘zl of the same size and ¥ € H such that ||¢; — Y| < 8 forallt € [0, T],

and for t fixed \; is constant on each cube, its range is contained in Q¢ and

T T
f ||x/ft||”dts/ IillPdr + 8 @.11)
0 0
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and  can be chosen such that || < C, + 1 and the number of cubes can be chosen to be of

the form m?.

2.3. Topologies on H )
Let {2 C R be an open set. We endow H ; with the topology 7, given by

¢" 5 ¢ < 119" — dllLr(2xy) — Oand
{¢"}, (9™}, are bounded in L? (2 x X) (2.12)

for any ¥ € X. Observe that {¢"}, C H converges to ¢ in H, if and only if the following
three conditions are satisfied:

{¢p"}, converges to ¢ in LP(2 x Y), forallY € X; (2.13)
{¢"},, converges weakly to ¢ in L (2 x X); (2.14)
{¢"}, converges weakly to ¢ in L7 (2 x X). (2.15)

If (2.13)~(2.15) hold then

/ (IWIIP + ||<13?||P)dt < 00. (2.16)
2

2.4. A I'-convergence result on LP (X); the I'-limit for affine functions

Let us define
Ff(¢,rz)=/ L(f,d))dt and F(¢,Q)=/ L(¢)dr, (2.17)
2 € (9}

where {2 C R is open and bounded, and ¢ € W] P (R; LP(X)). We shall prove that

loc

F(,0) =T (tp) lin%) FE(-, £2) forany £2 C R open and bounded.
€—
We start by recalling a standard compactness result on I'-convergence (cf. e.g. [19]).

Proposition 2.4. Let S be a set endowed with a topology t and suppose that S is first countable.
Let { Fi}ren be a sequence of functionals from S into R := R U {£o0}.
The lower I'-limit (resp. upper I'-limit) of {Fi}xen exists and is denoted by F~ (resp. F7T).
(i) The I'-limit of {Fk}keN exists at ¢ if and only if F~(¢p) = FT(¢).
(1) Suppose in addition that (X, t) has a countable basis. Then there exists a subsequence
{Fk"}neN and a functional F® : X — R such that {Fk"}neN I'-converges to F*°. We
write

F® = I'(7) lim Fk.
n—oo

In the next two subsections we will follow mostly the techniques in [19]. In many cases we
skip details of proofs which either are no different from the arguments in the aforementioned
reference, or can be adapted in a straightforward manner. The following result can be proved
exactly as in [19]. Therefore, we only offer the main steps of the proof with no details.
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Proposition 2.5. There exists €, — 0 such that for any ¢ € WIL’CP (R; LP (X)) there exists a
regular Borel measure F (¢, -) such that for any open, bounded {2 C R, we have

F(,0) = I(r) lim Féi(., 2) (2.18)
and
cfg l¢l1Pde < F(o, 2) < C/g(l + lglIP)dr. (2.19)

Sketch of proof. Let D be the algebra generated by the open bounded intervals in R whose
endpoints are rational numbers. Fix for a moment an integer ¢ > 0 and {2 € D. Let H° be the
set of M € Hy, such that f 0 |M;||Pds < e and denote by t¢ the restriction of the topology 7,
to H°. Note that (¢, t°) is a topological space which has a countable basis. Hence, there exists
a sequence {€ }xeN converging to zero as k tends to oo such that

I'(z®) lim F%(¢, ) exists,
k— 00
for ¢ € H°. The growth condition (2.1) ensures that
I'(t) lim F%(¢, 2) exists,
k— o0

for ¢ € H°. Since e € N is arbitrary and D is countable, using a diagonalization argument we
obtain the following: there exists a sequence {€,},cN converging to zero as n tends to oo such
that there exists

I(7) lim F (., Q)
n—00

for any 2 € D. Let Op be the set of bounded open sets 2 C R. Denote by F~(-, {2)
(resp. FT (-, £2)) the lower I'-limit (resp. upper I'-limit) of {F¢ (-, £2)},en for any open set f2.
According to the existence of the I'-limit above, we have that F~ (¢, A) = F1 (¢, A) for all
¢ € Hand any A € D. Thus, for ¢ € W]L’cp(R; L?(X)) we can define F (¢, -) on Oy by setting
F(p, )= sup F (p,A)= sup FT(¢,A).
AeD,Aef? AeD,AES?
We would like to show that F(-, £2) is the ['-limit of F¢: (., 2) for all 2 € Op. For fixed
¢, one can easily show that F~ (¢, -) is a superadditive set function. To show that F*(¢, )

is subadditive requires more work, but the same argument as in [19] applies. We claim that
F= (¢, 2) = F*(¢, ) = F(¢p, 2) forany 2 € Op. For any A € D with A € 2 we have

FR (@, 0) < FT (¢, A) + F (¢, 2\ A).

The growth properties (upper bound) on L ensure that for any § > 0 one can choose A
appropriately such that F* (¢, 2\ A) < 8. Thus, since F~ is superadditive, we get that

F(¢,A)=F (¢p,A) < F (¢, ) < F($,2) < F'($,A) +8 = F(¢,A) +3.

Since § is arbitrary, the claim is proved. For one thing, the equality of F~ and F+ shows that F is
the I'-limit of { F<1},,. Also, we get that F (¢, -) is an increasing, inner regular, finitely additive set
function. Thus, it can be extended to a Borel measure on R. The growth estimate (2.19) follows
immediately from (2.1).
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We first ask the question of what F' is when ¢ is affine in time. For this, we have the following
proposition whose main conclusion is that F (¢, -) is a dilation of the Lebesgue measure.

Proposition 2.6. If ¢ (t,-) = t& for some & € LP(X), then F(¢, 2) = ®(&)|S2| for some lower
semicontinuous functional ® : L? (X) — R satisfying

cllgll” = @) = CA+[E17). (2.20)

Proof. It is enough to show thatif € R, f € L”(X), then the first equality below
F@.24+a)=F(p,2)=F@+ f, N2) (2.21)

holds for all {2 € G, (open, bounded sets in R with negligible boundaries). The second equality
will be needed towards the end of the section. Let ¢, € ng’cp (R; L7 (X)) such that ¢, iy ¢ and
F(¢, 2) = lim Fé (¢,, 12). Now let ¢, € C.(X; R?) such that |l¢, — (a/€y)€| < 1 for all n.
Take Z, = [¢,] (a vector consisting of the integer parts of all entries) and note that Z,, € Lz(X).
We have that || Z,, — ¢, || < 1 implies || Z, — (¢/€,)&]l < 2,1.e. ||€,Z,, — || < 2¢,. Put

Nu(s,x) = (s —a,x) + €, Z,(x), n=>1

Clearly, N, "5 (s — a)& + a& in Mg, and

n 5 . . Nl’l °
F(¢, 2) = lim / L(¢—,¢n)dt=hmmf/ L(—,N,,)dtsz),Q—i—a).
n—o00 | €n n—o0 Jiu €

n

Of course, by symmetry, we obtain equality. As for the second equality in (2.21), let P, (¢, x) =
&n(t, x) +€,K,, where K, € Lz(X) is such that €, K;,, — f in L”(X). Thus, P, il M + f and

F(¢, ) = lim / L(@,q'ﬁn)dt = liminf/ L(ﬁ f(,,)dt > F(¢ + f, ).
n—oo [ €n n—oc Joi, €

n

Since here we have not used that ¢ is affine, we get the reverse inequality by symmetry
again, so we have equality. The growth conditions on @ are derived from (2.19) and its lower
semicontinuity comes from the I'-limit property of F.

We plan to identify & with L. To be able to link F(-, £2) to L we need to make additional
conditions on L. We assume that there exists 4 > 0 such that

L(M,N;)—L(M,N2) < A |N1[Pdx (2.22)
{N1#N2}

for all M, N, N, € LP(X). Also, L satisfies, for some continuous, monotone nondecreasing
o : R — R such that w(0) = 0,

|L(M, N) — L(My, N)| < (L ({M1 # My})) (2.23)

for all My, My, N € L?(X).
The proof of the following proposition is an easy consequence of Lemmas 2.8, 2.10 and 2.12.

Proposition 2.7. Under (2.22) and (2.23) we have & = L on LP (X).
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We begin by proving the following result.

Lemma 2.8. Then one has L(§) < $(&) for all & € LP(X).
Proof. Take 2 = (0, 1) and ¢, € H, such that
¢n >0 and  F (& + ¢p, 2) — ().

Assume for the moment ¢, € H% = W(}’p(Q;L”(X)) and take N,(t,x) =
On(ent, x)/€n, 2, = 2/€,. Now,

1§ + ¢

n

n—oo

() = lim L< ,g+¢'>n)dt = lim en/ L(s& + Ny, & + Ny)ds
Q n—oo Q,l

v

liminfe,Cy /e, (0, £/€,) > L(§),
n—oo

where we have used (2.10). In fact, we have also proved that liminf;,_, 5 fQ L(g—:, Un>dt >

L(§) for any sequence U, 5 t& such that U, — t& € Ho(§2). To eliminate this restriction (we
need this inequality for sequences in H, only), we shall use a technique due to De Giorgi [16].
In our setting, due to the more delicate nature of the topology t (strong L? convergence is only
local in space), a more subtle argument is needed. Let {U,} C Hy converge to t£ in the t
topology, and fix § > 0 sufficiently small. Let

So=@1-8)x@,1-8"c---cSycS=(0,1) x0,1)?
be open, equidistant squares. Next we take

ai 10,11 —[0,11, b :[0, 117 — [0, 1],
smooth functions such that

a,=b;=1 onS;_i, ai=b;j=0 onS\S; and |a;@)|<(N+1)/§
foralli = 1,..., N. Then consider

Ul(t, x) = tE(x) + a; ()b () [Un (2, x) — tE(x)],

SO U,i —t& € Ho(£2). Note that

1
. U .. U, .
an(U,;,(z)zFen(Un,Q)Jr/ L|=,U.)—L|==,0,) |dt
0 €n €n
1 i
Ul U, ..
+/ [L(E—",U;)—L(E—”,U,;ﬂdt = F(Uy, )+ I} + 1.
0 n n

Write S; = I; x Q; where I; C (0, l)d. Since U,i(t, ) =U,(t,)on Q;_jforallt € I;_q,
we use (2.23) to infer that |I]| < C§ + w(C$). By (2.22),

I} < A// |U!|Pdxdr.
S\Si—1
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On S\ S; we have U! = t&, so

// |U!|Pdxdr < /[ |§(x)|pdxdt+/f |U!1Pdxde
S\Si—1 S\Si i\Si—1
ca+// |U!|Pdxdt.

i\Si—1

Collecting all the above we get

Fo (UL, 2) < F(Uy,, 2) + A // |U!|Pdxdt 4+ C8 + w(C8). (2.24)
i\Si—1

Since

\ULNP = |& + @b (Uy — t€) + aibi (U, — £)|P
14
< 3PI[IEIP + (%) \Up — t£|7 + U, —sw]

we infer
€ i € —1 N+1 !
F"(Un,ﬂ)gF"(Un,Q)+0(8)+3p A — |U, — t&|Pdxdt
Si\Si—1

+31”1A//S g |U, — &|Pdxdr + C8 + w(C$).
i \Qi—1

Since U, converges to t& locally in L?(S), upon passing to liminf as n — oo, we obtain

liminf Fé" (U, )

n—oo

< liminf Fé (U, 2) +3”"' Alim inf// |U, — &|Pdxdr + C8 + 0(8).
=00 Si\Si—1

n—o00

Since {U,’; — t&} C Ho(£2), we know that the left hand side is at least L(£). Thus, if we sum up
from i = 1 to N and divide by N, we find

p—1

N

- 3 A .
L(&) < liminf F(U,) + liminf// |U, — &1Pdxdt + C§ + 0(5).
n—o0 n—oo S

Due to U, 5 t&€, the integral is uniformly bounded in n, so, if we first let N — oo and then
§ — 0, we discover that

L(§) < liminf F (U,, 2).
n—oo
Thus, the proof is concluded.

If R € Lg(X), then the map t — L(¢R, R) is periodic, having as principal period the least
common multiple of all the denominators of all (rational) entries of all vectors in the range of R,
say, m. We next study L(R) for R € Lg(X).

Lemma 2.9. If R € Lg(X), then

Co,km (0, kmR)

LRy = klggo km
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We skip the proof of this lemma, as it needs no modification from the argument in [19]. On the
basis of this result, we shall be able to obtain the opposite inequality, L > &, at first on Lg(X).

Lemma 2.10. One has L(R) > &(R) for all R € Lg(X).

Proof. Take § > 0. According to Lemma 2.9, we can find a positive integer k and ¢ € Ho(0, km)
such that

km
‘I:(R)—][ L(sR+ ¢, R+ ¢)ds| < 8.
0

Set 2 = (0,1) and define ¢~> as the periodic extension of ¢ on R and put M, (t,x) =
tR(x) + e,,(;;(t/e,,, x). Then M, iy tR, so

.. P oM,
hmmf/ L|—,M,|dt > F(tR, ) = ®(R).
0

n— 00 €n

We have

1 M . T 5 .
/L(—",Mn>dt:][ L(tR+ ¢, R+ ¢)dt,
0 0

€n
where T, := 1/€,. The map
t—> L(tR+¢,R+9)

is periodic, of period km. Thus, the last averaged integral from above becomes

T k km . 1 Th—NIT, /(km)] - i3
M/ L(tR+¢,R+¢)dt+—/ L(tR+ ¢, R+ ¢)dr,
Tn 0 T” 0

which implies
Tn ~ ~ ki i
lim L(tR+¢,R+¢>)dt=][ L(sR + ¢, R+ ¢)ds.
0

n—oo 0

We deduce § + L(R) > ®(R) and, since § > 0 is arbitrary, we conclude the proof.

Remark 2.11. Thus, if L satisfies the assumptions of Lemma 2.8 we have L(R) = &(R) for all
Lg(X). Before concluding that this is, in fact, true on the whole of L”(X), we need one more
lemma.

Lemma 2.12. If &, — & in LP(X) and {,}7° | C Lo(X), then
L(¢) < lim io%fi(é,,). (2.25)

Furthermore, there exists &, — & with {§,}7° | C Lq(X) such that

L&) = lim L(&). (2.26)
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Proof. Note that (2.25) follows trivially from the previous lemmas and the lower semicontinuity
of @. To prove (2.26), we start by selecting a sequence 7,, — oo and a sequence ¢, €

W(}’p(oa T,; L? (X)) such that

T, )
L() = lim ][ L(t§ + ¢n, § + ¢p)dr. (2.27)
n—oQ 0

Next, asin [19], welet A, = [T, ]+ 2, s, = 1 — (T, — [T,,])/2. Then take ¢, € C.(X; R?) such
that ||, — €]l < 1/(2A,). Define the vector field [-], by
[vle; =2k whenever2k —1 <y, <2k+4+1fori=1,...,d,

and let &, .= [2A,,¢u]e/(2A,). Note that

d
&, — &l < 2\2_ and each component of &, is an integer divided by A,,. (2.28)
n
Now let ¥, € WHP(0, A,; L (X)) be given by
Yn(s, x)
0, if0<s<s,, xeX
_ ) = 50)8@) + Pu(s — sn, X), ifsy <s<sp,+T, x€X
T o s—s,—T, .
——{An5n () = TiEW) + Th§ (), if sy + Ty <5< Ay, x € X.
Ay =5, — T,

Observe that v, — s&, € Wy'”(0, T,;; LP (X)) and

A

. 1
I @ N = =11 Andn — T |l < 201 Andn — Tuk |l

n

240160 — 6l +2(An = TSN = C

foralls, + T, <t < A,. Consequently,

IA

Ay . Tn+sn . Ay .
/O L<wn,wn>drsf() L. d)di + / L. dn)di

sp+Ty
Tn .
= / L(t& + ¢u, & + ¢u)dt + C(Ap — 5, — Tn),
0

which implies

An . T, T . Ay — s, — T,
LYy, Yp)dt < — L(pp, pp)dt + C ——
0 An 0 A

n

and so

Ay
lim sup ][ LY, Y)dt < L(£). (2.29)
0

n—oo

But by Remark 2.1

Ay
][ LY, ¥r,)dt > L(&,), forall n.
0

This, together with (2.25) and (2.29), yields (2.26).
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Later we shall need the continuity of the map L with respect to the strong L” (X) topology.
This is obtained as a consequence of its convexity.

Proposition 2.13. The map L is convex.

Proof. Fix 01, Q2 € Lg(X), A €[0,1/21NQ and put 03 :=AQ1+ (1 —1)Q>. Take § > 0
arbitrary. Due to Lemma 2.9, there exists 7y > 0 such that

T i _ )
inf ][ LGQi +¢. i + )i — L(O)| < 2
$eHo©0.7) Jo 2

fori = 1,2,3 and T > Tp. Next, consider 77 > Ty such that 77Q; € Lz(X) and set
T = (=14 1/M)T1 = Tp. We can find ¢; € Ho,T;) such that ¢;(0,-) = 0, ¢;(T;,-) = T; Q;,
and

n
][ L, )dt < L0+
0

for i = 1,2. Define q~5 to be the Ho,71,+7,) map identically equal to ¢ on [0, 7] x X
%nd to 7101 + ¢o(t — T1,-) on [T1, Ty + T>] x X. We obviously have qS(O, ) = 0 and
¢(Ty + T», -) = (T + T2) Q3. Since

+T» . T . T X
/0 L. $dr = /0 L1, di)dr + /0 L(ga. o)t
and § > 0 is arbitrary, one obtains

L(Q3) < AL(Q1) + (1 = M L(Q2).
We conclude by Lemma 2.12.

2.5. The I'-limit

It is obvious from its definition that L is locally bounded. Therefore, its convexity implies the
following:

Corollary 2.14. The map L is locally Lipschitz on LP (X).

So far, we have proved that

F(¢. 2) = / L@ (2.30)
(]

for all ¢ (¢, x) = t&(x) 4+ u(x) (the addition of u is allowed due to the second equality in (2.21)),
where &, u € L?(X). In general, we have:

Theorem 2.15. The equality (2.30) holds for every ¢ € Wli)’cp (R; L?(X)).

The proof of this theorem is exactly as in [19], provided that we clarify some issues related to
the infinite dimensionality of our setting. This is what we do next.

Proof of Theorem 2.15. Due to the additivity property of F, we conclude (2.30) is also true for
piecewise affine functions. To apply Egoroff’s Theorem and obtain

F(g, 0) < / L(@)dr 231
2
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just as in [19], we only need to show that there exists a sequence of affine functions ¢, that
converges strongly in H ) to ¢. We refer the reader to Section 2.2.

For the reverse inequality, take any ¢ € H(4,p) and recall that (see, e.g., [10]), if ¢~> is the
extension of ¢ to R x X by o, ) = ¢(a,-)ift < a and <13(t, ) = ¢(b,-) if t > b, then the
function

P +s, )=, ) = :

o +s,) —&( )—¢(t,~) s £0
a;(s) = s

0, ifs =0

is continuous on R for a.e. ¢ € (a, b). In particular, for a.e. 79 € R,
~ - p

L[ f ,)— @, ) =

0= lim _/ P(to +5,-) — Pt0 )—¢>(t0,') ds
r—>0tr J_, S

p

ol Gt +r(t —19), ) — plto, - <
— lim P10 +rt —10), ) — pto )—(t—to)qb(to, N
r—>0t Jy—1 |t — to|? r
We deduce that
fo+1 ot — ) — o . ;3 P
lim ¢(to +rt —1t0), ) —pto, 1) ¢ — 1080 )| dr =0,

r—0% Jy—1 r
ie,asr — 0T,

bt +r(t —t0), ) — ¢(to, )

r

(= 10)d(t0, ) —> 0 inLP((tg— 1,10+ 1) x X).

The rest of the argument follows exactly as in [19].
3. Hamilton-Jacobi equations on P, (R); homogenization

Wefix T > 0,p > 1 and set X = (0, 1). We denote by || - || the standard L.”(0, 1) norm.
Recall that H = ACP(0, T; L7 (0, 1)). If © € Pp(R), LP () stands for the set of v : R — R
that are p-measurable and such that ||v||ﬁ = fR |v|Pdu is finite. We denote by S the set
ACP(0,T; P,(R)) of p-absolutely continuous paths on the Wasserstein space and denote by
W), the p-Wasserstein distance. Some useful properties of the elements of P(R) are recalled in
the Appendix (cf. Appendix A.1). We endow S with the following topology.

Definition 3.1. We say that {¢"},, C S ty,-converges to o in S if

T
lim/ Wi(o", o1)dr = 0 G.1)
n—>oo 0

T
sup/ (W;,’(a",(so)+|(o")’|f’)dt<oo. (3.2)
neNJ0

Remark 3.2. When pu € P, (R), the L? (u)-closure of {¢’ : ¢ € CZ°(R)} is L? (). Thus, given
o € S there exists up to a negligible set a unique velocity v for o. In that case, if ¢, : (0,1) > R
is the unique monotone nondecreasing left continuous map such that ¢:4v9 = o; then ¢ € ‘H and
(i)t = vy o ¢, for almost every t € (0, T) (cf. e.g. [10]). We say that ¢ is a flow associated with o.
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3.1. Properties of the weak topology t

Remark 3.3. Let A, : (0,1) — R be a sequence of monotone nondecreasing functions for
which there exists C > 0 such that ||A, | Lr@©,1) < C for alln € N. Suppose A : (0,1) — Riis
monotone nondecreasing. Then, for each r € (0, 1/2), {A,}, is bounded in L*°(r, 1 — r) by a
constant depending only on C and r. Furthermore, the following are equivalent:

(i) {An}, converges to A in L'(0, 1).
(i1) {A,}, converges to A locally in L?(0, 1).

Proposition 3.4. Let {c"}, C S and let V" be a velocity for c”". Let o € S and suppose that
v is a velocity for it. Suppose ¢} : (0,1) — R is the unigue monotone nondecreasing, left
continuous map such that ¢;,vo = o/'. Similarly, let ¢, be the unique monotone nondecreasing,
left continuous map such that ¢uvo = oy. Then the following assertions are equivalent:

{o"}y Tw-convergesto o in S (3.3)
{¢"}nT -converges to ¢ in H. (3.4)

Proof. Recall that " € H is equivalent to 0" € S and, as pointed in Remark 3.2, qﬁ," =} o ¢}
for almost every ¢ € (0, T'). Hence,

T T ]
f (Whar, s0) + 1@ I e = f (717 + 19717 ) e (3.5)
0 0

and so, {¢"}, and {¢"}, are bounded in L?((0,T) x (0, 1)) if and only if (3.2) holds. It
remains to show that under (3.2), (3.1) holds if and only if {¢,}, converges locally to ¢ in
LP((0,T) x (0, 1)). Let C be such that W} (o, 8o) = [|¢}||? < C.

We assume in the sequel that (3.2) holds. By Remark A.1, every subsequence of {¢"}, admits
a subsequence {0}, such that {o,"* }; converges to oy in Py (R?) for every t € [0, T] and every
1 < g < p. The limit being independent of the subsequence, we conclude that {o/"},, converges
to o; in ’Pq(Rd) foreveryr € [0, T]andevery | < g < p. As Wi(o/", 01) = ¢/ — el 1(0,1) We
conclude that {¢]'},, converges to ¢, in L L, 1) forall s € [0, T]. By Remark 3.3 and the fact that
Wl’,’(at”, 80) = ll¢fHlI? < C foralln,if r € (0, 1/2) then {M}'}, converges to ¢; in L”(r, 1—r) for
allt € [0, T] and {¢"}, is bounded in L°*°((0, T) x (r, 1 —r)). We use the Lebesgue dominated
convergence theorem to conclude that {¢"}, converges to ¢ in L?((0,T) x (r, 1 — r)). Thus,
{¢"}, converges locally to ¢ in L”((0, T') x (0, 1)).

Conversely, suppose that {¢"},, converges locally to ¢ in L”((0, T) x (0, 1)). Let C be the
supremum over n of the expressions in (3.5). Letr € (0,1/2),set S = (0,T) \ (r,1 —r) and
denote by S¢ the complement of S in (0, ) x (0, 1). We have

T 1 1
fo Wi, o)dt < ¢ — dllLrcs) (L2 + 16" — pllLocse) (L2(S) 7
< 16" — Bllrs) (LX) 7 +2C7 @rT)7 .

1 hs
This proves that limsup,,_, o, fOT Wi(o/',00)dt < 2C»(2rT)" . Since r € (0, 1/2) is arbitrary,
we conclude that (3.1) holds.
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Lemma 3.5. Let {0} U {0"}, C S and let v" (resp. v) be the velocity for ¢” (resp. o). Suppose
¢} 1 (0,1) = R(resp. ¢; : (0,1) — R) is the uniqgue monotone nondecreasing left continuous
map such that ¢y,vo = o' (resp. ¢uvo = 01). Let @" (resp. ) be a flow associated with o
(resp. o ). Suppose (" T-converges to @ in H. Then {¢"}, T-converges to ¢.

Proof. As qbf’ and ¢" are flows associated with o” we may substitute ¢" by #" in (3.5) to
obtain that {¢, }, and {¢, }» are bounded in L?((0, T) x (0, 1)). We use that || — ¢y |l11(0,1) <
16} — @ell 10,1y (cf. e.g. [10]) to conclude that

T
lim / Wi(o}', oy)dt
0

n—o0

= lim |p" — ¢|dzdr < lim |¢" — p|dzdr = 0.
=00 J(0,T)x(0,1) =00 J(0,T)x(0,1)

We use Proposition 3.4 to conclude that {¢"},, T-converges to ¢ in H.
3.2. The effective Lagrangian on P,(R)

As in Section 2 we assume that L is a Lagrangian on L?(X) x LP(X) satisfying the growth
conditions (2.1) e_md the periodicity c_ondition (2.2). We further assume the following invariance
property: if M, M € LP(X) satisfy Mgvg = Myvg =: w and v € LP(u) then

L(M,voM)=L(M,voM). (3.6)
We define the Lagrangian £ by
L, v) =L(M,voM). 3.7

We denote by 7P, (R) the set of pairs (i, v) such that 4 € P,(R) and v € LP(u). In [2]
TP,R) is referred to as the tangent bundle of P, (R). For o € S, v the velocity foro and € > 0
we define

ff(a)—fTﬁ(D”% Dé)dt
= 0 4 ty Ut O .

We do not display the dependence of F€ on v, as the velocity of minimal norm for o is uniquely
determined. We set

T
Flo) = /0 L (v o dr)dr.

where ¢, is the unique monotone nondecreasing left continuous map that pushes vy forward
to o;.

Theorem 3.6. The family {F€}c I'(t)-converges to F as € tends to 0.

Proof. Fix ¢ € S and let v be the velocity of minimal norm for o. Let {c"}, be a sequence
that t-converges to o in S and denote by v" the velocity of minimal norm for o”. Let
¢" € ACP(0, T; P,(R)) be such that ¢} is left continuous, monotone nondecreasing and pushes
vy forward to o/'. By Proposition 3.4, {¢"}, T-converges to ¢, where ¢, is the left continuous,
monotone nondecreasing map that pushes vy forward to o;. Recall that ¢ is a flow associated
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with o and ¢" is a flow associated with o™ (cf. [10]). Let {F¢er}, be a subsequence of {F¢}..
Using the identity ¢ = v}’ o ¢;' we obtain

T
Fén(o™) = / LI((DI/6 o ¢! )uvo, v © De)dt
0

T
zf L(DV¢ o g}, vl o ¢)dr = Fé (™). (3.8)

0
By Theorem 2.15, { Fr}. I'(t)-converges to F as n tend to co. Hence, by (3.8)

T T
liminf 7 (¢") = liminf F (¢") > f L(¢)dt = f L(v; o ¢)dt = F(0). (3.9)
n—oo n—oo 0 0

As we may choose {c"}, such that the inequality in (3.9) turns into an equality, we conclude
that F is the lower I'(t)-limit of {F€}.. Similarly, F is the upper I'(r)-limit of {F€}., which
concludes the proof.

3.3. Homogenization for Hamilton—Jacobi equations in the Wasserstein space

Let us fix A > 0 and consider the extension to 7 P,(R) of the classical mechanical
Lagrangian, i.e.

L, &) = AE|l;, = W(n) forall (i, §) € TP (R),

which corresponds to
L(M,N)=A|N|> = W(M) forall (M,N) e [L*(X)]? (3.10)

via L(Mgvg, &) = L(M, & o M) for M € L?(X). We hope that the reader will be convinced that
the results proved in this section hold even if L is not necessarily of this form but simply satisfies
the assumptions from the previous section and, additionally, it is continuous in both variables
and nondecreasing in || N||.

As an application of Theorem 3.6, below we provide a proof of the fact that the viscosity
solutions given by the backward Lax—Oleinik formula (see [9]) for the time-dependent
Hamilton—Jacobi equations corresponding to the Lagrangians £¢ (defined below) converge to
the backward Lax—Oleinik solution for

QU (t, W)+ H(w, VU (t, 1)) = 0, U(©, u) = Uo(w), (3.11)
where Vy denotes the Wasserstein gradient (cf. [9]) and
Hu.0) = sup {{¢.&) 25 — L(u. &)} forall¢ € L*(X) (3.12)
£€L2(X)

is the Legendre transform of £. The latter can be defined by (3.7) due to the fact that the
Lagrangian in (3.10) satisfies (3.6). Furthermore, L satisfies the necessary conditions for the
existence theory in [9] to apply to (3.11). We assume that

ug : L2(X ) — Ris bounded below, W is bounded, nonpositive and 1-periodic, (3.13)

and satisfies, for some continuous nondecreasing w : R — R such that w (0) = 0,

|W(M1) — W(M)| < (L' ({M) # Ma})) (3.14)
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for all My, M> € L?(X). Thus, the conditions (2.1), (2.22), (2.23) on L are all satisfied. We also
assume that

W is L%OC(X )-upper semicontinuous, ug is LIZOC(X )-lower semicontinuous. (3.15)

Denote by M the set of all monotone nondecreasing functions in L%(X). Let LE(M, N) =
L(M/e, N) fore > 0, so

LG, €) = LDy 1, & 0 DF).

The following minima exist and are equal (cf. [10]):

t
U¢(t, ) = min {UO(U(O))+/ ﬁe(Us,&v)ds}
o(t)=p 0

t
min ){Uo((]bo) +/0 LE(¢s, q'ﬁs)ds}

- $eCi (-, My ;M
= Uo(u o) + LM (), B (5))ds,
where M|, is the monotone rearrangement of vy into p and C; (M, N; M) is the set of all curves
¢ <€ HI(O, T; M) such that ¢g = M, ¢; = N. According to [9], U€ is a viscosity solution for
dUt, w) +H (1w, VwU(t, 1)) =0, U(0, ) = Uo(p), (3.16)

where the Legendre transform H¢ of £€ is defined as in (3.12) with £¢ replacing £. Below
we prove the convergence of these viscosity solutions to the corresponding viscosity solution
for (3.11).

Proposition 3.7. Assume ug is continuous with respect to the leoc(X) strong topology and let
Mp € M. Let ¢, | 0 and M™ € C(-, M) be a minimizer for

T
{A”(S) = uo(S(0)) +/ L (S(s), S(s))ds : S € C(., MT)}.
0

Then, possibly up to a subsequence, M" S M for some M € H'(0, T; M) which is a minimizer
for
T

:A(S) = uo(S(0)) +/ L(S(s))ds : S € C(-, MT)}.
0

Furthermore, as n — 00,

T
min {MO(S(O))Jr / Lfn(S(s),S(s»ds}
0

SeCr(-,Mr)

T
—  min [uo(S(O))+/ E(S(s))ds}. (3.17)
0

SeCr(-,Mr)

Proof. Recall that, in fact, M" € C(My, M7; M). Since M" is clearly bounded in L((0, T) x
X), we deduce that a subsequence {M"}, converges in the t topology to some M €
Cr(My, M7; M). But we know that the actions of L ['-converge with respect to the
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t-topology to the action of L. All that is left to show is the I'(r)-convergence of A" to A.
According to Proposition 2.4 in [19], it is enough to prove that the map S — uo(S(0)) is

continuous on H'(0, T; L?(X)) with respect to the t-topology. But S, 58 implies (see [10])
that S, (s) — S(s) in L} .(X)-strong for all s € [0, ¢]. In particular, S,(0) — S(0) in L (X),
80 10 (51 (0)) — uo(S(0)).

4. Applications to 1D pressureless gas dynamics

4.1. Some special Lagrangians

Note that L; and L, defined in (1.8) satisfy (2.1), (2.22) and (2.23). We shall prove:
Proposition 4.1. One has
L) = [ frotar, @.1)
where 11 is the effective Lagrangian associated with l1(x, v) = v2/2 — V(x).

Proof. If M € HJ (0, T; L*(X)), then M(-,x) € H} (0, T) for a.e. x € X. Since

T T
][ Ll(M+tg,M+s)dr=/][ {%|M(r,x)+é(x)|2—V(M(t,x)+t§(x))}dtdx,
0 XJO
we infer

T
i;;lf][ Ly(M + 16, B + £)di

0
T
zf inf][ {%|M(r,x)+$(x)|2—V(M(t,x)—i—té(x))}dtdx.
X 0

M(,x)

Thus, Fatou’s Lemma yields
L1 = [ Togdr
X

To prove the opposite inequality, we take a sequence of discrete §, — & in L%(X) and a.e. such
that &, is constantly &, € R on (c;_1, ¢;) (a regular partition of X),i =1, ..., n. Clearly,

T n_ T
. . 1 : . _

lnff Li(M+t&,, M +&,)dt < — inf E ][ Li(r; +té‘§,‘l,rl~ —}-%"ll)dt
M Jo " reH} (0,T;R") 0

1 n
n 4

i=1

T
inf ][ Li(r+t&,, 7+ §&,)dz.
1 reH} (0.T;R)Jo

i=

Passing to liminf as 7 — oo, we obtain
L&) < / fi o &dx.
X

Due to the continuity of L over L%(X) and of I; over R, we can pass to the limit as n — oo to
conclude the proof.
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We introduce the Lagrangian Ly : [L*(X)]? x [L*(X)]*> — R given by

1 1
Ly(My, My, Ny, Na) = ZI|N1I|2 + ZIINQIIZ - f f _V(Mi(x) = Ma(y))dydx. (4.2)
X

As we shall see later, this corresponds to a system of two interacting species of particles. Arguing
as in the proof of Proposition 4.1, one can show that

Lae. &) = / /X bE@, &0Ndvdx forany &1, & € L2(X), 3)

In the case of the two-particle (same species) interaction Lagrangian, we can rewrite it as

1 1
Lot = [ Z{Z'N(")'z +3INGIP = V(M) - M(y>)}dydx. (@4

Thus, the natural question is that of whether Zg(éj) coincides with l_,4(E ,E) = f f X2 l_g(é (x),
£(y))dydx, where [, is the Lagrangian on R? x R? given by l>(x, v) = |v|?/4 — V(x| — x2). The
answer is, in general, negative. The following lemma will be used in the sequel.

Lemma4.2. Let T > 0 and o € R such that T € Z. Then there is a unique solution for
¥ = —4V'(r) with boundary conditions r(0) = 0, r(T) = oT. This solution is precisely the
unique minimizer

T
argmin{/ I(r,r)dt :r € HI(O, T), r(0) =0, r(T) =aT ;,
0

where
I:RxR—>R, Ix,v)=0v/8—V(x). (4.5)
Proof. It is easy to prove that the minimizer exists, it is of class C* and its Euler—Lagrange

equation is exactly the ODE above. Let us assume that « > 0 (the other cases are handled
similarly). Any solution satisfies

1. 1,
PO +V®) = 2O
because r(0) = 0 and V (0) = 0. We infer, due to V < 0, « > 0 and the continuity of 7,

F(t) =/m} —8V(r(t)), wheremg=7(0) > 0.

Indeed, note that 7 (0) cannot be nonpositive. If F(¢) := fé (m(z) —8V(s))~1/2ds, then F(r(r)) =t
for all ¢ € [0, T]. In particular, since r(T) = aT is a positive integer and F’ is periodic, then
/o = fol (m% — 8V (s))~"1/2ds, so F(0) is uniquely determined. So, by uniqueness for the initial-
value problem, we conclude the proof.

We are now ready to justify the following somewhat surprising result.

Proposition 4.3. One has

_ 1 _
lr(a,b) = g(a +b)? +1i(a—b) foralla, beR. (4.6)
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Proof. Let us consider minimizing
T T 1 1
. .2 .2
/ L(r,r)dt = / —|rc 4+ =" =V —rp)pdt
0 o |4 4

over H! o, T; Rz) withr(0) = 0, r(T) = Tc € 72. Clearly, the minimizer r exists, is in 3,
and satisfies the Euler—Lagrange system

il = =2V'(r; — ), i =—=2V'(r —r;) withr(0) =0, r(T) = Tc.
Since V is even, by adding the two equations we infer #'; 4 i, = 0, so
Fl+rim=ci+c on[0,T]. “.7)

By subtracting the equations we get that r := r; — rp satisfies ¥ = —4V'(r). But r(0) = 0
and r(T) = T(c; — c2) =: Tc € Z, so, according to Lemma 4.2, r is the unique minimizer of
fOT [(r, )dr with the prescribed endpoints. Therefore, due to (4.7),

T
. )
][ {—|"1—r2| —V(rl—rz)}dt
0 8

T
1
= min ][ Ly(r, B)dr — = (c1 + c2)>.

r(0)=0,r(T)=TcJy 8

T
min ][ [(u, u)dt
0

u(0)=0,u(T)=Tc

We conclude that (4.6) is true for any a, b € Q by taking liminf as 7 1 co. We finish the
argument by using the continuity of / and /5.

We next introduce a new one-dimensional Lagrangian I (x,v) = v? /4 — V(x). Note that, if
aclR,

= Tl 1
[(a) = liminf i —F2 + =72 = V() Ydr
@ =tmind i f {8'” i <r>}

> %a2 +i@) “8)
because fOT |7|>dt > a®. We are now ready to prove:
Proposition 4.4. (1) For every & € L*(X),

Ly(§) > /fxz L(§(x), £(y))dydx. 4.9)
(2) Unless V = 0, there exists & € LZ(X) such that

Ly(§) > //xz L(£(x), £(y)dydx. (4.10)

Proof. It is easy to see that L4(§, &) < Ly(§) for all § € L*(X) (the infima are taken over a
smaller class for Ly).
We shall prove (4.10) by contradiction. Assume it is false. Then, due to (4.9), we have that

L2 = / fx BE@, EoNdydy forall ¢ € LX), @.11)
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Let us take an arbitrary M € H'(0, T; L*>(X)) with M(0, -) = 0, M(T, x) = T&(x) and write

T T
][ Lo(M, M)dt :][ /f {1|M(t,x)—M(t,y)|2—V(M(t,x)—M(r,y))}dydxdz
0 0 x2 |4
LT :
+—][ (/ M(t,x)dx) dr
2Jo X
T _ 1 2
i I(r, 7)dt {dydx + = dx | .
= //Xz r(0>—0,r(T)IEI<I§<x>—s<y>>T{][o ") t} o 2(/;(5 x)

Passing to liminf as 7 — oo and using Fatou’s Lemma, we deduce

2
_ = 1
L) = f / z<s<x)—s<y)>dydx+—< / de> , @.12)
X2 2\Jx

which, together with (4.11) and Proposition 4.3, gives

5 [ e —smPasar = [[ fiew - s0n - 6w - onlaras
forall & € L2(X). Thus, a2/8 > I(a) — I(a) for all a € R. But this and (4.8) imply

a%/8 = I(a) —I(a) foralla € R. (4.13)
By definition, we also have ?(a) =1(a/2) foralla € R. So, (4.13) implies

a/4 =1(av2) —Il(a) foralla € R. (4.14)

The Legendre transform of [ is fz(x, p) = p2 + V(x). Its effective Hamiltonian is computed
in [15] as

(p) = {0 if [p| < (v—=V)

A ifpl=W=V+Ar)

S

S0, since 7 is its Legendre transform, its subgradient at O, 8_?(0), has a maximal element
po = («/—=V) > Ounless V = 0 (trivial case). If we divide (4.14) by av/2 fora > 0 and
leta — 0 we obtain py = po/~/2 which contradicts py > 0.

Remark 4.5. It is not clear whether equality in (4.12) holds for all £ € L3(X).
4.2. Homogenization for action-minimizing solutions

Fix T > 0 and pg, pr € P2(R). One consequence of the analysis in the previous section is
that if we consider action-minimizing solutions (shown to exist) of

0:p° + 3 (pv) =0
(4.15)

1
0 (p0) + B[P ()] = = pA]
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with prescribed endpoints p€(0) = pg and p(T) = pr, then the corresponding optimal
maps M e () converge in L? (X) to M(t), where M € H! O, T; LZ(X)) minimizes the action

loc

fOT L;(M)dz. Recall that here

AS(x) = V’(E) and A;(r,x)=fv/<x€;y)pf(t,dy),

respectively. Let p(t) =: M(t)gvo. It follows that p€(¢,-) converges to p(z,-) in the p-
Wasserstein distance for any 1 < p < 2. So far, we have not been able to identify the limiting
system of equations satisfied by (p, v) in the case of the two-particle interaction Lagrangian L.
We can only prove:

Theorem 4.6. Let (p€, v¢) be action-minimizing solutions for
3 p€ 4+ 0x(pv) =0

X
at(pevé)+ax[p€(v€)2] =_]/6p6V/<_> (416)
€
with prescribed p€(0) = po and p(T) = pr. Then, the limiting p is the geodesic in the
Wasserstein space connecting po and pr. Thus, (p, v) satisfies the pressureless Euler system

{8110 + 0x(pv) =0

3 (pv) + 3y (pv*) = 0. 4.17)

Proof. Since we know that 1 — M (¢) minimizes

T T
/ Li(M)dt = / / [/ (M (z, x))dxdr,
0 0 X

(equality due to Proposition 4.1) it is enough to show that [; is strictly convex to conclude that
M, x) = (1 —t/T)Mo(x) + (¢/T)Mr(x). The Legendre transform of /{ is hi(x, p) =
p%/2 + V(x). Just as before we recall the computation in [15] to write down its effective
Hamiltonian

Fo) = {0 if p| < (V=2V)
BPYZ 0 i Ipl = (V=2V ¥ 20).

1
p= fzf Vhi(p) = V(x)dx  for p > (v=2V) = po.
0

We infer that /1 is differentiable at all p with p > pg and

- 1

/
hy(p) = S I P for p > po.

Jo Vi (p)=vx)

Since h is even, it is enough show that

So,

lim

1 dx
/Hpo-/o Tn—ve
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in order to conclude that /; is differentiable at & po.But Vis C? and V(0) = V’(0) = 0, so there
exists C > 0 such that /—V (x) < Cx on [0, 1]. This, combined with the fact that h (p) | Oas
p — po~, yields that the limit in the last display is, indeed, co. Since 1 = 0 on [—pg, pol, we
obtain that 4 is differentiable everywhere on R. Thus, Ij is strictly convex.

Likewise, [ (for [ defined in (4.5)) is strictly convex. In view of Proposition 4.3, we infer the
strict convexity of [ and then, due to (4.3), the strict convexity of L4. Thus, we may state the
following true result.

Theorem 4.7. Let (,ol.e , vf), i = 1,2, be action-minimizing solutions for
3 + 3 (P V5) = 0,
3 (pfvf) + 3 pf W))*] = —1/epf AS, i # ]

=y

(4.18)
AS (1, x) =2/ V’(—)pf(t,dy)
R €

with prescribed pf(0) = p; 0 and p;(T) = pi,7, i = 1,2. Then, the limiting p; are geodesics
in the Wasserstein space connecting p; o and p; 1. Thus, (p;, v;) decouple to each satisfy the
pressureless Euler system (4.17) fori =1, 2.

To prove existence for the action-minimizing solutions (p; , v{) for fixed endpoints pf (0) =
pi,0 and pf (T') = p; T, we consider minimizing the action

r (M .
/ Li| —, M |dt
0 €
over the set M = (M, M>) € H'(0, T;L*(X)) such that M; are prescribed and monotone

nondecreasing at 0, 7. Then we adapt the proof (existence of minimizing paths) in [9] to get the
existence of minimizers. The corresponding Euler-Lagrange system is

Mi(t,x) = —%/ V’(Ml(t’x) - Mz(t,y)>dy
X

€

it 1) _g/ V,(Mza,x) — M, y))dy
X

€ €

(4.19)

and a minimizing pair (M (z, -), M»(t, -)) consists of monotone nondecreasing maps in L?(X)
forallt € [0, T]. Let ¢; € CCI, (0, T) x X) and multiply the equations in the above system by
@i (t, M;(t, x)) fori = 1, 2 respectively. Then integrate on [0, 7] x X by performing integration
by parts in time for the left hand side. After that, we use Proposition 4.2 in [10] to obtain, upon
setting o7 (f, ) = M;(t, -)#vo, the formulation of (4.18) in the sense of distributions. To show
some detail:

T
/ / Wi (6, Mi)dzds
0 X

T
_/0 /[Miat(pi(t’Mi) + Mo (2, M;)]dzdt
b
T
- _/(; /[Ui(t, M) (t, Mi) + vi (t, Mi)* 9.9 (t, M;) ]dzdt
X

T
_ f / [040. )0 (0 ) + V(0 1) 0, )| s ¢, o).
0 R
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But the ith equation in (4.19) also gives

T T . _ . /
/ /M,-(p,-(t,Mi)dzdt —%/ /f v’(M’(t’Z) M](t’Z))dz'dzdt
0 X € Jo X2 €
——/ // ( )p,(t dy)pi(t, dx)dz,
R2

where i # j. By equating the two we get the desired result (note that we dropped the
€ superscripts). Note that the continuity equations hold automatically due to M;(¢,-) =
v; (t, M; (¢, -)) (again, see Proposition 4.2 in [10]).

5. I-limits on P, (R?)

Throughout this subsection 77 > 0 is prescribed and vy is the Lebesgue measure on X =
(0, l)d. We assume that W is a nonnegative, bounded, real-valued function defined on L?(X)
which satisfies W (M) = W (M*) whenever M, M* € L (X) are such that Mgvg = M;vy. We
also assume

W is continuous on L” (X) endowed with the uniform convergence topology. S.D
For u € Pp(Rd), L”(w) is the set of &€ : R — R? that are u-measurable and such that
€5 = [ga |EIPd < co. We denote by 7, P,(R?) the closure of {Vg : ¢ € CX(RY)} in

L7 (1). The union of the sets {u} x T, P,(R?) is denoted by 7P, (R?) (cf. e.g. [2]).
We set

1
L(M,N) = ;IINIII7 + W(M), L, &) =L(M,§oN), W(w) == W(M)

for (u, &) € TPP(Rd) and M, N € L?(X) such that M4vg = . We assume that ¢ = 1/p and
C are such that L satisfies (2.1) and (2.2) and we suppose that (2.23) holds. Note that

W) = W(2)| < o LMy # M) ) (5:2)

for any uq, o € Pp(Rd) and any M, M, € LP(X) such that u; = Mgy, i = 1, 2.

If 2 C (0, T) is an open set with negligible boundary, we denote as AC”({2; P, (R9)) the
set of p-absolutely continuous paths of {2 into P, (RY. If 0 € ACP(£2; Py (R%)) and v is the
velocity of minimal norm for o, we define

Fé(o; Q) = f L(Dy/ o1, v, 0 D)dr.
0
We simply write (o, v) in place of F€(o; {2) when 2 = (0, T).

Remark 5.1. Let {uf}; C Pp(Rd) be a bounded sequence and OF be the unique optimal map
(optimality being measured against the cost | - |?, unless otherwise specified) that pushes vy
forward to ,uk (cf.e.g. [4,8]).

(i) Suppose {u*}x converges narrowly to . The set I'o(vo, ), which consists of the optimal
measures which have vy and uk as marginals, reduces to {id x O} (cf. e.g. [8]). Here, O
is the unique optimal map that pushes vy forward to . Proposition 7.1.3 [2] ensures that
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{Gd x Ok)#vo}k narrowly converges to id x O. As a consequence, whenever | < g <
p, {0%}; converges to O in L4 (X).
(ii) Further assume that {;X}; converges to y in Py (R%). Then
limsup [[|O%[| — [ OIl| = limsup [W, (80, 1*) — W, (0. w)|

k— o0 k—o00

< limsup W, (1, u*) = 0. (5.3)

k— 00

As {Ok}k is a bounded subset of L”(X) by (i), it converges weakly to O in L”(X). Hence,
by using (5.3) we conclude that {Ok}k converges to O in L”(X).

5.1. The effective Lagrangian on P (R%)

As in (1.4), we define
C 8o, (TE C 80, D o&
O,T( 0, ( )#M) liminf O,T( 0 #IJ«)'

T T— o0 T

L(u, &) = liminf

T—o0

Leto € ACP(0,T; P, (R%)) and let v be a velocity for o. Setting
O'f = D;/Eo—esv V? = Ve O Dé,

we have that v€ is a velocity for o€ and fOT Loy, v))dt = € fOT L (o, v5)ds. As o is arbitrary,
we conclude that

1 1
Co.r (00, 07) = GCS’T/S(D#/GGO, D#/eor).

In particular,

1 ~1
Co,r (80, 01) CS,T(D#/GUO’ D'/ o D{ or)

54
T €/T Sl
Note that
1 1
Slvilly, < LDy o, vo D) = Slvllg, + WD,/ o) < C(IvlIZ, + 1)
and so,
cW}h (04, 0p) < F(0: (a, b)) (5.5)
forany o € AC?(a, b; P) (R9Y). If, in addition, o is a geodesic of constant speed then
; W} (04, 0p)
Folos@b) <Chb—-—a)fl+———-). (5.6)
(b —ayr
For real numbers a < b and 0,4, 0, € Pp (R%) we define
b 1
C; (04, 0p) = inf/ E(D#/EG,, v; o D9)dt, 5.7
, o J,

where the infimum is performed over the set of (o, v) such that v is a velocity for o € P(o,, 0p).
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Lemma 5.2. W is continuous for the narrow convergence on bounded subsets of P, (RY).

Proof. Suppose {u*}x is a bounded sequence of Py (R?) which converges narrowly to s in
’P,,(Rd). Let O, OF : X — R be such that 0§vo = p¥ and Ogvyg = optimally against
| - |P. Remark 5.1 ensures that {O*}; converges to O in L'(X) and so for § > 0 there exist a
set E C X such that £4(X \ E) < & and up to a subsequence which we do not relabel, {O¥};
converges uniformly to O on E. Let OF be equal to O on E and 0 on X \ E. We define O in a
similar manner. We exploit (5.2) to obtain

Wk =Wl < IW(0%) — W(0)| + 2w ().

We now use (5.1) by letting k — oo, then letting § tend to zero we conclude the proof.

Lemma 5.3. Given o,,05, € Pp(Rd), there exists o* € ACP(a,b; Pp(Rd)), a minimizer
in (5.7). Let v* be the velocity of minimal norm for o*. Then there exists a set N' C (a, b)
of zero measure and a map v : (a, b) x R4 — RY such that v, = vy forallt € (a, b) \ NV and

1 1
t— ?nv,n]’jpm +W(D,/ o))

is time independent. In particular,

sup ||Vl||]l:p(g[*) = Pc(b - Cl)

1 + Wg(o'a’ Gb)
te(a,b)

2
b—a) ) + p~sup |W|.

Proof. Let {o¥}; be a minimizing sequence in (5.7). Let o be a geodesic of constant speed
connecting o, to o and let v be the velocity of minimal norm for it. We assume without loss of
generality that

b b
/L(D;/éat,vtoDe)dtzf L(Dy/ o}, vk o D)dr.
a a

We exploit (5.5), (5.6), and the fact that oak = o,, and use Remark A.1 to conclude that {o¥};
is bounded in ACP?(a, b; Pp(Rd)). In light of the same remark, we may assume without loss
of generality the existence of a * € ACP(a, b; Pp(Rd)) such that {atk}k converges to o;" in
Py (R?) for every g € [1, p) and every ¢t € [0, T]. Let v* be the velocity of minimal norm
for o*. Note that 0] = 0, and 0, = 0. By Lemma 5.2, {W(U,k)}k converges to W(o,*) for
everyt € [0, T]. As {W(o,k)}k is bounded uniformly in ¢ and n, we use the Lebesgue dominated
convergence theorem to conclude that

b b
lim [ WD,/ of)dr = / W(D,/ o7t
a

k—o00 J,

Then one can reproduce verbatim the proof of Proposition 3 [10] given in the case p = 2 to infer

b b
lim inf V1P de > vi P L dt
fiminf | VI, o0 2 | IV,

which is the last ingredient needed for concluding that o* is a minimizer in (5.7).

We have that the distributional derivative of 1 — 1/p/||v;|lf, o T+ W(D;/ o) is null (cf.

Proposition 3.11 [9] for the case p = 2). This proves that there exists a set N' C (0, T) of
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zero measure and amap v : (0, 7T) x R? — R4 such that v, = viforallz € (0,T)\ N and
t—1/p ||v,||Lp(U*) + W(Dl/ea,*) is time independent. By (5.6), the set of # such that

1/€

— v — W(Dy

”pp *
L2 (b —a)r

p
o) < Clb - a)(l + Vp(%a, o) Ub))

is of positive measure. We use that 1/p’||v, ||L P )+W( Dl /e o/") is time independent to conclude
the proof of the lemma.

52. Pp (R?) as a quotient space of L? (X)

Proposition 5.4. Let M € L?(X) and fix § > 0. Then:

(i) There exist M € LP(X) and a partition of X into parallel cubes {X,-}ﬁ.‘=1 of the same size
such that |M — M|| < 8, |M| < |M|+ 1, M is a constant value m; on each X;, m; € Q and
mj # m; whenever i # j.

(ii) There exists M e L?(X) such that |M| < |M|+2, ||M M| <6, M is invertible, and
both M and M~ are Borel maps. Furthermore, £¢ (M~ (A)) = 0 whenever A C R? and
L£4(A) = 0.

Proof. (i) Clearly, there exists M* € L”(X) and a partition of X into parallel cubes {X ,-}i.‘: "
of the same size such that |M| < [M| + 1/2, |[M* — M|| < §/2, M* is a constant value m]
on each X; and {m*}k 1 € Q. Next, choose a set {mi}f.‘:1 C Q of cardinality & such that
2|lm; — mz‘l < min{1, §}. Then M= Zf-‘zl m; xx, satisfies the required property.

(ii) In light of (i), we may assume without loss of generality that there exists a partition of
X into parallel cubes {X,-}i.‘=1 of the same size such that M is a constant value m; on each
X;,m; € Qand m; # m; whenever i # j. Set Mz = Mz + z/a where a > 0 is such that

atr;znlmi—mj|>«/g, 2Vd <as, a>d.
i#]

The first inequality above ensures that M is one-to-one, the second one gives that || M—-M | <6,
while the third one ensures that |M| < |[M]| + 1. Clearly, both M and M ~! are Borel maps and
L4(M~1(A)) = 0 whenever A ¢ R? and L4 (A) = 0.

The push forward operator M — Myvg defines an equivalence relation on L? (X). The goal
of this subsection is to show that Mgvy = Myvy if and only if infg | M — M o G|| = 0 where

G is the non-commutative group which consists of maps G : X — X such that G is one-to-one
L4 -almost everywhere onto X, and G, G~ ! are Borel maps that push vy forward to itself.

Theorem 5.5. If M, M € L (X), then the following are equivalent:
(i) Myvo = Myvo;
(i) @{G™}, C G such that lim |M — M o G"|| = 0.
n—od

Proof. We will prove that (i) implies (ii). The reverse implication is easy. Set © = Myvy and
suppose that (i) holds. Let O be the unique p-optimal Borel map that pushes vy forward to u (i.e.
optimality is measured against the cost function | - |”). We may assume without loss of generality
that M = O. Let {M"},, C L*°(X) be a sequence of Borel maps converging to M in L? (X)
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such that M" is invertible, both M" and its inverse are Borel maps and £d<(M ")_I(A)> =0

whenever A C R? is a Borel measurable set such that £¢(A) = 0. Such a sequence of maps
exists by Proposition 5.4.

Let {0"}, C C(R?) be a sequence of maps such that Ojvo = Myvy = pu" and O" is
p-optimal. Such a sequence exists by the mass transportation theory (cf. e.g. [8]) and O" is
essentially invertible. Set

F' =" 'oM", G" = M" "o 0"

Note that F”* and G" are Borel maps as compositions of Borel maps. They preserve the Lebesgue
measure and are both one-to-one almost everywhere from X onto X. In fact, G" is essentially the
inverse of F". The convergence of {M"}, to M in L?(X) ensures that of {&"}, to i in Py (R%)
and so, by Remark 5.1, {O"},, converges to O in L? (X). Note that

MoG"-M=MoG"—M"oG"+ 0" - 0.
Using the triangular inequality and the fact that G preserves Lebesgue measure we obtain

limsup ||M — M o G"|| < limsup |[M" — M| + ||O" — O] = 0.

n—oo n—oo

Remark 5.6. Let W : LP(X) — R be a continuous map. By Theorem 5.5, if W(M) =
W(M o G) forall M € LP(X) and all G € G, then W(M) = W(M) for all M, M € L?(X)
satisfying Mygvy = M#vo. The converse of this statement clearly holds even if W is not
continuous.

5.3. Homogenization on P (RY)

Lemma 3.5 suggests that in higher dimensions we consider a special subset of AC?(0, T’;
Py (R?)) on which we introduce a special topology.

Definition 5.7. Leto € ACP(0,T; P, (R9)) and suppose v is the velocity of minimal norm for
o. Suppose ¢ € H is such that
(1) ¢pvg = oy foreveryt € [0, TT; (5.8)
(i) ¢ = v, o, forae.t e (0,T). (5.9)
We say that ¢ is a flow associated with (o, v). We denote by S, (R?) the set of o such that

o € ACP,T; Pp(Rd)), v is the velocity of minimal norm for o, and there is a flow ¢
associated with (o, v).

Definition 5.8. Let 0 € S, (R?) and suppose v is the velocity of minimal norm for o. Let
{o"}n C Sp (R?) and suppose V" is the velocity of minimal norm for . We say that {c"},
T-converges to o if there exists a flow ¢" associated with (6", v"") and a flow ¢ associated with
(o, v) such that {¢"},, T-converges to ¢ in AC? (0, T; LP(X)).

Definition 5.9. (i) We say that a subset A of AC?(0, T'; P, (R?)) is bounded if

T
sup/ (W};(at, 80) + |o’|p(t)>dt < o0.
A JO
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(ii) We say that a bounded sequence {o"}, Ty-converges to o in AC?(0,T; P, (RY)) if

T
1im/ Wi(o/", op)dt = 0.
0

n—oo

Corollary 5.10. Suppose {c"}, ¢ ACP(0, T; PP(JR”I)) Ty-converges to (o) in ACP(0,T; P,
(RY)). Let O] be the p-optimal map that pushes vy forward to cr,k. Similarly, let O; be the
p-optimal map that pushes vg forward to o;. If q € [1, p), then {O}'}, converges to O in L9 (X).

As a consequence, for each t € [0, T], {o/'}, converges to o, in Py (RY).

Proof. By Remark A.1, o” is 1/p’-Holder continuous uniformly in 7 and so we exploit the
fact that lim,,_, o fOT Wi(o/", 0;)dt = 0 to conclude that every subsequence of {o"}, admits a
subsequence {0 }; such that not only does o, converge to o, in P (R%), but also it converges
in P, (R9) for each t € [0, T]. By Remark 3.3, {O"}; converges to O in L9(X). The limit
being independent of the subsequence that we started with, we conclude that, in fact, for the
whole sequence we have that {O;'}, converges to O in L9(X). We use that W,(o/',0y) <
|0} — O:llLa(x) to conclude that for each t € [0, T'], {0/}, converges to o; in P, (RY).

Remark 5.11. Every 7-convergent sequence in S, (R?) is 1,,-convergent in AC? (0, T; Py (R%Y).

Proof. Assume {c"}, T-converges to o in S, (RY). Let v" (resp. v) be the velocity of minimal
norm for o” (resp. o). Let ¢" (resp. ¢) be a flow associated with o” (resp. o) such that (2.13)-
(2.15) hold. Let Y € X be an open set. Then

T 1
/ Wi(o)", o)dt < LYY 7 (19" — @llLe0,1)x1)
0

1
+LYXN\Y)7 sup 9" — @llLe(0,1)xx)-
n

We let n tend to oo, use (2.13) and then let Y tend to X to obtain that the. left hand side tends
to zero. As Wy,(0,',0:) < ¢} — ¢/, we conclude that [(c")'(r)| < |¢}'| for almost every
t € (0, T). Thus,

T T
/O WE Gl 504t = 16" Ip 0.1y /0 (@Y OIPdr < 16" I pi01y 5
Hence, (2.14)—(2.15) hold.

5.4. A topology stronger than 1, yielding the same I'-limit

Recall that w is the continuous, monotone nonincreasing function introduced in (5.2) such
that w (0) = 0.

Let K = K™ € CYR?;R?) be a 1-Lipschitz function such that |K(x)| < m for all
x € R4 K(x) = 0for x| > m+2and K(x) = x for [x| < m. As K is 1-Lipschitz, so is
the operator u — Kuu of Py (RY) into itself, for any g € [1,00).If ¢, s € [0, T] then

1/q
W, (Kyor, Kyog) < Wy(oy, 0s), Wy (Kgp, 1) < 2(/ |x|qu(dx)) . (5.10)
\

x|>m



1156 W. Gangbo, A. Tudorascu / Advances in Mathematics 230 (2012) 1124-1173

Lemma5.12. If 0 € ACP(0,T; Pp(Rd)), then for any map ¢ € LP((0,T) x X) such that
GV = 0y we have

r T
F(0) sz(K#a)—/ o( LI = m) )i sz(K#a)—/ w<—Wl("f’5°)>dL
0 0

m

Proof. Note that the first inequality in the lemma implies the second one. Our task reduces then to
proving the first inequality. By (5.10), 0 — Kyo is 1-Lipschitz and maps AC?(0, T; P, (R%))
into itself. Thus, |(K#o)'|(¢) is at most |o”|(f) almost everywhere on (0, T). Fix a > 0 and
M € L”(X) such that Myvy = u € Pp(Rd). We have

IW(Dgp) = WD o K)gu)| = |[W(D“ o M) — W(D“ o K o M)
< w(cd{pa oM #D" 0K o M}) < w(cd{|M| > m}).
This is the last ingredient for concluding the proof of the lemma.

Corollary 5.13. Suppose o € ACP(0,T; P, (R?)) and o, is supported in the ball of radius
R < m centered at the origin for every t € [0, T]. Then there exists {c"}, Ty-converging to
o such that for every t € [0, T| and every n € N, o' is supported in the ball of radius m + 2
centered at the origin, and F,(0) = lim,_, oo F (0"). As a consequence, {0]'}, converges to
oy in Pp(Rd)for everyt € [0, T].

Proof. Let {6"}, be a sequence 7, -converging to o and such that F(o) = lim,—, F(c").
Set o' = Kyo/'. By (5.10) and the fact that [(¢")'|(r) < |&'|(t) almost everywhere on
0,T), {o"}, Ty-converges to Kygo = o. Let O} be the p-optimal map that pushes vy forward
to o;' and, similarly, let O; be the p-optimal map that pushes vy forward to ;. Corollary 5.10
gives that {O]'}, converges to O; in L'(X) and so, since |0;] < R < m, we conclude that
lim,,_, 00 £%{] 0/'| = m} = 0. We use Lemma 5.12 to conclude that

T
F(o) = lim F (") > liminf{fe"(a") —f w(ﬁd{|0,n| > m})dt}
n—oo n—oo 0

v

F(Kuo) = F(o).

By Corollary 5.10, {0/}, converges to o; in the Wj-metric and so, {o,'},, converges to o; in the
Wi-metric. Note that o' is supported by the ball of radius m + 2 centered at the origin. Hence,
{o/'}, converges to o; in the W,-metric.

Corollary 5.14. Leto € ACP(0,T; P, (RY)). The following hold:

(i) There exists a sequence {c"™},, Ty-converging to o such that F (o) = limy_ Fyp(c™)
and for each m € N there exists ' > 0 such that for all t € (0, T), o;" is contained in the
ball of radius r'™, centered at the origin.

(ii) There exists a sequence {c"}, Ty-converging to o such that F, (o) = lim,—, oo F (c™) and
{o/"}n converges to o; in P (R?) for every t € [0, T1.

Proof. (i) We now denote K by K™ to display its dependence on m. Let o €
ACP(0, T; Pp(Rd)), set of" = K}'o, and let § > O be arbitrary. By the fact that o € ’Pp(Rd),

Remark A.1 yields sup, W,(o;, 8o) < oo. Thus, for m large enough, a)(W) < 5. We
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exploit Lemma 5.12 to obtain that F,(0) > F,,(¢) — §. As F, is ty-lower semicontinuous
and {0"},, T,-converges to o, we conclude that

—8 +limsup Fy (6™) < Fy (o) < liminf Fy (™).
m——+00

m——4oo

As § > 0 is arbitrary, we conclude the proof of (i).

(i1) For each k € N, choose k < m; € N large enough that F,(c) > ]:w(K;"ka) — 1/k and
set (rtk = K;""ot. By Corollary 5.13, we may choose a sequence {o*"},, that ,,-converges to o*
and such that

Fu () = lim Fé ok and lim W,(of", o}y =0

foreacht € [0, T]. Thanks to Egoroff’s Theorem, there exists a decreasing sequence of Lebesgue
measurable sets Ny D N D --- D N; D --- such that El(Nk) < 1/k and there exists ny such
that

1 1
Fulc®y > Fér(ohmy — Z and Wp(atk’”, U,k) < Z

for all n > ny and all # &€ Nj. We exploit (5.10) and the triangle inequality to obtain that

1

1 r
W0, o) < Wy(oF ™, of) + Wy(ok, or) < ot 2( / |x|f’at<dx>) :
|

x|>k

forallt ¢ N := ﬂf{’il Ni. Hence, limg_ o0 W), (U,k’"k, o) =0forallt ¢ N. As W > 0, we have
that

T
/ [(®mY P (1)dt < pFem (X)) < pFy(o) + p.
0

We use this uniform bound in n and k and Remark A.1 to conclude that the sequence {okney, is
bounded in AC?(0, T; P, (R%)) and {o%"}; is uniformly Holder continuous. Hence,

lim W,(o;"™, o) =0 forallt e [0, T].
k— 00

Using that Wi < W), we conclude that {ak’"k }e Tw-converges to o. As a consequence,
Fou(o) < liminf Féu (gF-m).
k—o00

But we also have

Fu(o) > limsup Fé (o),

k— 00

which concludes the proof of the corollary.

Remark 5.15. Let t¥ be the topology obtained by replacing lim,,_, oo fOT Wi(o/', oy)dt = 0 by

the stronger condition lim,,_, fOT Wg (0}', 01)dt = 0 in Definition 5.9. We have proved above
that the I"(t¥)-limit of F¢» is still F,.
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5.5. Representation of the effective Lagrangians on P, (R4) in terms of that on LP (X)

Remark 5.16. Leto € AC?(0,T; P, (R%)) and let v be a velocity for o. We extend o outside
[0, T] by setting oy = og if t < 0 and 0, = o7 if t > T. Similarly, we extend v by setting
v, =0ift < Oor¢ > T. Note that for any a < b, the extension (still denoted by o) belongs
to AC?(a, b; Py (R9)) and the extension of v remains a velocity for o. If v is the velocity of
minimal norm, then so is its extension.

(i) One can use a rescaled family of spatial mollifiers p¢ > 0 and define

€ € € € €
o, =p *x0; and oV, = p° * (0;Vy).

We have [|V; [lo¢ < [IV¢llo, (cf. e.g. Lemma 8.1.9 [2]). Then one uses a rescaled family of time
mollifiers v® supported in [—8, 8] and defines

o' = xof, o0V = 8 % (0FVE).
We have ||vf’3||ae,a < llv; lloe (cf. e.g. [7, Section 5.3]). We have that

of — oy in Pp(Rd), o“v¢ — ovnarrowly and ||V [« — [IV¢]lo,
as € — 0. Similarly,
o’ > of in Py(RY), o<%v¢? — 5€v€ narrowly and ||vf"s||o:,5 — [|1V{ [l
as § — 0. Furthermore,
0% e ([0, T x RY) and v** e C™([0, T] x RY; RY).
(ii) In conclusion, for each integer k > 1 there exist {cky c ACP(O, T; Pp(Rd)) and

velocities v¢ for o% such that o* € C°°([0, T] x Rd) and v € COO([O, T] x Rd;Rd).

Furthermore olk — o7 in P, (Rd) for each t € [0, T, o¥vK

[Iv¢ll6, as k& — oo. As W is bounded, the Lebesgue dominated convergence theorem yields

— oV narrowly and ||Vf||ak —
t

T T
lim/ L(a,",vf)dt=/ L(oy, vy)dt.
0 0

k—00
(iii) By Proposition 8.1.8 [2], there exists {SX}; ¢ W!P(0, T; L? (o)) such that
S5(x) =vFoSF(x) and Si(x)=x forae x e R?andr € [0, T]. (5.11)

Since Ué‘ > 0 and

T
/ (sup IVfI + Lip(vff, B))dt < 00
0 B

for every ball B C R4, we conclude that, in fact, (5.11) holds for every x. Furthermore, S,k is

invertible and Stk#vo = of.

Theorem 5.17. If u € P, R,V e LP(u), M € L?(X) is any map that pushes the Lebesgue
measure restricted to X forward to Vg := v then L(M) = L(u, V).
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Proof. 1. Let (o, v) be such that v is a velocity for o € P(do, D#T v), where we recall the
definition of DT: DTx = Tx. For k > 1 integer we choose o* and v* as in Remark 5.16.

We set v := DI ok and v, := DI ' o; so that
lim W) ¥, v) = 0. (5.12)
k— 00

Fix § > 0 and & such that

T T
/L(a,,v,)dtz/ Lok, vydr — 5. (5.13)
0 0

Let S* be as in Remark 5.16. Let O§ : X — R< be the unique | - |P-optimal map that pushes
the Lebesgue measure restricted to X forward to 0$ (cf. e.g. [8] Theorem 3.7) and, similarly, let
O : X — R? be the unique | - |P-optimal map that pushes the Lebesgue measure restricted to X
forward to v. Set

MF =55 o (%)~ o DT 0 O
so that M,k pushes the Lebesgue measure restricted to X forward to o*,k. By (5.11),
M = v o Mt

fort € [0, T] and {M*}; C H. We have

T T
/ﬁ(a,k,vf)dt=/ L(MF, MFydr > Cor(ME, OF). (5.14)
0 0

By (2.6),
Co.r (Mo, TO) < Co.1(0, M§) + C1.7—2 (Mg, (T —3)0%_3)
+Croa71((T =3)0F_5.(T —3)0) + Cr_1.7((T = 3)0,TO)
< Cor-3(M§. (T —3)0% _5)
+C(3+ IMEI” + (T =310 = 0117 +370|17),

where we have used (2.1). By Remark 5.1 and (5.12), {0 converges strongly to O in L? (X).
We use Remark 5.16 and the fact that M(])‘ pushes the Lebesgue measure restricted to X

forward to aé‘ to conclude that
IM§ 1 = Wp(ag, 80) = 0(1/k)

and so, {Mg}k converges to 0 in L”(X). Similarly, letting first £ tend to oo in the previous
inequality we obtain

Co.r(Mo, T 0) < lim inf Co,r—3(ME, (T —3) 0%_3) +3°Cll0]".
— 00

We combine this together with (5.13) and (5.14) and use that o is an arbitrary path starting at O
and ending at D; v, and that § > 0 is arbitrary, to conclude that

Co,7(80, Dfv) > Co r43(Mo, (T +3) 0) —37C|O||". (5.15)

]?ividing both sides of (5.15) by T and letting T tend to oo we conclude that C_(u, v) > L(0O). As
L is locally Lipsc_hitz and so _is continuous, we use Theorem 5.5 and the fact that Muvg = Oxvg
to conclude that L(u, V) > L(M).
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Conversely, let ¢ € H be such that ¢9 = 0 and ¢p7 = T M. We exploit Corollary 2.3 and the
fact that )V is continuous to obtain ¢* € H and a partition of X into parallel cubes {X ,-}ﬁ.‘zl of
the same size such that ||¢tk — ¢l < 1/k, ¢ is constant on each cube for ¢ € [0, T] and

T ) T . 1
/0 L(r, ¢)dr > /0 L<¢f,¢f‘)dr—%. (5.16)

Set G,k T as the push forward by ¢{‘ of the Lebesgue measure restricted to X and let J,T be the

push forward by ¢, so
Wh(of " on) < llgf — ¢ell? < 1/kP.

We have added the subscript T to emphasize the T—dependenc§ of 65T : [0, T] — Py (R9).
By Lemma A.4, there exists a velocity w* for o7 such that ¥ = wk o ¢¥ for almost every
t € (0, T). We use (5.16) and the fact that

T T
/0 d;/ ||¢§‘||sz=[0 dt/ [wKIPdef T and  W(@K) = W)
X X

for all ¢+ € [0, T] to conclude that

1

T
/ L. ¢dt = Cor(oy" o) = 7. (5.17)
0

But, as above,
k,T-3 _k,T-3

Co,7 (80, 07) < Co.1(80, o) + Cor—3(05"" >, 07'57)
+Co1(op 3 ol )+ Coa(al 3, ob). (5.18)

By (2.1),
Co,1(80,05) < C(1+ W) (80, 08)) = C(1 + IM§ 7).

Similarly,
1
Co1(ox '3 0l 73) < c(1+k—p), Co1(ol =3, aF) < C(1437|M|P).

Letting k tend to oo in (5.18), we conclude that
Co.r (. o) <liminfCo r-3(05" . 0775) + Con(07 5. of). (5.19)
As ¢ is an arbitrary path such that ¢9 = 0 and ¢7 = TM, (5.17) and (5.19) imply
Co,r(0,TM) > CO,T((SO, (DT o V)#v0>.
Dividing both sides of the inequality by T and letting T tend to oo we have L(M) > L(u, V).

Corollary 5.18. Let 0 € Sp(Rd) and let v be the velocity of minimal norm for o. Whenever
¢ € ACP(0, T; LP (X)) and ¢pvo = oy forallt € [0, T], we have

L(v;o¢;) = L(or,v;) Vtel0,T].
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Proof. Let ¢ € ACP(0, T; LP (X)) be such that ¢,;4v9 = o; for all t € [0, T]. We have
(Vi © 1)#vo = Veyor = (Vi © $)avo.
This, together with Theorem 5.17 yields the conclusion.
As a consequence, one can define the functional 7 on AC?(0, T'; P, (Rd )) asin (1.5). We are
now ready to identify the I"(t)-limit of {F€}, as € — 0.
Theorem 5.19. Consider F given by (1.5), where v is the velocity of minimal L? (¢)-norm

associated with o. We have

F=T@) 6113%) F¢ onS,RY. (5.20)

Proof. Consider an arbitrary sequence of positive numbers {¢,}, that converges to 0. Let
(o,v) €S8)p (R?) and take {(c",vV")}, C S D (R?) to be any sequence that T-converges to (o, V).
Choose {¢} U {¢"}, C ACP(0, T, LP (X)) such that ¢ (resp. ¢") is a flow associated with (o, v)
(resp. (o, v")) such that {¢"}, T-converges to ¢ in AC?(0, T, L?(X)). We have

T T
liminf F (™) = liminf F (¢") > F(¢) =/ L(¢,)dt =/ L(v; o ¢;)dt
n—o00 n—oo 0 0

T
= / Loy, v;)dt, (5.21)
0

where we have used Theorem 2.15 and Corollary 5.18.
Next, choose a sequence {y"},, C ACP(0, T, L?(X)) that T-converges to ¢ and such that

T T
lim F(y") = F(¢) = f L(¢pdt = / L(v; o ¢y)dt. (5.22)
Since W is continuous (cf. Lemma 5.2) and bounded on P, (R%), thanks to Corollary 2.3 we
may assume without loss of generality that " is of the form /' = Z;"i 1 x]" xcin, Where

{c/ ’”}'}Zl is a partition of X consisting of squares of the same size. Lemma A.4 provides a family
V' 1 (0, T) x RY — R? of Borel maps such that i/ = v o ¢/" for almost every ¢ € (0, T) and
v" is the velocity of minimal norm for 6" € AC?(0,T; P, (R9)) defined by of' = Ylyvo. We
have that {c"},, T-converges to o in S, (R?) and so, combining this fact with (5.22), we obtain

T
lim Fé(o") = lim F(y") = / Lv; 0 ¢)dt = F(o). (5.23)
n—>oo n—oo 0

This proves the theorem.

Leto € ACP(0, T; Pp(Rd)) and let v be a velocity foro. Fix0 < s < T/2, 69, 0T € Pp(Rd)
and modify o on [0, s] U [T — s, T'] to obtain the path ¢ € ACP (0, T; Pp(Rd)) defined the
following way: on [0, s] we set o to be the geodesic of constant speed in P, (R9) connecting oy
to oy. Similarly, on [T —s, T'] we set o to be the geodesic of constant speed in P, (R?) connecting
or—s to ar. We denote by v the geodesic velocity on [0, s] U [T — s, T] and set Vv to coincide
with v on [s, T — s]. We use (5.6) and the fact that £ > 0 to obtain

T T WP (o, 6 Wl (6T, o7
/ EG(U;,Vz)dtz/ z:f(at,vt)dt—c5<2+ »(%.50) + Wy Or. o7 )>. (5.24)
0 0

sP
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Lemma 5.20. If {0'}, converges to o, in P, (RY) fort =0, T, then

liminf C* (o, o7) = liminf C*" (09, o7).
n—oo n—>oo

Proof. By Lemma 5.3, there exists {o"}, C ACP(0, T, Pp(Rd)) such that C* (o, 07) =
Fen(o™) and E < oo such that |(c")'|(t) < E for every n € N and almost every ¢ € (0, T). Let
0" be the sequence obtained by modifying o as above on [0, s] U [T — s, T'], such that 60" = oy
fort =0, T.By (5.24),

w? (o, W2 (o7, or—s
liminfC% (o, o) > liminf F (&") — Cs <2+ p (9. 00) + Wy (ot o7 ”)
n—oo n—oo sP

> liminfC* (00, o7) — Cs(2 + 2EP).

n—oo

We let s tend to O to conclude the proof.

Remark 5.21. Let £ € L”(X) and define o; = (t£)s#vg. Then 0 € ACP(0, T; Pp(Rd)) and
(t,x) = v;(x) = x/t is the velocity of minimal norm for o. Set ¢;(z) = t£(z) for ¢ € [0, T]
and z € X. We have that ¢ € ACP (0, T; L?(X)) and ¢ is a flow associated with (o, v).

Proof. Fix0 <s <t < T. We have
W) (0:,80) = tP|€]I” and W, (os,01) < (t — 9)IIE]”,

which proves that e € ACP(0, T; P, (RY)).

Setting v;(x) = x/t, we obtain that v is a Borel map such that ¢ — |v;||5, belongs to
L?(0, T). Furthermore, if F € C°((0, T) x RY), using that o; = (¢&)#vp and that v;(¢£(2)) =
&(z), we obtain

T
0 R4

T
:/(; dtf)((S,F(t,té(z))—|—(VF(t,t&(z));v,(ré(z))))dx

T d
=/0 dt/XE<F(t,t€(z))>dz=0,

1 /
which proves that v is a velocity for o. Set ¢(x) = 177 /p'|x|P" so that Vg|Ve|P™? = v, €
L? (oy). This proves that v, e"]}, Py (R%) and so, v is the velocity of minimal norm for . One
readily checks that v; o ¢; = ¢, to conclude the proof of the remark.

Theorem 5.22. Suppose F" I'(ty)-converges to_]—'w and I'(t)-converges to F. Let &£ € LP(X)
and set o = (t&)4vg. Then Fy (o) = F(o) = TL(E).

Proof. By Remark 5.11, t,, is weaker than t and so, F,(0) < F(o). Set ¢; = D! o &. By
Remark 5.21, D - is the velocity of minimal norm for o; and, as D’ o § = t& pushes vy forward
to oy, we use Theorem 5.19 to conclude that F(o) = fOT I:(DF1 oD'og)dt = TL(). It
remains to show the reverse inequality. Let {c"}, C AC?(0,T; P, (R?)) be a sequence that t,-

converges to o and such that F,, (o) = lim,_, o F (). By Corollary 5.14, we may assume
that lim,, o W, (0/",0,) = Oforallt € [0, T]. Fixs € (0, T) and let" € ACP(0, T} ’Pp(]Rd))
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be obtained by modifying o” in the following way: on [0, s], 6" is the geodesic of constant speed
starting at op = &g and ending at ¢]'. On [s, T — 5], 6" coincides with 0. On [T — s, T], 0" is
the geodesic of constant speed starting at o __ and ending at o7. By (5.24),

Fuw(o) > limsup F* (") — C(2+€) > lim supCS”T(GO, or) — C(2 + e)s, (5.25)
n—00 n—00 !
where we have used that W},’(ao,os) = W;(JT_S,UT) = sPe where e = fX |z|Pdz. As

s € (0, T) is arbitrary, we conclude that 7 (o) > limsup,_, o, CST’T (00, oT). We now use (5.4) to
conclude that

—1
fCO,T/ey, (80, DT/n o DI o7) . fCO,T/e,, (80, DT/ o E4vp)

Fu(o) = T limin = T limin
n—o00 T/en n—o00 T /ey
> TL(vo, §).

This, together with Theorem 5.17, yields the proof.
6. A particular case of homogenization on P, (RY)

Throughout this section we assume that 7 > Oand 1 < p < oo, W € C (T?) is even and
satisfies W(x) < W(0) = 0 for x € R?. We set X = (0, 1)¢ and define

1
L(M,N)=—|N|? — WMz — Mw)dwdz,
p XxX

| Mz—M
LS(M,N)=—||N||P—/ w222 ) gz,
p XxX €

for M, N € LP(X) and € > 0. Similarly, we define

1
L, &) = ;Iléllﬁ - /d

R4 x

W(x — y)p(dx)u(dy),
]Rd
1 —
LG, &) = —[E]12 — / W(x—y)u(dxmdy),
V4 R4 x R4 €

for 11 € P,(RY) and & € LP () so that L (u, &) = L(D,/ . € o D).

Remark 6.1. Note that if c € R and ¢ € ACP(0, T; LP(X)) is such that ¢9 = ¢ = 0, then
using that W < 0 we have

T T
. 1
/ L(ct + ¢y, c + ¢p)dt > / L(ct,c)dt = —=T|c|”.
0 0 p
Thus, L(c) = |c|?/p. Let ¢* = c|c|P~2 and let H be the Legendre transform on L. Then
_ _ 1 /
H(c*) = —L(c)+c* - c = —c*|”,
p

which proves that H (c*) = |c*|P'/p'.
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6.1. Actions restricted to paths consisting of Dirac masses

If m is a positive integer, we denote by P (R?) the set of measures 4 which are averages of
m Dirac masses: 1/m Y ;- 8,i, where {x'}!"_| C R9. For g, up € P™(RY) we set

i=1

b
Ca bm (Bas kb)) = igf{/ L (07, v)dt : 0 € ACP(a,b; P"(RY)), 04 = s Ob = b |-
a

Following verbatim the proof of Lemma 3.4 [11], one obtains that on P} (RY) x Py (RY),

obm = Ca pem  fOrany integer x > 1. 6.1)

Lemma 6.2. If j1q, € Py (RY), then CS . (tay i) = C5 1, (ias 1b)-

Proof. We may assume without loss of generality thate = 1, a = 0and b = T. Let o be the
minimizer of F(-, (0, T)) over the set of paths in AC?(0, T; P, (R4)) which have o and o7 as
endpoints, as provided by Lemma 5.3. It suffices to show that for every § > 0,

T
/ L(oy, vi)dt > CO,T;m(MO» ur) — 8.
0

Lemma 5.3 ensures the existence of a constant C, > 1 such that ||v;|l,, < Cs — 1 for
almost every ¢ € (0, T'). Here, v is a velocity for o. We use Remark 5.16 to find a sequence
{ok} € ACP(0, T; Pp(R?)) and v* a velocity for o* such that o* € C*([0, T x RY), v* €

C>([0, T1 x R%; RY), o} — o7 in P, (R?) for each ¢ € [0, T] and

T T
8
/ L(a,",vf)dtgf L(or, vidr + o fork > ko.
0 0

The following property is also ensured: ||vf||alk < |Iv¢llo, < Cs — 1.
Let % and M* be as in the proof of Theorem 5.17, so that

T T
M* e ACP(0, T; LP (X)), [ Lok, vHdr = / L(MF, M¥dr, Mo = of
0 0

forall 7 € [0, T] and | M¥|| = ||V],‘||(,tk < |Iv¢llg, fora.e. € (0, T). We use Corollary 2.3 and the

fact that WV is continuous and bounded to obtain a sequence {¢*}; € ACP(0, T; L (X)) such
that for each k fixed there is a partition of X into finitely many parallel subcubes of the same size
such that ¢¥ is constant on each subcube and

(" ! k prk 3 T
L(¢;, ¢p,)dt < L(M;, M, )dt+4, IM; — ¢/l < X forallz € [0, T].
0 0

For k fixed, we may assume that the total number of subcubes is of the form (lym)?, where
lx is a natural number. Set 6!‘ = ¢f#v0 so that 5K € ACP(0, T Py (RY)). By Lemma A.4, there

exists V¥, a velocity for 5%, such that ¥ = ¥* o ¢¥ for almost every ¢ € (0, T). Fix s € (0, T)
and let 6% be defined in the following way: for ¢ € [0, s] it is the geodesic of constant speed

connecting [t to 6Xk. Fort € [s, T — s], 6," coincides with 6,". Fort € [T —s,T], 6!‘ is the
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geodesic of constant speed connecting J’T‘_S to ur. By (5.24),

T T Wp ’5.]( +WP ’a_k )
/ L(&,k,vf)dzz/ a&,",v’;)dz—cS(er p (0. 0) p”(w ). (6.2)
0 0 S

We use the triangle inequality and the fact that ||¢'>f || < C, to obtain

W, (1o, 08) + Wy(ak, 65) + W6, 65
W, (1o, 08) + IME — 51l +5Co

W, (1o, 55)

IA

IA

and so, for k large enough, W{,’ (o, &S") < 25Cy. Similarly, for k large enough, Wlf (ur, 6’;_S) <
25C,. We use (6.2) to obtain, for s small enough,

T T
—k ~ - 8 )
,/0 £(Utk, Vf)dt > /0 ,C(o'tk’ Vf)dt ~1 > CS,T;(lkm)d('U“O’ nr) — 7

)
= CS)T;m(I’L()v I’LT) - Za (63)

where we have used (6.1). This finishes the proof.

6.2. The lower bound of the I'-limit on P, (R%)

Let /,m > 1 be integers, and let {xij} C Qd where i = 0,...,2! and j = 1, o m4. Let
d

o € AC,(0, T; Pp(R?)) be such that o; = # Z?:l 8 _j, where

. . th . .
x] =x! + <? —i (xij+1 —x]) whenevert € [s;, si+1].

Here, s; .= Ti/2! fori =0,...,2/ — 1.

Theorem 6.3. Let v be the unique velocity for o and let ¢ be a flow associated with (o, v). Then

T
Fulo) = /O L(v, 0 ).

Proof. Note that o € S[,(Rd). By Remark 5.11, t,, is weaker than 7 and so F, (o) < F(o). It
remains to show the reverse inequality.

By Corollary 5.14, there exists a sequence {o"}, 7,-converging to o such that {0/},
converges to o; in P, (R?) for every t € [0,T] and Fy (o) = lim,_ o F(c"). We exploit
Appendix A.2 and use the fact that W is continuous and bounded (cf. Lemma 5.2) to assume
without loss of generality that for each n there exists an integer m,, such that o}* is of the form
1/m, >0 (SX;-_H. By Appendix A.4, we may assume that # — x;" belongs to W7 (0, T; RY).
By Appendix A.3, there exist a Borel velocity v for ¢” and a flow ¢" € ACP(0, T,L"(X))
associated with (¢, v"*). Fix a positive integer k > [. Fori =0, ..., 2k we

T

ti=ih i=0,...,2% h=?_
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Note that v" is the velocity of minimal norm for o”. We have

261 fit1

f(O') = hm fén(O'n) = hm Fén(d) )— hm Z/ £€n(0'tn,V:l)d[

2k_1 2k_1
. . €n
> 2 1}1r£1)101<1>fct[_,,i+| (o,:', ati+1 Z lzrggfct i1 (atl., atm) 6.4)
1=
2k_1 y y
€n €,
= Z 1}112%21‘6”60 " (D oy, Dy G[M). (6.5)

We have used Lemma 5.20 and the fact that {0/} converges to o; for t = #;, ;41 to obtain the
last expression in (6.4). To obtain (6.5) we have used (2.9). We exploit Lemma 5.3 and then
Lemma 6.2 to find a minimizer 6" € ACP(0, T; Pp(Rd)) such that for ¢ € [0, T'], 6" is of the
form

/e 1/en = fit1 1/¢
enCy L(D "&,. D) "a[[H) = | cwYes. v,
€n tl
where v is the unique velocity for 6. Thanks to Appendix A.4, we may assume that # — )Etj s
of class WP (0, T; R?). By Lemma A.2, there exists a flow ¢" associated with ”. Furthermore,

there are m? parallel subcubes of X of the same size such that for each subcube, ¢_)f is the point
x;" for some i. We have

li+1 o P
1 - 1 - I ti 1

€,.Ch 1 D#/E"U;,-, D#/E"GIH_] = ¢t ¢ dt =¢,C, » | —, .
0, €n t €n 0, en \ €p €y

By (2.6), for any P > 0 we have

¢ & 1 ¢>, o 1
) el e
1 1
+C,, L P ¢z, ¢r,+1 (6.6)
1 1
> —6C + CO’:+2(|:P :| ¢t, |: ] ¢tl+1) 6.7)

We have used (2.1) to obtain (6.7). By Remark 2.1,

1 1 h\ -
ool [
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|:Pe,:| (¢t,+1 J’tr[’)

where ¢"
h 9
é +

(6.8)

Although (]32 depends on n, note that, if t; € [si, s,¥+1] the range of q_St" is the subset of
finite cardinality {xl'.i* + (2% — )(x erl — l*)} ", contained in Q. The union of these
sets depends on k but is independent of n. Hence, {qb,[ }n is bounded in L*°(0, T; L? (X)) and
there exists an integer Py independent of n such that the range of Pk(f_)t': is contained in Z? for
i=0,1, ...,Zk — 1. We also have

([t |- ke -0+ L, -

= . 6.9
q ? T2 (6.9)
Hence,
q" — d_)ZJrl B J’Z “q_blrzlﬂ B JSQ” P (6.10)
h+2e | =" h+2e, ’ ’

which implies that {g"}, is bounded in L (X). As L is convex and assumes only finite values, it
is locally Lipschitz. Up to a subsequence which we do not relabel, {¢;}, converges in L”(X) to

some ¢{§ which depends on k and that pushes vy forward to oy, . Furthermore, ¢§ is a constant on

each subcube. Observe that limg_, o W), (¢§#vo, o) = 0. We combine (6.5)—(6.8) and (6.10) to
conclude that

2k

Fo)y=y hi<¢"+1 ¢f’> = /T L(@5adr 6.11)
= A - 0 t . :

i=0

For t € [¢, t;+1] we have set

¢f = (1 - t_>¢h _¢[1+1

When #;, tiy1 € [si+, si+4+1] (and for each i € {0,1,...,2% — 1} there exists such an
*e{0,1,...,2" —1}), we have

l J
I$rr., — ¢,|<2h|x*+1 Xl

Hence, {q’)ﬁ}k is bounded in W1->°(0, T'; L”(X)). Let E > 0 be a constant such that |(¢*)’|(r) <
E for almost every ¢t € (0, T). The sequence {q)g }x converges strongly in L*°(0, T; L? (X)) to
some ¢ such that ¢, is constant on each subcube and |(¢)’|(z) < E for almost every ¢ € (0, T).
Set v; = ¢4V and observe that v, = o;,. Lett € [0, T). For k fixed, we have ¢ € [t;, t;11) for
some i € {0, 1,...,2k— 1} and

Wy (01, 1) < Wp(or, 04) + Wy(vy,, v) < 2E(t —1;) < 2'7FE.
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This proves that v = o. Let v be the unique velocity for o so that ¢ is a flow associated with
(o, v). By (6.11),

T . T B T _ B
Fo) = /0 L(gdr = /0 L(vi 0 p)di = /0 L(vi 0@,

To obtain the last inequality we have used that (v; o ¢;)#vy = vo; = (Vv 0 &1)#vo, and that Lis
continuous on L (X), and then applied Remark 5.6.
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Appendix
A.l. Areview of p-absolutely continuous curves in P RY) (cf e.g. [2])

For u € PP(R") the L? (u)-closure of {Vg : |[Vp|9™2 ¢ € CSO(R")} is denoted by ’ZLP,,(R")
where ¢ = p/(p — 1). Equivalently, ’Z;LPP(Rd) is the set of v such that v|v|”~2 belongs to the
L9 (p1)-closure of {Vg : ¢ € CX(RY)}.

Let o € AC?(a, b; P) (Rd)). According to [2, Section 8.3] there exists a Borel vector field
v: (a,b) x R4 - RY such that

() 8,0 +V-(ov) =0 inD((a,b) x RY) (A.1)

(ii) v, € L?(0;) forae.t € (a,b) (A2)
b

(iii) / ||V;||gtdt < Q. (A.3)

We say that v is a velocity for 0. We can choose v such that v; € 7, P, (R?) for almost every
t € (0, T). In the latter case, v is uniquely determined and is called the velocity of minimal norm
for o, i.e. if w is another velocity for o, then ||v;[l5, < [|W;|lo, for almost every ¢ € (0, T'). For
almost every t, the metric derivative

Wp (Ot+h, 01)

A
exists and is equal to the || - ||5,-norm of the velocity of minimal norm at ¢. Here, W), stands for
the p-Wasserstein metric. For0 <s <t < T and ct .= fOT |o’|? (1)dl we have

() = 1i
lo"[(£) Jim

t 1
W, (0, 00) < / | ()dl < [t — 5|7 Cy. (A4)

s

Given u,v € Py (R?) we denote by P(u, v) thesetof o € ACP (a, b; Pp(Rd)) suchthato, = i
and o) = v.

Remark A.1. Let {o"}, C ACP(0,T;P, (R9)) and let v be its velocity of minimal norm.
Suppose there exists C > 0 such that fOT (v} ||§,, dr < CP for all n € N. Then:
t
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(1) For0 < s <t < T we have Wy(o/',0]') < CJt — s|1/1’/ for all n € N. The following
four assertions are equivalent: (1) sup, , W, (0", d0) < 00, (2) sup, Wy(oy,80) < 00, (3)
there exists {7}, C [0, T] such that sup, Wy (0!, do) < oo and (4) {o"}, is bounded in
ACP(0, T; Pp(RY)).

(ii) If ¢ € [1, p), then ACP(0, T; P,(R?)) compactly embeds in C*!/7([0, T]; RY). More
precisely, if {o"}, C ACP(0,T; Pp(Rd)) is bounded, then there exist an increasing
sequence {ng}x and a curve o € AC?(0, T; P,(R)) such that for every ¢ € [0, T], {0, Ik
converges to o; in Py (RY).

Proof. The uniform Holder continuity is given by (A.4). Clearly (4) implies (3). Suppose next
that (3) holds. Then

1
Wy (o7, 80) < Wp (0l o!) + Wp(of!, 8o) < T C + sup Wy (o', 8)
n

which proves (4). One concludes easily that the four assertions are equivalent. This concludes
the proof of (i).

Consider the topology given by the narrow convergence, which is a Hausdorff topology,
compatible with W), in the sense of [2] Section 2.1. We apply Proposition 3.3.1 [2] to obtain
an increasing sequence {ni}; and o € AC?(0, T; P, (R?)) such that {0," }x converges narrowly
to o for almost every ¢ € [0, T]. As sup, , Wy (0/, 8o) < oo, {0,"}x converges to oy in Py (R%)
for almost every ¢ € [0, T]. The uniform Holder continuity of o yields that in fact {o,"*};
converges to o; in P, (Rd) forevery r € [0, T].

A.2. Time discretization of p-absolutely continuous curves

Leto € ACP(0,T; Pp(Rd)) and v be a velocity for o. Set C¢ = fOT lo’|P (s)ds. Fix an
integern > land sett; = j/nT =ihfor j =0,...,n.Choose y; € I'(oy;, 0y,,) such that

W[g (Jt,' ) Uti+1) = /

. lx — yPy;(dx, dy).
X

Let 1, w0 : R x RY — R4 be the projections defined by 7 (x, y) = x, m(x,y) = y. For
s € [t;, tiy1] we set

n r—t t—1
o/ = 1-— A T+ A ) Vi
#

Itis well-known that 6" € AC?(0, T; P, (R%)) and it is a geodesic of constant speed on [#;, fj41].
Its velocity of minimal norm is v", satisfying

r—1t t—1t y—x n n
F{(l[l——— ; i(dx,dy) = F;v!)do/.
/]JRded << 7 )7TI+ A ) h >Vl( y) /IAR"K Vz) 0,

We compile all the well-known facts in the following lemma (cf. e.g. [2]):
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Lemma A.2. We have W, (o;,0/") < Zhl/p/Cg,fort € [0, T']. Furthermore,

T
/ v} ||" dt <C? and
0

fitl | 1 (A5)
Wp(@y. 04,0 _ Jy " 107165)ds

h - h

/
Vi llgr = [(@™)'|(2) =
whenever t; <s <t < tit].

Remark A.3. Lemma A.2 asserts that {0/}, converges to o; in P, (R?). Hence, if W
Py (R?) — R is continuous and bounded, the Lebesgue dominated convergence theorem yields

T T
lim / W(U,")dt:/ W(oy)dt.
n—oQ 0 0

In light of the first inequality in (A.5) we obtain that for every §, a > 0 we have

T T
iz, = wigomyar s+ [ (/pivitt, - wiogon)ar

for n large enough, where D%x = a x.

Fixanm > 1 and areal number § > 0. Fori =1, ...,n let {)cij}’;'=1 C R? and set
1 & 1 &
&ti = n—/lZ(lej, ZZZ (j J+1
j= =
Assume

/H;d RY |-x - ylpJ;i(dxs d)’) = W[f(6li1 6li+1)7 W[i’(o—l,‘s 6li) S SP
X

where § is to be chosen soon. As above, we define

_ t— 1t t— 1t _
o/ = ((1 - T’)m + h lﬂz) Vi
#

Without repeating once the above listed facts, we have 6" € ACP(0,T; P, (R%)) and it is a
geodesic of constant speed on [f;, f;11]. Let V"* be the velocity of minimal norm for 6". Then

V¢ llop = 1@ 1(6) = Wy (64, 51,y ,)/ b

and so,

W
[ 1w II”,,dt—hZ Ot Tiat)
0

We choose § < min{8, 2C,,} small enough and m large enough that

Wy (&, Otisy) = W} oy, o)t hP=1s/n

to conclude that

)4 Wp( tz tl+1) g npP
Vi l2.dr < hZ +8= | IV IZadr +6. (A.6)
0 0
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Fort € [t;, ti+1] we have
—_n n —n —n —-_n n n n
Wp(o't , Oy ) < Wp(Ut s 0},-) + Wp(o'ti , U;[-) + Wp(otl- , Oy )
and so,

W, (6], 0/') <38 4+2Wp(a), 0/ ) < 5hCo. (A7)

A.3. Eulerian and Lagrangian coordinates for spatially discrete flows

Suppose C!,...,C" is a partition of X up to a negligible set and x!,...,x" €
wbhr(0, T; RY). Set

n . l n

¢[: E )C;Xci, Oy = — E 8xi.
p n =z !
i=1 i=1

Note that o, = ¢u10.

Lemma A4. (i) We have ¢ € ACP(0, T; LP (X)) and there exists a Borel map v : (0, T) x
RY — RY such that ¢5t = V; o @ for almost everyt € (0, T).

(ii) We have o € ACP(0,T; P, (R?)) and v is the unique velocity for o up to a negligible set.
In other words, ¢ is a flow associated with (o, V).

Proof. (i) The fact that ¢ € ACP(0, T;LP(X)) is straightforward to estgblish. The set of
t € (0, T) such that each one of the x' is differentiable at # and x/ = x/ implies &/ = %/
for all i, j is a set of full measure in (0, T) (cf. e.g. [5]). Thus, there exists a Borel subset

A:=T x X C (0,T) x X of full £!*9|¢ )5 x measure such that
¢i(x) = ¢(y) implies ¢ (x) = (y) whenever (t,x), (t,y) € A.

By Corollary 2.3 [18], there exists a Borel map v : (0, T') x R? — R4 such that (i&, =V, o ¢, for
almost every t € (0, T).

(ii) As o, = ¢mvo, we have for s, € [0, T] that W, (o7, 05) < |l — @5l and so, since
¢ € ACP(0,T;LP(X)), we conclude that 0 € ACP(0, T; PP(Rd)). Furthermore, using that
é: = V; o ¢, we obtain for F € C1((0, T) x RY)

T T .
[ o [ (ot (vFiva)to = [ ar [ (a0 gt (VE 0 0 gy
0 R4 0 R4

= R{(FT o ¢ — Fp o ¢o)dvy = 0.

This proves that v is a velocity for o. If w is another velocity for ¢ we have V - ((v; —w;)o;) =0
for almost every ¢ € (0, T'). But for each t € [0, T'], o; is supported by finitely many points and
so the closure of {Vg : ¢ € C2° (R?)} equals L? (oy) (cf., e.g., Example 2.8 [7]). This proves that
w; = v,o0;-almost everywhere. Hence, v = w up to a negligible set.

A.4. A time regularity result for spatially discrete p-absolutely continuous curves in P, (RY)

As in Appendix A2, let 0 € ACP(0,T; P, (R%)) and let v be a velocity for o. Suppose in
addition that there exists x!, ..., x" : [0, T] — R< such that or=1/n Z’;:l 5xi(z)~
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Note that, if for each + € (0,7) we choose a permutation of n letters (¢, -), then
o = Z;f:l 8yr(tir- Unless T(z,-) is chosen appropriately, 1 — x*@) () may not be in
Wl’p(O, T; Rd). For instance, let x_t for all rational ¢t € [0,T] and x; = 1 — ¢ for all
irrational ¢ € [0, T]. Similarly, let y; = ¢ for all irrational t+ € [0,T] and y; = 1 — ¢ for
all rational t € [0, T']. We have t — (1/2)(8y, + 8,,) belongs to AC?(0, T'; P,(IR)) whereas
neither x nor y is continuous. The goal of this section is to show that for an appropriate choice
of .t — x™ D) is in WP (0, T; RY). Combining this with Appendix A.3 we obtain the
existence of a flow ¢ associated with (o, v). In other words, ¢ € ACP(0,T;LP(X)) and
<;5, = Vv; o ¢ for almost every ¢t € (0, T).

Let oV and yi{\i, be as in Appendix A.2. We start ordering the set {xé };5:1 any way we
want. The standard mass transportation theory ensures that we can choose an ordering of

{xtji }’}zl, i =0,...,N,such that yiN is of the form yl.N = % Z’}Zl S(X,i,xtm). Fort € [t;, ti+1]
we set
i t—1t t—t
x/ =1- ; Xy + p Xty
We denote by ¢ (¢) the vector in R™ whose j component is x,j and by || - ||, the euclidean

norm on R, We have ¢ € W-2(0, T; R"¢) and by (A.5),
. T T
Ie™17, <n / 1Y |7 (s)ds < f lo'|P (s)ds.
0 0

Hence there exists a subsequence {$"¢}; that converges weakly to some ¢ in W17 (0, T; R"9),
converges strongly in L? (0, T'; R") and converges pointwise in (0, 7). Thus {o,Nk }k converges
in P,,(Rd) to oy == % 27:1 6¢_;. Lemma A.2 gives that o; = 5.

1
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