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Abstract

We prove that any discrete equilibrated system of forces can be decomposed into finitely many
bars. We provide an estimate on the cost and the norm of the endpoints of the bars of that
decomposition. The questions we address here are of interest in elasticity theory, optimal designs,
as well as in functional analysis.

1 Introduction

Let F = (Fy, -, Fy) be a given a system of forces in IR? that is in equilibrium in the sense that
Fy,--- | Fy are signed measures of null average and the moments
le

Let us start with the following definitions. Assume that Q C IR? contains the support of F in its
interior.

Definition 1.1 Assume that a1, - ,aq, f are Radon measures whose supports are compact and con-
tained in Q. Set a = (ay,--- ,aq). We say that

—diva=f on

/_<a;V<p>=/_fs0
Q Q

for every ¢ € CY(Q). Since a; and f are of compact supports, there is no need to impose that Vi
1s of bounded support. Note that a Neumann type boundary condition has been incorporated in the
definition.
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Definition 1.2 Assume that {F;}¢_;, € M(Q). (i) We define X(Q) to be the set of of matrices o =
{O’ij}gjzl such that o;; = 0 € M(Q). )

(ii) If F is an equilibrated system of forces in Q and o € () are of compact supports, we say
that —dive = F on Q if for each i = 1,--- ,d we have that —dive;. = F; on Q. Here, o;. stands for the

ith row of 0. In that case, we say that o € Xp(Q2).

We want to design a frame in {2 that are static under the action of force F. The frame is represented
by a stress tensor o = {J,-j}?jzl such that o;; = oj; is a Radon measure supported on 2. The
equilibrium equation is the balance equation

—div(e) =F in Q, (1.2)
(in the sense of definition 1.2) which prevents overall motion of the structure. Let Yp(Q) be the set
of all such stresses o that are symmetric and satisfy (1.2). It is first natural to wonder if Xp(Q) is
nonempty, the point being to show that the restriction on o to be symmetric still allows (1.2) to be
solvable. In theorem 2.4 we shall prove that Yg(IR?) # . Furthermore, there exists an element of
EF(ZRd) whose support in contained in a ball whose radius depends only on F. Hence, if €2 is large
enough, Y (Q) # (.

The condition that F is in equilibrium in JR? means that first, the resultant of the forces is null:

k
> F; =0, (1.3)
i=1
and the first moments of F with respect to the origin is null (the net torque is null):
k
> FiAM; =0. (1.4)
i=1

Here if a and b are two vectors in IR? then a A b is the skew symmetric matrix (a;ibj — ajbi)g j=1- Note
that if A is an arbitrary point in JR? then the moment of F with respect to A is

k

k k
=1 =1

i=1

and so, it is independent of A whenever the resultant of the forces Zle F; =0.

An equilibrated system of forces consists of at least two forces and their points of applications. In
case the system has two forces, they must be opposite to each other and we refer to it as elementary
equilibrated systems. In case the elementary equilibrated system is of the form

A-B
F=4(4—-0p)——
we call it a normalized beam.

The purpose of these notes is to find sets of points A = {Ai}ﬁzl C IR? and sets of real numbers

A= {/\ij}ﬁ,jzl C IR such that F can be decomposed in

l
1/2 > M\ijBeam(A;, A;j) = F. (1.5)

i,j=1
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Here,
A — A

[ Ai — Ajla
represents the "unit beam” of endpoints A; and A;. That question which may be basic in a course of

mechanics, is answered in theorem 2.4. There, our construction gives a constant Cy, independent of
F, such that A is contained in an Cydiam(IM)-neighborhood of IM := {M;}*_; and

Beam(A;, Aj) = (64, — 0a;)

k
Costy (A,A) < Cydiam(IM) Z |Fil2 (|M;|2 + 1) = Cydiam(IM) /JRd(l + |z|2)d|F|. (1.6)
i=1

Acknowledgement. Computations communicated by L. Tartar to the author were incorporated in
section 2. Fruitful discussions were also provided by G. Bouchitté, G. Buttazzo, B. Dacorogna and P.
Seppecher.

2 Decomposition of systems of forces in equilibruim

Assume that we are given an open set X C IR? which is smooth enough, and that F is an equilibrated
system of forces in IR%, whose support IM is compact and contained in X.

In subsection 2.1, we prove that if F is an equilibrium system of forces in R? and the cardinality
of IM is finite, then T'p(IR?) contains an element +, which consists of a finite combination of ” bars”.
Furthermore, we give an estimate on how far from IM, the endpoints of the bars in 7, could be. The
precise result in contained in theorem 2.4.

2.1 Decomposition into finitely many bars

In this subsection, we denote by {eq,es, - ,e4} the standard orthonormal basis of R? and make the
identification

R = span{el},le = spani{ei, ez}, - ,JRd_l = span{ei, e, - ,eq_1}.

We assume that

k
F =) Fiy, (2.1)
i=1

is a system of forces in equilibrium in R? and that the M!s are distinct. We denote by IM the set
which consists of the points of applications of F : IM = {Mj, -+, My}. If
Aj—A;

F = Z )\ithiAj(fsAi - 5Aj)7 taa; = |A; — Al
j )

1<i<j<l

we call Y, <i<j<l Aijta, A; @ty AJH‘l[ ALAy) 2 frame associated to F and define the volume of that frame

to be
> il A= Ayl

1<i,j<l
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Proposition 2.1 Assume that F is given by (2.1) and that either
(Z) Mla"' 7Mk7F17”' 7Fk‘ €R
or
(ii) My,--- , My, € R* and F; is parallel to eg.
Then F is a linear combination of finitely many beams of controlled moments and points of applications:

there exist k + 1 points of application Ay,--- , A1 € R, and a symmetric matriz of real numbers
{)\w}f;;ll such that
F= > Aijtaa(6a, —da),
1<i<j<k+1
k
dist(A;, M) < diam(IM), Sl <3 IFy (2.2)
1<i<j<k-+1 i=1
k
> Nl 1A= 4| < diam(DM) 7 [Fy| (2M;] +1). (2.3)
1<i<j<k-+1 i=1

Proof: Up to a rotation and translation we may assume without loss of generality that one of the
M; say, My, is at the origin. In order to preserve the assumptions of this theorem, we further assume
that these rotation and translation are defined from IR?~! onto R4

1. We assume first that (i) holds, and write M; = a;e; and F; = f;e; for some real numbers a;, f;.
Note that

k k
F = Z FZ(5M1 - 6 66 = Z fiel(dMi - 66)
i=1 i=1
Set .
forall i, =1,--- ,k — 1. We have that dist(A4;, M) = 0, that

Kk k
Do o Pyl=)_Fl and Y0 (Nl A - Al =) | [M).
i=1

1<i<j<k 1<i<j<k i=1

This proves the proposition in case (i).
2. Assume next that (ii) holds. We select a point O = (0,---,0,a) on the vertical line passing
through O, where a # 0 is a constant to be chosen later (see figure 1). We write

Mi - (leao)u E = fied'

We decompose each force F; into a horizontal and oblique component by setting
F,=F+F!  Fo= (—ﬁMg,fi), Fh = i
a a
This leads us to consider a force which we will soon realize to be in equilibrium in IR%~!. We define

k

k
F"' =) Flon,  FO=) Fiom,.
i=1 =1
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Figure 1:
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Note that because M; lies in the horizontal hyperplane and F; is a vertical vector then the d th column
(M; N\ Fy).q of the skew-symmetric matrix M; A F; is the vector f;M;. This proves that

k
ZF? Zsz = _Z(Mi/\Fi)-d:ﬁ
=1

=1

and so,

k k k
h h h fil| M| M;
= Flon, = > Fl(om, —65) = —— (Om; — d5) A (2.4)

By (2.4) F" is a linear combination of beams and so, it is a system of forces in equilibrium. Thus,
F° = F — F" is also in equilibrium as the difference of two systems of forces in equilibrium. In
particular, Zle F? = 0, which allows us to write that

k k
= Foong, =Y F(0n, — 0p)- (2.5)
i=1 i=1

We use (2.5) and the fact that F¢ = —%(MZ — O) to conclude that

k

[ MZ’ — O
= L TE @ M8 (o, 30, (2.6)

=1 ||M; = O]

Note that (2.4) and (2.6) give a decomposition of F into beams whose points of applications are in
M U {O}. Set

fil M|
a

Ai(k+1) = Ak41)i = i T VIM; 2 + a?, (2.7)

i =1,--- k. The first inequality in (2.2) is immediat for any a < diam(IM), while the second inequality
holds for a = diam/(IM).
We have that

Ap1=0, Ai=M;, ==

k
> PullAi— 4] < Ala (Z il M) +a > i (2.8)
=1

1<i<j<k+1

When a = diam (M), (2.8) yields (2.3). QED

Remark 2.2 Note that (2.3) can be improved by chosing a in order to optimize A(a) : It is easy to
see that the minimum value of A(a) is

k k T 5
A@) = | D21l M2 If, \/Zz 1 |f||f| >
=1 i=1 z 1 il
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Remark 2.3 Assume that M, --- ,M,, € R, that Fy,--- ,F,, e R? and that F = Sy Fiém is
a system of forces in equilibrium in IR?. We divide the set of forces into two classes by assuming that
there exists n € (1,r) such that Fy,--- | F,, & R and Fpyq, - -, F, € IR Note that

(Fz /\Mi)aj =0, (’L =n+1,--- ,T‘) (2-9)

ifa=dorj=d, and ) B
(Fi A M;)a; =0, (i=1,---,n) (2.10)

if a,j #d or o = j = d. We decompose F; into Ff‘ + fi”ed, such that Ff‘ e R, so that fi” =0 for

i=n+1,--- k. Set
n T
H-S i Y R
i=1 i=n+1
and B B
M = {My, -, M}.
Observe that the points of appligations of the forces of H are contained in IM.
Clearly Y7 | Fh + Z?:n-‘,—l F; = 0. This, together with (2.9) and (2.10) implies that H is in
equilibrium. Set
T
FJ_ = F—H = ZﬁpedéMi.
i=1
Note that B B
F* = |[H,[* + | /) (2.11)

foralli=1,--- k.

Because H and F are in equilibrium, we have that F, is in equilibrium. By proposition 2.1 (ii),
there exist m < r + 1 points of application A, 1, -, Apim € RY, and a m x m symmetric matrix
{Nij }:J;fr 41 such that

FJ_ == Z )\’L]tAlAJ (5Az - 6Aj)7
r+l1<i<j<r+m
dist(A;, M) < diam(IM), (2.12)
n n
S Dl <3 IR <3 IF, (2.13)
r+1<i<j<r+m =1 i=1

and

o Dl A=Ayl < diam(D)Y | f7] (21Mi] +1)
r+1<i<j<r+m i=1

< diam(m)zn: |F;| (2|M;] +1). (2.14)
=1

In (2.14) we have used the fact that from (2.11), |Fi| < |f?|.
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Theorem 2.4 Assume that F is given by (2.1). Then F is a linear combination of finitely many
beams: meaning that there exist | points of application Aq,--- ,A; € R, and a1l x | symmetric matriz
{)‘ij}é,j:h of null diagonal such that

F = Z )‘ithiAj((SAi — (5Aj).
1<i<j<l

Furthermore, there exists a constant Cy depending only on d such that these beams can be chosen to
satisfy

k
dist(A;, M) < Cydiam(DM), Y |\j| < Cadiam(DM) ) " [Fy, (2.15)
1<i<j<l i=1
and
k
> il [Ai = Aj| < Cadiam(DM) Y " |F| (| M;] +1). (2.16)
1<i<ji<l i=1

Proof: The idea of the proof is to decompose F into the sum of equilibrated systems of forces
F=G+F. (2.17)

Here, G as an explicite linear combination of beams, whose volumes are controlled by F and F is an
equilibrated system of forces in IR, whose points of applications are all in IR*™!. We use remark 2.3
to write that

F=F, +H, (2.18)

where H is an equilibrated system of forces in IR*' and F, is an equilibrated system of forces
perpendicular to IR, whose points of applications are all in JR*~'. Thanks to proposition 2.1 (i),
we can proceed with the proof of the theorem assuming that it holds for H. We use (2.17) and (2.18)
to show that it suffices to prove the theorem for F ;. That task was done in proposition 2.1 (ii).

Up to a rotation and a translation, we may assume that one of the points of application of F is
the origin and so, is in JRY"!; reordering the M; if necessary, we may also assume that there exists
p € {0,- -,k — 1} such that

Myi1,-- ,Mye R™Y M, =0, and M, ---,M, ¢ R

Step 1. This step consists in reducing the proof of the theorem from general systems of forces in
IR? into the case where the points of application of the forces are in a hyperplan. This step will be
skipt in case p = 0 and so, we assume that p # 0.

We refer to

<Fieq>eq= feq

as the "wvertical” component of F; and to
F!' = F;— <Fj;eq >e;€ R!

as its ” horizontal’ component.

Here, we only deal with the forces Fy,--- ,F,. If the angle between F; and e is less than 7/4 then
the straight line passing through M; and parellel to F; intersects IR~ at a point M; not too far from
M;. To be more precised, if |f?| > |F?|, then

|M; — My| < V2|(M;)a < V2|M;, (2.19)
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where (M;)q is the vertical component of M; :

Reordering if necessary, we may assume that
=R, =1, m)
and

When ¢ = nq + 1, --- , p, the straight line passing through M; and parellel to F; intersects R at a
point ”too far” from M; (see figure 2). We set

F,=F,+F,, F.=F;/2+|Flles, F, =F;/2—|Flle,.
The straight line passing through M; and parellel to F/, (respectively F;-’), intersects IR*! at the
point (see figure 3)

Fi/2 + [F}|eq

g = ot B2 ), respectively 0] = -

Fi/2 — |Flleq

(Fi)d/2 _ ’F?’ (Mz)d)

Worst case: F; is horizontal

Figure 2:
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Introducing new points of applications in R*!

Figure 3:

Since by assumption |f?| < |F?| we conclude that

Fil/2 < |F}|, |F;|<3/2[F, (2.20)
and so,
|M] — M;|, |M; — M;| < 6]M;]. (2.21)
We set
ni P
G=Y Fildu, —0y)+ D Filow, —Suy) + F; (Gas, = 6,0) (2.22)
i=1 i=ni+1

and ¢ = 3p—n; < 3(k—1). Note that the points of application of G consists of ¢ points {A;,---, A4}
(allowing repetitions), contained in the following union

"

{M1>"' 7MID}U{M17"' ’MM}U{M;H—HV" vM;/;}U{Mnl—i-lv"' 7Mp}‘

We use (2.19), (2.21) and the fact that O € IM to conclude that
dist(A;, M) < 6|M;| < 6 diam(IM). (2.23)
One can easily read off that (2.22) that there exists a ¢ X ¢ symmetric matrix {\; ; }‘Z j=1 such that

A — A
1<i<j<q Y

Althought we don’t write here the explicite expression of \;;, we use (2.20) to obtain that

P

ni p
Do gl <D Fl+ D (F+[F]) <3 |Fl. (2.25)

1<i<j<q i=1 i=n1+1 i=1
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Also, (2.19- 2.21) imply that

n

ni
Sl A=Al < D IR M- M|+ ) <|F;| |M; — M|+ [F; | | M; — M, |>

1<i<j<q i=1 i=ni+1

k
< 18 [Fy| M (2.26)
=1

By (2.24), G is a system of forces in equilibrium and so, as the difference of two systems in equilibrium,

ni D k
PoF-G= Fiy+ Y (Fiou +Fo, )+ X Fau
i=1 i=ni+1 § i=pt+1

is also a system of forces in equilibrium.
Set r = k+p—n1 < 2k—1. Note that the points of application of F — G are in the set {My,--- , M,.}
of R4 which is:

"

(M, My UM}, oo MDY U{Mpy, -+, My} U{M,, oy, M, }.

We have implicitely used the ordering

— / — /

Mypyv1 =M, 19, -, My =M, Mpi1 = Mpyq,- -+, My, = M,

p?

and

"

Mk—l—l = Mn1+17 e 7Mk+p—n1 = Mll;l
Using (2.19) and (2.21) we conclude that not only

|M;| < 6diam(IM), diam(DM) < 14diam(IM), (2.27)
but also,
|M;| < 7| M| (2.28)
fori=1,--- ,k and )
|MZ| S 7|Mi+p—n1|7 (229)

fori=k+1,--- ,7. and
We use that F; =F; fori € {1,--- ;nqi}U{p+1,--- ,k} and (2.20) to obtain that

F;| < |Fy), i€{l,--- n}u{p+1,--- k} (2.30)

Step 2. We have reduced the decomposition of systems of forces problem to the case where the
points of application of the forces are all in JR*'. It remains to prove the theorem in the case where
the forces are all horizontal or all vertical. Indeed, as in remark 2.3 we write

F=F, +H, (2.32)

where H is an equilibrated system of forces in IR~ whose points of applications are in IM and

Fi =) fledy,

i=1
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is an equilibrated system of forces in IR, is perpendicular to IR with its points of applications are
in R¥'. We write that
F, = Z )‘ithiAj((SAi —(5Aj), (2.33)
rHl<i<j<r4+m

where {Aij}2’§g+1 is a symmetric matrix and A,;1,--- , Ay € IR? satisfy (2.13) and (2.14). These,

together with (2.28-2.29) and (2.30-2.31) imply that

k
Yo Pyl <) IR (2.34)

r+l1<i<j<r+m i=1
and
k
S Pul A= Al <Y E(M] 1), (2.35)
r1<i<j<r+m i=1

for a constant C’, depending only on d. Since H is in equilibrium in R and has its points of

application in IM, the induction argument ensures that there are s points Ajpim, -, Agirim and
a s X s symmetric matrix {)\U}fj:ffr +m Such that
H = Z )\7,] (5Az - 5Aj )tAiAJw (236)
1+r4+m<i<j<s+r+m
dist(A;, M) < Cly_ diam (M) < Cyq_1diam(IM), (2.37)
r r k
> Nijl < Camr Y H| < Cy Y B[ < Caa )[R, (2.38)
IHr+m<i<j<s+rd+m i=1 i=1 i=1
T
> NijllAi = 45| < Cqoydiam(DI) Y [Hi[(|MG] + 1)
1+r4+m<i<j<s+r+m i=1
T
< Cyydiam(IM) Z B[ (|| + 1)
i=1
k
< Cy-rdiam(IM) Z [F3[(|M;] +1). (2.39)
i=1

In (2.38) and (2.39) we used (2.11) and (2.20) to obtain that |H;| < |F;|. We have used that r < 2k.
We have used (2.28) and (2.29) to bound |M;|.
Observe that by (2.22) and (2.32) we have that

F=G+F,+H

This, together with (2.24), (2.33) and (2.36) gives that

F = Z )\ithz.Aj(éAi—éAj). (2.40)
1<i<j<l
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We use (2.27) and (2.37) to obtain that
dist(A;, M) < 14diam(DM), — (i=1,---,I). (2.41)

We use (2.25-2.26), (2.34-2.35) and (2.38-2.39) to deduce that (2.15) and (2.16) hold a constant Cy

that depends only on d.
This concludes the proof of the theorem. QED



