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Preface

These notes grew out of lectures given during the Fall 2018 course offered at UC Berkeley,
in connection with a semester long program at MSRI. The goal here was to introduce the
participants to some of the basics on deterministic as well as stochastic games with a large
number of players (or agents), including games with infinitely many players. Our focus has
been on understanding the three main mechanisms: Hamiltonian, common noise and individual
noises, which play a role in the so—called Master Equation in Mean Field Games (MFG). The
theory of optimal transportation provides the appropriate tools to covert some stochastic games
into deterministic PDEs. We reveal the geometric aspects of some of the useful operators that
have appeared in Mean Field Games and argue why they are “partial Laplacian” on the set of
probability measures.

In the games we consider, for simplicity and to avoid considerations on the boundary of domains
where the players evolve, we assume the players seat in the space R? or in the torus T¢ which
we denote as M. This means, the distributions of the players are probability measures on a
subset of R? or distributions on the torus, which we denote as P(M). In either case, we rather
work on the metric space Pa(M), the set of Borel probability measures on M, of finite second
moments. This space plays an important role in our study. In particular, it facilitates the use
the reconciled [30] various notions of differential of functions which appeared in the literature,
to formulate problems in Mean Field Games (cf. Corollary and Lemma in Chapter.

It is not our intention to merely repeat or duplicate the emphases amply made in various excellent
books [12] [14] [15] [40] or survey articles [11] [38], on the topic. Rather, we will emphasize the
connection between geometric objects such as partial traces of Hessian of functions defined on
P2(M), which stochastic paths which are referred to as common noise or individual noises in
MFG. Our hope is that these paths, which are lifted from M to Po(M) and induce infinitesimal
generator on the Wasserstein space, may help to start a theory of Sobolev functions on the
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Wasserstein space. They certainly allow for a Fourier analysis on the set of functions defined on
the set of probability measures.

A central problem in MFG is the study of the so—called Master Equations, a non—local Hamilton—
Jacobi equation, which encodes most of the information needed in games with infinitely many
players. When the value function and the running cost are derived from potential functions, we
refer to potential Mean Field Games. In this case, the Master Equation can be derived from a
local Hamilton—Jacobi equation on the Wasserstein space which induces an infinite dimensional
transport equation. We will emphasize the point of view that in absence of common and individ-
ual noises, this non—local equation is an infinite dimensional version of a system of conservation
laws.

We state the first and the second order Hamilton—Jacobi equations on the Wasserstein space and
their link to fluids mechanics. We comment on existence and regularity issues. We show how
to produce the Master Equation in Mean Field Games by differentiating the Hamilton—Jacobi
equations on the Wasserstein space and state the analogy with conservation laws.
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Chapter 1

Introduction

In this course, we are interested in non cooperative games, which means games with no global
planner, where each player pursues his own interest. We are mainly interested in games with
a large number of players, possibly infinitely many players. For such games, we rely on a
foundational concept originally introduced by Nash in his 1951 influential paper [42], and named
after him. If each player has chosen a strategy and no player can benefit by changing strategies
while the other players keep theirs unchanged, then the current set of strategy choices and the
corresponding payoffs constitutes a Nash equilibrium. In other words, one must ask what each
player would do, taking into account the decision—-making of the others. The search of Nash
equilibria relies on the study of a system of Hamilton—Jacobi equations in the case of finitely
many players or the study of a non—local equation in the case of non—atomic games. The latter
equation is the so—called master equation. The goal of these notes is to equip the reader with
prerequisites to facilitate the study of this non—local equation, so—called master equation in
Mean Field Games.

In Section of Chapter [7] we make some interesting remark about monotonicity in the
context of Mean Field Games and displacement convexity. For instance, there exists a function
F : Po(M) — R which is convex along geodesic paths in Po(M), while —F is concave along
traditional paths ¢t — (1 — t)po + tp.

Section (Chapter [2)) gives an overview of the course but the table of content displays a
more detailed description of the material we cover.

Throughout these notes T¢ := R?/Z? and by f : T¢ — R, we mean f : R® — R and
f(x 4+ k) = f(x) for any (k,z) € T? x R%. We say that f is Z% periodic (or simply periodic).
When [ > 0 is an integer and f € C'(RY) is periodic, we write f € C'(T¢). Similarly, we denote
as Lip(T?) the set of periodic Lipschitz functions f : R — R.

We consider

M=T¢ R? etc...

Let P(M) denote the set of Borel probability measures on M and let

Pa) = {ue PO | [ lau(da) < o }.

7



8 CHAPTER 1. INTRODUCTION

When D > 1 is an integer, u € Po(M) and & : M — RP is a Borel map such that

wu:(&mm%w@;<w

we write £ € L%(u, RP) or simply & € L?(x). We denote the corresponding inner product on the
Hilbert space L?(u) as (-; ).
Setting

Co(M) i= {f € C(M) | C >0 such that |f(q)l < C(1+1g)},
note that if f € Cy(M) and p € P2(M) then /|f] € L2(1, R). If M = T¢ then Co(M) = C(M).

The study of dynamical systems on Py(M) in Eulerian coordinates, can sometimes be facili-
tated through a Lagrangian formulation on a Hilbert space. We will sometimes take advantage
of working a flat Hilbert space than working on Py(M). For instance, consider the set

H := L*((0,1)% R?)

which is a Hilbert space when endowed with the L? inner product. A function U : Py(RY) — R
induces a lift U : H ~ R. which associate to X € H, U(X) := U(u) when the law of X
is u € Pa(RY). The set H being a flat, its differential structure is simple to describe. When
Ve U (X) € H, the gradient of U at X exists, it can be expressed as the composition of a vector
field V,,,U(u) : R? — R? and the random variable X such that

Vi2U(X) = Vo, U(u) o X.

In optimal transportation theory, this vector field is known to be the so—called Wasserstein
gradient of U at p (cf [2] and [30]). Under appropriate conditions,

U
VeuU(1)(a) = Va5 ()
where %—g : M — R is the weak Fréchet derivative of U at p given in Definition (Chapter .
Similarly, Hess(U)(X) : H? + R the hessian of U at X is linked to bilinear form

Hess(U)(u) : VO (RY) x VC(RY) - R,

the Wasserstein hessian of U at u. The Wasserstein hessian consists of two parts, of which the
first one could be termed the individual noises operator. It involves mixed derivatives in the
(g, ) variables:

Vo (Varll(@.1)) = Vo (Ve U() (@) and V2,U(q.2.0) = V2,U(n)(q: ).

These are used to define operators on set of functions of Py(RY). For instance if U : Po(RY) — R
then one of the partial trace operators which we introduce is O such that O(U) : Po(R?) +— R
is defined as

OW)(n) = » Vg (VarUl(g, 1)) u(dg).



The Wasserstein partial Laplacian or common noise operator is the partial trace
d
> Hess(U) () (Ei, i) =t Ay, U (1)
i=1

where {E1,--- , E4} is any orthonormal basis of R%. One defines operator B which involves only
derivatives in u, as

B(U) = Ao, U — O(U) = /

Tr (ViQU(CL z, u))u(dQ)u(dw)-
R2d

While a Fourier analysis shows O and A\, are degenerate elliptic operators, one checks that B
is by no mean an elliptic operator.

Given a sufficiently smooth function w : M x R% — R, we define
L3 (w) i= Loy (w) + L2 (w). (1.1)

where

o)) = Bywla + [ dive(Vayuwla, (o) o))

and

£9(w)(q, 1) == e (2 /M divq(vw2u(q,x, u))y(daz)—k /

o (ViQU(% Y, u)) M(dw)ﬂ(dy)> :

In Mean Field Games, there is an unavoidable non-local operator IN,, which depends on
@ € P2(M) and on a Hamiltonian H € C'(M x R?) such that there is C' > 0 such that

|DpH(q,p)| < C(1+ |p|) Y(q,p) € Mb x RY.

It associates to Borel vector fields &, ¢ : M — R? which are p—square integrable, the real number
Nuled] = [ (ela). Dy . Cla))ulda).
Given F,u, € C(M x P2(M) an important problem in Mean Field Games consists in finding
w:[0,T) x M x Po(M) — R
satisfying the so—called master equation
Drtlt, @, 1) + H (g, Vegult, . ) + N[ Vit @, 1), Voult, - )| + Fla, 1) = £ (ult, ) (a, 1)

along with the initial condition u(0, -, ) = us.
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Assume there exists F, Uy, B« : Po(M) — R such that

_6F 48U

F=%0 "= %

+ B

We expect to find a solution of the master equation which will be of the form

U

o

+ 8.

To achieve this goal, let us start with a function U : [0,T") x P2(M) — R viscosity solution to

6’tU(t,u)+/MH(u, Vi, UL, ¢, 1)) pldg) + F(p) = et O(U) (1) + e2BU) ().

According to [30] when appropriate conditions are imposed on H, F and U (0, ) and €; = e = 0,
the viscosity solution U is uniquely determined. Smoothness properties of U were established
in [41] if we further assume that 7" is small enough. For €; > €2 > 0 when U(0,-) and F satisfy
some monotonicity condition, it is shown in [I2] that the Hamilton—Jacobi equation admits a
unique smooth solution U. In any case, we identify a linear transport equation satisfied by a
function 5 : [0,7) x P2(M) — R such that v := % + B is a solution to the master equation.



Chapter 2

Start up

2.1 Lecture 1: Overview (Aug 23)

-Definition of Nash equilibria in games with a finite number of players.

- Examples of games with arbitrarily many players, including games with infinitely many
players. The role of a system of PDEs in the study of Nash equilibria; lack of the right concept
of solution. Limiting PDEs obtained as the number of players tend to co; Role of the space

H:= lim M" = L?((0,1)%, M)

n—o0

and explain how to circumvent the difficulty in working with such a space by working with

Py(M) = lim M"/P,
n—oo
where P, is the set of permutations of n letters. In fact, P2(M) is the quotient of H by a relation
we later specify.
-Review on the differential structure on the Wasserstein space and compare it to the differ-
ential structure on a quotient space of H. List various concepts of differential of functions and
their relations. As a by product, study the Hessian of functions.

-Review on measure theory, stochastic differential equations. Introduce the individual and
common noises; Introduce the corresponding operators which involve what we term the partial
Laplacian operator and the operator O. State the Feynman-Kac for both stochastic paths.
Observe why the theory stands even for finitely many particles. Allude to polynomial functions
on Po(M) which combined with the partial Laplacian operator yield to Sobolev spaces on the
set Pa(M).

- Lay down arguments favoring the fact that the master equation yields an infinite dimen-
sional system of conservation law.

- Derive the master equation for a local Hamilton—Jacobi equation on the Wasserstein space
when the running cost and the initial value function are weak Fréchet differential of functions

11



12 CHAPTER 2. START UP

defined on the set of measures.

- List existence results for the master equation when only one of the three important mech-
anisms are in force and also when combinations of them are in forces. For instance, we study
the analogue of the linear heat equations involving the partial Wasserstein Laplacian and its
perturbations.

2.2 Lecture 2: A differentiation on the set of measures (Aug
28)

We shall learn two related concepts of differential for functions U : Py(M) - R when M = T4, R¢,
This will later be needed to be able to write the so—called Master Equation
2.2.1 A topology on the set of probability measures

In order to achieve the main goals of the next two lectures, we need to endow Po(M) with a
topology and introduce a concepts of differential of functions defined on P2(M). We say that
(tin)n C Po(M) Wa—converges to pu € Pa(M) if

n—oo

lim ﬂmmmz/f@mm, VS € Co(M).
M M

We will later learn this is the Wasserstein topology which is induced by the so—called Wasserstein
metric Ws.

Exercise 2.1. Let E := [0,T] x [0,T] x [0,1]. Let po, u1 € P2(M) and let S : [0,7] x M — M
be a continuous maps such that there exists C' > 0 such that

1S(t,q)| < C(1+ql), V(t,q) € [0,T] x M. (2.1)

(i) Show that
(tl,tQ, S) — (1 — S)S(tz, ')ﬁMO + SS(tl, ~)t¢,u0 = O’S’tl’t2

is (Wy—)continuous on FE.
(ii) Show and set £ =: {c(1:#29) | (t,ty,5) € E} is a compact subset of Py(M).
(iii) Show that s — (1 — s)po + Sp1 is continuous.

Proof: (i) We are going to use the formulation of the Wasserstein convergence as defined above
(cf. [2]). Let g € Co(M). We have

[ @i = [ (1= 9)9(S(t2,2) + sa(S(t1,2) Y na(da). (22)
M M

Since g € Co(M) there exists a constant Cj such that if we use (2.1]) we obtian

9(S(t,2)) < Co(1 +[S(t,2)))* < Co(1+C(1+g))?* V(t,2) € [0,T] x M.
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We may apply the dominated convergence theorem to the expression at the right handside of

to conclude that
limf B / g(Z)O'(S,tl,tQ)((dZ) :/ <(1—§)Q(S(EQaZ))‘{‘SQ(S(ELZ))))MO(CZZ) :/ 9(2)0(7?171?2,5)((12)
(t1,t2,8)—(t1,t2,5) JM M s

for any (¢1,t2,5) € E. This proves (i).

(ii) By (i) € is the image of the compact set E by a continuous function. Thus, £ is itself a
compact.

(iii) The proof of (ii) follows the same lines of arguments as that of (i). QED.

2.2.2  Frechet differential and intrinsic gradient on P, (M)
Definition 2.2. Let U : Po(M) — R.

(i) We say that U is weakly Fréchet continuously differentiable if there exists a continuous
map w : M x Py(M) — R such that w(-, u) € Co(M) and

lim U = s+ o) ~ U - / w(g, ) (W' — p)(dg)  Vp,p' € Poy(M).
s—0t S M
We set sU
E(q, ) = w(q, 1) — /MW(Q"AUM(dQ')
so that

oU
—(q, dqg) = 0.
M5#( w)p(dq)

We call ‘;—Z the weak Fréchet differential of U at pu.

(ii) If ¢ — ‘;—g(q, ) is differentiable and belongs to L?(u, R?), we define the intrinsic gradient
of U and i to be the map

q— D,U(q,p) = Vq@z(q,u))-

(ili) Further assume there is a neighborhood O of y such that D,U exists and is continuous on
M x O. Then we say U is intrinsically continuously differentiable near p.

Exercise 2.3. Assume U : Po(M) — R is weakly Fréchet continuously differentiable. Show that

%('7 ) is uniquely determined.

Proof: It suffices to show that if
0= [ wla.w = wida)  Vinpl € Pott) (2.3)
and [, w(q’, u)p(dg’) = 0 then w = 0. But, setting ' = dy, in (2.3) we obtain

0=/MW(q,u)(u’—u)(dq):/Mw(q,u)u’(dq)=w(qo,u)

Since qq is arbitrary, the desired conclusions hold. QED.
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Lemma 2.4. Let S € C([0,1] x M;M) be such that S(0,-) = Id, 0.5 exists, is continuous and
|0¢S| is bounded by a constant Cy (note this implies there is a constant C' such that (2.1)) holds).
Let p19, p1 € P2(M) and set

ps = (1 — s)po + spa, fie = S(t, ')ﬂ,u() V(s,t) € [07 1] X [OvT]

let O be an open subset of Po(M) that contains us for any s € [0,1]. Assume U : Po(M) — R is
weakly Fréchet continuously differentiable in O (cf. Definition in Chapter @) Assume for
any compact set I C O there is a constant co(KC) > 0 such that

oU

@y SO +l)  wek. (24)
(i) We have
]lli_{% U(Ms+h)h_ U(ps) _ ’ ((sg(lj(q’ 1) (1 — o) (dq)

(i) As a consequence
1
U(pa) = U(po) :/0 ds/Mst(ans)(Ml — #o)(dq)

(iii) Further assume T is small enough, U is intrinsically continuously differentiable and for
each compact set K C O there is a constant ¢(K) such that

DU (q,v)| <c(K)(1+q])  V(g,v) e MxK. (2.5)
Then t — U (fi) is differential on [0,1] and

G0 = [ (DU(S(t0.1):0:5¢.0) o)

dt
Proof: (i) Let s € [0,1) and assume h > 0 is small enough. Setting ¢ := h/(1 — s), since
ts+n = (1 —t)ps + tur we have

Upsen — U(ps) 1 U((l — s + tﬂl) —U(ps) 1 U

. _ . _ 2 (q, s) (i1 — ) (dq).
Jim - T lim ; T M(m(q,u)(m 115)(dg)

Since p1 — ps = (1 — s)(p1 — po), this verifies (i).

(ii) By Exercise s — ps is a continuous map and so, the image of the compact set [0, 1]
by the application s — ps is a compact subset which we denote as K. By (i), s = U (us) is
differential on (0,1) and its derivative is

als) = [ fSZ(q, 1) (p1 — o) (da).

Since %—Z is continuous, Exercise implies (s,q) — ‘;—Z(q, i) is continuous. Thanks to (2.4)),
we may apply the dominated convergence theorem to conclude that « is continuous and for a

constant ¢

ol <e(2+ [ laP(u -+ m)dn) < .
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Thus, t - U (ﬂt) is continuously differentiable and belongs to W1°°(0,1). By the fundamental
theorem of calculus

1
Uyu1) — Ulpo) = /0 a(s)ds,

which verifies (ii).
(iii) For t € [0,T] set
A(t) = U (ir).

Let 0%**2 and £ be as in Exercise 2.1] and set
gt = (1 — 8) g + spypn = o*Hh, t,t+hel0,T], s€l0,1].
Since W3 (-, o) is convex (cf. [2]) and S(t,-)yuo = fig for t € {t1, 12} we use the fact that
la = S(t,q)) = 15(0,q) = S(t,q)* < CF#?

to conclude
W22 (0-87t1’t27 /’LO) < (1 - 8)W22 (,th, /’LO) + SW22 (/-Lt1 ) IUO) (1 - S)Cl i’ + SC2T2 02T2

Hence, for T is small enough we have
EcCO. (2.6)

Thus, (2.4) holds when K is replaced by £. We apply (ii) to obtain

At +h) — Q/tk/‘ ¢ 1) umh—udww

=[] ((SM (5t + haonih) = 5 (Ste.a.4) Yol

We use the mean value theorem to obtain 6 = (¢, s,q, h) € [0,1] such that
A(t+h) — A@®)

/(m/‘ < ) 1—@S@+hﬂ%H%@&%Mﬂ»S@+hqy—ﬂ@@»mw@ (2.7)
By (2.5) (with £ = &) and (2.6)

‘DHU<(1 —9)S(t + h,q) + 6S(t, q), 1 )) ‘ < 0(5)(1 + \(1 —0)S(t + h,q) + 0S(t, q)D
This, together with implies
DU (L= 0)S(t+ b, ) + 050, 0),150) )| < @) (1+ €1+ la))

We apply the Lebesgue dominated convergence theorem to the integral in (2.7) to obtain

g%A@+h (/ / Qy&qu»ud@)

Since the expression in the latter integral is independent of s, this concludes the proof. QED.
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Remark 2.5. The conclusions in Lemma continue to hold under the following weaker as-
sumptions: U is continuously intrinsically differentiable, (2.4) holds and there is a constant Cy
such that

10:5(t,9)| < Co(1+gl)  ¥(t,q) €[0,T] x M.

Exercise 2.6. Let O C P2(M) be an open set and let U : Pa(M) — R be an intrinsically
continuously differentiable function on O. Show that if ([2.5)) holds on for a compact set £ C O
the there is a constant ¢(C) such that (2.4)) holds.

Proof: Note
oU
<q,u>] < '(o,w

- 0.0+ 1ale0) 1+ o)

Op

Since K is a compact set and ‘;—U(O, -) is a continuous function on K, it is bounded by a constant
which depends on K but is independent of v € K. This is enough to establish the desired result.
QED.

2.3 Lecture 3, 4: PDEs methods for Nash equilibria (Aug 30,
Sep 04).

The goal of this lecture is two folds.

(i) First, we plan to show how partial differential equations (PDEs) can be used to find Nash
equilibria for players whose trajectories lie in M.

(ii) Second, we show how our approach favors the prediction of Robert Aumann that in games
formulated in certain contexts, Nash equilibria should not be expected to exist in deterministic
games comprising only finitely many players.

The distribution of our players will be Borel probability measures which we require to satisfy
some additional conditions such as having finite second moments.

2.3.1 Description of a dynamical deterministic game

The goal of this subsection is to make formal calculations which enlighten us on how to use PDEs
methods to find Nash equilibria. The aim is to develop our intuition making often assumptions
much stronger than what is needed. The computations in this section are done for a special
Hamiltonian and will later be extended to a larger class of Hamiltonians.
Let
F,G:Mx Py(M) — R

be bounded continuous functions such that V,F and V,G exists, are continuous and uniformly
bounded. The function G represents an initial cost function in a deterministic game and F'
represents a running cost.

Fix T > 0 and let p € Py(M) represents the distributions of a group of players at time 7.
Each player is identified with its position ¢ € M at time T. A collective control is

a € L*((0,T) x M;R?)
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so that a(-,q) : [0,7] — R? is the control of player ¢. The control set for player g is
Aq = L2(07 S5 Rd)a

The rule of the game is to determine the trajectory @ : [0,7] — M as the unique solution to the
equation _

at,q) =Q, Q) =q (2.8)
The trajectories of all players can be recorded in a function

S:[0,T]xM—=M, S(T,)=Id, 8S=oa.

By (2.8]), there is a one—to—one correspondence between the set of o and the set of S. Indeed,
S is uniquely given as

S(t,q) =q +/0 a(T,q)dr. (2.9)

The cost function for player g is

T a 2
Jo(Tsaq, ) := /0 <|;’ - F(Q(),S(t, ')W)) dt + F(Q(0), 5(0, )sp). (2.10)

Although the expressions in (2.8]) still mathematically makes sense even if a4 and a are not
related, let us recall that in our context, we require them to satisfy the consistency condition

ag =al-,q) Vq € M.

Assume all the players keep their collective control and only player ¢ changes his strategy into
A€ L?(0,s;R%). Then the new collective strategies of the players will be

a(t,q) —{ a(i’l‘—’t; ﬁ Z,zg. (2.11)

We say that o € LQ((O,T ) X M;Rd) is a Nash equilibrium for the family of pay off functions
(Jg)qem if for any ¢ € M and any A € A,

Jy (T;a(-,q),a) < Jg (T; A, aA), VA e A,

2.3.2 Sufficient conditions for Nash equilibria in a dynamic deterministic
game

Definition 2.7. Let H(q,p) = |p|?/2. We say that u : [0, 7] x M x Po(M) ~— R is a continuously
differentiable solution of the master equation for the game (H, F'), with bounded first order
derivatives if the following hold:

(i) Oyu and V4u exist and are both continuous and bounded.

(ii) w is intrinsically continuously differential for each (¢, ¢q) € [0,T] x M and D, u is bounded.

(iii)
1
8tu(t7 q, ,u) + <Duu(t7 q, :U’)a qu(t, E H)>M + 5 ‘vqu(t’ q, :u)) + F(Qv H) =0

for any t € (0,7), ¢ € M and pu € P2(M).



18 CHAPTER 2. START UP
We need the following definition which characterizes measures for which we can verify R.

Aumann predictions.

Definition 2.8. Given a topological space S and a Borel measure 4 on S, a Borel set B is
called an atom for p if, u(B) > 0 and given any Borel set C' C B, we have either u(C) = 0 or
u(B\C) =0.

For example, if x € S is such that p({z}) > 0 and N is a Borel set such that x(N) = 0 then
B = NU{z} is an atom. According to Lemma 14 page 408 [46] if S is a separable metric space,
w is a Borel measure and B is an atom for p then there exists z € B such that u(B\ {z}) = 0.
In particular if p € Po(M) is such that u({x}) = 0 for all x € M then p has no atoms.

Lemma 2.9. Let H(q,p) = |p|?/2 and let u : [0,T] x M x Po(M) — R be a continuously
differentiable function. Assume u has no atoms and u is a continuously differentiable solution
of the master equation for the game (H, F'). Assume the following differential equation

0,5(t.q) = Vou(1.5(t,0). St o). S(T) =1 (2.12)

admits a solution (a sufficient condition for that it that Vqu(t,q,-) be Lipschitz (we refer the
reader to Section 3 of [26] for an analogous result on the Wasserstein space). Then the control

Oé(t, Q) = vqu (ta S(ta q)v S(t7 )W)
is a Nash equilibrium for the family of pay off functions (Jq)qem. In fact
Jq (T> O((', q)a Oé) < Jq (T7 Q> aQ)

if Q(T) = q, unless Q(t) = un(t, Q(t),at).

Proof: Note « is an admissible control since v € L?((0,T) x M;R?).

Fix ¢ € M and let Q : [0,7] — M be a continuous path such that Q(T) = g and A := Q €
L2((07 T); Rd), which means A is a control for player ¢q. To alleviate notation, let us set

o = S(t,)gp.
The collective strategies when only ¢ changes its control are given by

A, o ) Std) if ¢ F#q
S“””‘{ Q) if o #a

Let of' := SA4(t,-);u denote the new distribution of the players. For any ¢ € C2(M), since x has
no atoms, then p({q}) = 0 and so,

wwymww=/¢wmwmm%

M

/ww%@mmw:/ w@%#mMﬁZ/
M M\{q} M\{q}
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In other words, for any ¢ € [0, T] we have oy = o{}. Thus,

i((t@() 4) - Jq(t,A,aA)):;i<(tQ() ) — Jq(t,A,a)),

Claim 1. We claim that
d
dt( (t,Q(1),0/") — Jq(t,A,oﬁ‘)> <0 (2.13)

unless Q(t) = Vau(t, Q(t),01) in which case equality holds.
Proof of Claim 1. We use Lemma (ii) to infer

Z( (£, Q(t), o) — Jq(t,A,aA)> —Z( (t Q(t). o) - Jq(thaa)>
= 8tu( ) <V u(t7Q(t)70t);Q>
+ [ (Dt Q). ) (8(8.4)): 65t ot
_ I +F(Q()7Ut) (2.14)
But by

| (Dt @0).0) (S(0.4)):0,5¢. ) ol
_ /M (Dt Q1) 50)) (S(t,4)); Vu(t, S(t,q'), 00) Yrio(dg)
:/<Duu(t,Q(t),at))

M
= (Duu(t,Q(t), 1))

This, together with (2.14]) implies, after completing the square,

(2); Vqu(t, z, 0¢) >at(d;1:)

t 5vqu(ta'70t)>at.
2
0 (0.0 1.0 ) = 0t 0, 00) + \un(t,cit),at)( )

+ <Duu(t, Q(t)»fft))?vq“<t’ "Jt)>

Jow - vt Qu.o)|
2

Ot

+ F(Q(t),at).

Recall that u satisfies the master equation and so,

d

dt( (t.Q(t),07") — Jq(t,A,aA)>:_ ‘ 2




20 CHAPTER 2. START UP

This verifies ([2.13]).
Concluding step of the proof of Lemma . By (2.13])
U(Ta S(Tv Q)v UT) - ’LL(O, S(Oa q)> GO) - Jq (T7 Oé(', Q)v Oé) + Jq (O? CV(', Q)v Oé) = 07 (215)

and if Q(t) # Vqu(t,Q(t), o) we have

u(T,Q(T), %) — u(0,Q(0),08") — Jo(T, A, o) + J4(0, A, a*) < 0. (2.16)
We use the facts that

or=p, or=o0f, QI)=q=5(T,q and J(0,4a") =GC(Q(0)0)
in ([2.15)-(2.16)) to obtain
u(T,q, 1) = u(0,5(0,9),00) + Jg(T, (-, q), @) — J4(0,a(, q), ) = Jo(T, (-, q), ) (2.17)

and if Q(t) # Vqu(t,Q(t),0¢) then

u(T,q, 1) < u(0,Q(0),00) + Jo (T, A, ) — J4(0, A, ) = Jo(T, A, ). (2.18)

We use (2.17) and ([2.18]) to verify the remaining claims of the Lemma.



Chapter 3

Preliminary: tools from optimal
transport theory

3.1 Lecture 5, 6: Probability spaces; Wasserstein metric (Sep
08, 11)

The games we have been describing so far have been very restrictive from two points of view.
Not only we have been dealing with a very special Hamiltonian, in our games, the trajectories
of the players have been deterministic. To remedy the later point, we need to briefly introduce
some concepts from probability theory and stochastic analysis. We also need to endow the set
of probability measures with a metric, the so—called Wasserstein distance.

Throughout this section, By, denote the open ball in R¢, of volume 1, centered at the origin
and I is the identity matrix on R

If X is a non-empty set then 2% is a o-algebra on X. The smallest o—algebra containing a
subset A of X is called the o—algebra generated by a set A. A triple (S, 3, u) is a probability
space if ¥ be a g—algebra on § and pu is a positive countably additive function on X such that
u(S) =1.

Let S and S, be topological spaces. The o—algebra generated by the Borel subsets of S is
called the Borel o—algebra and is denoted as Bg. The set of Borel probability measure on S is
denoted as P(S). If u € P(S), any Borel map X : S — S, induces a Borel measure Xyu on S,
defined as

(X:0)(B) = (X (B))

for any B Borel subset of S, (Exercise .

Let S and 7 be a topological spaces, let 7° be the projection of S x T onto S and let 7
be the projection of & x 7 onto 7. Given v € P(S x T), we call 77&97, the first marginal of ~
and called Wg”}/ the second marginal of ~. If . € P(S) and v € P(T), we denote as I'(u, ) the
set of v € P(S x T) which have p as first marginal and v as second marginal. Note v € T'(u, v)
is equivalent to

T

YA XT)=u(Ad), ~(SxB)=v(B) V(A,B) € Bs x Br. (3.1)
Let (S,dist) be a metric space, let sop € S and let p € [1,00). The following set is independent

21
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of s :

PuS)i= {ue PS) || [ aist?(s,sulutas) < oo

Let ¥ be a symmetric and non-negative real d x d matrix and let u € R?. The Gaussian
d-dimensional Gaussian (or normal distribution) measure on R¢, with mean u and covariance
matrix U denoted as Ng(u,U) is defined as

Ny(u,U)(B) = *% U =) g

Given a positive number b and denoting as 0 the null vector in R?, we write N4(0,b) in place of
Ny4(0,01y).
3.1.1 Basic results in measure theory

Theorem 3.1. Let G, be the set of Borel maps S : By — By which have a Borel inverse St
and such that both S and S~' preserving Lebesque measure. Let p € [1,00) and let X,Y € H,.
Then Xﬁﬁféd = YﬁE%d if and only if there exists a sequence (Sp)n C Gg, such that

lim/ 1X (W) — Y (w) 0 Sp|Pdw = 0.

n—oo

Proof: Cf. e.g. Lemma 6.4 [11]. QED.

Definition 3.2. Let S be a separable metric space and let P(S) denote the set of Borel proba-
bility measures on S. Let p € P(S). We say that a sequence (), C P(S) converges narrowly
to p if for every bounded continuous function f : S — R we have

fim [ Fn(ds) = /f

n—o0

The next classical theorem characterizes relatively compact sets of P(S) with respect to the
narrow convergence topology.

Theorem 3.3 (Prokhorov). Let S be a complete separable metric space and let K C P(S). The
following are equivalent:

(i) K is relatively compact for the narrow topology.

(ii) There exists ¢ : S — [0,00] such that for each ¢ > 0 the sublevel set {s € S | s € S} is

compact and
sup [ p(s)ulds) < oo
pneEXL JS

(iii) I is tight, meaning for every e > 0 there exists K. C S compact such that

WS\ K)<e Vpek.
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Proof: Cf. e.g. [20]. QED.

Corollary 3.4. If S and S, are complete separable metric spaces and p € P(S) and v € P(S.),
then T'(u,v) is compact for the narrow convergence.

Proof: We are to show that I'(u,v) is pre-compact and close for the narrow convergence
topology.
(i) Given € > 0, by Theorem there are two compact sets K. C S and L. C S such that

WS\K) <e, w(S\L)<e
Note that K, x L. is a compact subset of S x S, and
SX 8\ (Ke x Le) C (8% (Se\ Le)) U (S\ Ke x Sy).

Thus for any v € I'(u, v), using , we obtain
7(5 X S\ (K x Le)) <Y(S X (S \ Le)) +7(S\ Ke x 8i) = (S \ Le) + u(S\ Ke) < 2e.

Thanks to Theorem we verify that I'(u, v) is pre-compact.
(ii) Let (yn)n C I'(i,v) be a sequence that converges narrowly to 7. Since the projection
78 8 x S, + S is continuous, (ﬂ&sfyn)n converges to WBS’)/ (cf. e.g. [2]). This verifies that

W= 77&97. Similarly, v = 7['59*7, which proves that v € T'(u, v). QED.
We continue this section with a series of definitions followed by useful results.

Definition 3.5. Let (S,%, 1) and (Si, X, t«) be measure spaces. We call X : § — S, a
measurable function if X~1(B) € ¥ for each B € X,. Further assume that S and S, are
topological spaces and > = Bg and ¥, = Bes, .

(i) any measurable function is called a Borel map.

(ii) If in addition S, = RY, we call any measurable function a d-dimensional Radon variable
(or simply a Radon variable).

iii) Any collection {X; | t > 0} of Random variables is called a stochastic process.
(ili) Any p
(iv) If X : § — R? is a d-dimensional Radon variable, we call Xyu the law of X.

The following deep results from measure theory (cf. e.g.Theorem 16 page 409 [46]), provide
a complete list of finite Borel probability measures on complete separable metric space.

Theorem 3.6. Let u be a probability Borel measure on a complete separable metric space S.
Then the following hold:

(i) there exist I C N, E:={e; |i € I} C (1,2), ap > 0 and {a; | i € I} C [0,00] such that
(S, Bs, ) is isomorphic to (S, Bs, , l.) where

S =[0,1]UE, pu.= a0£[1071] + Zaiéei.
el
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(i1) If we further assume that S is uncountable and p has no atoms then ag = 1 and I = 0.
This means that (S, Bs, 1) is isomorphic to the one dimensional Lebesque measure space

([0, 1], Bjo. 1), 5[10,1})'

Corollary 3.7. Let us. be a probability Borel measure on a complete separable metric space Si.
Then there exists a Borel map X : By — Sy such that Xﬁﬁféd = [by-

Proof: We may assume without loss (S, px) is as in Theorem Note

()404-2041':1.

i€l

We skip the trivial case when ag = 0 or I = (). Theorem [3.6] (i) gives an isomorphism Z between

([0,040]75[10@0]) and (][0, 1],a0£[1071]) and such that

Zﬁﬁ[lo,ao} = 0‘05[10,1]'

We readily construct a Borel map Y : (ap, 1] — E such that

YiLlaoq) = D e,
el
We combine Y and Z to obtain a Borel map

X*:[0,1]— [0,1]UE

such that
Xi Loy = b

We use Theorem (ii) to obtain an isomorphism W of (B, Bg,, Eféd) onto ([0, 1], Bj,1j, 5[10 1}).
Setting X := W o X* we obtain the desired result. ED.

3.1.2 'Wasserstein space viewed as a quotient space

Throughout this subsection, (S, (-,-)) is a complete separable Hilbert space. Let || - || denote
the associated norm and let dist denote the associated metric. Given p € [1,00) and using the
notation at the beginning of the Section, when u,v € P,(S), to define

1/p
Wyt = (_int [ o= yipatanan) (3.2
YEL (1v) JSxS

The p-moment of y is Mpy[u] > 0 where

MYl = [ NalPutie).

Let
H, := Lp<BbSSa£ICBl%d)a H:= L2(Bb;8’£%d)
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be endowed with the standard norms so that (because E%d is o—finite) H, is a normed space and
H is a Hilbert space (cf. e.g. [21]).

Let G, denote the set of Borel maps S : By — By which have a Borel inverse S -1.B,; — By
such that both S and S~' preserving Lebesgue measures. This is a non communative group
when endowed with o, the composition operator. When d > 2, the closure of G, in L?(Bg; By)
is Sp, of all measure preserving map on By (cf. e.g. Theorem 1.4 [7]).

Corollary 3.8. The push forward operator t, which associates to a Borel map X : Q0 — S— the
measure Xﬁﬁfédf maps H, onto Pp(S). It induces an equivalence relation, where, the class of
equivalence of X € H, is
v d v, rd
(X]p ={X e H, | XyLp, = Xy L, }-

\I;]ro}(l)f: By Corollary any f € Pp(S) there is a Borel map X : Q — S such that Xnﬁdd =
e have

MYl = [ X @) < o0

and so, u € Pp(S). This concludes the proof of the corollary. QED.

Theorem 3.9. The following hold:
(i) the infimum in (3.2) is finite and a minimizer -y is achieved there.
(ii) We have

: p . _ d _ d
WE(p,v) = X7¥1€pr{||X Y@, ¢ p=XeLE,, v = mLBd}. (3.3)

and a minimizer is achieved in (3.3)).
Proof: (i). Let v := p ® v be the product of p by v. Since

/ \|xyupdv<x7y>szp—1</ el )+ [ Hyll”v(dx,dy))
SxS SxS SxS

and v is arbitrary that has ¢ and v as marginals, we conclude

witav) <27 ([ alPutan) + [ lirvian) < oo

By Corollary ['(pu,v) is compact for the narrow convergence. To prove that is a
minimum, it suffices to show that v = [ s |l — y|[Py(dz,dy) is lower semicontinuous for the
narrow convergence. To achieve this goal, let (7;,), be a sequence in I'(u, v) converging narrowly
to some ~y. Since for each natural number k, the function

(z,y) = cp(z,y) == min{HfE —yl?, k}

is continuous and bounded, we have

lim inf/ |z — yl|Pyn(dz, dy) > lim cx(z, y)yn(dx, dy) :/ cr(z, y)y(dz, dy)
SxS8

n—o0 n—oo SxS SxS
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and so, by Fatou’s Lemma

lirginf/ |z = yl[Pyn(dz, dy) Zsup/ cx(z, y)y(dz, dy) =/ |z — yl[Py(dz, dy).
n—oo JSxS keN JSxS SxS

This verifies (i).
(ii) Let X,Y € H are such that p = Xﬁﬁféd and v = Y&E%d then

Y= (X % Y)pLd, € T(,v)

and so,

W2 (1) < / le — ylPr(de.dy) = | |X(w) - Y(w)|Pde.
SxS By

This proves the infimum at the right handside of is bigger than or equal to W} (u,v). To
show the reverse inequality, let o be a minimizer . By Corollary there is a Borel map
Z = (X,Y) : By x 8% such that Zﬁﬁf‘éd = 9. As o has p and v as marginals, we have X, Y € H
and p = Xﬁﬁféd and v = Yﬁﬁféd. Since

W)= [ lle—slP(dedy) = [ 1X@) - V)P
SxS ]Eb
we conclude that (X,Y’) minimizes the right handside of (3.3)) and so, (ii) holds. QED.
Definition 3.10. Given u,v € Py(S), we denote as I'f(y, v), the set of v in T'(u, v) such that
Wp) = [ o= ylPatd,dy).
SxS

By Theorem [3.9} T5 (1, v) # 0. When p = 2 we simply write I'g(u, v) instead of T3(u, v).
Theorem 3.11. For any p € [1,00), (Pp(S),Wp) is a metric space.

Proof: Let po, 11, 2 € Pp(S). By Theorem there exist

X07X17X17X2 € Hp7 and 701 € F](g)(ﬂO,Ml), ’712 € Fg(MhMQ) (34)
such that - -
and
_ 0 1||P _ |l w1 v2||P
Wg(ﬂoaﬂl) - HX -X HLP(]BZ,)’ Wg(/‘lnuﬂ) - HX -X HLP(BZ,)' (36)

Claim 1: Wpy(po, p1) = 0 iff o = p11.

Proof of Claim 1: If W} (uo,p1) = 0 the first identity in implies X = X! almost
everywhere and so, by the first and second identities in , we have pg = p1. Conversely, when
o = i1, we use the fact that 4% := (X0 x Xo)ﬁﬁf‘éd € I'(po, p11) to verify that Wy (o, 1) = 0.

Claim 2: W, is symmetric.
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Proof of Claim 2: Indeed, since 5'9 := (X! x Xo)ﬁﬁl‘éd € I'(p1, o) we conclude that

WP (1, po) < / Iz — ylP3"(de, dy) = [ [ X°(w) — X (w)[[Pdw < WE (o, 1)

SxS Bb

We interchange the role of pp and p; to obtain the reverse inequality and conclude that

Wy (111, o) = Wi (o, f11)-
Claim 3: W, satisfies the triangle inequality.

Proof of Claim 3: Thanks to the second and third identity in (3.5)), we use Theorem to
obtain a sequence (Sy), C Gp, such that

lim [ X'~ X" 0 S| s, =0 (3.7)

n—o0

Since S,, preserves Lebesgue measure, the first identity in (3.6]) implies

1500 80— X" Sull 1y = X0~ X1 ) = Woltto ).

This, together with (3.7]) yields
_1; 0 v 1
WP(:U“O7M1) - nh_g.lOHX © Sn - X HLP(IB%Z,)'
Thus,

Wo(to, 1) +Wp(pa, p2) = nh_{{}OHXOOSn*XlHLP(Bb)JFHXI*Xﬂ’LP(Bb) Z lmngXooSn*XIHLp(Bb)'

We use the fact that -
(X%0 8, x X)4L8, € T (o, p2)
to conclude that

W (1o, 1) + Wy, po) > Wy (o, p2).

This completes the verification of the triangle inequality and concludes the proof of the theorem.
QED.

Corollary 3.12. The push forward operator is an isometry of H/§ onto P,(S).

Proof: The metric metric induced on H,/f is

dist 2([X]p, [Y]p) == _inf { / X (w) =Y (w)|Pdw + X:Lf, = XoL8 | ViLE = Yﬁﬁféd}
X YeH /g,

We use Theorem [3.9] to conclude the proof of the remark. QED.

Remark 3.13. Remark provides the first hint that when S = R, the intrinsic differential
structures on Py(R?) introduced in [2], may be inherited from the natural differential structure
on the Hilbert space H. When we endow Gp, with the operation o which associates to two
maps their composition, we obtain a non commutative group with a right action on H. For the
latter action, the orbit of X € H is the X - G, = {X 0S| S € G, } and these orbits form a
partition of H. We henceforth have another equivalence relation; two elements are equivalent if
and only if their orbits are the same. Note that the set X - Gp, is strictly contained in [X]s but
the closure of X - G, is [X]2. Such a conclusion is based on Theorem
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Theorem 3.14. Let 1 < p < oo, let sg € S and let o : S — R be defined as po(x) = dist?(z, s¢).
A sequence (pn)cPp(S) Wy—converges to € Pp(S) if and only if

Jm [ ppn(dn) = [ eland) Ve € CIDU )
M M

In other words, adding or removing ¢g from the list of test function is what makes the
difference between narrow convergence and W,—convergence. Theorem is obtained as a
consequence of Subsection 5.1.1 and Proposition 7.1.5 [2].

3.1.3 Exercise

Exercise 3.15. Let S and T be two topological spaces, let © be a Borel measure on S and let
X : S +— T be Borel map. Set
v(B) = p(X~(B))

for any B Borel subset of 7. Show that v is a Borel map on 7T .

3.2 Lectures 7, 8: Convex analysis for optimal transport (Sep
13, 20)
In this section, we assume p = 2 and S = M € {T¢,R%} so that
H = L*(Bq, M, Lf ).
Definition 3.16 ( cf. Rockafellar [45]). Let B C R? and let ¢ : B + (—o0, oq].

(i) We say that ¢ is lower semicontinuous at zo € B if for any sequence (x)32 , in B converging
to zog,

lim inf ¢(z) > ¢(xo)
k—o0
(ii) The Legendre transform of ¢ is ¢* : R? — (—o0, 00| defined as

¢*(p) = sup(z,p) — ¢(x)

zeB

(iii) When ¢ _is convex, we say that py € R? belongs to the subdifferential of ¢ at o € B and
we write pg € 0.¢(zo) if

¢(x) > ¢(x0) + (po,z —x0) VYV EDB
(iv) We define 0.¢ to be the set of (xg,po) € B x R? such that py € 0.¢(x0).

Theorem 3.17 (Important; cf. Rockafellar [45]). Let ¢ : R? s (—00,00] be conver.

(ii)) We have that ¢ is locally Lipschitz in the interior of {¢ < oco}.
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(i) If ¢ is lower semicontinuous ¢ = ¢**.

Definition 3.18 ( cf. Rockafellar [44]). A set C C RY x R? is cyclically monotone if for any
natural number n, any permutation of n letters 7 and any {(z1,y;)}"; C C we have

n n
Z |z — yil* < Z |20 — il
i=1 i=1

Exercise 3.19 ( cf. Rockafellar [44] [45]). Assume B C R? is a convex set, ¢ : B + (—o0, 00]
is a convex function.

(i) Show that (zo,po) € 0.¢ if and only if (zo,po) = ¢(x0) + ¢*(po)-
(ii) Show that 0.¢ is cyclically monotone.
Proof: (i) Assume (xg,po) € 0.¢ so that

¢(x) > Pp(x0) + (po, x — x0) = P¢(x0) + (po,x) — (po,z0) Vx € DB

Rearranging, we have

(po, x0) — ¢(x0) > (po,x) — p(z) Ve B

which means that (pg,z) — ¢(z) achieves its maximum at zg and so, ¢*(pg) = (po, o) — ¢(x0).
Conversely, assume ¢*(pg) = (po, xo) — ¢(xo). Using the definition of ¢*(py) we observe

(po, o) — ¢(x0) > (w,po) — Pp(x) Vo €B

Rearranging, we obtain

¢($) > ¢(!L'0) + <l’ — zo,p0> Yx € B.

This proves that (zg,pg) € 0.¢.
(ii) Let n be a natural number, 7 be a permutation of n letters and (x;, p;)’; C 0.¢. By (i)
we have

(i, pi) = &) + " (i), (Tr(i)> i) < P(Tr(s)) + @ (0i)-
Summing up over the set of ¢’s we obtain

n

Z T4, Di) Z P(x;) + Z ¢*(pi), Z<x7(i)>pi> < Z ¢(xr(z)) + Z ¢*(pi)-
i=1 i=1 i=1

i=1
Since 7 is a permutation then Y | ¢(x;) = Y1 ¢(x,(;) and so,

n

*Z xzapl > Z< T(Z)7p1>

i=1
This implies
1 n n
*ZLT@‘ +35 Z|pl‘ _Z T, i) 52 )|2 Z|pi|2_z<$r(i)»pi>-
i=1 i=1 i=1 i=1
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In over words,
1 & 1<
5 Z |z — pil* < B Z |-y — pil*.
i=1 i=1

This verifies (ii). QED.

Exercise 3.20. Show that C C R% x R? is cyclically monotone if and only if there exists a lower
semicontinuous convex function ¢ : R? — (—o0, 0o] such that C' C 9.¢.

Proof: (i) By Exercise if C C 9.9 and ¢ is convex then C is cyclically monotone.
(i) The following proof is due to Rockafellar [44]. Consersely, assume C' C R? x RY is
cyclically monotone. Let (Z,7) € C. Define

¢(x) := sup sup {(36 —21,y1) + (¥1 — T2, y2) + -+ (Tn1 — Tn, Yn) + (T — 9?,.@}
neN (z4,y;)7,CC

In other words, using the convention (Z,y) = (Zn+1, Ynt+1) We have

n
e imsup sup o=+ Do w5 € Cf.
neN (z;,y:)j_,CC i=1

i=1

Claim 1. ¢ # oc.
Proof of Claim 1. Choosing n =1 and (Z,y) = (z1,y1), we obtain ¢(z) > 0. We use the fact
that (z;,;)%' C C to conclude that if z = Z then ¢(z) < 0. In conclusion, we have ¢(z) = 0.

Claim 2. ¢ is convex, lower semicontinuous and C' C 9.¢.

Proof of Claim 2. The convexity and lower semicontinuity property of ¢ is due to the fact
that ¢ is the supremum of linear functions. I

Let (#,9) € C. Set (%,9) = (z1,y1). For any arbitrary (x;,y;)", C C and = € R?, by the
definition of ¢(z), we have

d(x) = (r —21,91) > (T —22,92) + - + (Tn-1 — Tn, Yn) + (Tn — 7, 7)

and so,

¢($)—<$—$1,y1> > sup sup {<j_a727y2>+"'+<xn1_$nayn>+<xn_f,g>}-
n>2 (xi,yi)f:2CC

Thus,
o(z) — (z —2,7) > ¢(2)
This proves (Z,7) € 0.¢. QED.

Theorem 3.21. Let p,v € Po(RY) and let v € T'(p,v). The following are equivalent

(i) 0 € To(p, v).



3.2. LECTURES 7, 8: CONVEX ANALYSIS FOR OPTIMAL TRANSPORT (SEP 13, 20)31

(i) There exists a cyclically monotone Borel set C C R? x R? such that v[C] = 1.

Proof: 1. Assume there exists C C R? x R? such that v[C] = 1. We are to show that for any
v € I'(p,v), we have

/ | = y*y0(da, dy) < / |z — y[*y(dx, dy).
R4 xR4 R4 x R4

By Exercise there exists a lower semicontinuous convex function ¢ : R? — (—o0, cc] such
that C' C 0.¢. By Exercise [3.19

(,p) = o(z) +¢*(p)  V(z,y) €l
Thus,
/ (z, p)roldz, dy) = / (6(x) + 6°(p)) o (d, dy)
C C

Since g is a set of null measure, we conclude
[ ey = [ (o) +0'0)(ds.dy) (358)
R4 x R4 R4 x R4

The identity
(x,p) < ¢(x) +¢*(p)  V(z,y) e RT x R

implies
[ wntaed) < [ (6 + 5 @)t d) (3.9)
R4 xR4 R4 x R4
Since
[ o+ [ Meviay = [ g = [ I ay)
Rd 2 Rd 2 RdXRd 2 RdXRd 2

we combine (3.8) and (3.9)) to conclude that
[, e—uPldedy) < [ o= yPa(dedy),
Rd xR4 Rd xR
We have verify that (ii) implies (i).

2. Assume now that (i) holds. The main idea for proving (ii) (cf. [6] [24] ) is contained in
the following special case where we assume

k k
1 . .
W= Efsam l/:%g Oy, X :={wz;|i=1,---k}, Y :={y;|i=1,--- k}.
=1 =1

El e

As v € I'(u, v), it is supported by X x Y and so, there exists v;; > 0 such that

k
Yo = Z VijO(as,yi)-

ij=1
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The cost for using the strategy - is

Cost[v0] Z '71]|~Tz y]
t,j=1

The smallest Borel set C' such that y[C] =1 is

C = {(zi,y;) | vij > 0}

Note 1

Let n < k is a natural number and 7 be a permutation of n letters. Let (z;,,y;, )], be in C and
assume on the contrary that

n n
Dl = yil® > Dl = weiy (3.10)
i=1 i=1

We plan to build a new strategy with a smaller cost by only modifying

n
=) Oy 7 —926%

=1

Recall that
{yjq—(l) }?:1 = {yjz }?:1

and so if we set

n n
1. = ~ . 1 =1
V=9 Oy Z @iy V=207 47

then 4 € I'(u, v) and so, by the minimality property of o,
Cost[y'] 4 Cost[yo — '] = Cost[yo] < Cost[y] = Cost[y'] + Cost[yo —~'].

This reads off
Cost[y!] < Cost[7!],

which is at variance with . QED.
We shall use the projections m, 7! : R4 — R¢ defined as

™z, y) =z, 7w (z,y)=y Vz,y € R?
and their interpolations

(@) = (L=t +ty = (1 — t)7°(x,y) + tr' (x,y)
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3.2.1 Properties of convex functions.

We are just going to recall classical results from convex analysis without reproving all of them
because this course is not about convex analysis but Mean Fields Games. Rather we provide
references where the proofs of these results can be found.

Definition 3.22 (Geometric measure theory). Recall that for any integer s > 0, a set B C R¢
is s—rectifiable if it is a countable union of s—hypersurfaces and a set of H*—null measure. In
particular, any set of null Lebesgue measure in R? is (d — 1)-rectifiable.

Facts 1. (Convex analysis [45]). Let ¢ : R? s (—o0,00] be a convex function. Denote as
dom (¢) the set where {¢ < oo} and as dom(V¢) the set where ¢ is differentiable. Then the

set dom (¢) \ dom(V¢) is (d — 1)-rectifiable. In particular dom (¢) \ dom(V¢) is a set of null
Lebesgue measure.

Facts 2. (cf. [22]) Let B C R? be a convex open set and let ¢ : R? — (—o0, 00].

(i) Note ¢ € C'(a,b) is convex if and only if ¢’ is monotone nondecreasing. Hence if
¢ € C%(a,b), it is convex if and only if ¢ > 0.

(ii) Note ¢ is convex if and only if it is convex along any (one—dimensional) line segment in
B. By (i), we conclude that when ¢ € C?(B) then ¢ is convex if and only if V?¢ is nonnegative
definite. Indeed, the convexity of ¢ is equivalent to that of the map t — ¢(xg + tu) for any
xo € B and any u € R%.

(iii) Assume ¢ is convex. Then the entries of matrix of the distributional second derivatives
are signed Radon measures which satisfies VZ¢ > 0.

Exercise 3.23. Assume ¢ : R — (—o00, 00] is a convex function and let € R? and y € 0.¢().

(i) Show that if ¢ differentiable = at then y = V¢(x) (in fact, one draws a stronger conclusion:
0.¢(x) has a cardinality 1 if and only if ¢ is differentiable at z. In this case 0.¢(z) =
{V¢(x)}). Similarly, show that if ¢* is differentiable at y then z = V¢*(y).

(ii) Further assume ¢ is lower semicontinuous. Show that d.¢ is a closed subset of R%4.

Proof: (i) Recall that by Exercise if y € 0.¢(x) then ¢(z) + ¢*(y) = (x,y). Hence, Note
(z,w) = H(z,w) := ¢(2) + ¢*(w) — (z,w) achieves its minimum at (z,y). If ¢ is differentiable
at x then H(-,y) is differentiable at = and its partial derivatives with respect to z are null at x.
Similarly, if ¢* is differentiable at y then H(z,-) is differentiable at y and its partial derivatives
with respect to w at x are null. Since

V.H(z,y)|:=2 = Vo(x) —y, VH(z, w)|w=y =Vo*(z) —x

we complete the proof of (i).
(ii) Further assume ¢ is lower semicontinuous and let (2, yn)n C 0.¢ be a sequence converg-

ing to (z,y).By Exrecise we have

¢(@n) + 6" (yn) = (Tn, Yn)-
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Since as a supremum of linear functions, ¢* is lower semicontinuous and by assumption ¢ is
lower semicontinuous we obtain

¢(x)+¢"(y) < liminf ¢(z,) +lim inf ¢*(y,) < 1inng>ior.gf<¢(wn)+¢*(yn)) = liminf (2, y,) = (2, y)-

The reverse inequality holding in general, we conclude ¢(z) + ¢*(y) = (x,y) and so, using
Exrecise once more, we verify that (x,y) € d.¢. QED.

Exercise 3.24. Let ¢ : R — (—o0, 00] be a convex lower semicontinuous function be such that

¢ #£ c0. Set
A= {x € dom(Vo) | Vo(x) € dom(ng)*)}, B :=V¢(A).

Show that V¢ : A +— B is a bijection with V¢* as its inverse.

Proof: Note that V¢ is onto B. Let x € A and set y = V¢ (z) € dom(V¢*). We have

o(x) + ¢*(y) = (z,y)
and so, by Exercise (i), z = V¢*(y). This means

z = Vo' (qu(:n)).

This verifies that V¢ is one-to-one on A and the inverse of V¢ is V¢*. QED.

Exercise 3.25. Let ¢ : R? — (—o0, o] be a convex lower semicontinuous function be such that
¢ # 0. Define the interpolation

2

o) = (L - )5 + to(x).

(i) Show that for any ¢ € (0,1], the Legendre transform ¢} is of class C'(RY) and V¢j is
(1 — )~ Lipschitz.

(ii) Show that if (x,y) € 0.¢ then (z, (1 —t)x + ty) € 0.¢4.
Proof: (i) Since ¢ is convex, the second order distributional derivatives satisfy, for ¢ € [0, 1),
Vi = (1 — ) +1tV3*¢ > (1 —t)I.

Thus, the Legendre transforms ¢; satisfy

1
2*<7.
Vs

This proves that V¢; is (1 — t)~!-Lipschitz.
(ii) Let (z,y) € 0.¢. For any w € R? we have

P(w) = ¢(x) + (y, w — )
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and so,
> a-nll t — gkl e t t
auw) > (-0 o)+ w—a) = -0 (B 2220 )Y dt6(0)+ (0,
This reads off
lw— 2
dr(w) > dp(x) + <(1 —t)x + ty, w — x> +(1- t)T

This verifies the claim.
QED.

3.2.2 Borel measures and their support.

Definition 3.26. Let v be a Borel measure on R”. We call the support of v the set spt(y)
which consists of all z € RP such that y[B,(z)] > 0 for all r > 0.

Remark 3.27. Assume 7 is a Borel measure on RP. If 4[Bs,(2)] = 0 then for every w € B,(z)
we have y[B,(w)] = 0. This proves the support of ~ is a closed set.

Exercise 3.28. Assume 7 is a probability Borel measure on R”.
(i) Show that the support of v is the smallest closed set K such that y(K) = 1.

(ii) Suppose D = 2d and ¢ : R? — (—o0, o0 is a convex lower semicontinuous function so that
0.¢ is a closed set. Show there exists a Borel set C' C 0.¢ such that v[C] = 1 if and only

if spt(y) C 0.¢.

Proof: (i) If y[spt(y)] < 1 then the open set O := R?\ spt(y) is of positive measure. For each
x € O choose r(z) > 0 such that B, C O and v[BT(I) ()| = 0. Let L C O be an arbitrary
compact set. Then there exists x1,--- ,x, € L such that

Lc U?:lBr(xi) (‘Tl)

Hence, y[L] = 0. Since ~ is Borel measure, v[0] = 0 as it is the supremum of y[L] over the set
of compact set L C O. The latter conclusion is at a variance with the fact that O is of positive
measure.

Let K C RP be a closed set such that y[K] = 1. Assume on the contrary we can find
x € spt(y)\ K. Since K¢, the complement of K is open, there exists > 0 such that B, (x) C K°.
We have v[B,(z)] < v[K¢] = 0, which contradicts the fact that x € spt(y).

(ii) Suppose D = 2d and ¢ : R? — (—o00, 00] is a convex lower semicontinuous function. By
Exercise 0.¢ is a closed set. If C C 0.¢ is a Borel set such that v[C] = 1 then C' C d.¢
and v[C] = 1. By (i) spt(y) € C C 9.¢. Conversely, assume spt(y) C 9.¢. Then C := spt(y) is
a Borel set contains in 0.¢ and by (i), it satisfies v[C] = 1. QED.
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3.2.3 Monge problem: optimal maps.
Throughout this section p, v € P(R?).
Definition 3.29. Let p € [1,00) be a real number.

(i) We define T (u,v) to be the set of Borel maps g : R? — R? such that gsu = v. In other
words

/ o(g(2)) () = / pW(dy) Vo € Cy(RY).
]Rd Rd

(ii) We define p-Monge’s minimal cost for transporting p onto v to be the nonnegative number
W, (1, v) defined as

WP(p,v) := inf |z — g(x)|Pu(dr). (3.11)
9€T (v) JRd

_ Note that if for instance d = 1, u = dp and v = 1/2(dp + d1) then T (u,v) = 0 and so,
Wp(:u‘v V) = o0.
For any ¢ : R? — R Borel map, we set
= (Id x g)gp

By definition
/ (@, 91y (de, dy) = / oo, g@)ulde), Vi € CyR). (3.12)
R2d Rd

Remark 3.30. Let g : R — R? be a Borel map.

(i) If vy € I'(p, v) is supported by the graph of g then v = ~,. Using special functions ¢(z,y) =
©o(y), we verify that g € T (u,v).

(ii) If g € T(u,v), choosing ¢ = ¢(x) and then ¢ = p(y) in (3.12)), we obtain v, € T'(p, v) :

{6 l9€ T} Ty (3.13)

An approximation argument shows (3.12]) continue to hold for the nonnegative continuous
functions ¢(x,y) := |z — y|P. This means

[l =at@pPutdn) = [ 1z =gy i,y (3.14)

This, together with (3.13) implies W, (1, v) > W, (p, v).

Theorem 3.31. Let i, v € Po(R?) be such that ju vanishes on (d—1)-rectifiable sets and assume
p =2 (in fact a variant of the same conclusions hold for ju,v € Py(R?) and p € (1,00)).

(i) There exists a unique g minimizer in (3.11). The measure v (cf. -) is the unique
minimizer of (3.2) and Wa(p,v) = Wa(u,v). Furthermore, there is ¢ : R? — (—o0, o0]
convez, lower semicontinuous such that g = V¢ p—almost everywhere.
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(i) Assume ¢ : RY — (—00,00] is a convex lower semicontinuous function. If Vo € T (u,v)
then g = V¢ p—almost everywhere. Furthermore

Proof: (i) By Theorem there exists v minimizer in Ws(u, ), which means v € T'g(p, v). By
Theorem )@l there is a Borel set C' C R?? such that v[C] = 1 and C is cyclically monotone. By
Exercise @ we may assume without loss of generality that C' = spt(y) and so, it is a closed
set. By Exercise there exists a lower semicontinuous convex function ¢ : R? — (—o0, 00

such that C' C 0.¢ and so, by Exercise [3.19]

o(z) + ¢ (y) = (z,y) V(z,y) €C. (3.15)

Let Qg := 7%(C). As C is a closed set, (g is a Borel set.
Claim 1. M[Qo N dom(ng)} ~1
Proof of Claim 1.

1[Q0] = 7[Q x RY] > 70(C) = 1. (3.16)
and
Qo C dom(¢). (3.17)
Hence,
Qp \ dom(V¢) C dom(¢) \ dom(Ve). (3.18)

Since dom(¢) \ dom(V¢) is (d — 1)-rectifiable, its y—measure is null and so by (3.18))
w90 dom(w)] ~0. (3.19)

This, together with verifies Claim 1.

Claim 2. Given z € Qo N dom(V¢) and y € R? such that holds, by Exercise we
have Vo(z) = y.

Claim 3. v = 5.

Proof of Claim 3. Let f € Cy(R??). We first use Claim 1 and then Claim 2 to obtain

£ (@, y)y(de, dy) = / £ (w, V(@) v(d, dy).

[Q0ndom (V)| xR

£ (@, y)y(dz, dy) = /

R2d [Q20ndom (V)| xR

Thus, as p is the first marginal of v we have

f(, ) (de, dy) = / £ (2, V() u(dz). (3.20)

R2d QoNdom (V)

Let ¢ be any arbitrary constant and set

| Vo(z) if ze€dom(Ve)
77 { ¢ if x¢dom(Vg). (3.21)

We use Claim 1 and ({3.20)) to conclude

f (. y)(de, dy) = / £ (2, 9(x)) p(d).

R2d R4
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Thus, v = 75 and so, it is uniquely determined.
We have

/ & — (o) Pulde) = / & — [y (de, dy) = W2 v) < Wi, ).
Rd de

The last inequality has been obtained thanks to Remark (ii). This proves g is a minimizer
in W2(u,v) and is uniquely determined up to a set of null g—measure. This completes the
verification of (i).

(ii) Assume ¢ : R — (—00, o0] is a convex lower semicontinuous function and V¢ € T (i, v).

By Remark [3.30] (ii), 7w € (1, v). Note
Ve [Rd \ {(z,Vo(z)) |z € dom(ng)}] =0

and so, C' := {(z,V¢(x)) | x € dom(V¢)} is Borel set of full measure, contained in 0.¢. By
Theorem Yve is a minimizer in Wa(p, v) and so, by (i) yvs = 5. The identity

/ sO(x,y)vw(dw,dy):/ e(z,y)vg(dz, dy)
RQd RQd

holding also for special functions of the form ¢(x,y) = (a(x),y), we have g = V¢ p—almost
everywhere. This concludes the proof of the theorem. QED.

Example 3.32. Assume p, v € Po(R?) are such that p vanishes on (d — 1)-rectifiable sets. By
Theorem the Monge problem admits a minimizer g such that ¢ = V¢ pu—almost everywhere,
for a convex function ¢ : R? — (—o0, o0]. Furthermore, Yve is the unique minimizer in Monge
problem. Let ¢, be as in Exercise m The exercise asserts that V¢;j is Lipschitz. We have

w(z) = (Vo — Id) o Vi = (W) 0 ve; = 1LV~ VR ()
where ) .
Ft(Z) — |’;L o d)t;Z)

3.3 Lecture 9: Absolutely continuous curves (Sep 24).

Definition 3.33. Let p € [1,00) and t € [0,T] — o1 € P2(M).
(i) We say that o is p-absolutely continuous and we write ¢ € AC,(0,T;P2(M)) if there
exists 5 € LP(0,T) such that

t
Wy(ot,05) < / B(r)dr VO<s<t<T.

(ii) We say that o is a geodesic of constant speed if

t—
Wy(ot,04) = |TS|WP(01’JO) VO<s<t<T.
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We would like to study special paths which interpolate between two prescribed measures.
For instance, if p9 = 5, and pz, are dirac masses, the interpolating measure we use is the path

ot 1= Oz, xp = (1 —t)xo + to.

Note we have used a path which connect two points in R? to construct a path which connect two
measures on R% while remaining itself a dirac mass at all times. Furthermore, since Wa(oy, 05) =
|z — xs| = |t — s||zo — x1| we conclude that ¢ — o is a geodesic of constant speed. We shall
extend this consideration to measures, more general than dirac masses (cf. Theorem . The
theorem also provides us with a first hint that when considering paths of probability measures
t — o, € P2(M), the velocities which are gradient of functions play a role.

Theorem 3.34. Let ¢ : R? i (—00,00] be a convex lower semicontinuous function be such that
¢ # co. Define the interpolation

jz?

or(x) = (1 —¢t) 9

+to(z).

Let v € I'(p, v) be such that spt(y) C 0.¢ (so that ¢ # oo) and we set

o= (0 x )y, e = (@ X Ty o= Tn,

(i) For any t € (0,1], spt(y;) C 0.¢¢ and oy is supported by 7! (spt(*yt)).

(ii) For any t € (0,1) and (z,y) € 0.¢, (x,(1 — t)x + ty) is uniquely determined and we can
define oy —almost everywhere vy ot = 7!t — w0 :

v((l—t)z+ty) =y — . (3.22)

(ii) We have o as a geodesic of constant speed connecting p to v and

t
v%@h%y—/ummt VO<s<it<l.
S

(i1i) We have that v is a velocity for o in the sense that (4.1)) holds. We write

o +V-(ov)=0  D'((0,1) x RY)

Proof: (i) By definition, 7 is supported by {(z, (1 —t)z +ty) | (z,y) € spt(v)}. Similarly, oy is
supported by {(1 —t)x +ty | (x,y) € spt()}. We use Exercise to conclude oy is supported
by 7! (7).

(ii) Claim 1. We claim optimal routes don’t cross except maybe at the endpoints. This
means if (z,y), (Z,7) € spt(y) and t € (0,1) then 7'(x,y) # 7'(Z,y) unless (z,y) = (Z, 7).

Proof of Claim 1. Assume t € (0,1), (z,v), (Z,9) € 0.¢ and assume 7'(x,y) = 7*(Z,y). Then
(1 —=t)(z —z) =t(y —y). We multiply both sides of the previous identity by ¥ — y and then by
Z — x and use the fact that 0.¢ is cyclically monotone to obtain

0>1-tz—z,9—y) =tlg—y®>, QA-tz—z=t{x—z,5-y) <0.
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Thus, T =z and § = y.
(iii) Note that if s,¢ € [0,1] then s € I'(us, p¢) and so,

W (115, 10) < /R = 2P, dz) = /R (1= )+ sy) = (1= O + ty)[P(da, dy).
Thus,

W) < (s = [ o= ulr(do.d) = (s = 0P WE . ) (3.23)

We use the fact that W satisfies the triangle inequality and ([3.23)) to obtain for 0 < s <t <1

Wa(po, p1) < Walpo, prs) + Waps, pre) + Walpe, 1) (3.24)
< sWa(po, 1) + (t — 8)Wa(po, p1) + (1 — £)Wa(po, p1) (3.25)
- WQ(MO)Nl)'

Thus, the inequalities in (3.24H3.25)) are in fact equalities, in particular

Wa(ps, ) = (t — s)Wa(po, p11)- (3.26)

By the definition of v; in (3.22)) we have

o, = [l Portaz) = [ folQ=tartn)Ptdndy) = [ | ol (de,dy) = W3, )

This, together with (3.26]) verifies (iii).
(iv) Let ¢ € C°((0,1) x R?). For any t € (0,1) we have

/ (Volt, 2), v(2))or(dz) = / (Vo(t, (1 —t)z +ty),v (1 — t)x + ty)) )y (dz, dy)
R R2d

— /RM<Vgo(t, (1 -tz +ty),y — x)y(dz, dy)

_d

T dt Jpea

=& [ et~ [ ot oo

o(t, (1 = t)z + ty)y(dz, dy) — /IRQd dp(t, (1 —t)x + ty)y(dz, dy).

Consequently, since ¢(0,-) = ¢(1,-) = 0, integrating with respect to ¢, we conclude

/01 dt /Rd (Otso(t,z) + (V(t, Z),Ut(z»)at(dz) —0

QED.



Chapter 4

Geometry on Py(M) and concepts of
differentials

4.1 Lecture 10; Velocities for geodesic paths (Sep 27)

Definition 4.1. Let u € P2(R9).
(i) We define L?(y) to be the set of Borel maps v : R — R? such that

ol = | ota)Putde) < .

11 ote 1) 1s a Hilbert space which contains . We define 2 to be the
ii) N L? i Hilb hich ins VO RY). We defi T, P R? be th
closure of VO (R?) in L2(p) :
7[/2
T,Pa(RY) = VO ®D" "

(iii) We call T,,P2(R?Y) the tangent space to Pa(R?) at u and refer to any element of 7, Pa(R?)
as a tangent vector to Pg(Rd) at u.

Remark 4.2. Let y,v € P2(R?) and let v and v be as in Theorem m

(i) By Theorem any v € I'(u, v) can be used to construct a geodesic of (minimal length)
constant speed connecting p to v. Furthermore, (although we did not prove it here) one
can show that every geodesic of constant speed connecting p to v is necessarily of the form
that appear in Theorem [3.34] (cf. Theorem 7.2.2 [2]).

(ii) Let ¢ and ¢; be as in the theorem and set

2
* Y
wlw) = (1~ 07(0) + 1
Let (z,y) € spt(vy) and for ¢t € (0,1) set z = (1 —t)x +ty. By Exercise (ii), z € 0.¢¢(x)
and so, by (i) of the same exercise, x € 0.¢;(z) = {V¢;(z)}. We use Theorem to
obtain

z—x @ z-— *(z l2F 7 (z
v(z) =y—z= = viqut():V(Qt(b()) =: VFi(z).

41
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Hence, v; is the gradient of a function, which we have denoted as F;.
(iii) Not only Theorem ensures that ||v¢]|,, = Wa(u,v), by Exercise (i)

-1 I—V2p* I
_ SVQFt(Z):M <.
1—¢ t t

Consequently, VF; is a Lipschitz map for ¢ € (0,1). One can check that in fact vy €
T, P2(RY).

Conclusions 4.3. Every geodesic t € [0,1] — o; € Po(R?) of constant speed is driven by a

velocity vector field v : (0,1) x R? s R? such that v; is the gradient of a function and vy € L?(oy)
and we further have

1
/ [vg|2,dt < oc.
Jo

This fact is only a partial justification of for terming TMPQ(RJ) the tangent space. A full jus-
tification is given by the following remarkable theorem due to Ambrosio, Gigli and Savaré [2].

Theorem 4.4 (Chapter 8 [2]). Let t € [0,1] — 0, € Pa(RY) be a curve continuous for the
narrow convergence. The following are equivalent:

(’i) o€ ACQ(O,l;PQ(Rd)).

(ii) There exists a Borel velocity field v : (0,1) x R — R? such that

1
ot) € TaPa®Y) we te (0D, [ ot d < oo
0

and
o +V-(ov)=0 in (0,1) x R?

in the sense of distributions, meaning
1
/ dt/ <8tg0(t,a:) + (Vo(t,z),v(t, x)))at(da:) =0 Vo € C2°((0,1) x Rd) (4.1)
0 Rd

In either case the metric derivative

. W2(Cft+h O't)
/ A ’
lo’|(t) := }ILII% i

exists almost everywhere. For any velocity v, we have ||[v(t,-)||12(0,) = |0”|(t) almost everywhere
but, we can choose v to be the unique velocity of minimal norm in the sense that ||v(t, -)||L2(O,t) =
|o’|(t) almost everywhere.
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4.2 Lecture 11: Wasserstein gradient and chain rule (Oct 04)

Throughout this lecture we fix U : Po(R?) — R U {£oo} and let u € P2(RY). We denote as m, :
the orthogonal projection operator of L2(u) onto T, Pa(R?).

Remark 4.5. Let v € Py(RY) and let v € To(i, v).
(i) If p vanishes on (d — 1)-rectifiable sets and ¢ : R% ~ (—o0, 00] is a convex lower semicon-

tinuous function such that Id — V¢ € L2(u) then Id — V¢ € T),P2(R%).

1
(ii) For any w € [THPQ(Rd)] (cf. [2]) we have

/ (w(z),y — x)y(dz,dy) = 0.
R2d

When g vanishes on (d — 1)-rectifiable sets so that there exists a convex lower semicon-
tinuous function ¢ : R? — (—o0, 00] such that v = (Id x V), then (i) is easy to prove if
we further assume V¢ = Id outside a ball of large radius. Indeed, in this case (i) ensures

J2®

/Wd(w(x),y — 2)y(da, dy) = /Rd<w(x), v(¢(x) . >>M(dw) _0

We would like to define the differential of U at u. Since Po(R?) is not a linear space the
following expansion

U(v) = U(p) + Linear(v — p) + o(Wa(, v))

does not make sense. We propose to replace Linear(v — u) by

/ (v - o, £y (dz, dy)
R2d

which is a convex function of v on I'g(,v). The first natural question is how to choose v €
Lo(u, v). The next theorem supports the fact that we can choose v € I'g(p, v) any way we want.

Theorem 4.6 (cf. [30]). Assume p € dom(U) and let € € L*(p). The following are equivalent:

(i)
U0) 2 UG+ ot [ (=@ (dndy) +o(Wa(u )
(i)
U0) 2 UG+ ot [ (= 2w €)@ (de.dy) +o(Wa(n )
(iii)
V) 20+ s [y ag@n(dedy) +o(Waluv)
y€lo(p,v) JR2
(i)

UW) > U+ sup / (y — . 1,(€) (@))(dz, dy) + o(Wa(, v))
y€lo(p,v) JR2d
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Proof: Recall 7, : L?(u) + T,,P2(RY) is orthogonal projection operator. Since & — m,(¢) €
4
[T,ﬂ’z (]Rd)} , thanks to Remark|4.5(we conclude that (i) is equivalent to (ii) and (iii) is equivalent

to (iv). It remains to show that (ii) is equivalent to (iv). In the sequel, we assume & € T, P2(R%),
which means § = 7, (§).

(a) At this step, further make the stronger assumption that ¢ = Vi where ¢ € C°(R?).
Note if we set C' := || V2¢p||L= then there is a bounded function r : R?? s [~C, C] such that

r(@,y)

5 lz — y|? v,y € RY,

e(y) = p(z) + (Vo(z),y — x) +

Let v,7 € To(p, v). We have

il = [ (o) = ptedtodn) = [ (Fotahy—atdy) + [ TG0 oy, dy)
and

il = [ (o) —eomntandy) = [ Telay—shrian )+ [ D0y, d)
Since

il = [ ewtdn - | @) = i

R4
are independent of v and 4 but depends only on u and v, we conclude

[ e,y —a6 -ty = [ D500y - ) ardy)
R2d R2d

Thus,

[ Sty a6 - dn| < [ Slo- o+ o) < W),
R2d R2d

This concludes the proof of the Lemma when £ = V.
(b) We use an approximation argument to extend the proof to £ € THPQ(Rd). QED.

Definition 4.7. Assume p € dom(U).
(i) The subgradient of U at u € Po(R?) is the set of all £ € L?(p) such that

Uw)2Uw) + _if | (£().y—z)y(de,dr) + o(Wa(p,v)),

for v € Py(R%). We denote this set by 0.U(u).

(ii) We say that £ belongs to the supergradient of U at u if

UW) <U@w) + sup / (@), y — 2)y(dr, dz) + o(Wa(u, ),
Y¥€lo (p,v) JR24

for v € P2(R?%). We denote this set by 0 U ().
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Theorem 4.8. Assume p € dom(U).

(1) If both O.U () and O'U(p) are not empty then they are equal and 7, (&) = m,(§2) for any
& €0.U(k) and & € OU(p).

(i1) If O.U(p) is not empty, then it is a convex set, closed for the weak convergence topology.
(i1i) If O°U(p) is not empty, then it is a convex set, closed for the weak convergence topology.

Proof: (i) Assume both 0.U(u) and OU(u) and let & € 0.U(u) and & € 90U (n). Let ¢ €
C>®(R%). For any € € (—1,1) such that |¢| is small enough the function x — ¢(z) := |z|?/2 +
ep(x) is convex and so, if we define pic := (Ve )gp then e := (Id X Ve)sp € To(pt, pre). Thus

Wa (i, pe) = / |z — y[*ye(dz, dy) = / [z — Voe(z)[*u(dz) = €|Vl
RQd Rd

and so,

Ulpe) > U(p) + /de (&1(2);y — 2)ve(dz, dy) + o(Walp, pe)).

This means
Uke) > Uls) + (€ Vo) + o(e).

Similarly,
U(pe) < €(€2; Vo) + o(e).

We combine the two previous identities to conclude
02> e(€1 — &5 V), + o(e).

We divide both sides of the previous inequality by € > 0 and then by ¢ < 0 and let € tend to 0
in the subsequent inequalities to observe

0= (& -6 V), Vo CP(RY).

Thus, 7,(&1) = m,(&2). By Theorem since 7, (&1) = m,(§2) € 0.U(u), we have & € 0.U ().
Similarly, & € U (u).

(i) Assume 0.U () is not empty. It is easy to check it is a convex set. We skip the argument
showing the set is closed for the weak convergence topology.

(iii) The proof of (iii) follows the same lines of arguments as that of (ii). QED.

Definition 4.9. Assume p € dom(U).

(i) Since ||-||4 is uniformly convex, then unless 0.U(p) is empty, as a convex set which is closed
for the weak topology, it admits a unique element of minimal norm which is referred to as
the Wasserstein gradient of U at p and denoted as V., U ().

(ii) Similarly, if 0'U () is empty, it admits a unique element of minimal norm which is referred
to as the Wasserstein gradient of U at p and denoted as V,,U(u). Note by Theorem (4.8
Ve, U(1) is well defined if both convex sets are not empty.
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(iii) If both 0.U () and 0°'U(u) are not empty, we say that U is differentiable at p.

Lemma 4.10. Assume U is differentiable at 1 € dom(U). Then

1
OU(n) = ViU () + [T,Po (Y]

Proof: By Remark [£.5] the inclusion
PR
€+ [TMPQ(]R )} cOU(n)

holds for any & € 9.U(p). Thus, it only remains to prove the converse inclusion when U
is differentiable at p € dom(U). Let & := V,,U(p) and let £ € 0.U(u). By Theorem
7u(€) = &o and so,

PRE
€ =60+ &~ mul6) € &0+ [TuPa(RY)]
This concludes the proof. QED.

Exercise 4.11. Let W : Po(M) + [—00,00] and let ¢ € L?(u). Define
w(q) =W(dg) qe€M.

Show that if go € M and & € 0.W (4,) then &(qo) € d.w(qo). Similarly, if £ € & W (dg,) then

£(qo) € Ow(qo). In conclusion, if W is differentiable at dq, then w is differentiable at go and
Vw(qo) = Vi, W (dg,)-

Proof: Assume £ € 0.W (dy,) Then for i := 6y, and v := J; we have ['o(s1, ) = {04y, } and so,
the identity
W)= W+ [ (600 = o) (do,dy) + o Walu )
reads off
w(q) = w(qo) + (§(q0), 4 — qo) + o(lao — )

Thus, £(qo) € 0.w(qo)-
Vw(qo) = Vi, W(dg)(q).

The proof for the sub-differential is identical and so, if W is differentiable at d,, then w is
differentiable at go and Vw(qo) = Ve, W (dg,)- QED.

Remark 4.12 (Proposition 8.4.6 [2]). Let o € AC3(a,b;P2(R%)) and let v be the velocity of
minimal norm of ¢ as given in Theorem There exists a set I C (a,b) of full measure such
that for any ¢t € I and any v, € I'g (O't, at+h)

(i)
lim Wa(0t4h,0¢)
h—0 |h

= |o'|(®).
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(i)

1 0

lim (70 x =) 5, = (1 i R2),
Jim {77 > — ﬁ% (Id x v)gop  in Pa(R*)
The latter statement means
}llim F<x, H)’yh(dx,dy) = / F(w,vt(x))at(d@ (4.2)
—0 Jr2d h R

for any F' € C(R??) which grows at most quadratically at infinity: there exists C' > 0 such
that
|F(z,2)] < CA+ |z|* + |2]*) vz, z € RY,

Lemma 4.13. Let o, v and I C (0,1) be as in Remark . If U is differentiable at oy and

t €1 then
U(oryn) — Ulor)

lim a _ /R (o), Ve, U o)),

Proof: Set £ := V,,,U(0¢). We have

U(O't-i—h)h_ U(Ut) . /Rd<£(x),vt(x)>0't(dx) _ al(h) +(12(h)
where
1 L U(Ut+h) - U(Gt) - fRM <£($)¢y - ZE>’7h(dIL‘, dy)
a*(h) := ;
and

() = [ (6@ 5 Y ntdnndy) - | (¢(o) m(@enda)
Let € > 0. Since ¢ € T,,P2(R%), we can choose ¢ € C°(R?) such that

1€ = Veelo <e

Write a?(h) = a?(h) + a2(h) where

2= [ (Vela) o Y ndandy) = | V(o). w@hentda)

and
(b= [ (ela) = Vilo), L5 Yntdody) | (ela) - Vilo), @) on(da).
‘ R2d h Rd
We have
W- W-
a2(h) < ¢ - wum?(‘,’,j"’” 1l = Veollooellor < (W n uvtum).
Thus,

timsup a2(h)] < ¢(|o’|(8) + velo, ). (4.3)
h—0
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Using F(x,z) = (Vp(z), z) in (4.2) we obtain

limsup a?(h) = 0. (4.4)
h—0

By the fact that £ = V,,,U(0:) we obtain

limsupa'(h) = 0. (4.5)
h—0

We combine (4.3)-(4.5) to infer

limn sup U(oin) — Ulor)
h—0 h

- [ @ u@otdn)| < (o'l + i) Vex 0. (10)
Rd

Thus, the lim sup at the left handside of (4.6]) is null. This completes the verification of the
lemma. QED.

4.3 Lectures 12, 13: Gradient on P,(RY) and H (Oct 09, 11)

Continuing with the notation of Section we fix U : Po(RY) s RU {400} and let p € Po(RY).
Following the notation of Section we set

H = L*Bq, R LE ),

where By is the d-dimensional ball in R? of volume 1, centered at the origin. This is a Hilbert
space endowed with the inner product which we denote as (-, )72, and it induces a norm || - | z2.
We lift the function U to obtain a function U : H +— R U {£o00} defined as

U(Y):=U(Y:LH)

Definition 4.14. Let X € dom(U). We recall the following standard definitions.

(i) The subgradient of U at X is the set of all ¢ € H such that

~

U(Y) 2 U(X) +(¢Y = X) 2 +o(lY — X[ 12),

for Y € H. We denote this set by 0.U(X).
(ii) We say that ¢ belongs & U(X), the supergradient of U at X if —C € 8.(=U)(X).
(iii) We say that U is differentiable at X if both 0.U(X) and & U(X) are not empty.

Remark 4.15. Let X € H. As done in Section for U, have that if d.U(X) and 9 U(X) are
not empty then they must be equal. Furthermore, when these sets are not empty, they are
closed convex set and so, they have a unique element of minimal norm which is referred to as
the gradient of U at X. In this case, we denote the gradient of U at X as V,2U(X).

Theorem 4.16. Assume X € H is such that u = Xﬁ/lféd and let &€ € L*(p).
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(i) If o X € .U(X) then € € .U ().
(it) If € € D.U () N T, Pa(RY) then €0 X € A.U(X)
Proof: The proof of the theorem is not difficutl and is due to [30]. QED.

The previous theorem leads us to introduce the following special subset of H.

Definition 4.17. Let X € H be such that y = Xﬁﬁﬁéd. We define

(i)
F(X)={¢oX | €€ L*(n)},

(ii)
VF(X):={¢oX | £ T,P,(RY)}

Exercise 4.18. Let X € H be such that y = Xﬁqéd' Show the following;:

)}L2(N) —. B

)}LQ(M)

F(X)={¢oX |¢e Cc(RE,RY = A and VF(X)={VpoX|peClR?

Proof: (i) Recall that if &1, & € L?(u) then

€1 = &allp = 1|10 X — & 0 X[ 2.

Thus,
(én)n C L%(p) is a Cauchy sequence if and only if (&, o X),, C His a Cauchy sequence. (4.7)

Claim 1. F(X) is a closed set

Proof of Claim 1. Assume (§, o X), C F(X) converges to ¢ € H and so, it is a Cauchy
sequence. By (&,)n C L?(p) is a Cauchy sequence and so, converges to some & € L2(p).
We use again conclude that (&, o X),, C H converges to £ o X and so, ( = £ o X. This
verifies the claim.

Since {¢po X | ¢ € C.(R,,R?)} C F(X) and by Claim 1, the latter set is closed, we conclude
A C F(X). It remains to show the reverse inequality.

Claim 2. We have F(X) C A.

Proof of Claim 2. Let ( = £ 0 X € F(X), where & € L?(u). Since C.(R?,R%) is dense in
L?(u), there exists (£,), C L?(u) converging to £. By , (€noX), C A convergesto{oX =(
and so, ¢ € A. This verifies the claim and yields to the conclusion that A = F/(X).

(ii) The proof for VF(X) is done in a similar manner. QED.

Theorem 4.19 (Hard to prove). Assume p € dom(U) and there exists a convex function
u: By — R such that (Vu)ﬁﬁf‘éd = u. If we set X := Vu and ( € H is a Borel map such that

CedU(X) then
projpixi¢ € OU(X) and projypixi¢ € OU(X).
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Proof: We cannot present the proof of the theorem here as in it a non trivial result which relies
on a deep decomposition result due to Caravenna and Daneri [I0] which asserts the following:
given any convex function u : By — R, one can disintegrate L’féd into probability measures
{vy + y € Vu(Bg)} such that each v, is supported by the level set {Vu = y} and is comparable
to the Hausdorff measure H*®), where k(y) € {0,1, ...,d}. The proof of Theorem is due to
130]. QED.

Exercise 4.20. Let X, X € H be such that y = Xﬁﬁféd = Xﬁ[’%d’ Show that .U (X) # 0 if and
only if D.U(X) # 0. In this case, we have

min{c[| | ¢ € 0.U(X)} = ngien{uiu | ¢ edUX)} (4.8)

Proof: We prove for instance that any ¢ € 8.U(X) can be used construct an element of .U (X).
Let G, be the set of almost invertible Lebesgue measure preserving maps introduced in Section
The same section ensures existence of a sequence (Sy,), C Gp, such that

_ _ 1
1X 08, - X = IX - X5} <. (4.9)

_Claim 1. Any ¢ point of accumulation of (¢ 0 S,,), C H for the weak topology, belongs to
0U(X).
Proof of the Claim 1. We have
U(X+H)~U(X) = U(X oS, +HoS; ) = U(X) = U(X +Hy) = U(X) 2 (G Ha) +o(|[Hall),
(4.10)

where we have set

H,:=XoS'-X+HoS"
Note )
[Hall < 11X 085" = X[| + [|H| < —+IH]. (4.11)
Letting n tend to oo in (4.10)) and thanks to (4.11)), we conclude
O(X + H) - 0(X) > (C H) + o(| H]).

This concludes the proof of the claim.

Claim 2. The identity in holds.

Proof of the Claim 2. Let r = ||V 2U(X)]|| and let (Sy), be as above a let ¢ be a point of
accumulation of (¢ 0 Sy,), C H for the weak topology. We have

min{[[¢"[ [ ¢* € 0.U(X)} < [l < lim||¢ 0 Sl = IV U (X)]| = mind |71 ¢ € 0.U(X)}.

By symmetry, we obtain the reverse inequality. QED.

Exercise 4.21 (Generalization of Theorem (4.19). Let X € H be such that y = Xﬁﬁféd. Show
that

Projpx)¢; Projvrxi¢ € o.U(X).
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Proof: We refer the reader to Theorem 3.19 [30].

Corollary 4.22. Let X € H and assume p = Xﬁﬁl(éd- The following are equivalent
(1) 0.U(u) # 0.
(ii) d.U(X) # 0.

In either case, V,,U(p) o X = VU (X).

Proof: Part 1. If O.U(u) # 0 then V,,U(n) € 0.U(u) N T, P2(R?) and so, by Theorem m
Vu,U(p) o X € 8.U(X). Hence,

IV 20X < Ve U (1) 0 X || = IV U (1) ] (4.12)
Conversely, assume 0.U(X) # 0 and so, ¢ =: V;2U(X). exists. By ExerciseprojVF[X]C €

d.U(X). Since ¢ is of minimal norm, we have ¢ = projypix)¢ and so, there exists § € T,Pa(R%)
such that ¢ = £ o X. By Theorem € € 0.U(u). Thus,

Ve Ullw < 1€l = i€ (4.13)
Part 2. Assume (i) and (ii) hold. We combine (4.12) and (4.13]) to conclude that
IVU(X)]| = VU () 0 XJ|.
Thus, V2U(X) = Vo,U(p) o X. QED.

Lemma 4.23. Assume U : P2(M) — R is intrinsically continuously differentiable in O (cf.
Definition in[9) and there for each compact set K C Po(M) there is a constant c(K) > 0
such that (2.5) holds. If V,U(n) the Wasserstein gradient of U at p exists then Vi, U(u) =
D,U(-, p).

Proof: 1. Claim. Since both V,,U(n) and D,U(-, i) belong to T,,P2(M), it suffices to show
that

(VauU(0), V), = (DU (). V), Ve € C(0). (4.14)

Fix such a ¢ and define oy := (Id + tV)su. There exists T > 0 such that |Id|*/2 + tp is a
convex function for any ¢ € [0, 7] and so,

v =t (Id x (Id +tV)),u € To(u,01) and so W;(u,01) = / Ny = P y(de, dy) = 2 Vel
M
Thus,

U(ot) = U(Uo)+/M2<VWU(M)(w), y—x)yi(dx, dy)+o(Wa(u, 01)) = U(00)+t(Vu,U(p), V) uto(t)

Hence,
. Uloy) —Ulo
tim L=V _ (5 v, 94),. (4.15)
2. We use Lemma with S(¢,q) := g+ tVp(q) to conclude that
. U(at) = U(oo)
lim —————= = (DU (), V),

This, together with (4.15]) proves (4.14]). QED.
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4.4 Lectures 14, 15: Hessian and Partial Laplacian on Py(M)
(Oct 16, 18)

Throughout this lecture
U:Py(RY) — R, and pue Py(RY).

Definition 4.24. Suppose U is differentiable in a neighborhood of p € dom(U) and for any
¢ € CX(RYRY), v (¢, Vo, U()), = C-(U(v)) is differentiable at .

(i) We define Hess U[u] : VC(RY) x VC2(RY) i+ R if the following exists:
Fess Ulu)(¢1, G2) = G- (G (U)) = (Vaa) - (U ()

for any (1, € VC°(R?). Here, Ve G = V(.

(ii) If there is a constant C' such that

[Hess Ulu](C1, ) < Cll¢ull [ICall

for all ¢1,¢ € VCX(RY) then Hess[u] has a unique continuous linear extension onto
T, P2(R?) x T,,P2(R%) which we denote as Hess U[u]. In that case, we say that U has a
Hessian at .

Remark 4.25. Assume U : Po(M) — R satisfies the assumptions in Lemma and ‘;—Z(-, ) is
of class C2. Then (cf. Subsection 2.2.1 [12])

Vo(DuU(q, 1)) = Vg(g(q,u))

and so, this is a symmetric mQatrix. Further assume U is twice continuously Fréchet differentiable
continuously differentiable, %—g twice continuously differentiable on M? with uniformly bounded
s2U
TR
twice continuously differentiable in the sense of Wasserstein then

second derivative and (q,z,u) — Vq<‘;27g(q,x,u)),vg( (q,x,u)) are continuous. If U is

52U
V2,U(q,x,p) = Vﬁx<w(q,x,u)>-

We would like to state a sufficient condition for Hess[u] to exists and would like to compute
this object. Let us assume U is differentiable in a neighborhood of © € dom(U). The map
x +— Vi, U(v)(z) is normally defined only p almost everywhere. However, let assume it admits
an extension we still denote as V,,U(v) and the extension is continuous for v in a neighborhood
of . A sufficient condition to have that V,,U(v) € L?(v) is to assume there exists a constant
C}, such that

Vi, U(v) (@) < Cu(l + |2[) (4.16)

for any x € R? and any v in the neighborhood of .
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Exercise 4.26. Let p € Po(M), ( € VC*(M). For t € [0,1] we set

1
ri(x,y) = (1 —-t)x+ty, E(z,y):= /0 |VC(rt(:c,y)) — VC(Q:)th Vz,y € M.

Define

ec(r):== sup sup / (1+ \x|)2E(x,y)’y(dx,dy), r > 0.
Wa (p,v) <r €T (u,v) J M2

Show that lim, o+ ec(r) = 0.

Proof: Let (r,), C (0,00) be a sequence decreasing to 0. It suffices to show that lim,, o € (1) =
0 and use the arbitrariness of (ry,), to verify the statement in the Exercise. Let (1,),, C P2(M
and 7y, € Do(u, nn) be such that Wao(p, py) < mp

cclrn) <~ + / (1+ |22, y)m(de, dy)
n M2

Recall (cf. [2] Subsection 5.1.1) a Borel function ¢g : M +— [R]0, 00) is uniformly integrable
with respect to K C P(M) if

lim g(x)m(dx) =0 uniformly in m € K.
k=00 J{g=k}

Since (jn)n converges to u in Po(RY) we have (cf. [2] Proposition 7.1.5) that |z|? is uniformly
integrable with respect to {u, | n € N} U {u}. Since E is bounded, we conclude that (1 +
|z|)2E(x,y) is uniformly integrable with respect to {~, | n € N} and up to a subsequence which
we don’t relabel, (7y,)n converges narrowly (cf. [2]) to some v € T'o(u, ). In fact, the uniform
integrability of (1 + |z|)2E(x,y) implies (cf. Lemma 5.1.7 [2])

lim | (1+ |z)*E(z, y)y(dz, dy) = /W(l +[al)2E(x, y)y(dz, dy)

n—oo M2

Since T'o(p, p) = {(Id x Id)gu} this reads off

lim (1 + |z|)*E(z, y)yn(dz, dy) = /M(l + |z|)2E(z, ) pu(dz) = 0.

n—o0 M2

Thus, limy, o €:(7) = 0 which concludes the proof. QED.

Definition 4.27. Denoting [0,00) as Ry, we say that p € C(Ry,R;) is a modulus if p is
monotone nondecreasing, subadditive, and p(0) = 0.

Exercise 4.28. Let p € C(R4+,R4) be a concave modulus.

(i) Show p(t)/t is monotone nonincreasing and so, for any ¢t > 0 and € > 0, we have p(t) <
p(e) +t/ep(e).

(ii) If p,v € Po(R%) and « € To(u, ) then

[ e = slolle =y, dy) < p(W5 Gr.) Waliao) (W5 (1.0) + 1)
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Proof: (i) Mollifying p if necessary, it is not a loss of generality to assume that p is of class
Ct. We have t2(p(t)/t) = p/(t)t — p(t). But R(t) := —p(t) is convex and so, for t > 0 we have
R(0) — R(t) > R'(t)(0 — t). This is equivalent to t?(p(t)/t)’ < 0 which proves the first part of
the remark. If s € [0, ¢] and ¢ € [¢, 00) then

p(s) < p(e) < p(e) + Zple) and so,

This proves (i).
(ii) Let v € T'o(i, v). By (i) for any € > 0,

T — T — X € w xTr — X
[ o= lo(le = vl)(dn.dy) < o) + [ o= sl )

€

We apply Cauchy—Schwarz inequality to obtain
Wa(u, v
/RM |z —ylp(lz — yl)v(dz, dy) < p(e)Wa(u, V)(%) + 1)-

We conclude the proof by setting € := W21/2(u, v). QED.

We would like to compute V, V., U (1) which we will denote as A(v) and compute V,,, Vo, U (1)
which we will denote as A,,,. This will be done through a first order Taylor expansion type on
Py (R%). For that we suppose we are given p, € : [0,00) — R are nonnegative function (depending
on ) such that lim;_,o+ €(t) = 0 and p is a concave modulus.

Set

T(s,t) = (t+s) (p(t) + e(s)).

Theorem 4.29 (Sufficient condition for a Hessian to exist; cf. [16]). Suppose U satisfies the
assumptions imposed at the beginning of this section. In particular holds. Suppose there
are Borel bounded matrix valued functions fl(u) : R — R4 gnd A s R2d — R4 satisfying
the following properties: for any v € Po(R?)

s |9V - VU (@) = Bl )| < Y(Waluo) o —sl). (@17

Here, for v € P(R??) and =,y € RY, we have set

Pl y) == A)(a)ly —2) + [ Ay(e,0)(0 — a)y(da, db). (4.18)

Then, U has a Hessian at p and

Hess U(1) 1 62) = | (A)(@)6a (o) Gleude) + [ (Apulaa)a(@), Glo)ulde)utia)

fO?“ Cla CQ S T#’Pg(Rd).
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Proof: Fix (1,(a € VOX(R?Y). We are to show that the map v — A(v) := dU(v)((2) is
differentiable at g, that ( - (dU (1/)((2)) exists and then we need to explicitly compute (7 -

(dU(v)(¢2))-

Let v € Po(RY), v € To(u,v) and set A, := V,,U(v). Since (o is of compact support,
its first and second derivatives are bounded, and so, we may choose a bounded vector field
w € C(R*,R?%) and a bounded matrix field v € C(R?¥ R¥*4) such that ||v]|eo, [|[w]e < C

Gy) = G(@) + Va(@)(y —2) + |y — zfo(z,y), ) — @) =y —zlw(x,y)  Vo,yeR%

(4.19)
Note we in fact have the identity

1
y=aPoe.y) = [ (Va( =00 +t) - Va@) - o) (4.20)
By assumption, for each v € P(R??), there exists I(7y,v,y) € M such that |I(y,v,y)| < 1 and

A,(y) = Au(@) = Pylul(w,y) = 1y, v. )T (Wal,v), |2 = ). (4:21)

We have then by definition of the map A that

A) — M) = / (A (@), W) — (Au(), Co(2))(d, dy)

R2d

— /RM(<AV(@/) — Au(2), ) + (Au(), (y) — C(2)))y(d, dy).

This, combined with yields
Aw) = M) = [ (Aul) = Au(e).Gala) + ly = sl ) (d,dy)

+ [ A0 Vala)(y = 2) + ly = ol ) (o)
— [ +1I. (4.22)

Set
Ri=|11= [ (9 @A), =)o d)|

Note

R=| [ Aulwxly = ol o))tz ay)|

We use (4.20) to conclude that

1
R < /RM‘A;L(Z‘)‘ /0 IVG((1 = t)a + ty) — Via(2)|ly — |dty(dz, dy)

2 ! 2
SWQ(M,V)\/ L@ [ 196(.) = Vo) Parn d.dy
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We use (4.16) to conclude that

R < C,Wa(p, V)\//de(l + !x\)Q/Ol\VCz(Tt(w,y)) — V(@) [ dtry(dz, dy).
Using the notation of Exercise the previous inequality reads off
R < CuWa(p v/ e (Walpv)),  lim y/e(s) = 0. (4.23)
By
- [ Aw@@=a+ [ | Aea)b=a)r(da.db). o) (o i)

+ [ (A =2+ [ Aulea)b = a)r(da.db),ly — aluwlz,) )y (do. dy)

+ /R2d<l(77 v, y)T(WQ(M, v), |z — y\),C2(y)>7(d$, dy)
=III+1V+V. (4.24)

We have by Cauchy—Schwarz inequality that

VI <l [ TOVa(n0). ] = yl)3(do,dy) (4:25)

By Jensen’s inequality

[ le = 91e(Walon.v)) () < Waa (Wl ). (4.26)

Since p is concave, we may apply first Jensen’s inequality and second use the fact that it is
monotone nondecreasing to obtain

/ p(lz — y[)Wa(p, v)y(de, dy) < Wz(u,V)p</ |z — y!v(dx,dy)> < Wa(p, v)p(Walp,v)).
R2d R2d

(4.27)
We combine ([4.25))-(4.27)) and use Exercise to infer

V1< Gl Wi ) (26002l + o (Walio) + (W5 s)) (W3 ) 1) ) 429
Checking also that

JaGo@w=ar+ [ | Ao} - artda.an)] < (1AGN + 1Al ) W)

we conclude

V] < (JAGD) e + [ Al ) WE 1, ). (4:29)
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We combine (4.22) (4.23) (4.24) (4.28) and (4.29) and make the substitution (a,b) <> (x,y) to
obtain

M) = M) = [ (AT @)a(o) + Ve (@) Au(o). (= 2))(d )

* A2d </RQd (y — =), AEM(G’ z)G2 (a)>"}/(da, db)y(dx, dy)
+ O(W2 (#7 V))

Thus, £ € 0.A(p) N9 A(p) if we set

£ = AT (@) () + VT (@ / AT (4, 2)¢a(a)p(da)

1
Since ¢1 € VOX(R?) € T, Po(R%) and by Lemma J.10[¢€ — Vo, A1) € [THPQ(Rd)} we obtain

and so,
G- (8) = [ (A0 @)6ata). G aitdn) + [ (Al 0)1 (@), o)l da)d)
+ [ A0, Ve @hto) (430

Making the substitution a <> = in (4.30) and using definition we read from the subsequent
identity that

Hess U(n) (61, = [ (AG(@)Gs (@), Gola)dn) + [ (Ao, )a(0), o)l dn)n(da).

(4.31)
Obviously, there is a constant C' such that [Hess U (1) ({1, Cg)\ C ¢t ]lu l1€2l|w- Thus Hess U ()
is well-defined and (4-31)) remains valid for (1, (s € T}, Pa(R%). QED.

Definition 4.30. Under the assumptions of Theorem [4.29] we say that U is twice differentiable
at p € dom(U). If A, satisfies ([4.18), so does 7, (A,,;,) which is the matrix whose rows are the

orthogonal projections onto T}, P (RY) of the rows of Ayy,. Note that although A, may not be
unique, m, (AW) is uniquely determined. In the sequel, we tacitly assume that A,, = m, (A/m)~

(i) We define the Wasserstein partial Laplacian operator A, such that A, U : Py(RY) — R,
by

(L, U) [ ZHessU (Gir Gi)

where (; is the Wasserstein gradient of the i~th moment p +— [ x;p(dz).
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(ii) Given € > 0, the e-perturbation of A, is A, such that A, (U : P2(R?) — R, and

d
(Bn i) = Y (Hess U6 ) ¢ | (AL(@)Gla). G@ldo))

=1

(iii) We define the second order Wasserstein gradient of U at m to be 7, (A,,) and we denote
it as V2,U[u].

(iv) Suppose further that U is twice differentiable in a neighborhood of y. If (x,v) — A[v](x)
and (z,y,v) — 7, (A,,l,)(x, y) are continuous, we say that U is twice continuously differ-
entiable on that neighborhood.

Remark 4.31. Suppose the assumptions in Theorem holds, i.e. U is twice differentiable at
p € dom(U). Then

(i) A, = V,,U(y] is differentiable on R? and its gradient (w.r.t. the z variable) is Afu],
whose rows belong to 7),P2(RY).

(ii) We have

£l = [ dive (VU@ o) + [ To(V2,UlilGe. o) ) (o)l

2d

and

(L)) = (14 6) /

[ v (Ve le)ato) + [

Tx (V2,Ulul(w, @) ) p(de)pa(da)
R2d

(iii) Note that the expressions in (ii) continue to make sense if we merely assume that

div, (Au(z)) € LYRY, 1) and TT(V?UQU[,U](-,-)> e LYR*, p @ p).

(iv) Let u: R¥ — R be defined for  := (21, - - , %) € R¥ by

k
> 6,
j=1

If © = pg, then w is differentiable in a neighborhood of =, Vu is differentiable at  and

x| =

’U,(LL’) = U(Na:)v Mo =

k
AwZU[,uz] = Z divy, (V;Elu) (z).
jl=1

Proposition 4.32 (cf. [16]). Let U be as in Theorem [4.29, which in particular means that we
have fized i € Po(R?) such that U is differentiable in a neighborhood of p € dom(U) and U is
twice differentiable at m. Let T > 0 and suppose o € AC5(0,T, Po(R?)) is a path which has a
velocity of minimal norm v € C((0,T) x M) which is bounded and has bounded first order time
and space deriwatives. If s € (0,T) and m = o5 then

d2

WU(O})) = Hess Ulos](vs, Vs) + (0vs + Vv Vi, U(05)) o,
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4.5 Lectures 16, 17: Polynomials on P»(R?%) (Oct 23, 25)

Throughout this section to alleviate the notation, we set M := R?. We fix a natural number
k > 1 and denote as Py the set of permutations of k letters. For = = (x1,--- ,x%) € MF and
o € Py we set 27 := (Ty(1), **  To(ky)- We denote as Sym[k](R) the set of ® € C'(M*) such that
there exists C' > 0 such that

O(x) = (x?), ()] < C(1+ |z?) Y(z,0) € MF x P,
We set .
Pl = ¢ [ @@ do).

We denote as Syma[k](R) the set of ® € Sym/[k](R) N C(MF) such that V2® is bounded,
uniformly continuous and has a concave modulus of continuity.
Fix ® € Symg[k](R). For 21 € M and p € P2(M) we set

_ ) VO(z1) if k=1,
Aulrn) = { fogs Var®(an,- - s ap)uldes) - uldey) i k> 2, (4.32)

If 21,29 € M and p € Py(M) we set
0 it k=1,

2 : _
Aylwr,g) = { Ym0 22) o= (433)

(k= 1) fypeos Vs @(@)uldas) - pldey) i >3

For v € Po(M?), if i is the first marginal of v we set
Py(z1,51) = Vg, Ap(z1) (1 — 1) + / i A1, 22)(y2 — w2)y(dw2, dy2),
M

Then we have the following lemma.
Lemma 4.33. For any p € P2(M), the following hold.

(i) The function Fg is differentiable in the sense of Wasserstein at any p and V., Fo[u] =
A, € T, Pry(M).

(ii) Further assume that V2® has a modulus of continuity p : [0,00) — [0, 00) which is concave.
If v € Po(M), then there exists p, e : [0,00) — R are nonnegative function (depending on
w and ®) such that im,_,o+ p(t) = lim;_,o+ €2(t) = 0 and p is a concave modulus and

s[4 n) = Auten) = Prarun)| < (Jo=ol+ W) (521 =) +ea(Wat )

Proof: Note that since V2® is bounded there exists a constant C' > 0 such that

B(z)| < O+ |z2), |VO(2)| < CA+]|z]), |V2B(x)<C YV zeM. (4.34)
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The second inequality in ensures that for any p € Po(M), V., ® € L'(u®* 1) and so,
A, is well-defined. Furthermore, ® is bounded. Similarly, the second and third inequalities in
ensure that V,, A, and A, are well-defined and bounded.

(1) The proof of (i) is easier when k = 1. We assume in the sequel that k£ > 2. Using the fact
that ® is symmetric, for any i € {2,--- ,k} if o is the permutation such that o(1) =4, o(i) =1
and o(j) = j for any j € {1,i} we have

Vo, ®(z) = Vo, &(27). (4.35)

Applying Taylor expansion, thanks to the third inequality in (4.34) there exists a uniformly
continuous function f : M* x MF — R bounded by C such that

k
1
O(y) = B(z) + Y Vo, ®(2) - (yi — ) + 3@ y)lr - y[*. (4.36)
i=1
Let p,v € P2(R%) and let v € I'g(p, v). By changing variables
/ Va, ®(@) - (yi — xi)y(dwy, dyr)y(dwi, dy;) —/ Va, ®(27) - (y1 — 21)y(di, dyi )y (dwy, dyy ).
M2 x M2 M2

Using (4.35)) we conclude that

[ (Ta®e) (= 20) = Vi ®(a) - (1~ 21) )7 (don, ) () = 0. (437)
M2 x M2
We have )

Rl = Fall = 1 [ (®() = ®(@)1**do.dy).

This, together with (4.36]) and (4.37) implies

Folv] - Fa[p] —/W Au(wl)'(yl—xl)'y(dm,dylHzlk/kawf(xﬁy)lw—y\z’y@’“(dw,dy) (4.38)

and so,

Fol] = Folpl = [ A1) (= ) (dan, daz)| < SR ().

M2
This proves that A, € 0Fg[u]. Note that A, is the gradient of

1 = Pi(x) := /M[kl D(xy, - xp)pu(dzs) - - - pu(dxy)

which is a bounded function with bounded first derivatives. Thus, A, € T,,P2(R?). For any
¢ € OFg|p], we use Lemma[d.10]to infer 7, (C—A,) = 0, which means that 7, (() = 7,(A,) = A,
In particular |||, > ||7u(¢)||x = ||Aullx, which proves that A, is the element of minimal norm
in 0Fg|u|.

(ii) Since the proof of (ii) is easier in the case k = 2 compared to the case when k > 3, we
assume in the sequel that k > 3.
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Let i € {3,--- ,k} and let o be the permutation such that o(2) =i, (i) = 2 and o(j) = j
for any j ¢ {2,i}. Given & = (x1,--- ,x;) € MF, using the fact that ® is symmetric, we have

(Vo ®)(@) = (V3,0,2) (@) = (V3,,,®)(27) = (V3,,, ®)(27). (4.39)

For any y = (y1,--- ,yx) € MF,

(Vs ®)(y) — (Vo @) / V2, @)+ by — o)) (s — )t (4.40)

Let v € P2(M) and let v € T'g(i, v). The change of variables which exchanges zo with z; is used
to obtain

[ (9200000 — 20 = (2,0, 86 2 — 22) )z, dy) (s, ) =0
M2 x M2

Combining the latter with (4.39) we infer

[ (P2 ®)@)— ) — (72,0, )@ — 22) )l dg)y(di dy) =0 (441
M2 x M2

Set
1 k
i) = [ D((Vha @)oo+ 6y = ) = (V2,0 8)(0)) (4 )
=1
By
Ay(y1)—Au($1)=/Mk — 1/ V2 0, @) (@ +t(y—2))(yi — z)dty(dao, dy2) - - - y(dwy, dyk)

This, together with (4.41]) yields
A(n) = Apl) = Vo Ao)n = 22) + [ Ap(on,22) (02 - )1 (do di)
M

1
+/ / er(z, y)dty(dxa, dys2) - - - y(dxy, dyg). (4.42)
MF—1xMF-1 J0

Let p: [0,00) — [0,00) be a concave function, modulus of continuity of V2®. Then

les(2, )| Z (Jz — yl)zi — yz\<z (Z!% y;)\:vz yz|<z (!:rj—yj!)\xi—yil

i=1 4,Jj=1

B

We divide the expression Eﬁj:l p(\xj — yﬂ) |zi — yi| =: G1 + G2 + G3 into 3 groups where

= |z1 - yl\z (\%—yg) Go 1=P<\$1—y1|)zk:’l’z‘—yz‘\

=2
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and
k k
G3:= > P(|$j - yj|)|x,- —yil = ZP(\% - yi|)|$i —uil+ ) P(\xj - ?/j\)m - ¥il
i,j=2 i=2 4,0, >2
We have

k
/ G (daz,dye) -+ (o) = =yl (fo =) +or -] 3 [ ol -usl) (e )
MkE—1xMkE—1 =2 M2
Since p is concave, we use Jensen’s inequality to conclude
/ G (dz die) -+ (dn ) = er=nlp(hor-al )+ (=Dl lo( [ la-bhr(daan))
Mk—1xMFkE—1 M2
We use again Jensen’s inequality and the fact that p is monotone nondecreasing to obtain
/Mk R G1y(dxa, dya) - - - y(dxy, dyy) < |v1—y1] (P(|x1 —y1|) + (k—=1)p(Wa(p, V))) (4.43)
1 k-

Similarly, we have

/ Godr®* 2 = 3= [ Ja=bidy [ p(la=)dy+(b-1) [ la=blplla=thar
Mk—IXMk—l M2 M2 M2

17,1,§ 22

We use Jensen’s inequality and Exercise we conclude that

/ Gad 62 < (k1) Wa(, ) (+=2)p (Walin ) 495 1) (14075 111)) ).
ME—1 s ME—1

(4.44)
We have
k
/ Gy (daz, dip) -+ A(day, dye) = p(Jmr—]) 3 / i —yil(dea, dys) - -y (day, dyg).
Mk—1xMk—1 5 JME—xMk-1

Using again Jensen’s inequality we conclude that

/ Gy (das, dyp) - (dw, dy) < (k= 1)p(ler = 1] ) Wa(p,v) (4.45)

MkE—1xMFkF—1

We combine (4.43)), (4.44]) and (4.45) to obtain a constant Cj > 1 depending only on k such
that

1
/Mk o 1/0 leo(, )| dtdr @D < Oy |z y1|<f0(|x1 — 1) +p(W2(,u,y)))
b

+ CpWa(p, v) <p(Wz(u, v)) + p(Wz% (s 1)) (p(WQ% (n,v)) + 1)>

+ Cep(Jo1 =yl ) Wa(n,v). (4.46)
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This, together with (4.42)) proves (ii) if we set

p(t) = Ciplt), ealt) = Crp(t) + Crp(V) (p(VE) +1) ).

We define on the set Syma[k|(R) the operators Ly, ¢ as

k

Lie(®) = €Le®+ > Tr(Ver, ®)
g l=1

Corollary 4.34. If ® satisfies the conditions in Lemma[{.33 then

(Bun,cFo) = Fr, (@)
Proof: We combine Theorem [£.29, Remark [4.31] and Lemma [4.33] to obtain

(s Fo) = /M k (Am@(x) (= DTV, @(2) )l ) - - u( ).

We use the fact that k is symmetric to conclude for any j € {1,--- ,k}

kA;chI)( ) (dml dl’k / AJ;J da;l) (dxk)
M

Similarly, for any 1 < j < k < n we have
/ . Tr(vmmq)(w))ﬂ(dxl) - p(dy) = / . Tr(vmjacz(b(x))ﬂ(dml) - p(day)
M M

We combine (4.47))-(4.49) to verify the Corollary.

Sym|[C¥] := Sym[k](R) + iSym|[k](R)

and let
Symy[CK] := Syma[k](R) + iSyma[k](R).

For (&1,---,&) € MF, we define

\I/]g(ac) = exp(—?m' zk:@j, x]>>
j=1

The symmetrization of \Illg is

g =4 Z exp( 2#12 $a(i)> T > Vo= (x1, - ,x5) € MF,

oePy

63

QED.

(4.47)

(4.48)

(4.49)

QED.

(4.50)
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Set ) i
N () = 4| Z@-)Q and A (€)= AR(€) +den® ) |7 (4.51)
j=1 j=1
We have
Vz;mﬂ’f(iﬁ) = _477251' ® 51‘1115(96),
and so,

Lro(¥E) = —4w<2!@|2 ]Z@\)wg— ~0F ()t

By symmetrization we conclude

Ly, o(PF) = =X (&) D¢ (4.52)

We sometimes use the notation ng defined as

1

L[ st man) vm e P

ng[m] = Fcb’g [m] = ?

Remark 4.35. Let p € Po(M) be of bounded support.

(i) Instead of assuming that ® satisfies the conditions in Lemma let us rather assume
® € Sym[k](R) N C3(M) and there is a constant C' > 0 such that

|VO(z)| <O+ |z])  Voe M

Because V?® is bounded and Lipschitz on the support of y, one checks the conclusions in
Theorem and Lemma are still verified. Similarly, Corollary yields,

(Dn eFa) = Fr, (@)
(ii) By (i), (4.52) implies
(Am,eF@’g) =I5 (ot = _)‘i,e(f)Fcb’g

This means F<I>’g is an eigenfunction for A,  with —)\%, (&) as the associated eigenvalue.

4.6 Lecture 18: Sobolev functions on P;(R?) (Oct 30)

In this section, we continue using the notation of Section and briefly recall some of the
statements in [16]. We use the expressions of A ((€) as defined in (4.51)) and write A, (&) in place
of Ar,o(§)-

Definition 4.36. We have the following definition.
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(1) We call A the set of sequences of functions (ax)$>, such that aj : M¥ — C is a Borel
function that are symmetric in the sense that aj(¢) = az(£%) for any & € M* and any
o € P;. In other words, ay, is defined on MF* / Py, the k—symmetric product of M.

(ii) We call A® the set of sequences A := (ak) , C A such that
o0 1 .
Al =3 5 [ (@ PO+ 3(9)de < o (4.5)
k=1""

(iii) If B = (bk) | € A®, then the following is a well-defined sesquilinear form (cf. Exercise

- 7| below):
WiBli =30 3 [ WO+ 3F©)de
k=1

Exercise 4.37. Show that the sesquilinear form (-;-)gs : A% x A® — C is well defined. Further
more show the following hold.

(i) (Holder’s inequality)
[(A; B)wrs| < ||Allzs - | Bl |z

(i) (triangle inequality)
|A+ Bllas < [[Allms + (1Bl

Proof: Let A, B € A® be as in Definition Then for any A > 0 we have

;,(/Mk ar ()05 (€) (L + AZ(E) di‘ < 2kl/ (’a’&(?)' + M |bg (€ )|2) (1+22(6))°de.  (4.54)

Therefore, the series produced by the left hand side of (4.54) converges absolutely, which con-
cludes the proof.
Assume without loss of generality that ||B||go # 0.

(i) By

HAII2 s

2[(A; B)ms| < + N[ B[

1 _1
We use \ := ||A]|}.||B||g2 to conclude the proof of (i).
(ii) We use (i) and the identity
1A+ Bl = [|A|[7s + ||Blls + (A; B)as + (G5 F) s
to conclude the proof of (ii). QED.

For (ak)iozl, (bk):i1 € A® we sometimes impose the condition that there exist §, C' > 0 such

that C’k
| (@l + e < 55 (1.5%)

holds for all k¥ € N.
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Exercise 4.38. Let (ak)zozl, (bk)zozl € A® be such that (4.55) holds. Show the series converge
uniformly on Py (R9).

Proof: By the fact that |FgC [m]| < k™1, we have

ARy} Y c
‘Zk‘!/Mkak( F§ df’ Zk'k/ |ak (€ |deZW
k=1 k=1

This concludes the proof. QED.

Definition 4.39. We have the following definition.
(1) We call H*(P2(RY)) the set of F : Po(R?) — [—00, 00] for which there exists (ay)32, C A°

such that -
1
— — Frimld 4.
=X JIRZGLAT (456)

converges for any m € Po(R?).
(ii) If we further assume (#.55) holds, we write F' € H*(P2(R?)).
Exercise 4.40. Let (ak)zozl, (bk)zozl € A® be such that (4.55) holds. Show that if

Ool a km — Ool km
S L, ow@Ftmlde =3 | o REmia

then ap = by for any k£ € N.
Proof: Use Remark 5.2 [16] QED.

Definition 4.41. Let (ax),,, (b),_, € A° be such that (£L55) holds. Setting

1 — 1
=30 Jpos@mide, Glmi=3 05 | o€ Rmide v e Paa)

we define
(F, G :_Zk,/ (1+XF(9)) de
We write L2(P2(M)) = HO(Po(R?)) and use the notation (F,G) 2 = (F,G) go
From definition, we have
H*(P2(R7)) C H*(P2(RY) N C(P2(RY))

and the second inclusion results from the fact that the convergence of the series converges
uniformly on m € Po(R?) (cf. Exercise (iv)).



Chapter 5

An alternative derivation of the
master equation

5.1 Lecture 19: Notation an assumptions (Nov 01)

Let H € C?>(M x R?) be such that the gradient DH is Lipschitz, the matrix of the second
derivatives D2H is uniformly continuous and there exists C' > 0 such that

0< DypyH(q,p) <CI;  Y(gq,p) € M x R (5.1)

Let
U, F: Po(M) — R

be sufficiently smooth and set

L e =

F(q,p) := (m)(q),  Y(g,p) € M x Po(M).

We set
H(u ) = /M H(g,6(@)u(da)  Vu € Po(M), VE € L2(n).

We use H and p € Po(M) to define the operator N, by setting for Borel vector fields &, : Ml —
R,

NE.q] = /M (€(), DyH (. () yu(dz), (5.2)

provided the integral exists.
If U : P2(M) — R is smooth enough, we consider the following operators

OW)) = [ div (Vo @)utda).  BOYG) = [ T(V2,Ula.d's) uda(ad).

We recall the definition of the partial Wasserstein Laplacian and its perturbations introduced
in [16] denoted as

DanU(p) = OU) () + BOY ), Dy = DU +10.

67
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For w : M x R? — R sufficiently smooth, recall (cf. (1.1]))
LE(w) := Lo (w) + L2 (w).

where

o)) = Bywla) + [ dive(Vayula, (o))

corresponds to the individual noises operator and

£ )= ea(2 [ aivy(Vowulane ) (i) + [ T5(V20t0.0,00) n(ar)uta)

corresponds to the common noise operator.
The so called Master Equation in mean field games consists in finding 7" > 0 and

w: [0,T] x M x Pa(M) — R
such that
Opult, g, p) + H(q, Vau(t, q, 1)) + Nu[Vepult, ¢, 1), Vou(t, -, w)] + Fq, p) = L& (u)(t, q, 1), (5.3)
subject to the initial value condition
w(0, -, ) = ux(s, ). (5.4)

Remark 5.1. Assume w : M x P2(M) — R and 8 : Po(M) — R are sufficiently smooth and set
u:=w + (. Then

£3(0) (@ 9)(a ) = La(w)la )+ [ diva(VeuBl0)(a) ()

and

L) (q, 1) (g, p) = LY (w)(q, p) + /M2 Tr(%ﬁ(%y,ﬂ))u(dw)u(dy)

Corollary 5.2. Assume u : M x Po(M) — R and § : Po(M) — R are sufficiently smooth and
set u:=w+ 3. Then

N,u [vwzu(% M)’ un(t, K :u)] = Nu [vwzw(qv ,LL), qu(t, K ,LL)] + Nu [vwzﬁ(/‘)a vqw(ta K M)]

and

£2(u)(q, ) = L2 (w) (g 1) + 1 /M

div, (Ve B(1) @) ) pu(da)

o | TV, Bl ) )dn) ().
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5.2 Conservation laws systems on Py(M); formal computations

We define
f(q) .= F(0q) Vqe M.

Part 1. Hamilton Jacobi Equations. We will related a partial differential equation (PDE) on
M to another one on Pa(M). We start with

U:[0,T] x Po(M) —» R

such that
U + H(p, Vi, U) + F(u) = 0. (5.5)

Set
o(t,q) :=U(t,05) qeM

and assume U is smooth. By Exercise , ¢(t,-) is differentiable and
Vap(t,a) = Vu,U(t, 64) ().

Thus,
H(p, Vo, U, 5(1)) = H(Q? Vu,Ul(t, 6f1)(‘])) = H(Qv qu(t, Q))

This implies
0 =0U + H(p, Vi, U + F(p) = Orp(t,q) + H(q, Vp(t,q)) + f(q) = 0. (5.6)

In other words, ([5.6) is nothing but (5.5)) restricted to one particle.

Set

’U(t,Q) = ngo(t,q), V(t,x,,u) = VWQU(tﬂ?»#)

The equation on M yields a system of equations on M while the equation on Ps(M) yields a
system of equations on M x Py(M).

System of Conservation Laws: Vectorial Master Equation on M x Po(M)

B + Y, <H(q, ot q))) YV @) =0, BV +V, <H(q, V)) + N[V, V. V] + VF(q, 1) = 0
(5.7)
Here,

-MW%W@%M:AyMW%%MDﬂ@W@MWW

The second system in is the so-called vectorial master equation. As the first system in

is a finite dimensional system of conservation laws derived from the last identity in ,

the vectorial master equation can viewed as an infinite dimensional system of conservation laws.
If we choose any (¢, 1) and set

UW%N%=§Z@wX®+B@M)
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then we have

Vau(t,q, 1) = Vo, U(t, g, 1)
The task to fulfill is to write a scalar version of the system of equations at the right handside of
(5.7) by choosing /3 so that

O+ H (g, Vqu) + Nu[Vu,u, Vou] + F(g, 1) =0 (5.8)

where N, is the non local operator defined in ([5.2). The equation is (5.8) is the so—called scalar
master equation (in the absence of viscosity terms).

Perturbation of HJIE on M Perturbation of HJE on Po(M)
dp(t,q) + H(g, Vo(t,q) + fla) = eLgps OU +H(1, Vi, U + F(p) = cO(U)
St (5.9)
v(t,q) = Vep(t,q), V(t,z,pn) = Vo, U(t,z, p = Vau(t,q, i)

The equation on M yields a system of equations on M while the equation on Py(M) yields a
system of equations on M x P (M).

Navier-Stokes type: Scalar Master Equation on M x Pa(R?)

0+ 4 (H(g.0(t,0))) + Vol (@) = elsgvs Byt H(g, Vo) + N[V, Vu) + Fg, 1) = L)
(5.10)
Here, L, is the operator defined below .

5.3 Lectures 20, 21: From HJEs to master equations (Nov 06,
08)
Let O, B, A, be the operators defined at the beginning of this chapter. Fix p € Py(M) and

let O be an open neighborhood of u. We denote as I; the d-dimensional identity matrix.
We suppose F, U : Po(R?) = R are sufficiently smooth functions and we set

u(g, 1) = ffjwq), Flg.p) = ‘f;iwq) Vi € Pa(M), Vg € M.
By Lemma [4.23] of Chapter [4]
Vou(g, 1) = DU (1) (q) = Vi, U(p)(q)- (5.11)
Thus
W 9,0 0) = [ H (0. Vula.0)utdo) (5.12)
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Remark 5.3. While means
oU
Ve (5, (1)) = VeuUla, ).
one uses arguments similar to those in the proof of Lemma of Chapter [4] to show that
52U
vxy (w(xa Y, H)) = ViQU(m, Y, M)
The following expressions which depend on u will be useful:
M) == | L0 DyH 0. Vaula, ) ) (),
o)) = [ (H(aaula 1) + N[Vl 0, Tl @) )
M) = [ (Aqu<q,u>+ / divz(kuu,u><q>>u<dx>>u<dq>.
and
Ao (u) (1) = Ag(w)(p) + A3 (u)(n)
where
M@0 =2 [ divy (Voula,z,) ) n(doulda),
M2
8000 = [ 15( V(000 )l utautan
5.3.1 Useful identities
Recall (cf. [11])
52U SU 52U SU
- - = — — . 1
5,2 (¢, 2, 1) + 5 (2, 1) 5.2 (z,q, 1) + o (g, 1) (5.13)
This means,
ou ou
@(q, w)(x) + u(x, p) = ﬁ@’ m)(q) + ulg, p).-
Hence, by Lemma of Chapter [4]
ou
V(5 (@)) = Vasulonp)@) + o) (5.14)
and so,
ou
V(% (50 m@) ) = 9 (Voruto (@), (5.15

If g : M x Py(M) — R then

v, () @) = 2 (Vaglan) ) @) (5.16)
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To emphasize the fact that ¢ is a parameter and x is the action variable, we sometimes rather
write
v 9q(1) _ 6(Vggq())
g (@) =(—F%—"" ().
Opiy Oy
We use (5.16)) in the expression at the left handside of ([5.15)) to obtain

Voo (Vi) = ¥ (50 (Vutare) ) = Vo (Vosulo(@)) 57

5.3.2 First variations; Example of weak Fréchet differentials on P,(M)
Thanks to Lemma of Chapter [4], one checks that

O(U) (1) = /M AU (g, wu(dg).

We use the last identity in Remark of Chapter [ to obtain

B0 = [ 1(Var (500 st

S
Set
62U du(q, p
V(1) = Tr(quW(q,x,p)) = Tr(qu S )(x)) = Tr(Vquu(q,x,,u))
By

V& (p) = T1V<Vw2 (Vﬂt(:n,q,,u)).
Proposition 5.4. The following identities hold:
()

(;L (H(u, ngU(u)))(q) = H(q,Vqu(:, ) + Ny [Visulg, 1) (-), Vaul-, )] — Xo(w)(p).

(i)
0
o
Proof: (i) We use the expression in (5.12)) and obtain

(0w (@) = Syt p) + [ div(Tayula,p)(@)d) = As(a) )

7—[((1 — S)u + sv, V#U((l —s)u+ su)) = /M H(q, un(q, (1—s)u+ su))u(dq)
+ S/MH(q, Vau(q, (1 = s)u+ sv)) (v — p)(dg). (5.18)

Since
O o) (@) — p)(dz) + ofs),

u(g, (1= s)u+sv) = ulg.p) +s | =
M Ou
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assuming enough differentiability properties on u, we conclude

Vula. (1= )t ) = Vyulawn) +5 | 9, <§Z<q, u)(a:)) (v — 1)(dz) + ofs).

This, together with implies
Ve, (1= )+ 5v) = Vyula. 0+ [ (Voula,n)(@) + Tyula. ) (= n)(da) + ofs).
Since Vqu(q, p) is independent of  and v — p is of null average, we obtain
Vou(q, (1 — s)p+ sv) = Vou(q, p) + s /M Vasu(@, p)(q)(v — p)(dz) + o(s). (5.19)
We conclude

H(q,Vqu(q,(1 = s)u+ sv)) =H (q, Vqu(q, 1))

+ S<D,,H(q, Vaulg. 1)), /M Vegu(w, 1) (@) (v — m(da:>> +o(s)
(5.20)

We combine and to obtain
(;L’H(u, VU (1)) (@) (v — ) (dg) = /M <DpH(q, Vu(g. 1)), /M Vet 1) () (v — u)(dz>>u<dq>
- /MH(q, Vu(g, i) (v — p)(dq)
— [ [ Dy (o, o9). Vel ) @)l de) (0 — ) )
M JM
4 /M H (g, Vqu(g, 1)) (v — 1) (da).

Thus, there is a constant A = \(u) such that

J

(1 Ve Un)) (@) = H(a, Vou(g, 1)) +/ (DpH (2, Vau(z, 1)), Vayu(g, p) () p(dz) — X()
w M

We use that the weak Fréchet differential is of null y—average to infer A(u) = Ao(u)(p).
(ii) We exploit ((5.11]) to obtain

O(U((l —s)u+ SV)) = /Mdivq(vqu(q, (1—s)u+ SV))> (1 = s)pu+ sv))(dq)
= /M divq<un(q, (1—s)u+ su)))u(dq)

+ S/Mdivq<vqu(q, (1—s)u+ su)))(y — ) (dq).
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We use to infer
O(U(1 = s+ s0)) = | divy(Vyula.sn)nian)
b [ [ v (Vasuta, ) 0~ )t
+5 /M div o (Vqu(a, (1= s)p+sv)) ) (v = p)(da) +o(s).  (5.21)
Thus,
/ i(O(U(u)))(Q)(V—u)(dQ)Z [ ] i o(Fesuta, ) @)t v = ()
+ [ v (yu(a00) (0= (o).

é
b
the weak Fréchet differential is of null y—average . We verify (ii) . QED.

This determines (O(U (,u))) up to a null constant which is uniquely identified by the fact that

Exercise 5.5. Assume U : Po(M) — R is 4 times weakly Fréchet differentiable with continuous
derivatives up to the boundary of M. Show that there are functions

G102, 03 : Mo R, 12, b13, b2z : M? = R

such that ;
53U 53U
ﬁ(QDQZ’q&M) - W(Q&QQ,QhPJ) = Z@bi(%‘) + Z@j(%fb’)-

i=1 i<j

Proof: Let p € Po(M) and let vy, v9,v3 be signed Borel measure on M of finite total mass.
Assume for s1, s9, 3 small enough p + s1v1 + sovo + S35 remains nonnegative. The well-known
calculus rule

8233251 (U(,u + s1v1 + Ssovg + 831/3)) = 85’15253 (U(M —+ s111 + SoUp + Sgl/g)) ,

means
53
= / , W(‘hv 42,93, b + S1v1 + Sav + s3v3)v1(dgr)va(dge)vs(dgs)
M

53U
= / , W(q:% q2,q1, b + S1v1 + Sav2 + s313)v1(dgr)ve(dg2)v3(dgs)
M
In particular when (s1, s2,s3) = (0,0,0), setting

Wl a2 1) = o -2 )
41,92, 93) = 5103 43,492,491, 4 e 41,92, 93, 14
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we reads off
/MB w(q1, g2, q3)v1(dq1)va(dga)v3(dgs) = 0. (5.22)

Let 7y, 0,73 be signed Borel measures of finite total mass and finite second moments. Let
p € C.(M) be a probability density. To alleviate the notation, we identify p with the measure

pL4 and set
Vi = U — \ip, A= IZ(M)

By
0= /M3 w(q1, g2, q3) (71 (dq1) — Mp(dqr)) (72(dgz) — A2p(dgz)) (73(dgs) — A3p(dgs))
Hence,

1(da1) v (da2) s (das) — Nsp(das)r (da1)2(das) )

/\

/ w (I1 CI2>CI3
MS
/ w(q1,q2,q3)
M3

+/ w(q1,92,93)
M3

/ Q1 q2, CI3

Thus, setting v(dq) := v1(dq1)v2(dg2)v3(dgs) we conclude

— 71 (da1)Aep(daa)7s (das) + 71 (dar ) Neop(daz) Nsp(das) )

+

—A1p(dq1)72(dge)v3(dgs) + —>\1P(d6h)172(dCI2))\3P(dQ3))

/_\/\/\

A1p(dgr) Xap(dga)v3(dgs) — Alp(dth)Azp(d%))\?,ﬂ(d%))-

/M3 w(m’%’%)y(d@_/MS(/Mw(%%qg)p(dq§)>u(dq)
/M3< Mw(ql,qé,qs)p(dq’z)>v(dq)+/ </M2w(ql,q;,qg)p(dq§>p(qg))y<dq)

0=
— -

+/M3 (/Ww(Qi,QQ,qs)p(dQQ)p(qé))V(dQ) —/Ms (/MSw(fl’l,q&QQ)p(dQ’l)p(QQ)p(dqé))V(dQ)-

Since 71, U9, V3 are arbitrary signed Borel measures we conclude that

0=w(q1,q2,q3)—Aﬂw(ql,qz,qé)p(dQ§)—/Mw(ql,qé,qs)p(d%)+/Ww(ql,qé,qg)p(dqé)p(q{),)
_/Mw(q/hQ%QS)p(dqll)"’_/Mp w(qy, g2, q3)p(dqy) pgs) + Mzw(QE7qé,qg)p(dQQ)p(Q’z)
—/M3w(qi,qé,q{;)p(dqi)p(qé)p(dq{;)-

This concludes the proof. QED.
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Proposition 5.6. The following identity hold:

() =2 [

M

4]

I T <V32u(q7 .Y, u)) p(da)p(dy) — Ao (u)(p)

div, (un(q, x, ,u)),u(da?) + /

M

Proof: We integrate by parts to write B(U) in the form

2
BU)() = /M 2 (%(q,x,mm(dq),wux»

to conclude if ps := p+ s(v — p) then

2
BU)(+ s(v — 1)) = / OU (0 1) (Vs dg), Vs d))

iz Op2
2
— 2 (;N[g(qm’lf, /L;)(Vu(dq), V/L(dx)> + 0(8)
2
+ s /M2 (;;g(%x,#s) (<VM(dQ), V(v —p)(dz)) + (Vu(dx), V(v — M)(dq)>).

This implies

Bt 5= ) = [ 50 ) (Vi) V()
b [ B ) (V) V) o )0
b [5G @ an)(Vald), T o — p)de)
+ S/MZ<VM(dx), V(v —u)(dq)) + o(s). (5.23)

We use first interchange the role of ¢ and x and then (5.13)) to conclude

2 2
| S @) (Tnlda). Vo = (o) = [ .00(Tnlde). V0 ) )
2
= [ ) (Tutde), T = )
ou

_ /M , 5@ % 1V p(d), Vo = ) (da)).

We integrate by parts and then use the first identity in Remark to conclude
div, (VI

| S e Tuld), ¥~ ) (an) = [ B 00 ) () — ) )
M

ZW M2 op
= [ vy (Vosula0) ()~ p)(da)) - (5:29
M2
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Similarly, integrating by parts and using the first identity in Remark [5.3] we have

2
/ U gy 1) (Vi(da), V(v — 1) (dg)) = /
M

2 o2 o divy (wa(q,w,u))u(dx)(u — w)(dq)). (5.25)

By Exercise [5.5| we may write
s3U B3U
T/ﬁ(q,x,y, p) = W(y,x,q,u)+¢1(q)+¢z(w)+¢3(y)+¢12(q7fv)+¢13(q,y)+¢23(9€,y)~ (5.26)

Note for any function f which is continuously differentiable, integrating by parts, we observe

0= [ | £@)(Valde), Vitda)) (v = () (5.27)
0= /M @)V ), Viu(da)) (v — ) () (5.28)
0= o F)(Vu(dz), Vi(dg)) (v — p)(dy) (5.29)
Similarly, integrations by parts reveal

0= [ é1(a.0)(Vnldo). Valda)(o - u)(d) (5.0)

M3
0= / do3(2, ) (V (), Vs(dg)) (v — 1)(dy) (5.31)

M3

Note

/ $12(q, 2)(Vu(dz), Vi(dg)) (v — p)(dy) = / (v — u)(dy)/ $12(q, 2)(Vu(dz), Vu(dg) = 0.
M3 M M2

This, together with — implies

U
/M3 55 (@ 79,10 (Va(d), V() (v = o) (dy)

U
= [ 500 ) (Vo). Vin(da)) (v~ ) () (5.32)
M3 OH
3
= [ S 0 (Va(da), Vi) (v — ) )
M3 O
3
— [ 1(Vas (g ) )t~ ) )
2’LL
— [ 18(9 (5w 0) ulas)utan v - )
We use the second identity in Remark to conclude that

3
[ (). St - @) = [ o900 00) )l ) ),
(5.33)
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We combine (j5.23)), (5.24]), (5.25) and (5.33) to conclude there exists a constant A\ = A(u) such
that

L
op

(@) =2 [ aivy(Tumlav g tde) + [ 1e(V2,ucm) ) nldehatan) ~ 1

We use the fact that % (B (U )) () is of p—null average to determine A and verify the proof of
the proposition. QED.

Exercise 5.7. Show Ao(u)(p) = Xo(u)(p).
Proof: By (5.14)

N, [Voyulao) (. V)] = | <DpH<x,vzu<x,u>),vx(

and so,

ou

/MNM[VWQU(%M)('),VzU(',M)M(dQ)Z/M <DpH(w,VxU(:v,u)),Vz(M(w,u)(Q)>>u(d$)u(dQ)

xM
—/M<DPH(1‘,V;EU($,;A)),qu($,#)>ﬂ(d$)

ou

~ [ (Dt .ute0). V. [ (§hte 000 )utd)ta)
—/M<DpH(x,V$u(a:,u)),qu(x,u»,u(dx)

= —/M<DPH(937V:BU(%M)),qu(:c,u)>u(dx) (5.34)

We use the identity
H(q,p) + L(q, DpH (¢, p)) = (p. DpH(q,p))

in to conclude that Ag(u)(u) = Ao(u)(p). QED.

5.4 The master equation via a transport equation on P,(M)

Assume
U:[0,7] x P2(M) — R

is a sufficiently smooth solution to the (local) Hamilton—Jacobi equation
(U (t, 1) +H(p, Ve, Ut 1)) + F(p) = e10(U) (1) + e2B(U) (X, q) (5.35)
in (0,7") x P2(M) along with the initial value condition

U0, p) = U.. (5.36)
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In particular, U is a viscosity solution to (5.3545.36) and so, it is uniquely determined (cf. [30]).
Set

wlt, qup1) = ‘?j(t,u><q>.
and )
N2 () (6 1) = exh (w)(E 1) + exha(w)(E 1) — Do)t ).
Set

A (w )t =1 | dive (T B0)(0)) (o)

+ €9 /M2 Tr(Vf,Qﬁ(a:,y,u)>u(dx)ﬂ(dy) — N, [VwQﬁ(u),qu(t, "M)].

Theorem 5.8. Suppose B :[0,T] x Po(M) — R is sufficiently smooth and set u = w + . Then
u satisfies the master equation (5.3) along with the initial value condition (5.4) if and only if 5
satisfies the differential equation

045 (t,1) + Ny [Vt ) Vit 1] = X2 )10+ [ diva (V8 ) (o)) )

M
oo [ T(VE Bl ) ulde)utdn) (537

and
Proof: We differentiate both sides of the expressions in (5.35) and apply Propositions and
to conclude that

atw(tv q, M) + H(Q? qu(tv q, M) + NIL [Vsz(tv q, :u)? V:Bw(t7 E ,U)] + F(qv M)

= LEw(t,q, 1) = A& (w)(L, g, ). (5.39)
We use Corollary [5.2) to conclude that

0,5U(t, q, /J) - atﬂ(tv M) + H(Qa qu(t, q, N) + N,LL [szu(tv q, M)()? qu(t7 K M)] + F(qa :U’)
=L3u(t, g, 1) — A& (w) — A& (w, B)(E, ).

The function f is determined by the initial condition ([5.38)). This concludes the proof of the
theorem. QED.

Remark 5.9. Let lp be the Lipschitz constant of D,y H and assume Vgu(t,-,-) Is [;-Lipschitz
and bounded. Then

v(t7 q’ ,LL) = DPH ((L vqu(tv Q7 M))
is Lipschitz lp(1+{; )-Lipschitz for each ¢ € [0, T] and is uniformly bounded. Thanks to [26], given

€ P2(M) and t > 0 there exists a unique absolutely continuous path olt, y] : [0,t] — Pa(M)
such that

Or (olt. 1(7)) + divy (olt, l(TIV (m,q o[t 1)(7))) =0 i (0,8) x M, oft, 1(0) = .

in the sense of (4.1)).
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Remark 5.10. We continue using the notation of Theorem )
(i) Note (5.37)) is a first order infinite dimensional linear equation in .

(ii) If there exists r > 0 such that e; = ea(1 + ) then (5.37) is equivalent to
8t/8 + N,u [VOJQB(ILL)7 vq'w(t7 "y ,LL)] = AEiEQ (w)(ta /’L) + GQALUQ,T‘/B'

Lemma 5.11. We continue using the notation of Theorem [5.8 and assume €1 = e = 0. Given
a sufficiently smooth function By : Po(M) — R, (5.37) admits a solution starting at [3p.

Proof: Let (o, V) be as in Remark Note ((5.37) is equivalent to

i (8(rotel)) ) = 3500 (reotra).
Thus, t
B(t.10 = 50 (olt.)0) + [ w) (rolrsr))ar.
QED.

Remark 5.12. One could wonder if we can choose 8 = 0 in Theorem meaning u = ‘;—U is

a solution to the master equation. We argue that such a statement is in general false. Indeed,

assume for instance ¢; = e = 0 and assume on the contrary that u = %—Z is a solution to the

master equation. By Lemma [5.11

/Ot A (w) (T, ol (T))dT =0 Vtel0,T].

By Exercise n 5.7 Mo (u = Ao(u)(p) and so, we infer
/ 0. DyH (0, Vyu(t . )) )i(da) Vit € 0.7,
Taking for instance H(q,p) = |p|?/2, the above condition on w reads off

0= /M Vgt g 0)Pudg)  Vee[0,T),

which means
w(t, g, 1) = w(t, p).
Since

oU
0= [ St wutdn) = [ wt.wutda) = wit.p),
we use that by definition w = 5U to conclude that

oU
This proves that in general, we cannot expect that u = % unless we are dealing with trivial

solutions.



Chapter 6

Stochastic calculus on Py(RY)

In this chapter, unless the contrary is explicitly stated, we assume

M = R¢.

6.1 Lecture 22: A crash course on stochastic analysis on R? (Nov
13)

Let (Q, Bo,P) be a probability space.
(i) The expectation of a Random variable X : Q — R% is E(X) := [, X (w)P(dw).
(ii) We say that Aq,---, A, € Bq are independent if

P(Ail ﬂ--'mAik) :P(All)P(Alk)

for any 41,--- ,ix € {1,--- ,n} such that i; < -+ < iy.

(iii) If A is a non empty set and for each X\ € A, A, is a subset of Bq, we say that {Ay | A €
A} is independent if for each natural number n and each distinct Aj,---, )\, € A and each
Ay € Ay, -+, Ap € Ay, we have that A;,--- , A, € Bq are independent.

Assume for each A € A, X, is a d-dimensional Radon variable and
Ay ={X1(B) | B € Bga}.

We say that {X) | A € A} are independent if {Ay) | A € A} are independent.

Let M = R?U {00} be the one point compactification of R?, which is topologically identified
with the unit sphere in R, The set M is a compact Hausdorff space and so, by Tychonov
theorem, if I = [0, 00) or is an open interval

Q:=[]Mm (6.1)
I

is a Hausdorff space for the product topology, which is the topology generated by the sets 7, ! (Vi)
where V; is an arbitrary open subset of M and m; : Q = M denotes the ith projection on Q. An
element of Q is any w: I — M.

81
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Set
_le—yl?
(:Ey)—e ” z,y e R >0
e T, - d ) )
V27t

and set po(dy) = (dy).

Remark 6.1. The following are well-known fact of the theory of probability. There is a unique
Radon measure P on € which satisfies the following (cf. e.g. Section 10.4 [46]):

(i) if for any natural number n, M, denote the n cartesian product of M then

/, F(x)ptl (wavl)ptz*tl (1’1,.%’2) C Pty —tno1 (%nfl,l'n)dl‘ = / f(W)P(dw)
My, Q

Here
fWw) = F(w(t1), - ,w(tn), Fe C(Mn), x=(r1, " ,Tp).

(ii) Any topology on Q containing all the 7; *(V;) where V; € B 17 contains the smallest o which
contains the ;" 1(Vi)’s. Therefore, the product topology generated contains the product
o-algebra generated by (;)ic;. For instance, Q. := C([0,00),R?) is a Borel subset of Q
such that P(Q.) = 1. However, Q. does not belong to the oc—algebra generated by (m;)icr
(cf. e.g Section 10.5 [46]).

(iii) It is apparent from (i) that P is concentrated on the set of w € € such that w(0) = 0.

Theorem 6.2. There exists a topological probability space (2, Ba,P) such that there exists a
d—dimensional stochastic process {Wy | t > 0} satisfying the following properties:

(i) Wo =0 P-almost everywhere

(ii) For each 0 < s < t, the law of Wy — Wy is N(0,t — s).

(Z’L’L) For any 0<t1 <+ < tn, th — W(),Wt2 — th s th71 — Wy

Definition 6.3. Any d-dimensional process satisfying (i-iii) of Theorem is called a d—
dimensional Wiener measure.

are independent.

n

Theorem 6.4. Let {W; | t > 0} be a a d-dimensional Wiener measure and set W; :=
(W W), Lett,s >0 and k,1 € {1,--- ,d}. We have

(i) E(WFW!) = 6 min{t, s}.
(id) B((WE = WE W} = W) = bt — s).

(iti) If 0 <ty < -+ < t, and F € C((RH)"™) then

E(F(th,--- ,th)) - / Flw(ty), - w(tn))P(dw).

Q

Definition 6.5. Let (W:)¢>0 be a n—dimensional Brownian motion. Let T > 0, let b : [0, 7] x
R? — R? and a : [0,T] x R? s R?*™ be measurable function such that there exist C, D > 0
such that

[b(t, 2)| +[a(t, z)] < C(A+ |z[), |b(t,2) = b(t,y)[ + |a(t, z) — a(t,y)| < D]z —y|
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for any (t,2,y) € [0,T] x R x R%. Let Z : Q + R? be a Radon variable of finite second moment
independent of the o—algebra generated by {W; | ¢t > 0}. We say that X : [0,7] x 2+ R% is a
solution to the equation

dXt = b(t, Xt)dt + a(t, Xt)th, Xo =7 (62)

if the following hold:
(i) X is adapted to the filtration 77 generated by {W | s € [0,#]}U{Z} such that ¢t — X;(w)

is continuous for P-almost everywhere w € 2,

v E</OT |Xt|2dt> < 00

(iii) for any 0 < ¢; < ta < T we have
to to
X, — Xi, = / b(t, X1)dt + / alt, X)W,
t1 t1
Here, by Xy, we mean Z.
Theorem 6.6. Under the assumptions of Deﬁm’tz’on there exists a unique solution to (6.2)).

Theorem 6.7. Impose the assumptions of Definition and use the notation there. If f :
C?([0,T] x R a function of bounded second derivative then for any 0 < s < r <T then
f(ra XT) - f(87 XS) = / (atf(t7 Xt) + <v$f(t7 Xt)') b(ta Xt)dt + a<t7 Xt)th>)
1 " * 2
5 | (0" X VA Xe)alt, X))t

Here, a* is the transposed matriz of a.

6.2 Lecture 23: Stochastic motions on P»(RY) (Nov 15)

In the sequel, we fix (W)¢>0 is a standard d-dimensional Brownian motion starting at the origin.
In what follows, we will define a stochastic process on the Wasserstein space as

t s B = (Id + V2W,) 4p
In other words, for any w € 2
BY (w)(E) = u(E - vV2Wi(w)) VECM
More generally, we define
(Id + \/28W3) (G + m)
Here, Gf is the heat kernel for the heat equation define as

1 _LI?

e 4et

G;(Z) = pQEt(Z’ 0) =

dmet
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so that

O (Gy % ug) = eAN(GS * up), on (0,00) x M.

By definition, a path t — o, € Pa(M) solves the differentiable equation

do = div <aVJdt - \/%adw) on (0,T) x Po(M), oo=p (6.3)

if for every ¢ € C*((0,T); C2(M)) and every 0 < s < r < T we have

and

| otnpartan) = [ os.000.(d0
:/ (/M Ay (t, Yoy (dz)dt + V2b(V p(t, x), o (dx)dW) + aAgb(t,m)atdq;)dt) (6.4)

lim E(Wa(oy, p)) = 0.

t—0t

We would like to argue that B} satisfies (6.3) and further satisfies the non-linear version in
Theorem Similarly, we have

do®P = div((e + B)\VoPdt — «/Qﬁae’BdW> on (0,T)x Po(M), o’ =pn  (6.5)

Let 7> 0 and let V : [0,T] x P2(M) — R be a continuous map such that V' is continuously
differentiable on (0,7") x P2(M). We further assume that for each t > 0, V (¢, -) admits the Taylor
expansion in and 0,V, Vo, V, V(V,,V) and V2,V are continuous on [0,T] x P2(M) in
the sense that they have a continuous extension. Suppose that for any p € Po(M) there exists
C}, and a neighborhood O,, of ;1 such that

and

Vo, V(t,v)(x) < Cu(l+z]) Vte[0,T], VYzeM, YveO, (6.6)

]vw (VeuV (1, 0)(@)) ( V2 V(1) <C\ Ve, (6.7)

Theorem 6.8. Setting oy := (Id + /2Wy)gm, and of := (Id + /26W;) 4 (G5 * m). Then for
any 0 < s <r <T, we have

(1)

(i)

V(r,o,)—V (s, 05) = / ' (atv(t,gt)dt+m< /M VMQV(t,Jt)(x)o—t(dx);th>+BAw2V(t,at)dt>.

V(r, o)~V (s,0¢) = / ' (atV(t,og)dt+\/ﬁ< /M VMQV(t,af)(:c)af(d:c);th>+BAw7%V(t,J§)dt>.
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Proof: Given (a, ) € M x Py(M), we set

M(a,p) == (Id + \/2Ba)gp,  M(t,a) =V (t,M(a,p))

As(t, a) = /M VoV (£, [M(a, 1)) (2)) M (a, 1) (d).

For h € R? we define the measure v, = 7j, on M?2? by

| Femdady = [ Pt 2o+ 2o+ Wulds) Y € C(RH),

Note ~p, has M(a, p) as its first marginal and M (a + h, ) as its second marginal.

Claim 1. We claim that ~, is an optimal coupling between M (a, ) and M (a + h, p).
Proof of Claim 1. If 7 is a permutation of n letters and (x;)!_; then setting ¢ = /28a and
e = /2f(a+ h) we have

Z [(2i+¢)—(z-y+e)|* = Z | — () [P+ le—e|* +2(x— 2. (3), c—€) = Z |wi—2.() > +nlc—e|*.
i=1 i=1 i=1

This implies

n

Y ol@i+e) = (g + o) 2D |(mi+e) — (zi+e).
=1

=1

Hence, the support of 7y, is cyclically monotone and so, by Theorem v € T (M (a,pu), M(a+
h, ,u)) This proves Claim 1.

Claim 2. We have VAi(t,a) = v/25A3(t, M(a, p)).
Proof of Claim 2. We have

V(t, M(a+h,pu) —V(t, M(a,p)
= /M(VwQV(t, M(a, p)(z),y — z)yn(dz, dy) + o(WaM (a, ), M(a + h, p)).
This reads off
Ai(t,a+h) — Ai(t,a) = \/%/Mwwv(t, M (a, p)(z + v/2Ba), h)u(dz) + o(|h]),
which means
Milta+h) = Ma(t.@) = V2B | (D, (M (0,)) (2): M (a.10(d2) + o)
This proves Claim 2.

Claim 3. We have AA1(t,a) = 2B8A,,V (¢, [M(a,p)]).
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Proof of Claim 3. By Claim 2,

VAL(t,a+h) = /2B /M YV (6 M(a+ B, 0) (), d2). (6.8)
But
Vi, V(t, M(a+ h, 1) (2) = Vo V (8, M(a, 1)) (w) + VoV, V(E M(a, 1)) (w)(z — w)
+ [ VRV (M0 ) w0y~ 2)nd,dy

+ 1 (WM (@, 0), Ma+ b)), [ = 2])

where
Y(s,t) = (s+1) (,o(t) + 6(8)),
p is a concave modulus and lim;_,q €(t) = 0. Thus,
VeV (M (a + b)) (2) = VoV (M (@, 0)) () + Vo VoV (£ M(a 2)) () (2 — )
V([ VRV (M0 ) (w,0)M (0. 0(d0) )
+ 1 (Wa(M (0, 1), M(a+ h, 1), v = 2|

We combine this together with to conclude that

VALt a+h) = VAL(t a) + /28 /M VYV (5 M, 1) () (2 — w) (o, d2)

+ 208 ViQV(t, M(a,p))(w,z)M(a, ,u)(d:n))vh(dw, dz)h

M2d ( Md

+1/28 o T(Wz(M(a,M)7 M(a+ h,p)), |w— z])’yh(dw,dz)

Thus,
VAL (t,a+h) = VA (£, a) + 28 ( /M VeV (t M(a, ) (w)M(a, ,u)(dw)) h
w25( [ VA (0 M0 0) 0,000 (a0 0(d5) M) 00) )
+ \F/ (1R = 21) (o, 2) (6.9)
But

/M2 ¥ (1] Jw = 2[)m(dw. dz) = X (|h]. 28]R]) ) = of|h)). (6.10)
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We combine and to conclude that
Via(t.0) = 25( || VTV (b 0) )M (0 ) )
Md

+25 </M2d Ve,V (t, M(a,p))(w,z)M(a, p)(dz)M(a, ,u)(dw)) )

Hence,

AAL(t,a) = 28 ( /M ) Tr(VmVWV(t, M (a, 1)) (w))M(a, ,u)(dw))

+28 < /M ) Tr(ViQV(t,M(a,u))(w,x))M(a,u)(dm)M(a,u)(dw))
=280,V (t, M(a, p)).

Claim 4. By the standard finite dimensional It6 formula if 0 < s < r < T then
T 1
Al(’l", Wr) — Al(S, Ws) = / (&5@, Wt)dt + <VA1 (t, Wt), th> + §AA1 (t, Wt)dt> .

We use Claims 2 and 3 to conclude the proof of (i).
The proof of (ii) follows the same lines of arguments.

Remark 6.9. Theorem [6.8]is in fact an extension of It6 formula to the set of probability measures.
An extension based on probabilistic arguments (hence different from ours) was proposed in books
[14] [15]. For very general processes, [12] gave a proof which uses a heavy machinery. We have
opted to offer the above proof since our setting is different from that of the above cited prior
works.

Consider the following o—algebra.
N(t)=a{Ws |0<s <t} =W(), WT(t):=c{Ws—W;|t<s} (6.11)
We have that
X(s) C X(t), WI(t) C 3(¢), ¥(t) is independent of W™ (t)

for any 0 < s <t. In other words 3(-) is a non anticipating filtration with respect to W(-).
Recall L3(0,7) is the set of G : (0,7) x 2 — R? such that G(t) is $(t)-measurable (G is

called progressively measurable) and
T
E(/ |G\2dt> < oo.
0

E</0T<Gt,th>> _o. (6.12)

Exercise 6.10. Let p, V and o be as in Theorem Show that for any 0 < s < r < T we

e IE(/ST</MVWQV(15,at)(x)at(dx),th>> ~0

Under this condition, we recall
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Proof: Set
G(t,-) I:A/va2V(t,Ut)(x>0t(d$)

It suffices to show that G € L2(0,T) and use (6.12)) to conclude the proof.
Let A3 be the continuous function defined in the proof of Theorem As

G(t,-) = As(t, Wh),

we conclude G is progressively measurable with respect to the filtration X(-) in (6.11). We use
that V2,V (¢,-) is uniformly bounded by a constant C' to conclude

VeV (1 00) (@) = ViV (1) (@)| < CWalon, ) = C/2BIWil.
This, together with yields
[VeaV (t,00)(@)] < Cul1 + [al) + C/2BIWi.

Since

/M (2fPou(dz) = /M &+ /2BWiPu(dr) < 2 |2 + 2(/2B|Wi])?

we conclude there is a constant éu such that

HVWQV(t,Ut)(x) ’

ot

< CM(1+|Wt12).

This implies
T
IE</ HVWQV(t, o) ()
0

which is enough to verify the desired result. QED.

2
dt ) < oo,
o

Theorem 6.11. Assume Uy : P2(M) — R is twice continuously differentiable (cf. Definition
. We assume for any p € P2(M), V(Vu,Uplp]) : M — R and V2 Up[p] : Mx M — Ré*4
are uniformly bounded and have a concave modulus of continuity independent of u. We fixe, 5 > 0
and define

Ut p) == E(UO G [M])) V(t, 1) € (0, 00) x Pa(M).
Then

(i) U is continuously differentiable in (0,00) x P2(M) and for any t > 0, U(t,-) is twice
continuously differentiable on Pa(M).

(ii) U satisfies the heat equation

oU = ,BAWQéU in  (0,00) x Po(M), U(0,-) = Up.
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Proof:
Part I: Proof in a particular case. While in general the proof of the theorem is based on
Theorem we shall give here a more direct proof when € = 0 and

Uo(p) = llf/Mk exp( QTFZZ T, & ) (dxy) -« - p(dxy).

In this case
Uo(oy) = exp( 27TZ<\FWt,Z§j>> (6.13)

But, changing variable, we have

e (<2mi 3 06 VII)) = [ exp(2m Y6 B ) 1

J=1 =
k
= [ g (St ()
:/Mexp(—27ri<i§j’w>)gf(w)dw. (6.14)
j=1

We then face the computation of the Fourier transform of Gf which by the Fourier transform

table is i .
@f(z &) = exp(—47r2) Z §j‘25t>
Jj=1 J=1

This, together with (6.14)) yields
k
2
<exp< QWZZ &/ 28W >> = exp(—47r2’ Zﬁj’ Bt). (6.15)
j=1

We combine and ) to obtain
U(t, 1) = exp(=BAR(E) ) Uo ().

Since A, Uy = —/\% (&)Up, we conclude the proof of the theorem in a particular case.

Part II: Proof in the general case. Set V (t,) := Up so that using the notation Theorem
we have

A1 (t, a) = UO (M(CL, u)) .
We have

Uo(0€) — Up(o€) = / (\/ﬁ< /M Vo, Uo(06) ()0 (da); th> + BAw%Uo(af)dt).
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We apply Exercise to obtain

s+h
U(s + h,p) — Uls, p) :E(lllf ’ 5Aw,;Uo(a§)dt).

h

Letting h — 0 we deduce the desired result. QED.



Chapter 7

Existence of solutions to the master
equation

Throughout this chapter T¢ = R? / Z% is endowed with the quotient metric: if z,y € RY,

T — =min |z —y— k.
@ = ylra = min |z —y — k|

The goal of this section is to state some existence results for the master equation.
We denote as P(T?) the quotient of Po(R?) by the following equivalence relation (cf. [29]):
o, 11 € P2(R?) are equivalent if

/ (@) to(dg) = / plQm(dg) Ve e C(T.
R

Rd

We denote as [pg] the class of equivalence of yig. The Wasserstein distance P(T¢) which can be
realized as a quotient distance is

Wiy, fi0) = W([uol, [in)) = min { Wa(ur, ) | i € [pol, fr € 7] .

We assume H € C3(R??) is such that H(-,p) is Z% periodic for every p € R%. We write
H e C3(T4 x RY).

We assume there exists £ > 0 and & Lipchitz functions F,u, : T% x P(T%) — R such that for
each € P(T9), F(-, 1), us(-, p) is three times continuously differentiable with

IVoF|, [VooF |y [VagaFls [Vqusl, [Vagusl, [Vggqusl < k.

As done in (1.1)) for w : M x R? — R sufficiently smooth, we define
LE(w) := Loy (w) + L2 (w).

91
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We fix T' > 0 and would like to find
w:[0,T] x M x Po(M) — R
such that
Opu(t, g, p) + H(g, Vqult, q, 1)) + Nu[Vepult, ¢, 1), Voult, -, w)] + Fq, p) = L5 (u)(t, ¢, p), (7.1)
subject to the initial value condition

u(0, -, ) = us. (7.2)

7.1 Lectures 24, 25: Potential games (Nov 20, 27)

Given p € P(T%) and s > 0, the Mean Field Games system we consider consists in finding
U € Lip(0,s] x T%) and ¢ € ACQ(O 5;P(T4)) such that

U (t.q) + H(q,V,U(t, q)) ¢,6;) =0 in (0,s) x T¢
0,5 + div (aD H(- )) i D((0,s) x T?) 73)
U, = u*( og) in T
s = [
Theorem 7.1. There exists T > 0 such that the following hold:
(i) The system of differential equations
¥ =D,H(X,¥?) in (0,T) x T¢
32 = -DH(X¥?) =V F(ELS ) in (0,T) x T (7.4)
21(87 ) = 1d7 '

22(07 ) = un* (21(0’ ')7 21(07 )ﬁ/")
has a solution ¥ = (X', %2?), for any (s, ) € (0,T) x P(T4).

(i) There exist Ay, Aa, B,E > 0 such that the solution to (7.4)) is unique in the set of ¥ €
W2((0,T) x Td;T2d) satisfying

‘atzlyﬂ |Vq21|, ’qu21’ < A17 ‘atEQ‘v |vq22|7 ‘VQQEQ‘ < Ay

and

[VeEH0,)], [VeeEH0,)| < B, [2*|<B

(i1i) Under the conditions imposed in (ii) which ensure uniquness of solution, we may write
Y = X[s, p|(t,q). There is a constant D1 > 0 (depending only T, Ay, A2, B,E > 0) such
that X[, u](t, q) is Lipschitz and Lip(X[-, u)(t,q)) < Dy.
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(iv) Under the conditions imposed in (i), (t,s,q, ) — M(t,s,q, 1) := (t,s,q, 2 [s, pn)(t,q)) is
continuous and M(-,-,-, i) is a C* diffeomeorphism.

Proof: The proof is based on a standard fixed point argument and is due to [41]. QED.

In the sequel
_ (s !
Xs, (k) = (B[ pl(t,))
and we define

U[S7 /“L} (tv ) = atEI[S’ :U’] (tv ) © X[S) /J’] (ta ) = DPH('7 V[Sa :u] (t7 )) : (75)
where
V[S,/J](t, ) = 22[5’M](t7 ) OX[S,,U,](t? ) (76)
Exercise 7.2. Show that if we set &y := Etlﬁ,u then
{ 8t5'—|—div<v[s,u](t,-)&) =0 in D((0,T) x T
Os = U.

Proof: Despite the fact that the proof is standard, we still repeat it here. Let ¢ € C1(0, T; C}(T4)).
Setting

)= [t [ () + (700900010 ),

we have

This concludes the proof. QED.

Exercise 7.3. Show that if T is sufficiently small and (p,,), C P(T?) converges narrowly to s
then (v[-, pn])n converges uniformly to v[-, ] on (0,7)% x T

Hint: Show we can choose T sufficiently small such that
1
3 < detV, S s, ] (t, q).

Conclude
VX s, 1)t q) <41+ Va)'.
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Exercise 7.4. For T sufficiently small define z : [0,7] x T¢ — R as

2(0,9) = wa (2[5, 1) (0, @), =5, 1] (0, )

and
Bz = <22[s, o), D,H (3]s, a]t)> — H(S[s,0),) — F(El[s, e, =, 1l W) (7.7)

Set 3
Ul(t,-) = 2z(t,X(t,-)), Gy = iyt

Show that V,U; o Bf = %7 and (U, &) satisfies (7.3).

Proof: By its definition, 0y is continuous in ¢ and continuously differentiable in ¢g. That z is
continuously differentiable on (0,7) x T?. We have U(t,X'(t,-)) = z(t,-) and so,

Oz(t,) = U ((t,21(t, ) + (VU ((t, 2t ), 21 (L, )

= 8t0((t7 Zl(ta )) + <Vq0((tv El(tv '))aDPH(E(ta ))> (78)
Set
e = Ve — (V51 22,
Note
ro = (V20)" Vuu (34, S 41) — (V420)T S5 = 0. (7.9)
Since

Bpzy = <2§,atzt1)> —H(S) - F(Etl,z;u),

using the fact that because 0;z is differentiable in ¢ we have 0;V,z = V0,2, we obtain

OV 2 = Vyohz = (V,52)T0,5" + (V,0,81) 52
— (VEY'DH(D) — (V2T Dy H(E) — (V2N D F (S, Syp) (7.10)

We have
at(qug)Tzf) = (V051752 + (v, 217,52
- (vqatzl)Tz2 — (VST <DqH(E) +V,F(S, zﬁu)). (7.11)
We combine and to conclude that
o = (V=795 — (V=) DH(T) = (V=) (95" = D,H(D)) =0,

This, together with (7.9)) implies
Veu = (V51 T22. (7.12)

Direct calculations show 3
VUi = (Ve Xt) " Vqz 0 Xy,
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which combined with implies
VUi = (VX)) T (V2o X)) 122 0 Xy = X2 0 X,
We combine and and replace ¥2 by VqUt o ¥} to conclude that
0 (t,58) + (V0 (4, 58), DyH (%) ) = (Vo0 (4, 54), DyH (%) ) = H(Z) = F(SH 1)
We simplify the previous identity and replace ¥; by (X}, VqUt o X}) to conclude that
0 (t,5}) = ~H(S} VUi o 5t) = F (S, 5.
This verifies the first identity in . We use and Exercise to obtain the second

identity in (7.3). The definition of U ensures the third identity in (7.3]) holds, while the last
identity is due to the fact that X1[s, u]o = Id. QED.

Theorem 7.5. There exists T > 0 such that the following holds for any (s, ) € (0,T) x P(T9).

(i) The system (7.3) admits at least one solution (U, o) such that U € W2 ((0,T) x T¢) and
o € ACy(0,T;P(T%)).

(ii) The system (7.3) admits at most one solution (U,&) such that & € ACy(0,T;P(T%)),
U e W2((0,T) x T%) and W is W3 in the q-variables.

Proof: The verification of (i) can be found in Exercise )
(ii) Assume (U, &) is the solution constructed earlier and (U, a) is another solution. Set

o(t,q) = DpyH(q,V4U(t,q)). (7.13)

Since T? is a compact set and @ is continuous and Lipschitz in ¢, the following system of ODEs
admits a unique solution:

o(t, 2 (t,q)) = 02 (t,q), (t,q) €[0,T] xT¢  El(s,-) = Id. (7.14)

We conclude by the uniqueness theory of continuity equations on P(T¢) C P2(R%) in [2] that

Set B ) B o
V(t,q) =V U(t,q), £%(t,q) =V(t.E'(tq)). (7.15)
By (7.13), (7.14) and ([7.15)
oS! = D,H (51, £2). (7.16)

Since U satisfies the Hamilton-Jacobi equation

oUy + H(q,V,Uy) + F(q,51) =0
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differentiating with respect to ¢ and replacing g by X!, we have
O (VU) (.S + DgH (S, VU (#,E1) + Vo U(t, £ D H (S, VUi (8, £1)) + V F(£1,54) = 0.
We use ([7.15)) to obtain
(V) (t, £ + DyH (£, VU (¢, EY) + Vo U(t, 19,5 + V,F(£!,5,) = 0.
This means - B o
o (qu(t, 21))) + D H(SY, V,U (5 + V,F(S, ) = 0.

or equivalently, - B

L% + D H (2, 22) + V,F(2!,64) = 0. (7.17)
We have B - B

55 = VU (0,55) = Vau. (4, 50). (7.18)

Since U(t,-) is W3, we use (7.15]) to conclude that ¥2(¢,-) is W2,

We combine (7.15)), (7.17) with (7.18) and the second identity in (7.14]) to conclude that ¥
is a solution to (7.4). By Theorem the latter system admits a unique solution for 7" > 0

small enough provided that the bounds in (ii) of that Theorem are verified. This is the task
remaining to complete to conclude the proof of the Theorem. QED.

Theorem 7.6. Assume T is small enough to that ¥ is uniquely determined and X'[s, p](t,) is
invertible for any s,t € [0,T] and any p € P(T%). Define

Qiul := S s, pl(t, ), Pilp) = X%[s, pl(t,-), o0 =S [s, p)(t, )gp.

Then the following properties for any to € [0,T] :

(i)
Qlylow) o Q] = Qi Phlo) 0 Qi = Plll,  X{[u] = @4, [Q[ilen].
(ii)
Vi) = Vi [or),  olli] = vfy o]
(iii)

9:Q' ] = —V4Ql[ulvi[o¢]

Proof: (i) Note that t — Q% [u] o X10[u] satisfies the same odes as t — Q%[u] at the point X0[u].
We make the analogous observation for P![u] o X [u] to conclude that

(Ll o X100l P[] o XL[u]) = Sifto. o,

This proves the first and second identities in (i). In particular

Ql, [@iellen] Q1] = @il =
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which verifies the last identity in (i).
(ii) Note that the first identity (ii) is equivalent to showing that

Pl o X![u] = P [o0,] © XL [o,). (7.19)
Using the second identity in (i) this is equivalent to showing that
Ptto [ot] 0 Q1] © X[p) = Ptto [Uto] © Xtto [Uto]'
It suffices to show Q¥ [u] o X{[u] = X/ [04,]. But the first identity in (i) implies
Qty [o10] 0 Q1] 0 X{[ul = Q1] 0 X[u] = Id
which implies that Q[1] o X![u] = XY, [o1,]. Since v![u] = D,H (-, Vi[ul), we verify the sccond
identity in (ii).
(iv) By (i) Qi[u] o Qf[o¢] = Id and so, since the differentiability property of the map M in
Theorem (iv) implies
0= 0, (QLul(Qi1]) ) = 0.QLIu] (@ilon]) + ¥, Q5[0 (@5 o)) 0.5 e
We use the fact that
0sQ;lo1] = DpH (Qiloe), Pilow]) = vilod] (Q;[ov])
to verify (iv). QED.

Theorem 7.7. Assume € = e =0, X is as in Theorem and V is as in (7.6). Then there
exists T > 0 such that the function u : [0,T] x T¢ x P(T9) — R defined as

U(&%H) = Usx (q’ El[svu](07 ')li:u) - /Os (H(Q7V[57NK7—7 Q)) + F(%El[saﬂ](ﬂ ')ﬁﬂ))dT’

is a solution of class C1 to (7.1)-(7.2)).

Proof: Here, we skip the proof on the smoothness property of v and let the reader use the
above results (including Theorem [7.6)) to prove it.
We write

Qé[:u] = El[svu](t’ s X;[H] = X|s, pl(t, ), V;[M] = V[t,ul(t,-), etc...
We fix (s,q,p) € (0,T) x Td x P(T?) and set

o1 = Qifulsp (7.20)

so that u = os.
1. By the definition

U(t,q,()’t) = Ux (Q7 Qg[gt]ﬁat) - A (H(Q7 V;[Ut](Q)) + F(Qa QZ[Jt]ﬁUt))dTv (721)



98 CHAPTER 7. EXISTENCE OF SOLUTIONS TO THE MASTER EQUATION

We use the first identity in Theorem (i) to conclude
or = Ql[ulsp = Qf[ov] 0 QLlulsn = Qf [oelsor  Vt,7 € (0,T). (7.22)
We use Theorem (ii) to conclude
Vs, u)(1,q) = VIt, o¢](7,q) vt, 7€ (0,T).

This, together with ([7.21]) and (7.22)) implies

u(t,q, o) = Uy (q, 00) — /Ot (H(q,VTT[UT](q)) + F(q, 07)>d7'.

Hence,
S (wttaon)|_ = -H(@Vilnl@) - Fla.0) (7.23)

Recall
0Q4lu) = DpH (QLlul, Pilu]) = vilu] o Q:lu).

and so, thanks to ((7.20)), we conclude vi[u] is a velocity driving o. Thus

d

7 <u(t, q,at)> ’t:s = Osu(s,q,05) + <VwQu(s, q,0s), vﬁ[,uD

Since vt[u] = DpH (-, Vi[u]), this, together with (7.23) implies

dsu(s,q,05) + Ny [VWQU(S, 1), V?[u]] + H (g, Vi[ul(q)) + F(g, p) = 0. (7.24)
2. To alleviate the notation, let us write ¥? in place of ¥2[s, u]. By definition

22(t,q) = V(t, 2 (t,q))

and so,
at22(t’ q) = atV(t, El(t, q)) + qu(t7 El (t7 Q))atzl(t’ q)

We use to conclude that
—DyH(X(t,q)) — VoF ('t @), 01) = V(6. St @) + VoV (5.2t q)) DgH (S(t.q))-

Thus,
— DgH (-, V(t,-)) = VoF (-, 0¢) = 0V (t,-) + VgV (t,-)DH (-, V(2 ). (7.25)

Differentiating u with respect to ¢ we obtain

Vou(s, q, 1) = Vus(q, ao)—/os (DqH(q, V(t,q))+(VeV(t.q) ' DyH (q,V(t, q))+VF(q, at)>dt.

By Exercise there exists a function U such that V = V,U and so, V,V = (V,V)T. We

conclude

Vau(s, ¢, 1) = Vqus(gq,00) — /0S (DqH(q, V(t,q)) + VoV (t,q) DeH (q,V(t, q)) + V4F (q, ot)>dt.



7.1. LECTURES 24, 25: POTENTIAL GAMES (NOV 20, 27) 99

This, together with ([7.25]) implies

Vqu(s, q, ) = Vqus(g, 0o) + / O V(t,q)dt = Vu.(q,00) + V(s,q) — V(0,q).
0

Thus,

Vau(s,q, 1) =V(s,q) = Vil (q) (7.26)
We use this in (7.24)) to conclude that u satisfies ((7.1). The identity ([7.2)) is straightforward to
check. QED.

Remark 7.8. The first proof of the theorem was based on a variational approach and was due
to [27] when H(q,p) = |p|>/2 and u, and F are interaction potential functions. Under the
same assumptions [5] proposed an alternative proof. A major improvement which goes beyond
variational approaches, has recently been achieved in [4I] for more general Hamiltonians.

Exercise 7.9. Show the following Lagrangian representation of the function u of Theorem [7.7}

u(s, g 1) = u (QUul (@), Qulen) + /O S (L (QLl (@), 0L lul(0)) - F(Qi[u](q),Qi[u]uu)>dt

Proof: Fix (s,q,p) € (0,T) x Td x P(T?) and let oy be as in (7.20). Set
B(t) = u(t, Q4u)(a), o) —u. (QUp(q), 00) - /0 (L (Qzlk)(@), 0, Q2 [1)(a) ) —F (Qzlnl (@), of)>d7.

Since (7.2)) is satisfied, we have E(0) = u(0,Q2[u](q), 00) — u.(Q2[u](q), 00) and so,
E(0) =0. (7.27)
Furthermore,

d

B(t) = = (u(t, QLlul(a). ot)> — L(QL (@), 0Qu)(0)) + F(Qilul(a).ov).  (728)

We use the fact that D,H(Q%[u](q),-) and D, L(Q%[u](q),-) are inverse of each other and use
the first equation in ([7.4)) to conclude that

L(QAlu)(a), &, QLlu(a)) = —H (QLlul(a), Pilul(@)) + { DpH (QLlp(a), PLlu(a) ) PLLul(@) ).

But since by (7.20)) vi[u] is a velocity for oy, we have

a <U(t, Q. lul(a), Ot)) = Oyu(t, Qilul (@), o) + (Vqu(t, Q¢[ul(a), 0v), 2:Qilul ()

dt
+ (Vau(t, Qilul(9), av), vilu]),,
= Spu(t, QLlu)(q), ov) + (Vqu(t, QLl1l(q); ov), DpH (Q4[ul (9), Ps[1(9)))
+(Va,u(t, Qi[ul(a), 01), DpH (-, Vi[ul)),, - (7.30)
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We use Theorem (ii) and ((7.26]) to obtain
Vilul = Vilod] = Vilow] = Vault, -, o) (7.31)

Thus,
Viln] 0 Qiln] = Vou(t, Qi[ul, o)

Using ([7.6]) we conclude
Vau(t, Qylul, o0) = P{[u] (7.32)

Since wu is a solution to the master equation (7.1)), (7.30)—(7.32)) imply

i1 (16U, 00) ) = Bru(t. QL) ) + (P, Dy Q). Pl

This, together with ([7.29)) implies

d

dt(u(t, @Mq),at)) = —F(Qlul(0). o) + L(QLlu)(a). QL I1) () ).

We ise (7.28)) to conclude E(t) = 0, which together with (7.27) implies
E(t)=E0)=0 Vte(0,7).

In particular, when ¢ = s, we read off the desired identity. QED.

7.2 Lectures 26, 27: Convexity and displacement convexity (Nov
29, Dec 04)

Let F': M x Pa(M) — R be such that there exists C' > 0 such that
[F(g,m] <CA+1a") Vg, 1) € M x Py(M).

Definition 7.10. We say that F' is monotone if

Ipo, ] =: /M(F(q,m) — F(q,p0)) (11 — po)(dg) >0 Vpo, pa € Po(M).
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In the remainder of this section, we assume
M = R?

and assume we are given a weakly Fréchet continuously differentiable function F : Py(R%) — R
such that SF
Flau) =5 (), Vgme R? x Pa(RY).

The goal of this section is to shade some light on the notion of the monotonicity property
of functions. We show that F' is monotone if and only of F is convex along the traditional
interpolation paths (1 —t)ug + tpi. We refer to this convexity property as traditional convexity.
The property solely depends on the trace of the Wasserstein second derivative matrix VZQ}' and
not on the full Wasserstein hessian

HessF = (V, (V... F), V2, F).

The other notion of convexity, the so-called displacement convexity of F, expresses convexity
of F along geodesics in Py(R%). To see if these two notions compare to another, let us consider

functions of the form .

Flw) =5 /Rd @+ p(q)p(dq)

where ® € C(R%) N L?(R%) grows at most quadratically at 00. On the one hand F is convex in
the traditional sense if and only if the Fourier transform & is nonnegative (cf. Lemma ,
which means V2® < 0. On the other hand the displacement convexity of F is equivalent to

V2® >0 (cf. Remark [7.16)).

Consider the particular of the function

1

Mz(p) = 5 /de | — y[u(dz) p(dy).

While Mj is displacement convex, it is —Ms which is convex in the traditional sense (cf. Exercise
. This means it is —‘5%2 which is monotone.

Remark 7.11. Let po, u1 € P2(R?) and let Xo, (resp. X1) be the laws of g (resp. u1).

(i) Note that by Lemma (i) F monotone implies ¢ — a(t) := F((1—t)po+1tu1) is convex.
Conversely, assume F is convex. Then

0<a/()=a0) = | (Flaum) = Flaupo)) (s o))
Hence, F' is monotone.

(ii) We don’t have i == (1 — t)po + tpr = ((1 — )Xo + tXl)u‘Cflo 1ya = fir. Take for instance
po and w1 be two distinct dirac masses. Then the support of u; has two elements while

the support of fi; has only one element.

(iii) We shall show in Exercise that we may choose F to be displacement concave while F
is monotone.
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Lemma 7.12. Assume F is twice weakly Fréchet continuously differentiable and % 18 Mono-
tone.

(i) If po, 1 € Pa(RY) and ‘?Tf is continuous on R? x R? x {(1 — t)ug +tpr | t € [0,1]} then

2
/ <5 ]:(q,ﬂﬁ,uo)) (111 — po)(dg)(p1 — o) (dz) > 0.
R2d

o2
(ii) Let op € ACo(0,T,Po(R?)) and let v be an admissible velocity for . Assume ‘527]2:(-, ) s
twice continuously at every u € o[0,1] and ‘(5;27]2: is continuous on R? x R? x ¢[0,1]. Ift is

a point of continuity of vior then
| (TaF@a00,0t0) © vlt,0))or(da)on(ds = 0,
R2d
2
Note V2, F(q, 2, 1) = Vaq (55 (0,2, 11)).

Proof: (i) Let a; := (1 — t)uo + tpu1. We have

0= el = [ (5o m) = 5an) ) o1 — o))

o
1 (52]:
= / dt/ 5.2 (@@ 00) (11 = po)(da) (g1 — po)(d)
0 R2d Of
Replacing @y by &4, we obtain
1 52}'
0 < Ifuo, 0] = / ds/ 572(6171‘, (1 = s)po + 50¢)(0¢ — 110)(dq) (Gt — o) (dx)
0 R2d OH

1 2
N t2/o * /]R2d fs;(q, z, (1 = s)po + 50¢) (11 — po)(dg) (1 — po)(dx)

Thus,

.. Ao, o4 F
0 < tim n 1157 /R o 0 = ) () s — o))

This proves (i).
(ii) Let ¢ be a Lebesgue point for v, 0. By Definition

1 52}'
0 < I[ot,001h) = / ds/ % (q, x,(1—s)or + sat+h> (otan — 01)(dq) (o4 — o) (dz) (7.33)
0 R2d OH

Set Lo
0“F
A(h,q,x) := /0 bl (qa% (1—s)or + 80t+h)d8

and

t+h
E(h,z) ::/t ds /Rd<VqA(h,q,:c),v(s,q)}as(dq)
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Then o
Alh ,2) (014n — 01)(dg) = / dl / (Y Alh, ¢, 2), v(1, ¢))o1(dg)
R4 t R
and

t+h
y E(h,x)(otn — o) (dz) = /t dr /Rd<V$E(h,x),v(7‘,x)>07(dx)

t+h t+h
- / dr / dl / (VaqAlh, q,2), v(r,2) © vl q))oi(dg)o (dx)
t t R2d
This, together with ([7.33)) yields

Ao o) 82F
0< lzrg(lﬁfT = /RQd<qu W(anvat) ,u(t, ) ®U(t>Q)>Ut(dQ)Ut(dx)

QED.

Remark 7.13. If we had instead v(t, ¢, z) ® v(t, q, x)o(dq, dx)o¢(dg, dz) in the above identity, we
could conclude that the symmetric part of Vaz}' is nonnegative.

Remark 7.14. Let F be as in Lemma In particular, we assume for any pu € Po(R?),

2 . . . 2F . . . .
%TJ;(" -, i) admits a continuous extension on R?? and so %TJ; is continuous. By the first identity

in the Lemma, if we approximate pg by uf = o £ € P2(R?) such that o8 € C(R?) and g8 > 0,
we have

§2F . . .
/de W(q’%%)(ﬂl — ug)(dg) (1 — pg)(dx) >0 Yy € Py(RY).

Let f € C.(R?) be of null average and let B be a ball containing the support of f. For r € R

such that |r| is small enough, we have that of +rf > 0 and so, u? := (o8 + rf)L? € Pa(RY).
Thus,

0 [ O g i) — )0t ) =02 [T (g i) s e
— R2d 5/112 q,Z, Ko )\ K1 Ho q) 11 Ko - R2d 5/1/2 q,T, g q q .
Dividing the latter expresssion by 72 and letting n tend to oo, we conclude
v
0< [ <= (a@ m)fa)f(x)dgdz. (7.34)
R2d OH

It suffices to have that ‘;27]; (q, x, ) is uniformly integrable on bounded subsets of R?? to conclude
that (7.34) holds for every function f € Cy(R?) of null average.

Lemma 7.15. Let ® € C%(R%) be an even function which growth at most quadratically at occ.
Set
1 0F

Flp) =5 /de O(z — y)u(dr)u(dy), F(g,pn)= @(q,u) V(g, p) € R x Pa(RY).

The following hold:
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(i
OF
o = [ 9= wulde) - 27 ()
W
J(q,y,u) =®(q—y) - /Rd P (g — w)p(dw) —2 /Rd Oy — w)p(dw) + 4F (n)
(iii)

vzzzf(quvﬂ) = _VQCI)(I' - y)a Vq (VWTF((],,U)) = /]Rd VQ‘I)(.Z' — w),u(dw).

(iv) Further assume ® € L*(R?). Then F is monotone if and only if its Fourier transform ®
18 monnegative.

Proof: (i) Direct computations show there exists a constant A = \(u) such that

§F
E(q,#) = /Rd O(q — w)p(dw) — A(p).
Thus
0= /Rd g(q, mu(dg) = /Rd (/Rd D(g — w)p(dw) — A(M)M(dq) — 2F (1) — Mp).

This proves (i).
(ii) Differentiating (i) and using the fact that we know how to differentiate F (), we obtain
a constant A = A\(u) such that

) = 0a =)~ M)~ 2 [ 6y~ wula) + 47

We determine A(y) thanks to the identity

82 F
dy) = 0.
[ 5@ ontay

(iii) We use Lemma [4.23] of Chapter [5| to obtain the first identity in (iii) Similarly, using
Remark of Chapter |5 yields the second identity in (iii).

(iv) Further assume ® € L'(RY). If f € L2(Rd) then ® x f € L? and so f® * f € L. Note
d e C(R%) and so, to prove that proving that ® > 0 on R?, it suffices to show that & > 0 on
R?\ {0}

Using the expression of ‘52f in (ii), by Remark[7.11] thanks to Plancherel theorem, we obtain
that F' is monotone if and only if for any f € C(R%) N L?(RY) such that [, f(g)dg = 0 we have
we have

0< /Rdfb*f(q)f(q)dqz /R KD GINGIE / £)d = / £)[2de.

(7.35)
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1. Claim. We claim that ® is even and assumes only real values.
Proof of Claim 1. Note first that as ® is even, z — sin(27 (£, z)) is odd and so,

Tm(B(¢)) = /R sin(2n{€, 2))(x)dz = 0. (7.36)
We have

Re(®(—¢)) = /]R | cos(=2m (&, 2)) () dx = / cos(2m (&, 2))®(x)dr = Re(d(€)) (7.37)

R4

and so, Re(®) is even. This verifies the claim.

2. Claim. By (7.35), if $(¢) > 0 on R\ {0} then F is monotone.

3. Claim. Conversely, we clalm that if F' is monotone then (&) > 0 on R%\ {0}.

Proof of Claim 3. Assume F' is monotone and assume on the contrary there exists §o # 0
such that <I>(§0) < 0. Since @ is continuous, we may find » > 0 such that CI>(£) < 0 for any
¢ in the ball of radius 2r, centered at &;. We assume r is small enough so that B(,2r) does
not contain the origin. Let ¢ € C(B(&p,r)) be a nonnegative function such that ¢(&) > 0 on

B(€o,7/2). Set
9(§) == (&) +p(=€), [:=4g.

As g € L*(R?%), we have g = f. Since g is of compact support, we have f € L'(R% C) and

/R Fa)dz = f(0) = 9(0) = 20(0) = 0.

We are yet need to show the range of f is contained in R. But since g is even and £ — sin(27(z, £))
is odd, we conclude

m(f(2)) = /}R sin(2r(r, €)g(€)d€ = 0.

This proves f € C (R9).
By Claim 1 @ is even and so,

d )|2de + —9)|?d¢ =2 ) 2d¢ <.
/ b(e)|f(6)[2de = / ) 2de / b(e)]p(—6)[2de /B(M GIEG] 5(738)
As [pa f(x)dz =0, is at variance with (7.35). QED.

Remark 7.16. Let F be as in Lemma and further assume V2® € C(R9) is bounded. Let
o € AC5(0,1; P2(R%)) be a geodesic of constant length given as oy = (Id + t£)sup. We have

Flo) = [, (@ =)+t - 60) ) n(da)n(ay).

Hence,

2
T = [ (T (@ =)+ e(w) = €00) () ). €La) — ) Yl
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It becomes clear that if V2® > 0 then F is convex along ¢ which means F is displacement
convex.
Conversely, assume F is displacement convex. Let a,c € R?\ {0} and set

1 1

ot 1= 5(6a+tc + 60)3 M= 5 (6(0,0) + 5(a,a+tc)) :

If (z1,41), (z2,y2) belongs to the support of ; then for instance
(z1,91) = (0,0), (z2,y2) = (a,a + tc)
or vice versa. In any case
(Y2 — y1,x2 — x1) = (a + te,a) = |a* + t{c,a) > |al(Ja| — t|c]) >0, vt € [0,T]
if |a| > T'|c|. Thus, the support of v € I'(0g, o) is cyclically monotone and so,
o :[0,T] — Po(RY)

is a geodesic of constant speed if |a| > T'|c|. We have
1
Flon) = § (2@(0) 4 20(a + tc)>

and so, since F is displacement convex,
d? 1, s
0 S ﬁf(o't”t:o = Z<V (I)(CL)C, C>.
Consequently, V2®(a) > 0 when a # 0. Since V2® is continuous, we conclude V2®(0) > 0.

Exercise 7.17. Set
1 OF

Fwi= [ o= yPuldondn), Flan) =5 (@) Via.m) € RY x P

Show that —F' is monotone and F' fails to be monotone.
Proof: By Lemma [7.15]
OF 2 2 2
T(q,u) = | lg—wl"p(dw) —2F(p) =g =2 [ (gw)p(dw) + [ |w[*u(dw) —2F ().
K R4 R4 Rd

Hence,
a OF
)~ ) =2 [ () = m)dw) + [ fuPiate) - [ juPutde)
(S[L (5/.,6 R4 R R

We conclude that

L (G ) = 5 ) = o)) =2 [ 0000 = ) s = o))

2

=-2 <0

/ w(ptn — 1) (dw)
R2d

This concludes the proof. QED.
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7.3 Lecture 28: More general master equations (Dec 06)

The results in this section are due to [I2]. We will use the 1-Wasserstein metric between
o, 11 € P(T9) defines as

Wi, i) = sup { ¢(Q)(u1—uo)(dQ)ILip(¢)§1}.
¢€Lip(Td) Td

Given I € (NU{0})¢, we set || =1y + --- + Ig and we write

. all

T odloall
We use the following notations for
¢ € C(TY, e C(T*), ¢eC(0,T]xT?

n,m € N and «a € (0,1):
H¢H(n+a) = HQZ)HC"vO‘(Td)

[Dlnmy = Do IVl

[t<m, V| <n
Hq’/)H(m-‘rOé,n—f—a) = HwH(m,n) + Z Hv(l’l,)wHCO’o‘(Td)
ltl=m,|V'|=n

and

= > IV llet Y. sup V'O e(t, )l coaraytsup [V (-, x) | coe o)

(=P
5+5,nta)
2 27

l1|+25<n l1|+25=n t€[0T] o€

Throughout the section, we assume
H € Lip(T¢ x RY)
is sufficiently smooth and there exists a constant C' > 0 such that
0<D2H(q,p) <CI;  Y(g,p) € T x R%.
We assume (cf. Definition to be given monotone maps
F,u, € Lip(T* x P(T%))

We set
oF

v () = 8wy [0 =

(nt+a,n+a) ’
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We assume
oF oF
s (57) s, 1 [ o -
e () s IF Gl +[Greml],, <o (7.39)
and
OlUsx (5u*
L * « “e Ty .4
o (5) + s lColasa+ |Gl <o (7.40)

Theorem 7.18. Let H be as above and assume €3 = 0. Assume F satisfies (7.39) and u,
satisfies (7.40). There exists a unique u : [0,T] x T? x P(T%) — R of class C' which satisfies
(7.1) - (7.2) and such that g—z is continuous, u(t, -, 1) is bounded in C>*, 9 (t, - - ) is bounded

-
in C3* x C% gnd

5t = ) <

sup sup -~ 7 ) 7,“ sV o0.

te[0,T] p#v Wl (1, v 5u (24a,1+a)

Proof: A more general version of the theorem was first proven [12]. QED.

Remark 7.19. Let H be as above and assume €1 > ¢3 > 0.

(i) Note that for any (£1,---, &) € (Z4)F, the function \Il]g in (4.50) is periodic. Since
€10 + 2B = (1 — €2)0 + €2\,

the eigenvalue of €10 + €2 B associated to the eigenfunction

p [, V@l o)

18

(@) = 1@ - e S Ik
j=1

(ii) When we further assume (&1,---,&) # (0,---,0) then

iéjf)
j=1

X2 (€) > max{AZ(O). M0y (O} 2 0.

In some sense, €10 + e2B is more elliptic than both e2A,, and “5%0 which means in
some sense L£¢2 is more elliptic that £&2 and £051 o
(iii) Despite the observation made in (ii) when ez > 0, in order to ensure existence of a smooth
enough solution in ., with £ [12] required stronger regularity assumptions on
F and u, than they d1d in the case £°

€1—€2 "
2
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Appendix

A.1 Master equation as a system of conservation laws

Example A.1. Let f: M+~ R and ¢ : [0,7] x M +— R be smooth and such that

dep(t,q) + H(q, Ve(t,q) + f(q) =0 (A1)
We define
H(u, C) :Z/MH(q,C(q))u(dq)~

We lift the above functions up to P2(M) by setting for € Po(M) and fi := [, xp(dx),

Ut p) =U(L0p) = ot i),  F(u) =F(0a) = f(i)
We have the property U(t,d4) = ¢(t,q) and so,

Vu,U(t,64)(q) = Vgp(t, q). (A.2)

Note
H(0p, ¢) = H(, (1)) (A.3)
If ¢(t,-) :== Vu,U(t, 1) then when p = &4, ((¢,-) is only unequivocally defined on {¢} = {}. We

use (A.2)) to obtain
Ctvﬁ - wZ/{ta(s_ f) = 90757[1')'
Vi I Va

This, together with (A.3) implies

H(dp, Q) = H(m, Vo(t, ).
Set

H(t, p) = H(p, Veolt, 1),
For any v € Py(M)

i QU pt s —p) —oUtp) _ . Ot it s — i) — Sp(ts 1)

s—0F S s—0t S

= <Vat90(t7 /j)v ﬁ—ﬂ>.

109
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Hence,
g (3,5“(75, :u)) (Q) = <8th0(t, ﬁ)a Q> - / <V90(t7 1), {L‘>,U,(d$) = <8tV(p(t, ﬂ)a q— /]> (A4)
2 M
Similarly, 5
@(]‘—(M))(Q) =(Vf(@),q— Q). (A.5)
We have
At o+ s(v = ) = H(fi+ s(o = i), Volt, i+ 5(7 = o))
= H{(ji+ 5(0 = i), Vip(t, i) + sV2p(t, 1) (7 = 1) + o(s) )
= H(ﬂa v@(tv ﬂ))
+ 5( DyH (i, Vot 1)) + V2 (t, i) DyH (i, Vip(t, i), 7 = i) + o).
Consequently,
£ (e ) @) = (DyH (3 Tt 10) + Voplt, ()DL (1. Vet )~ ). (M)
By .
OU(t, ) + H(t, p) + F(u) =0 (A.7)
and so,

5‘; (&L{(t, 1)+t 1) + ]—"(p,)) ~0.

Plugging the expressions in (A.4) —(A.6) in (A.7) we obtain
{0V (L, ) + DyH (1, Viplt, ) + V2p(t, i) DyH (1, Vip(t, 1)) + V f (), g = 1) = 0.
Since ¢ is arbitrary, we conclude
0 V(t 1) + DgH (1, Vep(t, 1)) + V23t 1) Dp H (11, Vep(t, 1)) + V. f(1) = 0.
In particular for u = 0, we recover the conservation laws

WV o(t,x) + DgH (x,Vp(t,x)) + V3p(t,x)DpH (2, Vp(t, z)) + Vf(z) = 0. (A.8)
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