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FROM THE THEORY OF MEAN FIELD GAMES

WILFRID GANGBO AND ANDRZEJ SWIECH

ABSTRACT. We construct a small time strong solution to a nonlocal Hamilton—
Jacobi equation (1.1) introduced in [48], the so-called master equation, originating
from the theory of Mean Field Games. We discover a link between metric viscosity
solutions to local Hamilton—Jacobi equations studied in [2, 19, 20] and solutions
to (1.1). As a consequence we recover the existence of solutions to the First
Order Mean Field Games equations (1.2), first proved in [48], and make a more
rigorous connection between the master equation (1.1) and the Mean Field Games
equations (1.2).
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1. INTRODUCTION.

The theory of Mean Field Games (MFG) analyzes differential games with a large
number of players, each player having a very little influence on the overall system.
This theory, which encompasses games with a continuum of players, was developed
by Lasry—Lions [44, 45, 46, 47]. Similar ideas were independently introduced at
the same time and studied in the engineering literature by Huang—Caines—Malhamé
[36, 37, 38, 40]. Games with a continuum of players or traders, first appeared in
economics, starting with the seminal work of Aumann [5]. Later a theory of non-
atomic games was presented in a book by Aumann—Shapley [6]. In this pioneering
work, Aumann—Shapley proposed a profound mathematical theory for economics,
the potential of which has not yet been fully exploited. The term “Mean Field
Games” was introduced by analogy with the mean field models in mathematical
physics where the behaviors of many identical particles are analyzed. We refer the
readers to [9, 12, 22, 29, 32| for several excellent surveys on the theory of MFG and
its extensions. In particular, the notes [12] from the lectures of P.-L. Lions [48] have
been a great contribution to the field, and have clarified the current state of the
theory of MFG. This was the starting point of our study.

The theory of MFG has attracted significant attention. In the past five years
alone, a large number of manuscripts have been devoted to it, revealing its im-
portance, impact, and possible applications (see e.g. [7, 8, 15, 23, 24, 25, 26, 27,
28, 30, 31, 33, 34, 35, 39, 41, 42, 43, 49, 50, 51, 52]). In light of the publications
[44, 45, 46, 47], we restrict our study to the simplest framework of games: those
with identical players. Our effort will be devoted mainly to the study of the master
equation of MFG (1.1); only a small part of the manuscript deals with the MFG
equations (1.2) which were studied in [46, 48, 12]. Our main result establishes the
short time existence of a regular solution to (1.1).
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Let us denote by P(T¢) the set of probability measures on the d-dimensional
torus T¢, let T > 0 be a real number, and let

F, u, : T x P(TY) - R
be Lipschitz functions. The objective is to find a continuous function
w:[0,T] x T¢ x P(T?) — R
such that

v 1 2

(1.1) Osu((s, q; 1) + (Vyu(s, q, 1), Vau(s, -, 1)), + A A AT}
U(O, K ) = u*('v )

is satisfied in some sense. Here, V,u stands for the Wasserstein gradient of u and

we have set

<Vuu(s, q, /‘)a vqu(‘S? e M)>M = /Ed VM’LL(S, q, :U’) (Z) : vqu(sa 2, ,u),u(dz).

We will call (1.1) the master equation of the theory of MFG.

A heuristic derivation of (1.1) as the limit of a large system of Hamilton—Jacobi
equations arising from Nash equilibria in feedback form for many players, can be
found in [48] (see also [12]). Furthermore, [48] describes the connection between
(1.1) and the first order MFG equations

aU (t,q) + YVLOE 1 F(g,00) =0
(1.2) Bt +V - (o,VU(t,q)) =0 in D((0,T)) x T
Uo = us(q,00), o1 = p.

In (1.2), the first equation is supposed to be satisfied in the viscosity sense and U
represents the value function of a typical player. The second equation is supposed to
be satisfied in the distribution sense and oy, represents the probability distribution
of all the players at time ¢. The measures p and oy in (1.2) are also supposed to be
absolutely continuous with respect to the Lebesgue measure for every t.

The main difficulty in dealing with (1.1) is the following. Observe that for each
(s,q, 1) fixed, the knowledge of dsu, V,u and V,u at (s,q,p) is not sufficient to
verify that the equation is satisfied since we need the knowledge of V,u(s, z, i)
for all z € T? to fully describe (1.1). In other words, (1.1) is non-local in V,u.
This difficulty is coupled with the infinite dimensional character of the equation.
Interpreting in what weak sense (1.1) may be satisfied has remained a puzzle so far.
We try to unravel it by providing a possible definition in the current manuscript (see
Definition 7.3). More importantly, we prove the existence of a strong solution to
(1.1) for a short time, assuming that the data are sufficiently smooth. We hope this
work will help uncover some groundbreaking facts and improve our understanding
of the theory of MFG.
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Not to overshadow the main ideas with technical details, we have opted in this
manuscript to restrict the study of (1.1) to a particular — nevertheless important —
class of F’s. More precisely, we choose ¢ € C3 (Td) and consider

(1.3) F(q, 1) = ¢ p(q)-
However we stress that the approach developed in this paper can be carried out for
a wider and quite general class of functionals.

The starting point of our work is the value function ¢ which is the unique metric
viscosity solution, in the sense of [19] and [20] (see also [2] and [18]), to the Hamilton—
Jacobi equation
(1.4) U + %HvuuHi - % Jra ¢ pdp=0 1in (0,7) x P(T?)

U0, )=uU, on P(T?).
We draw the attention of the reader to the fact that having the coefficient 1/2 in
front of ¢ in (1.4) and not in (1.3) is not a typo.

According to the well-established theory of endowing the set of probability mea-
sures P(T¢) with a weak Riemannian structure (see e.g. [4]), the Wasserstein gra-
dient V,U of U at u € P(T?) is an element of

L2 ()

(1.5) 7;73(’11“1) = V(O (T9) ,
the tangent space to P(T¢) at u. Hence
VUt ) : T — T
is a map which, formally at least, is the gradient of a function w(¢,-, u) :

(1.6) Vult,g. 1) = VUt 1)(q)-
One of the tasks of the current manuscript will include finding a function u satisfying
(1.6) which will also satisfy (1.1). The identity (1.6) linking (1.1) to (1.4), appears
to be an unexpected connection between two different directions of research which,
over the past several years, have been pursued by different research groups using
different methods. Indeed, so far the study of (1.4) was primarily motivated by
aspects of fluids mechanics (see e.g. [17, 18, 19, 20]). The lectures of P.-L. Lions
[48] presented in the notes by Cardialaguet [12] seem to be the first to imply a
connection between these two directions. We stress here that the readers should not
be misled to think that they need a prior knowledge of the various viscosity solutions
concepts introduced in [2, 18, 19, 20] to grasp the content of this manuscript. We
have mentioned the works on metric viscosity solutions just to emphasize that there
is connection between (1.1) and (1.4) via the identity (1.6), which could be explored
in future studies.

The cornerstone of our work, besides establishing identity (1.6), is a good under-
standing of the regularity properties with respect to the u variable, of the inverse
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Xt[u] of the map ¥t[u]. The latter map is defined uniquely for small enough T and
s € [0,T] by the system of differential equations

8tt2t [/L]( ) = _VIIF (Eé[ﬂ](Q)7 Ei[#]##) ) on (OaT) X Td
(1.7) 23ul(q) = on T¢
=0 ul(q) = un*(ES[u](Q),ES[MJ#M)) on T,

We will often write X(¢,s,q,u) for ¥t[u](q). The regularity property of ¥ in
the variables (¢,s,q) and the invertibility property of (¢, s, -, 1) are obtained by
standard methods. However, the regularity property with respect to u of the inverse
of X(t,s,-, 1) is subtle. We overcome this obstacle by first discretizing 34[u](q) in
its pu—variable and then studying the maps

(t,q,%) € (0,T) x T x (T)" — (¢, %[1*)(q), %),

where we have set
n
1
= - E 6:1:1'3 X = (‘Tla "'axn)‘
n
=

The determinant of the Jacobian of V; 4 x X% [4*](g) is shown to be controlled in terms
of the finite dimensional determinant det V,X![1*](g). This allows us to apply the
Inverse Function Theorem and then obtain bounds on partial derivatives of the
inverse of this map using the bounds on the partial derivatives of S(t, s, q,x) :=
! [*](¢). This task is completed in Section 8.

In Sections 5 and 6 we show that, if u € P(T?) and if s > 0 is small enough, the
infimum in the variational problem (6.2) related to the Hamilton-Jacobi equation
(1.1) is attained by a path (o, v), where

Ot = Zi[u]#u? Vs = VMU(S, Ut)'

In Section 7 we construct a function u(t, g, ) such that the pair U(t,q) = u(t, q, o¢)
and o satisfy the First Order Mean Field Games equations (1.2). We also show that
u is a solution to (1.1) in some weak sense (see Lemma 7.1 and Definition 7.3). The
statement (1.6) is one of the things we prove at this stage of the analysis. Then,
in Section 9 we prove regularity properties of the function u for small times ¢ that
allow us to differentiate u with respect to each variable and show that w satisfies
(1.1) pointwise. We call such a function a strong solution of (1.1). Uniqueness of
strong solutions remains open. Finally, in Subsection 9.3 we make a rigorous link
between strong solutions to the master equation (1.1) and the Mean Field Games
equations (1.2) by showing in Lemma 9.9 that any strong solution u to (1.1) allows to
construct a pair (U, o) which solves (1.2), and argue that u also allows to construct
an analogue of a Nash equilibrium for a game with a continuum of players.
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After the manuscript was completed we learned about the papers [10, 13] which
deal with formal derivation of the Master Equations in both deterministic and sto-
chastic cases and their analysis. Also during the second submission of the paper a
referee pointed out preprints [11, 14] which deal with classical solutions of Master
Equations for stochastic Mean Field Games.

2. PRELIMINARIES.

2.1. Notation and definitions. Throughout this manuscript, T¢ = R¢ / Z% is the
d-dimensional torus. When there is no possible confusion we identify an element
of the quotient space T¢ with the unique ¢ € [0,1)?. We denote by |¢* — g|ra the
distance on T? between ¢*,q € T?. The Euclidean distance between ¢*,q € R? is
denoted by |¢* — ¢|. If £ € R¥™ we denote

d m
g =22 &

i=1 j=1
We denote by Id : T — T¢ the identity map and by I; the d x d identity matrix.

Definition 2.1. Let f : R — R.
(i) By f: T? — R¥ we mean that f : R = R and if ¢,¢* € R? are such that
q—q* € 2% then f(¢*) = f(q).
(ii) By f: T? — T? we mean that if ¢,¢* € R? are such that ¢ — ¢* € Z% then
fla*) = fq) € 2%
(ii) By X € C(T% T%) we mean that X : R? — R? is continuous and X : T¢ —
T<.

If T > 0and S € W2’°°((0,T) X Td;’]I‘d), unless explicitly stated otherwise,
VigS = 0;)VyS, VS := V405, etc..., denote the distributional derivatives of S.
Since for instance, the distributional derivatives 0;V,S and V,0;S coincide, we
denote them by VS = V4S. Since the distributional derivatives coincide almost
everywhere with the pointwise derivatives, expressions such as ||V;S||s will be used
to denote the essential supremum of the function |V,S]|.

Given two metric spaces S1, So and a map

S [O,T} X [O,T] X 81 — S
we use the notation
S(t,s,6) =5L&), (t,5,€) €[0,T] x[0,T] x Si.

If S:[0,7] x T¢ x P(T%) — R? is a bounded Borel function, the smallest number A
such that
S(t,q, p) < A
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for almost every (t,q) € [0,T] x T¢ and all p € P(T¢) is denoted by ||S]|co-

We denote by Po(R?) the set of Borel probability measures on R? with finite
second moments. On Py(R?) we can define a class of equivalence (cf. e.g. [21]): we
say that p, v € Po(R?) are equivalent if for all f € C(T?) we have

/ f(Q)u(dQ)Z/ f(g)v(dg).
R4 Rd
We use the notation
fon(da) = [ fantda)
Td R4

The quotient of Po(R?) by the equivalence relation is P(T¢), the set of Borel proba-
bility measures on T?. The set P(T?) has been amply studied in [21], as the quotient
space of Py (Rd), and so, we refer to that manuscript for more details. We just recall
that any measure pu € P2(R?) yields a measure fi on [0,1)¢ which is defined by

A(B)= > w(B+k)
kezd

for a Borel B C [0,1)%.
Given p € P(T9), we denote by L?(u) the set of Borel maps £ : T — R? which
are square integrable and we set

€18 = [l utda).
Td
Given a Borel map X : T¢ — T¢ and pu € P(T?), we denote by X4u the push
forward of p by X.

Definition 2.2 (cf. [4]). Let 0 € AC?(0,T;P(T?)). We say that a Borel vector
field v : (0,T) x T? — R? is a velocity for o if ¢t — ||v¢||s, is in L?(0,T) and

0o+ V-(ov)=0

in the sense of distributions on (0,7) x T¢. The latter statement means that for
every f € C1((0,T) x T%)

/oT (/T (Orf(t, ) + Vi) VI Q>)o—t(dq>)dt =0,

When 1, -+, 2, € T? we set x = (z1,--- ,x,) and
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Definition 2.3. Given y,v € P(T9), we define T'(u,v) to be the set of measures
v € P(T¢ x T¢) which have p as the first marginal, and v as the second marginal.
We denote by I'g(u,v) the set of v € I'(u, v) such that

W) = win [ gBatdadn) = [ - aa(dg.dn).
el (k) JTd xTd Tdx T¢
Recall that P(T¢) endowed with the Wasserstein distance W is a compact metric
space and a sequence {j}r C P(T?) converges to p in the Wasserstein metric if
and only if its converges narrowly.

Definition 2.4. If u € P(T?), we define 7, P(T¢) to be the closure in L?(u) of the
set VO®(T?) := {Vf : f e C®(TH}.

Let F : P(T%) — R. We define the Lagrangian £ and the Hamiltonian H by

(21) £(1.8) = Il F(n), H(w8) = Sl + F)
for yu € P(T¢) and ¢ € L?(u). The assumptions on F will be given in Subsection 2.2.
Recall that a function ¢ : R™ — R is A—convex (respectively, A-concave) if
P(x) — N\/2|z|? is convex (respectively, concave). Such functions are called semicon-
vex (respectively, semiconcave). By analogy, the concept of A—convex functions on
P(T?) was introduced in [4]. We refer the reader to the same book for more on the
Wasserstein space, absolutely continuous curves in metric spaces, etc.
Following [18] we give a definition of the sub—differential which in general does
not coincide with that of [4] except for A—convex functions.

Definition 2.5. Let G : P(T¢) — R and let p € P(T9).
(i) We say that ¢ belongs to the subdifferential of G at 1 and we write £ € 9.G(u)
if ¢ € L?(u) and
(2.2)
0) =0 > sw [ &) (= ap(dadr) +o(Walr)) Vo€ P(TY),
~€lo(p,v) J T x T4
(ii) We say that & belongs to the superdifferential of G at p and we write £ €
0G(p) if =€ € 9.(—G)(p). The unique element of minimal norm in 9'G(u)
belongs to TMP(’H“Z) and is called the gradient of G at p and is denoted by
VG (1)
(iii) We say that G is differentiable at yu if both 0.G(u) and 9'G(u) are non empty.
In that case (see e.g. [18]) both sets coincide and

0.G(1) N T,P(TY) = G(u) N T,P(TY) = {V,.G(u)}.

Remark 2.6. Here are few remarks.
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(i) We refer the reader to Remark 3.2 of [18] for property (iii) in Definition 2.5.
(ii) Thanks to Proposition 8.5.4 of [4], note that (2.2) holds for £ if and only
if it holds for any & € L?(u) such that & — ¢ belongs to the orthogonal
complement of 7, P(T%) in L?(u). Rephrasing, if (2.2) holds for & € L?(u)
then it holds for £ defined as the orthogonal projection of &y onto %P(Td).

Remark 2.7 (Basic properties of the determinant). Let £ = (&) € R4*4 and denote
by & = (&;;) the matrix of its cofactors.

(i) We can write { = LQ where L is lower triangular and @ is orthogonal. Thus,
€T = LLT and so,

l2
et €|7 = | det L] < LT

By LR P
L

d - d
(ii) We have 9, det & = &; and so, by (i), if d > 1 then
1"
(2.3) |0, det§] < ————
J \/djd 1
and, using the fact that d? < 4(d — 1)?~! we conclude that
(2.4) Ve deté] < 2[¢|™

If d =1 then det £ = &. In that case (2.4) continues to hold.

2.2. Assumptions. We state here general assumptions that will be used in the
manuscript. In the second part of the paper (from Section 6 on) we will further
assume that the functions F, F, u., Uy have particular forms.

Let

(2.5) k>1
be a given constant. We assume we have a differentiable function
F:T%x P(T% — R

and a differentiable k—Lipschitz function

F:P(T%) =R
such that for any ¢ € T¢ and any p € P(T9),
(2.6) VoF (g, 1) = VuF (1) (a),
and
(2.7)
F0) - F0 - [ GuF - antdedn)| <x [ o= o)
Td x T4 Td % T4

for all v € P(T?) and all y € T'(p, v)



10 W. GANGBO AND A. SWIECH

We further assume that

(2.8) VoF (g, 1), VeF(q,1t), VggqF (g, 1) exist and are continuous,

(2.9) IVeFlloo, [VagFlloor [VaggF' (g, 1)lloc <,
and
(2.10) VF is k-Lipschitz.

We assume to be given a x—Lipschitz function

uy : T4 x P(TY) — R

such that
(2.11) lus| < K.
We assume there is a differentiable xk—Lipschitz function
U, : P(TH - R
such that for any ¢ € T? and any p € P(T9),
(2.12) Vaus(q, ) = Vulhe (1) (q),
and
(2.13)
) =t~ [ Gk - adna) <o [ oot
Td x T4 Td x Td

for all v € P(T9) and all v € T'(u, v).
We further assume that

(2.14) Vs, Vgqus, Vggqus exist and are continuous,
(2.15) quu*Hom ququ*Hom quqq“*Hoo < K,
and

(2.16) Vqus is k-Lipschitz.

Remark 2.8. Observe that the requirement on F in (2.7) is more restrictive than
2k—geodesic convexity and 2k—geodesic concavity (see Proposition 4.2 of [3]) since
we do not require that v € T'g(u, ). A similar remark applies to (2.13).

If s € [0,7] and o € AC?*(0,T; P(T?)) has v as a velocity, we define the augmented
action

A(s;o,v) ::/ Loy, vy)dl + U (00).
0
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For s € [0,T] and p € P(T?), we define the map
M[p) - €(0,T] x T4 T4) — C([0,T] x T% T%)
by
M[u](S)(t,q) = q+ (t—8)Vqu.(S°(q), Shn)

s l
(2.17) + / dl/ VoF (5 (q), Syp)dr.
t 0
where we used the notation S™ for S(7,-).

Example 2.9. Let ¢, UY, U' € C3(T?) be such that ¢ and U' are even and (6.1)
holds. For any q € T4, u € P(T%) we set

u(q, 1) =U%q) + U % plq),  Flg,p) = ¢ * u(q),

(2.18) o) = [ 00+ 50" 5 ) ),
(2.19) Flp) = ;/Td ¢ * p(y)p(dy).
We have

Vaus(g, p) = VU(q) + VU * u(q),  VF(q, 1) =V * u(q),

and it can be shown, using techniques of [4], that F', F, u, and U, satisfy all the
assumptions of this section.

3. UNIQUENESS OF A FIX POINT OF Mj[u].

Throughout this section, T" > 0 is a prescribed number. Further restrictions on
T will be placed later. We denote Cr :=T(1+T).

3.1. Elementary properties of M;[u]. Let
S e whee([0,T] x T4 TY).
Using the notation S* = S(t,-) we have

(3.1) 0 (Ms[1)(9)) (£, 9) = Vqua (S°(q), S%p1) —/0 Vo F (5 (q), Syp)d,

(3.2) Ou (M [u)(9))(t,q) = =V F(S'(q), S



12 W. GANGBO AND A. SWIECH

and
VoMp)(S)(t,q) = Ta+ (t— 5)Vaqua (S°(q), S%nt) V¢ S°(q)
s !
(3.3) + /t dl /0 Vo (57(q), 1) V457 (g)dr.
Hence
VigMs[pl(S)(t,q) = Vaqua(S°(q), S%n) VoS (q)
(3.4) [ Va5 @), 53 Ve (@)

Lemma 3.1. Let S € W2*°([0,T] x T% T?) and let A > 0 be such that
IV4Sllo0s [VggSllee < A

Then for any p € P(T?) and any s € [0,T] we have:

(i)
(3.5)

1M [p](S)]]oo < \f + RO, |[0:Ms[p] (5|0 < £(1+T), [[00Ms[1)(S)loo < .
(i)
(3.6) IV M[1)(S)lloe < Vd+ RACT, [[VigMi[u)(S)loe < RA(L+T).

(iii)
Vg Meli)(9)] 0 < KA(L + A)Cr.

Proof. To show (i) we use (2.9) and (2.15) to obtain the first inequality in (i). We
use the formulas for first and second derivatives of M[u](S) with respect to ¢, given
by (3.1) and (3.2) and then use (2.9) and (2.15) to obtain the second and third
inequalities in (i). Similarly, the inequalities in (3.6) are obtained from (3.3) and
(3.4), using (2.9) and (2.15). To get the inequality in (iii) we differentiate (3.3) with
respect to ¢ and again use (2.9) and (2.15) and the assumptions on S. N

We also suppose that A > 0 and T" > 0 are such that

(3.7) 3kVd < A, 2T, 3kCr <1, 4sTA(Vd+ 1)1 <1.
We observe that the second and third inequalities above give
(3.8) k(1+A)Cr < 1.

Lemma 3.2. Let p € P(T?) and let
Y€ WLOO((OvT) X (OaT) X Td;Td)a i(-,s, ) = Ms[:u’] (2(37 R ))
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Then T
10:Z]|, < n(1 +T+ \/§T<l + 5) Haszuoo)
and -
10:0:8|| . < V2k(1 + T)]|0:3 oo
Proof. Since Z — Zypu is a 1-Lipschitz map of C(T%; T4) into P(T¢) and V ju., V4 F
are k—Lipschitz, we conclude that maps
Z — Vs (Z(q), Z#u) and Z — VqF(Zq, Z#,u)

are v/2k-Lipschitz for ¢ € T? fixed. We use this to obtain the first inequality. The
second inequality is obtained in a similar manner applying the above arguments to
the formula for ;. W

Remark 3.3. The following hold:

(i) The map Z — Zypu is 1-Lipschitz of C(T%; T%) into P(T?).

(i) If Z : T — T¢ is I-Lipschitz, so is u — Zyp. As a consequence if Z €
C(T%T9) then (z : p — Zyp is a continuous map of P(T?) into itself
P(T?). Therefore, if S € C([O, T] x T Td), then (gg,.) is a continuous map
of P(T%) into itself.

Proof. (i) If S1, Sy € C(T9;T9) then

v = (51 X Sa)up € T(S1ap, Sap).
and so,
W5 (S1 gt S i) < 151 — Sall?, < 151 — Sall3,-

(ii) Let Z : T? — T¢ be [-Lipschitz and let pq, puo € P(T9). If v € To(p1, p2) then
V= (Z x Z)py € T(Zypr, Zyppu2).

Hence,

W22 (Z#,Lu, Z#,U2) < /ﬂ:d T lq — T|’?1‘d’7(d% dr)
X

_ / |Z(x) — Z(y)|2a(dz, dy)
Td xTd

(3.9) < PW3(p, p2)-

This proves that (z is I-Lipschitz. Let now Z € C(T% T%) and let {Z*}; be a
sequence of Lipschitz functions that converges uniformly to Z on T?. By (i)

Wa(Czps Czep) < N1 Z — ZF|

and so, (7 is continuous as a uniform limit of Lipschitz maps. W
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Remark 3.4. The following hold:
(i) By assumption V,F' and Vgu, are x—Lipschitz. Since, by Remark 3.3 (i),
Z — Zyp is a 1-Lipschitz map of C(T%; T¢) into P(T¢), we conclude that
if s € (0,T] then M,[u] : C([0,T] x T%T?) — C([0,T] x T% T?) is Lips-
chitz continuous with the Lipschitz constant which is less than or equal to
V2rkCr < 1. Thus M;[u] is a contraction.
(i) If S € C([0,T] x T% T¢) then, by Remark 3.3 (ii), u — Sg#,u is a continuous
map of P(T?) into itself. Since V,u. is x-Lipschitz, we obtain that u —
V s (S’O(q),Sgé,u) is continuous. We use (i) and the fact that V F is k-
Lipschitz to conclude that the map (s,S,u) — M[u](S) is a continuous
map of [0, 7] x C([0,T] x T% T¢) x P(T?) into C([0,T] x T T?).
Definition 3.5. We define
(i) Ca to be the set of S € C([0,T] x T% T?) such that

Vd+1
9

[5]loo < s [106S]o0 < 25,

and

3
10e¢Sloo < £, [[VgSlloos [IVggSlloo < A [IVegSlloo < 5rA.

(ii) We define C% to be the set of ¥ € C([0,7] x [0,T] x T% T?) such that for
every s € [0,T], (-, s,-) € C4 and
105]o0 < A, [958 ]l00 < V2(1+T)A.
Lemma 3.6. The following hold:
(i) Ca is a compact set in C([0,T] x T4 T?).
(ii) If s € [0,T] and p € P(T?) then Ms[u] maps Ca into itself.
Proof. (i) We omit the proof of (i) because it is elementary.
(ii) Let S € C4. Since 3xC7 < 1, we use Lemma 3.1 (i) and the fact that 7' < 1

to obtain
Vd+1
(3.210)  [ML[pl(S)lloo = =5 10eMs[n](S)lloo < 265, ([0 Mi[1](S)lloo < k.
By (3.7) since £ > 1 we have 3v/d < A. We use the latter inequality in Lemma 3.1
ii) and use the fact that 3xCr <1 to obtain

(3.11) IVgMs[p)(5) oo < A

The inequality x(1 + A)Cr < 1 implies KA(1 + A)Cr < A. This, together with
Lemma 3.1 (iii) gives

(3.12) Vg Mi[p](S) oo < A
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Since T' < 1, we obtain
VM [(S) oo < RA(L+T) < A
This, together with (3.10), (3.11) and (3.12), yields M4[u](S) € Ca. N
Lemma 3.7. Let i1 € P(T9) and let & € C%. Define
S(t,s,q) = M[u) (Z(-,s,-))(t,q) Y(t,s,q) € [0,T] x [0,T] x T,
Then X € C3.

Proof. Since for any s € [0,T] we have X(-, s,-) € Ca, Lemma 3.6 yields (-, s,-) €
Ca. By Lemma 3.2, since ¥ € C} and T' < 1/2, we have

. 3 3V2
185, < (5 +=5-T4).
The first inequality in (3.7) ensures that A > 3 and then the third inequality there

gives 12kT < 1. Therefore, using again the first inequality in (3.7),
3  3v2 A 3vV2 1
“(2+;FTA) 2

We use the second inequality in Lemma 3.2 and the fact that H(?SEHOO < A to
complete the proof. W

Theorem 3.8. Let pn € P(T9) and let 0 < s < T. Then M,[u] admits a unique fized
point Ss[p] in C([0,T] x T% TY). Furthermore, Ss[u] belongs to every closed subset
of C([0,T] x T4 T?) which is invariant under My[u]. As a consequence we have:
(i) For any k € 79,
Sslpu](t, q + k) = Ss[p](t, q) + .
(i) Esfu] € Ca.

Proof. Since M[u] is a contraction in C' ([0, T] x T¢; Td), it has a unique fixed point
Ys[p]. Any closed subset C of C ([O,T] X ']I‘d;Td) is also a complete metric space.
Hence, if C is invariant under M,[u|, there must be a unique fixed point of M[u]
in C which, by uniqueness, must be equal to 3[u]. Since, by Lemma 3.6, C4 is a
compact set invariant under M;[u], we thus obtain (ii).

(i) If k € Z2, the set C which consists of S € C ([0, T x T, Td) such that S*(¢+k) =
St(q) for all t € [0,T] and all ¢ € T¢, is closed. To show that ¥[u] € C, its remains
to show that C is invariant under Ms[u]. If S € C, using the facts that

vqu*('ay)a VqF('a S;;&:u) : T - Rda
we obtain M[u|(S)€C. 1
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Lemma 3.9. Let u € P(T%), and let X0 € C¥. Define inductively ¥F = M[u](XF1)
for k > 1. Then the sequence {¥*} converges uniformly to X[u), where [u](t, s, q) =
ES[M](tv Q); and Z[:u’] € CZ

Proof. By Lemma 3.7, an induction argument shows that X*¥ € C}. In particular
for each s € [0,7], (-, s,-) € Ca. Recall that, by Lemma 3.6, C4 is a compact set
in C([0,T] x T% T9) and M;[u] maps C4 into Ca. Since M,[u] is a contraction we
conclude that {3*(-, s, )}, converges uniformly on [0,7] x T¢ to X4[u]. We use the
equicontinuity of {¥*};, to infer its uniform convergence on [0,7] x [0,7] x T? to
Y[u]. Since C} is closed for the uniform convergence, X[u] € C. B

Definition 3.10. Under the assumptions of Theorem 3.8, we define ¥4[u] to be the
unique fixed point of Mj[u] and write X [u] in place of X[u](t, s, -). We will sometimes
also use the notation (¢, s, q, u).

Lemma 3.9 ensures that we can always assume X[u] € C}.

3.2. Differentiability properties of ¥[u] on [0, 7] xT?. In the sequel, we assume
that 7> 0, A > 0 and (3.7) holds.

Remark 3.11. Let ¢ € R™¢ be such that [£| < 3/2kA. For any s € [0,T], we have:
(i)
|det(I + s&) — 1| <

>~ w

(ii) I + 7s€ is invertible and
I+ 7‘55)_1‘ <cg:=8(Vd+1)4L

Proof. (i) We use (3.7) to obtain that 3/2sT'A < 1 and so, for any 7 € [0, 1],
3
(3.13) [T+ 7s8] < |I|+ SRTA < Vd+1.

We use write the first order Taylor expansion of det(I 4 s§) to obtain 7 € [0, 1] such
that

| det(] 4 s§) — det I| = s|V¢det(] + 75§) - £|.
We then apply (2.4) and (3.7) to conclude that

|det(I 4 s&) — det I| < T|€|2|1 + 7s¢|7! < 3kTANVd + 1)1 <

>~ w

(ii) By (i), I + s¢ is invertible. Since

L (Vedet(I+s6))"
(s = det(I +s&)
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we use (i), (2.4) and (3.13) to conclude that
(I +s&) 7 < 8T+ s¢|* < 8(Vd + 1)
|

Remark 3.12. If s € [0,T] and pu € P(T?) then ¥4[u] is the unique solution to the
system of differential equations

L) = —VoF (SUul(a), Shlulgn) on (0.7) x T
(3.14) Silulla)  =aq on T¢
oul(a) = Vou. (SUulla), Sulyn)  on T

Lemma 3.13. Let p € P(T9).
(i) Fors€[0,T] and t € [0,T] we have 4det V Xk[u] > 1.

(i) For s € [0,T] and t € [0,T], ¥i[u] : T¢ — T is a diffeomorphism whose
inverse is denoted by X![u].

(iii) There exists a constant C'4 independent of s and p such that

19y () 1Kel e (g pyme) 10X il < Ca

Proof. Fix t € [0, 7.
(i) Use the second equation in (3.14) to write
Siul=Id +T¢ andso VXL = I+ TE,

where,
t t
TC—/ Xl [p]dr  and Tf—/ VigZelul(g)dr.

By Theorem 3.8, ¥s[u] € Ca and so, [|{]|c < 3xA/2. We apply Remark 3.11 to
obtain (i) and

(3.15) I(VeZilu) oo < ca.
(ii) We use the fact that
(3.16) Yo[u] € Ca € WE((0,T) x T4 T?)

and the Sobolev Embedding Theorem to conclude that
Slu] € C1((0,T) x T4 T9).

Since ¥4[u] € C4 implies that T'C(¢,-) is T'A-Lipschitz, and the last inequality in
(3.7) yields TA < 1, we conclude that Id + T'¢ is one—to—one.
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Let R > 1 and let y € Br_1(0), the ball of radius R — 1 centered at the origin.
We use X4[u] € Ca to obtain T'||(]|c < 1 and so, for all ¢ on the boundary of the
bigger ball Br(0), X5[u](q) # y for any s € [0,T]. Therefore,

f(0) = deg(ZL[ul, Br(0), y)

the topological degree of ¥4[u] is well defined at y € Bg_1(0) (see e.g. [16]). Since
f is a continuous function which assumes only integer values, we conclude that
f(I) = f(0) = 1. This proves that the range of ¥.[u] contains Bg_1(0). Since
R > 1 is arbitrary, we conclude that the range of Eé[,u] contains R%. In particular,
taking into account that we have already proved that Y![u] is one-to—one, when
| =t we obtain that ¥%[u] : R — R? is a bijection of class C''. This, together with
4det V,Xi[u] > 1 (by (i)), implies that X![u] : R? — R? the inverse of X[u], is of
class C! and satisfies

(317) VXl = (V2 o Xl = )

" (%,00)

Here, if F is a square matrix, adjF is the transposed matrix of the cofactors of F.
(iii) By (3.15) and (3.17) ||V Xs[ul|loo < cq-
Direct computations reveal that

(3.18) 9, X![u] = =V X{i[u] 0S4 o XL [u], 0 XE[p) = =V XL[n] 054 1] o X{[1).

Thus, using the inequality ||V Xs[u]|l < cq and the fact that X[u] € C}, we obtain
the third inequality in (iii).
Recall that since 4[| is a fixed point for M[u] we have

.19 0=l = Vi (Sda. (b)) — [ (St S )

We can now differentiate both sides of (3.19) with respect to ¢, ¢ and use (2.9), (2.15),
Remark 3.3 and the fact that X4[u] € C4 to obtain a constant C'4, independent of s
and i, such that the first inequality in (iii) holds.

Finally we use again ¥[u] € C4 and differentiate the expressions in (3.17) and
(3.18) with respect to t, ¢, to obtain that the second derivatives of X;[u] are bounded
by a constant Cy4 independent of por s. N

3.3. s-Orbits passing through p. As in Subsections 3.1 and 3.2, we assume that
T > 0,A > 0 are such that (3.7) holds.
Given s € [0,T] we define the s-Orbits through u by

Os[u] = {Z4[ulpp | t € [0, T]}.
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Definition 3.14. For ¢t € [0,T], s € [0,T], ¢ € T¢ and p € P(T?) we define
(3.20) Vi) = 0,5t [u] o X[,
Lemma 3.15. Increasing the value of C4 we obtain that for all u € P(T?)

< .
30 Vbl () 10Vlller < C

Proof. Since
Vilu] = 0,55 (1] o X[,
the first inequality follows directly from Lemma 3.13. We have
OsVelu] o Silp] = 00y 5[] + V0 S [u]0s X [,
and by (3.18)
-1
05X (1] o Tglu] = — (VS [u]) 0535 ul.
Thus, applying once more Lemma 3.13, we obtain the second inequality of the
lemma. W
Lemma 3.16. Let ty € [0,T] and set oy, = X [u]pp. We have:
) ¢ t t
Zto [Uto] © ZSO [:u] = Zs[u]
(i) The maps =4 [o4,] and S{°[u] are inverses of each other.

(i)
(iv)

Vilu] = Vi, [ow,).

053 (1] = =V [1]V; [1).

Proof. (i) Set )

Sy =S80 S%l, where S, = ¥%[u].
Obviously
(3.21) Sy, = 1d,
and
(3.22) 8t5'0 = 81550 o St;l = un* (SO o S%l, SU #M) = un* (So, So#ato).
We exploit the fact that S; satisfies the second order differential equation in (3.14)
to obtain
(323) 8tt‘§t = _qu(St o St_017 St#,u,) = —qu<St, St #Uto)-
We combine (3.21), (3.22) and (3.23) and apply Remark 3.12 to conclude that S is
the unique fixed point of Moy,]. In other words,

gt = Eio [Ut0]7
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which implies the desired conclusion.

(ii) By the fact that X[u]? = Id, (i) implies (ii).

(i) By (i)

0eX (1] = 05y o] 0 2 [1d].

But (i) allows us to compose the left hand-side of the identity with (X%[u])~! and
the right hand-side with (3% [u]) ™! o (3} [04,]) " to obtain
02 (1o (X [u]) ™ = 054, [ow JoXe [u]o (X2 [u]) T o (B o)) T = 33y [0t ]0 (B, [0 ) T
This establishes (iii).

(iv) By (i) and (ii) Id = X4[u] o Xf[0y] and so, differentiating both sides of the
identity with respect to s we obtain (iv). W
Warning 3.17. It is worth pausing for the following remarks.

(i) We would like to warn the reader that in Lemma 3.16 (i) we are not making
any claim about the identity X [v] o X%[u] = ¥![u] for an arbitrary v.
Similarly, in Lemma 3.16 (iii), no claim has been made about an identity as
general as Vi[u] = V] [v] for an arbitrary v.

(i) We have never attempted to write any identity linking elements of Og|u]
with those of Oz[u| when § # s.

4. PROPERTIES OF ¥ IN THE VARIABLES (t,s,q); CONTINUITY IN f.
Throughout this section we assume that 7' > 0, A > 0 satisfy (3.7).

Definition 4.1. Let
K :=1[0,T] x [0,T] x T¢ x P(T%).
We define the master map S : K — K by
S(t,s,q,1) = (t. 5, Sglpl(q), p).
Lemma 4.2. The following hold :
(i) S is continuous and S(-,-,-, u) is 2A-Lipschitz.
ii) 0,:S, 0uS : K — R are continuous.

)
(iii) The map S : K — K is a homeomorphism.
(iv) V: K = R? is continuous.

Proof. (i) Lemma 3.9 implies that S(-, -, -, u) is 2A-Lipschitz. To complete the proof
of (i) it suffices to show that if {u*};, C P(T9) converges to u, setting

SE =% 1), S =3, 0

then {S*};, converges uniformly to S. By Lemma 3.9, S¥ is 2A-Lipschitz and so,
{Sk}k is equicontinuous. The Ascoli-Arzela lemma ensures the pre—compactness
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of the sequence in C([0,T] x [0,T] x T%T¢) and so, the existence of a point of
accumulation E. We invoke the continuity of M in all its variables as stated in
Remark 3.4 (ii) to conclude that E(-,s,-) is a fixed point of M[u] for every s. In
other words, E(s,t,q) = X[u](g). Thus there is a unique point of accumulation of
{S*}}., and hence we conclude that the whole sequence {S*}; converges uniformly
to S.

(ii) By assumption V4, F and V,u, are k-Lipschitz. By (3.1), ;X is expressed in
terms of . Similarly, by (3.2), 0; X is expressed in terms of 3. We use the continuity
property of S to conclude that 0;S and dyS are continuous.

(iii) By Lemma 3.16 (ii), for any u € P(T%), S(t, s, -, u) : T — T% is bijective. It
thus follows that S is a bijection which is continuous from the compact set K into
KC. Hence, S is a homeomorphism.

(iv) Recall that Vi[u] = 9,3 [u] o Xt[u] and so, by (ii) and (iii), V is continuous.

|
Lemma 4.3. The following functions are continuous and thus they are bounded:
(i) VgZ: K — R4,
(i) Vg(0X) : K — R4,

(iil) 0¥ : K — R4
Proof. (i) Let {sx}x, {trtx C [0,T], {gx}x € T and {ux}r C P(T?) be sequences
converging respectively to s, ¢, ¢ and p. We are to show that {V X% [ue](qr)}x
converges to V,X[u](t,s,q). By Theorem 3.8, X[u](, sg,-) € Ca and so, for any
geT?

tr — ti tr — A|q - qk’2
(4.1) Zailekl(@) = B Il (an) = VX lml(ar) - (@ —ar)| < ——5——
and

VS [ (a)| < A
Hence {V X% [14](qx) }x admits at least one point of accumulation, which we denote
by Py. Since, by Lemma 4.2 (i), ¥ is continuous, (4.1) implies
Alg —qf
5

Thus, Py = V,3![1](g) is the unique point of accumulation. This proves (i).
(ii) Since Xs[p] is a fixed point of M[u], (3.4) yields

vtng[/‘] = qqu*(zo[ J(q), 20[ ]#N)qug[ﬂ](@

(42) L/VWFET )(), 271l 1) Vo7 1l (g}

=@ — Zhl@) ~ Po- (G- )| <
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Lemma 4.2 (i) ensures the continuity of ¥, while (i) of the current lemma ensures
that V,X is continuous. Since, V4qu, is continuous, Remark 3.3 implies that

(t,5,q, 1) = Vaqus (S2[1lq, S9[1)s12)

is continuous. Similarly, we use the fact that Vg, F" is continuous to obtain that

(t 5.0, 1) = /0 Vo F (ST (1] (0), ST [l o) Vo7 [ ()

is continuous. Taking all these facts into consideration, representation formula (4.2)
yields the continuity of V.

(iii) Since, by Lemma 4.2 (iv), V is continuous, and by (ii), V,X is continuous,
the representation formula for ;3¢ [u] provided by Lemma 3.16 (iv), ensures that
02 is continuous. W

Lemma 4.4. The following maps are continuous and thus they are bounded:
(i) X : K — T
(i) VX : K — Réx4,
(iii) 0, X : K — R4
Proof. (i) Lemma 4.2 (iii) gives that X is continuous on the compact set K.
(ii) We use the representation formula (3.17), (i) and Lemma 4.3 (i) to obtain (ii).
(iii) By (3.18)
O X([u] = _VQXHM]V;[H]
and so, (ii) and Lemma 4.2 (iv) yield (iii). W

5. MINIMALITY PROPERTIES OF Y.

Throughout this section we assume that 7' > 0, A > 0 satisfy (3.7). The main
result of this section is the following theorem.

Theorem 5.1. Let s € [0,T], let € P(T¢) and let o € AC?(0,s;P(T9)) be a path
of velocity v such that o5 = . Then

1 _ S
(5.1) A(s;o,v) > A(s;5,v) + 3;2(%/0 W3 (o;,5,)dr,

where
ot = Slulgn, Vi =Vilul.
As a consequence (5,V) is the unique minimizer of (6.2) which will be later consid-

ered in Section 6. Furthermore, for almost every t € (0,s), Vi[u] is the velocity of
minimal norm for & and it belongs to T, P(T%).
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Corollary 5.2. Let s € [0,T], let i € P(T?) and as above set
or = ylulpn,  ve=Vilul.
Then:
(i) If r € (0,T) and o € AC?(0,r; P(T?)) has velocity v and o, = &, then
A(r;o,v) > A(r;a,v)

unless o = 0.
(ii) For every t € [0,T], Viu] is the gradient of a function and so, it belongs to
T5,P(T?), and V V! [u] is a symmetric matriz.

We postpone the proof of Theorem 5.1 and first derive Corollary 5.2 from Theorem
5.1. In Subsection 5.1 we will first show a discrete version of (5.1) and then use an
approximation argument to prove Theorem 5.1 in its full generality in Subsection
5.2.

Proof of Corollary 5.2. (i) Set

of = Sloplgor, v =Vilon].
By Theorem 5.1

(5.2) A(ryo,v) > A(r;o*,v™)

unless 0 = ¢*. By Lemma 3.16 (i)

(5.3 07 = o] o hlul i = Thlul ph = o,
By (iii) of the same lemma
(5.4) Vi = Vi

We have thus established that (¢,v) = (¢*,v*). Using this in (5.2) we conclude
the proof of (i). If we set » = T in the above argument, Theorem 5.1 also gives us
that there is a set £ C (0,T) of full measure such that V[u] belongs to 75, P(T9) for
every t € £.

(ii) We divide the proof of (ii) into two steps.

Step 1. Assume o5 = 0L and infra o5 > 0. Since XL[u]upu = &4, Lemma 3.13 (i)
implies that 6; << £ and so, there exists a nonnegative function g; > 0 such that
ot = @tﬁd and
(5.5) 0s(a) = (B[] det Vo35 [u).

Since ¥s[u] € Ca, we use Remark 2.7 to obtain det V,X9[u] < A4/d%/? < A?. Thus
(5.5) implies

1. _
(5.6) 0< 1 111{‘1df 0s < 0t.
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Therefore, if t € £ then there exists U; € W12(T?) such that VU, = v, € W2°(T4)4
(by Lemma 3.15) We thus have Vv; = V2U, and so, Vv, is symmetric. Any ¢ € [0, 7]
can be written as the limit of a sequence {t,, }, C €. Since {Vy, },, converges uniformly
to v; and there exists U;, € W12(T?) such that v,, = VU, we obtain a function
Uy € WH2(T9) such that v, = VU;. Hence, v; belongs to 75, P(T%) and Vv, is
symmetric for all ¢ € [0, 7.

Step 2. Assume p € P(T9) is arbitrary. Choose a sequence of positive probability
densities {o%}, C C(T?) such that infpa o? > 0 and

. noN
nh—g)lo WQ(:U u) =0,
where we have set u" = L%, Set
of =Sl gn", Vi =Vilu"):

Since, by Lemma 4.2, V is continuous, we conclude that {V![u"]},, converges point-
wise to Vi[u] on T%. By Lemma 3.15 and the Sobolev Imbedding Theorem, {Vs[u"]}n
is pre-compact in C'([0, s] x T?)¢ and hence it converges to Vs[u] in the C'topology.
Thus Vi[y] is the gradient of a function Uy € CH(T?) and V,V![u] is symmetric. W

5.1. Optimality properties of discrete paths. Let s € (0,7, let
T1,- ,@n € TY
and define z; : [0,7] — T¢ by
wi(t) = B[ (%:)
Using (2.6) and (2.12), by the definition of ¥ we have

(i) @ ==V F () (1)
(5.7) (1) xi(s) =17y
(i11)  :(0) = VU (1) (2:(0)).
Let
Yi,° ", Yn € WLQ(O)T; Td)
Reordering and translating the y;(s),- -, yn(s) if necessary, we may assume that
when t = s
X(s S 1 . 1 -
W) = LS () - () = 13 hi(o) - (o).
i=1 i=1
Set

n

1
N== ) Sty )

n
=1
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so that
vs € I'g (MX(S)vuy(S)) :
We use the identity

il &l* g —a 1,
2n  2n + 2n + n(yZ %) &
and integrate by parts to obtain
* gl /S [l* g —a@® 1 . i1
. dt - — 7 — Lg) "Ly dt i — Lg) T — .
(58) 0 2n 0(2n+ 2n n(y :c)a:) +{(y %) nlo
By (2.7)
F(p) < Zv F(u Z lyi — @il”.
Hence, using (5.7) (i), we conclude that
s s N 1 n ) K n
(5.9) /0 F(p¥)dt < /0 (-7:(# ) — - Zﬂfz (yi — ) + - Z lyi — xi\2>dt
i=1 i=1
Similarly, (2.13) and (5.7) (iii) imply
x 1 - .
(5:10) U (1)) 2 e (1) + — D [34(0) - (5s(0) = 24(0)) = lys(0) — ws(0) .
i=1

Let v be a velocity for p* and let w be a velocity for . In fact w; is uniquely
determined for almost all ¢t € (0,7). We combine (5.8), (5.9) and (5.10) to conclude
that

Als; ¥, w) — Als; pi5,v) > fZ:cz yi(s) — zi(s))
- 7Z|yz _"Ez
B 12 ol |2
(5.11) + %Z;/O (|yl |2 — 2kly; — il >dt

Set
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We have for 0 <t <s

|Amnsux@M+AWAxﬂwf

and so,

AOP < 38R + 5T [ 1A
0

This proves that

(5.12) |A;(0)[* < 3|Ai(s)]* + ;T/ |Ai(r)[Pdr
0
and
(5.13) / |A;(t)2dt < 3T|A(s)|* + gTZ/ |Ay(7)|dr.
0 0

We combine (5.11), (5.12) and (5.13) to obtain

A(s; ¥, w) — A(s; i, v) >

+

(5.14) _
We use again (5.13) in (5.14) to obtain

A(s; ¥, w) — A(s; 5, v) >

+

(5.15) -

g(1+3T)Z|Ai(s) 2

=1
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Hence,
A(s; ¥, w) — A(s; 5, v) > leii\lio ZIAi(S)2
3/£CT
+ 3T2 /|A|d7‘
—3/€CT 2
- Tn;mz(s)
K n
. — Z(1+3T Ai(s)]?
(5.16) —(1+3T) ) |Ai(s)

i=1
We now use in (5.16) that 35 € C4 and
Yt € F(,ux(t)vﬂy(t))? vs € T'o (NX(S)>Ny(S))7 1A (s)] = |Ai(8)|pe
to obtain

Als; W) — A(s; i, v) > =AW, (X p¥ &)Y — Bpwg (<), v ()
1-3kCr [* <(r .
Here, Br is a constant depending only on 7" and k.

5.2. Proof of Theorem 5.1.

Proof of Theorem 5.1. For each integer m > 1, let P™(T%) denote the set of averages
of m Dirac masses on T%. Let AC2(0, s; P™(T%)) denote the set of pairs (o, w) such
that o € AC?(0,s;P(T¢)) and (o, w) satisfy the following properties: There exist

€ Wl,z(o,s;qrd)7 for i=1,---,m
such that
1 . .
- 725%(1&) and wyoy; =y, i1=1,---,m a.e.
m
i=1

Let s € [0,T], let u € P(T?) and let o € AC?(0,s;P(T9)) be a path of velocity
w such that o5 = u. Proposition 5.1 of [21] provides us with a sequence of pairs
(o™, w™) and a sequence of real numbers {r™},, C (0,1) decreasing to 0 such that

1 [° 1 /[
(5.18) sup Wa(ay", o) < 1™, / [[W™ |2 dt < / ||w]|2,dt + ™.
t€[0,s] 2 Jo ¢ 2 Jo
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We combine (5.17) and (5.18) and use the fact that F and U, are x-Lipschitz to
obtain

(5.19) A(s; o™, w™) < (14 sk)r'™ + k'™ + A(s; o, w).
Let {27 (s)}™, C T? be such that

1 m
lim 7" = h = oo d a'=—) dym(e.
im 7 0, where r Wy(ay', ) and &y p” ; 2z (s)

m—00
Set

2 (t) = T[] (@ (5)),  Vi' = Vilo7), o = Silulgn. e =Vilu).
Note that
(5.20) o = S[oy | wo
and thus
(5.21) 1V o = 102505l and  [[¥4llo, = 1825wl |-

Because {77"},,, converges to u, and ¥4[a}"] € C4 we obtain that {3,[6]"]} is equicon-
tinuous and so, {£4[67"]} converges uniformly to ¥s[u] on [0, s] x T¢. Hence,

(5.22) lim 7" =0, where "= sup Wi(a",ay).
m=—00 te(0,s]

Similarly, {0;2[67]} converges uniformly to 9;[u] on [0,s] x T?. Consequently,
using the identities in (5.21), we have
(5.23) lim 75* =0, where 75 = sup |||[Vi"||2n — |[¥e]|2,].
m=—00 te(0,s] ¢ ‘
Hence, since U, and F are Lipschitz, (5.22) and (5.23) imply
(5.24) lim A(s;a™,v"™) = A(s;0,V)

m—00

We now apply inequality (5.17) to get
A(s;0™,w™) — A(s;6™, ™) > —AWs (0", 67") — BrWs (o, 5")

1-3kCp [? m —m
(5.25) - 31’2/0 W3 (o, 57 dr.
Letting m tend to oo in (5.25), we use (5.18), (5.19), (5.22) and (5.24) to obtain
1—-3kCp [*
A(s;o,w) > A(s;0,v) + % w2 (O'T, 6T)d7.

[e=]

This concludes the proof of (5.1).
A straightforward consequence of (5.1) is that (7, v) is the unique minimizer in
(6.2).
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Denote by |5'| the metric derivative of o (see e.g. [4]). By Proposition 8.3.1 of [4]
there exists a velocity v* for ¢ such that for almost every ¢ € (0, s)

(5.26) Villo, < 107I() < [1¥¢]]5,-
This implies that all inequalities in (5.26) are equalities as otherwise we would get
A(s;a,v") < A(s;,V)
which would contradict the minimality property of (5, v). By Proposition 8.4.5 of [4

I,
since we have equalities in (5.26) for almost every ¢ € (0,s), we get v; € T, P(T9)
for almost every ¢t € (0,s). W

6. HAMILTON-JACOBI EQUATION ON P(T4).

Throughout this section we assume that 7 > 0, A > 0 satisfy (3.7). We assume
(see Example 2.9) to be given U? € C3(T9), U', ¢ € C3(T?) such that the latter
two functions are even and the three functions satisfy

(6.1) ollcaeray, 211U los(rays 211U | s ey < k.
We assume that for any ¢ € T¢ and any p € P(T%)
F(q, 1) = ¢ * p(q), / =& p(y)u(dy),
so that
VoF (g, 1) =V * pu(q).
We set

wao) = U0 + U ). UG = [ (004 50" 5 ) )
For s € [0,T], n € P(T%) we define the value function
S
(6.2) Uls, p) = mf{/ L(o,v)dt + U, (00) | o5 = M},
0

where the infimum is taken over the set of all pairs (o, v) such that o € AC?(0, s; P(T%))
and v is a velocity for o. Recall that £ is defined by (2.1).
Using the terminology of [2] and [20], I/ is the unique metric viscosity solution to
U +H(pu, V,U) =0 in (0,T) x P(T9)
U, ) =U, on P(T?).
Furthermore, U satisfies the semigroup property (the so—called dynamic program-
ming principle): For any r € [0, s]

(6.4) U(s, 1) = mf{ / L(o,v)ds +Ur,00) | 05 = N}.

(6.3)
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Proposition 6.1. Fiz s € [0,T], u € P(T%) and set
o = Nlplgn, Ve=Velul,  Vtel[0,T].
Then, for any r € [0,T], we have

in particular U(s, ) = A(s;a,v).
Proof. The result is a direct consequence of Corollary 5.2. N

Remark 6.2. We recall that U is Lipschitz continuous on [0, 7] x P(T%) (see [20]).

6.1. Semiconvexity/semiconcavity properties of the value function. Fix a
positive integer n. For q = (g1, ,qn) € (TH™ and p = (p1,--- ,pn) € (R)"™ we

define
SEOMLIRSLS SIS
i,j=1
and
Ip|”
Ln(q:p) = 5 - 2n2 ”ZI é(qi — a5)-
We notice that for any q € (T%)", p € (R9)"
(6.5) _qu(Qi> pd) = nqu'Ln(qy P);
(66) \% u*(%a ) = nquu()( )
For x = (21, , o) € (T%)" we define

(o) = int{ [ Luly e+ U3 (5(0) | ¥(0) = x}

Yy

Proposition 6.1 implies that U"(s,x) = U(s, u*).

Lemma 6.3. Let s € (0,7), let x = (21, ,2n) € (TH", x* = (x1,--- ,2}) €
(T?)™. Then there exists v € To(u*, ") such that
(i)

W) < U+ [ Vi@ (b= (dn.a)

(6.7) + R(L+s)WE (5, 1).
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()
W) = Ul + [ Vi) (b= ) (da.a
(6.8) - ;WQQ(MX,MX*)<(T1_S) +R(T — 3)).

Proof. (i) For any t € [0,7] we set
Then Proposition 6.1 yields

(6.9) UM (s, x) = U(s, 1¥) = /0 Lo(z, 8)dt + UZ (2(0)).

Since
%(0) = 0,831 (w;) = Vs (zi(O), uz(o)), 5(t) = —VqF(zi(t),,uZ(t)),
(6.5) and (6.6) imply
£(0) £(t)

(6.10) VU (2(0) = =2, Vo Ln(a(t),2(t) = =

It follows from (2.7) and (2.13) that the functions U§ and L,(-,p) for every
p € (RY)" are 2k/n—concave. We now set
yi(t) = zi(t) + z] — ;.
We have

(6.11) U(s,x*) < /0 Ln(y,y)dt + Uy (y(0)).

Hence, using (6.9), (6.10), (6.11) and the semiconcavity of U, L,,(-,z), we obtain
(6.12)

s

U"(s,x") <U"(s,x) +/ [Ln(y,¥) = Ln(2, 2)]dt + Uy (y(0)) — Ug (2(0))

0
s = 5 (0
SM”(S,X)—}—/ E( * —X)dt+E|X*—X|2—|—£'(X* —x)—l—i|x*—x|2
o n n n n
7(s y 1+5s),
=U"(s,x) + as) . (x* —x)+ Mb{ — x|
n n
Reordering the points 7, - - -,z and translating them if necessary, we may assume

without loss of generality that

1< .
(6.13) =~ i — i =W (e, )
i=1
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and thus
1 & .
~ O € Dol 1)
=1

Therefore (6.12) and (6.13) imply (6.7).
(ii) By Proposition 6.1

T T
(6.14) u”(T,z(T)):/O an,z)dt+ug(z(0)):/ Ln(z,2)dt +U"(s,%).

We set

T—1
T—5s
Since y(s) = x* and y(T') = z(T') use the fact that U satisfies the semigroup property
(6.4) to obtain

yi(t) = z(t) + (] —x;), te]s,T].

T
U (s,x*) > U(T,z(T)) —/ Ly(y,y)dt
This, together with (6.14) implies
T
U(s,x*) > U"(s,x) +/ (Ln(z,2) — Ln(y,y))dt.

Therefore, by the semiconcavity of L,(-,z) and (6.10), we obtain

1 x*—x> 1 [Tz (x*—x)
U"(s,x*) > U"(s,x) o T — s —i—n/s T s

1 [T T —t K T—s
6.15 _- 5. (~F di — Zlx* — x|?
( ) /5 z-(x X)T n\x x|

z(s) - (x* — ¥ — x|?
SARREE CHCLT BT TR N

We conclude the proof arguing as in part (i). N

Theorem 6.4. Let pu, pu* € T¢ and let v € Ty (u,,u*).
(i) If s € ]0,T) then

U(s,p*) < U(s,u)+/deTdV§[u](q)-(b—qw(dq,db)

(6.16) + k(1+8)W3 (u, p1*).
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(i) If s € [0,T)

U(s,p*) > U(S,M)+/deTdV§[M](Q)‘(b—Q)W(andb)
1

(6.17) — %Wf (1, ") ((T — + k(T — s)>.

(i) For any s € (0,T) and t € [0,T) we have
Vul(t,61) = Velul,
where oy = Xt [p]pp.

Proof. (i) The function U is continuous by Remark 6.2. Since, by Lemma 4.2, V
is continuous, it suffices to prove (6.16) for s,t € (0,7"). Using again the fact that
U and V are continuous, since every p and p* can be approximated by averages of
Dirac masses, it follows from Lemma 6.3 that there exists v € I'g (u, ,u*) such that

(i) holds. It remains to show that (i) holds for all v € I'g(u, u*). We fix such v, and
let © be the geodesic defined by

[ et = [ (= Na+ \b)(da,db).
Td Td x Td
By Lemma 7.2.1 of [4], for A € (0,1), To(u, p}) contains a unique element ;. Thus,
U(s, 13) <U(s,p) + /Td L Vslil(@) - (0= a)ua(da, db) + rW3 (1, 13) (1 + 5).
X

Letting A tend to 1 we obtain (6.16). Similar arguments yield (6.17).

(iii) By (i), V[u| belongs to OU(s, 1) N O.U(s, i), whereas Corollary 5.2 ensures
that V3[u] € T, P(T?). Therefore, by the remark in Definition 2.5 (iii), V, U (s, p) =
V?[p]. Using Lemma 3.16 (iii) we now have

VUL, Ge) = Vila] = Velul.
[ |

Remark 6.5. Lemma 6.3 and Theorem 6.4 correct and sharpen the statements of
Theorem 5.1 (iii) and Theorem 5.2 (iv) of [19].

Lemma 6.6. Let s € (0,T], let u € P(T9) and set

vi =Viul, o= Shulpp.
Then:
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(i) (o,v) satisfies the following system of equations, where the first identity in
(6.18) holds pointwise,

(6.18) Ov+Vvv = -V F(-,04)
’ vo = VUi [og] = VU + VU! x oy.
(ii) Vvy is the gradient of a function and thus it is a symmetric matriz for any
te0,7).

Proof. Observe first that by Lemma 3.15 and the Sobolev Imbedding Theorem, v is
continuously differentiable on (0,7) x T¢.

(i) By the definition of v we have 9;%%[u] = v4(3%[p]) and so, differentiating with
respect to ¢ and using the first equation in (3.14) we obtain

VP (S (@), Shllgn) = 0uSlnl(a)

= i (Zi[ula) + Vve(Zilnla) 9L l(9)
Thus
Vo (0, SUlulpn) = 0vila) + Fvila)vela),
which gives the first identity in (6.18). The second identity in (6.18) follows from
Theorem 6.4 (iii).
Part (ii) is already stated in Corollary 5.2. W

7. WEAK SOLUTION TO THE FIRST ORDER MEAN FIELD EQUATIONS.

Throughout this section we assume that 7" > 0,4 > 0 satisfy (3.7). We also
assume that F, u, and U, are given through functions ¢, U, and U! satisfying the
assumptions imposed in Section 6.

Given s € [0,T], ¢ € T?, pu € P(T%), we define

s T 2
@0 s = (o 22dpn) ~ [ (PO 4 P05 )
and set
(7.2) o1 = Yi{ulygp and V= Vi[y] Vtelo,T].

Since, by Lemma 3.16,

Vi[o:] = VI[ul and  ¥][]40: = %7[6] o S [ulpn = ST [plpn = o7,
we conclude that

t T 2
(7.3) U(t7q,5t)zu*(q,5‘o)—/0 <W8[“2](q)’

Lemma 7.1. We have, for every s € [0,T], u € P(T9):

+ F(q, EZ[M]#,u)>dT, vVt € (0,7
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(i) for any (t,q) € (0,T)
U(O, ) M) = U*(', /J’) and un(t> q, 5-t) = Vt(‘]) = v,uut(ta 5t>(q)
(ii) t — u(t, q, 6t) is continuously differentiable and

— \|2
Oy (u(t, q, 51:)) + |un(t,2q, @l

Proof. (i) The identity w(0, -, 1) = us(+, 1) is straightforward to check.
We substitute VI [u] by v in (7.3) and differentiate the subsequent identity with
respect to ¢ to obtain

Viu(t.0.00) = Vgunas0) — [ (V7¥rl@)v2la) + V,F (0.5 )

We use that, by Lemma 6.6 (ii), Vv, is symmetric and then use Lemma 6.6 (i) to
conclude that

Vaulta. ) = Voulao) — [ (V90500 + VF () )ar

+ F(q,6,) =0, V(tq) €(0,T)xT

t
- vqu*(qa 60) + / ath<q)dT
0

We combine this with the fact that, by Lemma 6.6 (i), V,u.(q,0) = vo, and use
Theorem 6.4 (iii) to obtain
(T4)  Vault,q,0:) = Vqus(q,60) + ve(q) — Vo(q) = Vi(q) = VuU(t,5¢)(q).

(ii) By Lemma 4.2 (iv), V is continuous in all its variables. Since ¢ and ¥ are
continuous we conclude that for every y,

r= Fla.o) = [ (o= =10l utdy)

is continuous. Using the representation formula provided by (7.3) we thus conclude
that the function ¢t — u(t, q, 5t) is continuously differentiable and

Oy (u(t, q, 5t)) + Wé[/;](q)‘Z

We now substitute Vi[u] by V,u(t, q,5¢) to conclude the proof of (ii). W

+F(q,5t) =0.

We now fix s and p and define the function U (which depends on s and p) by

U(t,q) = Usu(t, q) = u(t, g, 5[l wp)
so that, by (7.3),
= 2

Ul(t,q) = u«(q,00) — /;(’VT(;)’ + F(g,&T))dr.
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Corollary 7.2. The following hold:
(i)
U e W2>((0,T) x T?

(ii) U is a classical solution (hence also a viscosity solution) to (7.5) (a), where

(a) 0U(tq)+ TG 1 P(g.5) =0
(7.5) () 95, +V-(3VU)=0 in D'((0,T)) x T¢
(¢) Uy=ux(g,00), 0s=p.
Moreover, if u has o density with respect to the Lebesgue measure, then so
does oy for every t € [0,T].

Proof. By Lemma 7.1, (7.5) (a) holds in the classical sense and

t 2
DRI [ ot STt V.00 = Vila)

(7.6) oU(t,q) = 5

Lemma 3.15 guarantees that Vs[u] belongs to W2°°((0,T) x Td)d, while Theorem
3.8 (ii) ensures that ¥[u] belongs to W2°°((0,T) x T4 T¢). Hence, by (7.6),

U e W*((0,T)) x T%)

and, using the fact that v is a velocity for ¢ and that V,U; = V¢, we obtain (7.5)
(b). The two identities in (7.5) (c) follow from Lemma 7.1.

It is clear from the definition of &; and the regularity of X![u] (the inverse of
¥t [u]) given by Lemma 3.13 (iii), that if u has a density with respect to the Lebesgue
measure, then so does 6y for every t € [0,7]. R

We notice that if u(-, g, -) is regular enough then, by Lemma 9.8,
(7.7) O (U(t,%&t)) = Oyu(t,q,0¢) + /d Vyuu(t, q,0¢)(2) - V¢ o¢(dz).
T

When ¢t = s then 6; = p and so, we may then use Lemma 7.1 (i) to substitute
Vqu(s, z, p) for v4(z) in (7.7) and then use Lemma 7.1 (ii) to obtain

Vqu(s, g, w)|”
2

Thus to prove that u is a pointwise (strong) solution to the master equation (1.1),
it suffices to show that u is regular enough in all its variables.

The above comments suggest the following definition of a weak solutions to (1.1).
Let

asu(57 q, M) + /’]I‘d vuu(57 q, M)(Z) ’ un(sv 2 /’L) H(d'z) + + F(q’ /J’) =0.

w:[0,T] x T¢ x P(T?) — R

be a continuous function such that w(0,-, ) = ..
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Definition 7.3. We say that u is a weak solution to (1.1) if for every s € (0,7 and
every p € P(T?) there exists a path o € AC? (O,T;P(']I'd)) with a velocity v such
that the following hold:

i) for almost every t € (0,7), V,u(t, -, 0t) exists o,—almost everywhere.
Yy q y
(ii) o5 = p and for almost every ¢ € (0,7T)

vy = Vqu(t,-,04), o4-almost everywhere.

(ili) Uu(t,q) :=u(t,q,0) is a viscosity solution to (7.5) (a).

8. REGULARITY PROPERTIES OF X(%,$,q,-); A DISCRETIZATION APPROACH.

Throughout this section we assume that 7" > 0, A > 0 satisfy (3.7) and that F,
us and U, are given through functions ¢, U°, and U satisfying the assumptions
imposed in Section 6.

We recall that 3 and S are given by Definitions 3.10 and 4.1.

Remark 8.1. Let {a*}; C [0,00) be a sequence and let o and 8 < 1 be two nonneg-
ative numbers such that a* < o + Bak_l for all natural numbers k. Then

k—1
, a
ak§a25l+5ka0§7+a0'

i=1 1-p5
8.1. Spatial derivatives of the discrete master map. Throughout this subsec-
tion n is a fixed natural number. To x = (z1,--- ,2,) € (T9)" we associate the

measure
1 n
X
n -
=1

For s € [0, T)] recall that Mj[u] is the map defined in (2.17). For x € (T¢)" and any
continuous map

S :[0,7] x [0,T] x T¢ x (TH)™ — T,
we define

i.e.

M[x]|(S)(t,q) = q+ (t—s)VU’(S(0,5,9,%))

1 n
+ (t=5)= > VU (S(0,5,0,%) — (0, 5,2),%))
j=1

(8.1) + :L]Z;/ts ds /0S Vo(S(7,s,q,x) — S(1,5,25,%))dr.
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Corollary 8.2. Let S°(t,s,q,x) = q. Defining inductively
Sk(t, s,q,x) = M[x](S" 1) (t, q),
the following hold:
(i) S*(-,-,-,x) € C4 for every x € (T4)".
(ii) There is a constant Cy independent of k such that for any i € {1,--- ,n}

C
(8'2) ||v$isk”00? HVzﬁtSkHoo < 7

Proof. Since S°(-,,-,x) € C%, Lemma 3.9 implies (i).
(ii) We have
Vo, (S*(t,5,¢,%)) = (t — 5)V?U (5*71(0, 5,¢,%)) Vo, S0, 5, ¢, %)
1
- 5@ - S)szl (Sk71(07 $,4, X) - Skil(()) S, T, X))vqskil(ov S, Ty X)

1 n
+ 7(t - 5) Z VQUl (Sk71(07 S, Q7X) - Skil(oa s,xi,x))Ai(O, Q7xj7x)

n

7j=1
1 s l
- L[ [ V(s s
nJt 0
_Sk_l(TaSamiax))vqsk_l(’r,S,IL‘i,X)dT

1 ¢ /S /l 2 (k-1
+ - dl | V(S T,8,q,X
), (8 rs.0.%)

(8.3) —Skil(T, S,l‘j,X))AZ‘(T, q,zj,x)dr,
where we do not display the s dependence in

Ai(T,q,x,%x) = Ve, S* Y1, s,q,%) — Vo, S5 1(r, 5,25,X).
We exploit (8.3) to infer

C
V2,50 < 5 T 1TaS* oo + KT(2 4 T) |V, 8 o
Since S¥~1(-,-,+,x) € C4, we conclude that
AC
(8.4) 1V:5¥ o0 < 25T + 2007V, 55 oo
We apply Remark 8.1 to (8.4) and use the fact that V,,S° = 0 to obtain
ACt
8.5 oS loo € =L
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Direct differentiation yields
Va, (0055 (t,5,4,%)) = VU (S¥71(0, 5,4, %)) V2, S50, 5, ¢, %)

1
— EVQU1 (Skil(O, $,q,X) — Skfl(O, s,xi,x))vqsk’l(o, S, iy X)
1 n
+ - Z \Yalie (Skil(O, S,q,X) — Skil(O, S, T;, x))Ai(O, q,%j,X)
j=1

t
+ 1/ V2¢(Sk*1(r,s,q,x)—Skil(T,s,xi,x))VqSkfl(T,s,xi,x)dT
nJo

1o [t _ B
— nZ/O V2¢(Sk 1(T,s,q,x)—5k 1(7',3,mj,x))Ai(7',q,xj,x)dT.
j=1

Estimating we thus obtain

A(l4+T
V2,00 oe < 2600+ )V, 5 oo + “AETT)

This, together with (8.5), yields

K:ACT K:A(l + T)
n(1 - 2xCr) n '

We can choose Cy in terms of T,k and A to conclude the proof of the lemma. N

V2,015 ow < 20(1+ 1)

Corollary 8.3. The sequence {S¥} defined in Corollary 8.2 converges uniformly
on [0,T] x [0,T] x T¢ x (T9)" to the function S defined by S(t,s,q,x) = XL[u*](q).
Furthermore, the following hold:
(i) S satisfies (8.2), S(-,-,-,x) € C¥ for every x € (TH", and S(t,s,q,x) =
S(t,s,q,X) if X is a permutation of X.
(ii) Increasing the value of Cy if necessary we have:

Ca .
(86) quitzSHOO S 7, 1= 17 ey N
Ca . . .
(8.7) IVajeiSlloe < 50 62§ =1,mi# .
Ca .

Proof. By Lemma 3.9, for each x fixed, {S*(-, -, -, x)}x converges uniformly to S(-, -, -)
defined by S(t, s,q,x) = X4 [u*](¢q). Thanks to the Arzela—Ascoli Lemma, the bounds
on {S*}, and its derivatives provided by Corollary 8.2 imply that {S*}; converges
uniformly to S on [0,T] x [0,7] x T x (T%)".
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(i) The fact that S satisfies (8.2) and S(-,-,-,x) € C} follows from Corollary
8.2. Since for ¢,s and ¢ fixed, S(t,s,q,-) depends only on p* then S(t,s,q,x) =
S(t,s,q,x) if X is a permutation of x.

(ii) We differentiate both sides of (8.3) with respect to ¢ to obtain an identity
from which we derive the upper bound

Va5 oo < KCT (2194 oV, S oo + [V, 5o )

/ﬂ'/CT
2n
This, together with Corollary 8.2 implies

+5 Ve %

2/€ACACT + HAQCT
n .

We apply Remark 8.1 and use the fact that || V4,5°|| = 0 and then replace C4 by
an appropriate larger constant, still denoted by C'4, such that

Ca
Ve S lo < o

IVg2,5" oo < £CT[| Vg, S* oo +

Letting k tend to co we obtain (8.6).
For (8.7) we differentiate both sides of (8.3) with respect to z;, j # 4, and estimate
the subsequent expression to obtain

Va0 0 < 2607 Vay00S* Moo + A1l Vi S Moo - [V S |00

Ay k—1 k—1 k—1
+ Z2(I1Va; 8 oo - 194" oo + 1Vy0 8" o).
for some Ay, Ay depending only on x,T. We then use (i), (8.2) and (8.6) to get

_ Az
”vl'j-Z'iSkHOO < 2"<°'CTHvxjmiSk 1”00 + )

for some As depending only on x,T, A,C4. We now apply Remark 8.1 and use the
fact that ||Vz,z;S%eo = 0 and to obtain a constant that we still denote by C4 such

that
Ca

Letting k tend to oo yields (8.7).

To obtain (8.8) we differentiate both sides of (8.3) with respect to z; and repeat
similar arguments. However now the differentiation of the second and fourth lines
in (8.3) will produce terms that can only be bounded by

C _ _
Z(I945" 2 + Vg5 1o
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for some constant C. This is the reason why we obtain a weaker estimate than (8.7).

|
Corollary 8.4. Let

e (0,7), t,te[0,T], 3,4 T % xe (TH"

be such that

W2M ,“ Z|xz—$l'1rd
Set
(8.9) S =25S(s,q%), S=S(,s,q%),
and

(810) atg = ats(£78767 5()7 vqg = qu(E,S,q, i)v vwzg = V:cis((f;&@ 5()'

Then there is a constant, still denoted by Ca, such that

S-S — (I —1)0,5 —V,5(g Zv Sy — 7))

1) < Ca((-DP+ 10— a+ W3 (u’%u"))-

Proof. We write the Taylor expansion of S around (,7,X) to obtain that the ex-
pression in the left hand side of (8.11) is bounded by L + K = L + K; + Ko, where

1( . L L .
L= 5 (071008t 3 Vo=t 18y 3l Vs Sl 10 VoS
ij=1

and
n
K1 = |Vg0iSlloolt =114 — @l + > _ IV, 0:Slloolt = ] - [ &5 — Zila
i—1
and
n
Ky = | Vax;Slloold = @lpa - & — Zilpa.
i—1

Corollaries 8.2 and 8.3 provide us with upper bounds on the partial derivatives of S
up to the second order. These bounds yield
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. . Ca
§ |25 — Zi|pa - ‘%’ - xj|’J1‘dexi:ij||oo < on2
i#£j i#£j

(12 — Zil3a + |85 — Z5134)

CA ° ~ _ 12
(8.12) < =)l = Bl
i=1

and

. i — ZTi|7a|| Va2 S0 £ — Ti — Ti|Ta-
(8.13) > [2all Vo Slloo < =2 | 7

i=1 =1

We also have
(8.14) (i = D*10uSllo0 + 1d — @2l VagSlloo < 5(E —1)* + Alg — gl
We combine (8.12), (8.13) and (8.14) to conclude that
(8.15) L < Ca((i =D +1d - alu + W3 (4%, 1) )
for some constant C A

Since - 2
P F G — Ca lt =1 + |2 — ;]
IV, 0eSlloolt — ¢ - |25 — Zilpa < == 2 —,

summing up we have
= Cy Ca —
©16) 3 Ve 0Slleclf =1 81 = Fibya < 2= 87 90D 18— Bl

Similarly,

- L . Ca . _ Cax~,.
(8.17) ; IVgw:Slloold — Glra - |2 — Zilpa < 7’(1 - QI%d + on ; | T — %d-
Notice also that
Ao 3kA - 9 R
(8.18) IVaOuSlloolt =8 - 1a = al < == (It = 8" + ¢ = alya)
We combine (8.16), (8.17) and (8.18) to conclude that

K < Da((F =82+ 10— aida + W3 (15, 1))

for some constant D 4. This, together with (8.15), completes the proof of the lemma.
|

Corollary 8.5. Increasing the value of C4 if necessary we have:
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(i)
146 [los  1Vg0tS]lo0s |V ig0%Sloo < Ca
(ii) Fori=1,..,n

C
Hvﬂﬂiattsuoov qu,miatSHoo < TA

(i) Fori,j=1,..,n,i#j

Ca
n?’

1
;HvziziatSHOO7 HvzizjatSHooS
Proof. (i) Since
0uS(t,s,q,x) = =V F(S(t,s,q,%),5(t,s,,x)uu1")

(8.19) — _ij;Vqs(S(t,s,q,x) - S(t,s,2j,%)),

we have

8ttts(t7 S, q, X)

= _% ZV2¢(S(t,s,q,x) - S(t787xj7x)) (8tS(t7 Sanx) - atS(t)vaj7X))-
j=1

We use the fact that S(-,-,-,x) € C% (see Corollary 8.3 (i)) to conclude that
”8ttts||oo S 2/{14.

Similarly, we obtain the remaining inequalities in (i).
(i) Differentiating both sides of (8.19) with respect to x; we obtain

1
Va2, 0uS(t,s,q,x) = EV%ﬁ(S(t, s,q,x) — S(t, s, xi,x))VqS(t, S, iy X)
1 n
- Z V2¢(S(t, s,q,x) — S(t, s, x5, X)) (inS(t, s,q¢,x) — Vg, S(t, s, x5, X))
j=1

This, together with Corollary 8.3 (i), gives us

A 2kC
V20,0000 < 2 4 224
n n

The other inequality in (ii) is proved similarly.
(iii) We differentiate V,,0;S with respect to x; and use Corollary 8.3. W
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Corollary 8.6. Let
t,te[0,T], ¢, T x%xe(TH"
be such that

- R
W3 (%, %) =~ 2 | — Tif2a.
1=
Using the notation (8.9) and (8.10), increasing the value of C4 if necessary, we have

108 — 0,8 — (= )0uS — Vy0iS(G— @) = Y Vi, 0:5(8i — ;)|
=1

(820) < Ca((F-D+13— a2+ WE(5 %) ).

Proof. We exploit Corollary 8.5 to complete the proof in exactly the same way
Corollaries 8.2 and 8.3 are used to prove Corollary 8.4. N

8.2. Spatial derivatives of the inverse of the master map. Throughout this
section n is a fixed natural number. We define

S(t, 5,4, X) = (t, S, Zé[ux] (Q)v X) = (tv S, S(t) 5,4, X)’ X)v
R(t,s,b,x) := X [u*](b).
By Corollary 8.3, for every s € [0, 7],
S(,s,-,-) € W2 ((o,T) x T x (T9)™; (0,T) x T% x (Td)”).

Denote by I € R¥4 the identity matrix.
We exploit Lemma 4.2 (iii) to infer that S is a homeomorphism and we denote
its inverse by X'. Observe that

X(t,s,b,x) = (t,s,R(t, s, b, x),x).
Denoting the null d x d matrix by 0 and the d x 1 null matrix by 0 we have

1 0---0 0---0 0---0 -+« 0---0

0 V¢S VS VS o VoS

0 0 I o - 0
VigoS=10 0 0 I 0

: : I

0 0 0 0 I ]

and so, exploiting Lemma 3.13 (i), we obtain

1
(821) det V(t’q,x)s = det qu Z Z
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We use the Inverse Function Theorem to conclude that for every s € [0, 7]
(8.22) X(\s,,0) € W2’°°<(O,T) x T x (T9)"; (0,T) x T¢ x (']I‘d)”).
Denote by adj(A) the adjugate of a d x d matrix A so that

adj(A)A = (det A)I.

We have
adj(VyS)
.2 AN s
(8:23) Vel = Gerv,s O
B adj VyS
(8.24) OR = ( Ty Sats) oR,
and
adj(VyS)Vy, S
.2 = ————""" .
(8.25) Va i detv,s  Of

Theorem 8.7. There exists a constant D 4 independent of n such that the following
hold:

(i)
10sRlloo;  110Blloos  [[VqRlloo 104 Rlloo;  [|VggRlloo:  [10:VgRlloo < Da.
(ii) Fori=1,...,n

DA
HVHCZRHOOv ”vﬂfiqR”OO7 ||VIZIZRHO<>7 HatvszHOO < —

(ili) Fori,j=1,...n,i % j

DA

Proof. We obtain (i) as a consequence of Lemmas 3.13 and 4.4. We differentiate the
expression in (8.25) successively with respect to g, ;, t, use the fact that R(t, s, -, x)
and S(t,s,-,x) are inverses of each other, and then we use the bounds obtained in
Corollary 8.3 to conclude that (ii) and (iii) hold. W
Remark 8.8. Denoting V (¢, s, b,x) := Vi[u*](b), we have

Ve, V(t,s,b,x) = V40.5(t,s,R(t,s,b,%x),x)Vy, R(t,s,b,x)

+ V., 0:5(t, s, R(t,s,b,x),x%).

Therefore, using Corollary 8.3 (i) and the first inequality in Theorem 8.7 (i), we
conclude that, increasing the value of the constant D 4 if necessary,

D
1V, Voo < —A
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Corollary 8.9. For every t,r,s,7 € [0,T], b,b € T? and pu,v € P(T), we have
XZ[)(0) = X2ul®)] < Da(l7 — sl + | =t + b — blea + Walv, ).

Proof. Let t,r,s,7 € [0,T], ¢,G € T¢ and p,v € P(T?). Let v € I'y(u,v). Choose
sequences {(z!',y")}n in the support of  such that (8.35) holds and

N R
(8.26) Wa (" 1) = = > laf = 4] ffu.
i=1
It follows from Theorem 8.7 and (8.26) that

X5 1(B) = XL 1®)lpe < Da(lr = sl + 1 = t] 4 [b = bla + Wa(u*", 1) ).

Since, by Lemma 4.4, X is continuous, it remains to let n tend to oo and use (8.35).

|
8.3. Regularity properties of the master map. Let
B = [OvT] X [07T] X Td X {(ylnu'y) RS {17 7n}}

Let f : B — R be a continuous function such that if

(8.27) s,t€[0,T], qeT¢ di,je{l,---,n}, xyc(TH"
then

X xX 1
(828) |f(t7 s, q, (ijuy)) - f(ta S,4, (xia M ))| < CA(‘I}, - yj|Td + W2 (:U’ 7Hy) + E)

For z € T and p € P(T?) we define

g(t7 $,4, %, ,U,) = lnf{f(ta S, q, (yja My)) + CA <|Z - yj|Td + W2 (,U’a My)) }7
where the infimum is performed over the set of (i,y) such that
(8.29) ie{l,---,n}, ye (TH"
Lemma 8.10. Suppose (8.28) holds whenever (8.27) holds. Suppose that for any
x € (TH™ f(-,-,-, (x5, X)) is Ca-Lipschitz. Then
(i) g is /3Ca-Lipschitz.
(ii) On B we have |g — f| < Ca/n.

Proof. (i) For every t,s € [0,T],q € T¢, g(t,s,q,-,-) is v/2C 4 Lipschitz since it is
the infimum of v/2C 4 Lipschitz functions. This, together with the fact that, for
every x € (TH", f(,-,, (z;, u*)) is Co-Lipschitz, gives that g is v/3C 4~ Lipschitz.
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(ii) It follows from the definition of g that, for every t,s € [0,7],q € T% x €
(TH", i =1,...,n,
g(tvs7Q7xiaﬂX) < f(t787q7 ('xlvﬂx))
Moreover, by (8.28),
9(t, s, q,2i, 1) = inf{f(t, $,¢, (yj, 1)) + Ca (!wi — Yjlra + Wa (1™, uy)>}
> inf{ £(t, 5,0, (w5, 1)) + Caa (|5 — slpa + Wa (u*,1%) ) }
x 1 xyy _ Ca
—CA<|CEz‘ —yj| + Wa (1, 1) + 5) = f(t,s,q, (xi, ™)) — o

|
We now set for t,s € [0,T], ¢ € T, x € (TH)",j =1,...,n,
(8.30) ¢"(t,s,q, (w5, ™)) =nVy,S(t,s,q,%).

The map ¢" is well defined on B. In particular it is periodic in ¢ and if x € R? % € RY
are such that |x = x|« = 0 then ("(¢, s, q, (z;, #*)) = (" (¢, s, ¢, (T4, *)).

Corollary 8.11. For each natural number n, " admits and extension
X" [0,T] x [0,T] x T¢ x T¢ x P(T?) — R*4
such that, increasing the value of C4, we have

(i) x™ is Cq—Lipschitz.
(ii) On B we have |x"™ — (™| < Cy/n.

Proof. We first check the Lipschitz property of ¢"(-,-,-, (xj, %)) for j € {1,--- ,n}
and x € (T%)". We differentiate with respect to z; the expressions in Lemma 3.16
(iv) to obtain

Va, 8522 (1] = —Vyaz, EZ (WX IVE ] — quz (1], Vi)

We use the bound on |V 4, 3| provided by Corollary 8.3, the bound on |V| provided
by Lemma 3.15, the bound on |V, V![1¥](q)| provided by Remark 8.8, and the
fact that ||V4X||ec < A to conclude that ¢"(t,-,q,x;, p*) is C 4—Lipschitz for some
constant C4. Corollary 8.3 (i) gives that ¢" (-, 8,q, 4, *) is Ca—Lipschitz, while (8.6
) ensures that ("(t,s, -, z;, u*) is Ca—Lipschitz. Corollaries 8.2 and 8.3 imply that
¢" is continuous. It remains to show that (" satisfies (8.28) whenever (8.27) holds,
so that we may apply Lemma 8.10 to each component of (" to conclude the proof.

Let t € [0,T], s € (0,T), and g € T%. Let x,y € (T9)" and 1 < i < j < n. Since
S(t, s, q,x) is invariant under the permutation of the x1,--- ,x,, and V,S(t, s, ¢, %)
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is periodic in the x variables, rearranging and translating the points, we can assume

that
D ok =l < W5 (0, 1)
Py
and
|25 — vil = 25 — Yilra, |2 — y;l = |25 — Yjlpa

Moreover, using again the invariance under permutations, we have
(8.31) Vi, S(t,8,4,y)
=V S48, 4, Y55 Yis Y1s 3 Yim1,Yit 1, 5 Yj—1, Y1, 5 Yn)s
and
(8.32) V., S(t,s,q,x%)
=V S(t,8,¢, T4, 05,1, -, Ti1, Tig 1, Tjm1, Tjql, * > Tn)-
We combine (8.31) and (8.32) to obtain
Va; S(t,8,¢,y) = Ve, 5(t,5,¢, %) < Va0, Socly; — 24l
+ [ VarwsSlloolys — 5]

i—1
+ Z IVar,zhs0S|loolyk — zkl
k=1
j—1
+ Z va,xk--p-ls”oowk — |
k=i+1
n
+ > IVaraSlioolye — l-
k=j+1
Therefore, by Corollary 8.3,
Ca Cy
‘vij(t787Q7y) - inS(t,S,q,X)‘ S 7’?/]_%“*‘?‘%—%‘
Ca
T 3 Z Yk — ]
k#i3

IN

Ca Ca
7’%‘ — Tilya + FL’% — Tj|a

Cav/n
+ n;f > lyk — el
ey

Ca Vd <
(|yj - xi"ﬂ‘d +—+ W (/~L 7Ny)>’

n 2n

(8.33)

IN
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where we used the fact that the diameter of T is \/8/ 2. Consequently,

1
n|Va,S(t,s,q,y) — Va, S(t,5,¢,%x)| < \/gCAOyj — Zilpa + Wa (%, %) + 5),
which proves the each component of (" satisfies (8.28). W

Theorem 8.12. The following hold:
(i) For s € [0,T], ¥4 is differentiable on [0,T] x T x P(T%).
(ii) Increasing the value of Cy, there is a Cy—Lipschitz map

V.2 [0,T] x [0,T] x T% x T¢ x P(T¢) — R4
such that for any s,r,t € [0,T], ,q € T¢, pu,v € P(T?), and any v € To(u, v)

S — 2() — 0Ll — 1) — V2 @) — )
- [, s - 2|
TdxTd
(8.34) < Ca((r =02+ la—ala + W3 (n,v)).

Proof. Let p,v € P(T%), r,s,t € [0,T] and g, q € T?. Choose a sequence

n 1 g
V=D )
=1

such that for each i € {1,--- ,n}, (z7',y') belongs to the support of v and {7y"},

converges narrowly to y in P(T? x T¢). Note that since each (', y') belongs to the

support of v, {(z}, y7*)}?_; is | - [pa—monotone (cf. [4]) and so

y" €Ty (u"",uyn)-
Furthermore,
. x" _ . yn _
(8.35) nh_}rglo W (p, ") = nh_}n;o Wa (v, 1) = 0.

Let the map (™ be defined as in (8.30) and let x™ be as in Corollary 8.11. By
Corollary 8.4

S (q) — L") (q) — L[ ] (q) (r — t)

VSN G=0 — [ s = 20" e d)

<Ca((r=02+1a—aP + W3 (", 1¥")).
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Thus,
1)@ - B2 1) - AL @) — )
~V S (@) - (@ —q) - / X"t 4,2, ") (y — 2)7" (dz, dy)‘
Td x Td
< CA((5 —t)* + g — g + W3 (u"n,uy"))
[, €)= Ot = )|
(8.36) < CA((T — 1)+ |q—q|* + W35 (uxn,uy")) + %Wa (" "),

By Theorem 8.7 (ii), {x"}n is uniformly bounded, and by Corollary 8.11 (i) the
sequence is C'4—Lipschitz. Thus the Arzela—Ascoli lemma provides us with a subse-
quence {x"™ },, which converges uniformly to a C'4—Lipschitz map

V.2 :[0,T] x [0,T] x T¢ x T¢ x P(T4) — R4

By Lemma 4.2, 3 and ;3 are continuous while, by Lemma 4.3, VX is continuous.
Thus, replacing n by n,, in (8.36) and then letting m tend to oo we obtain that (ii)
is satisfied. W

Using Corollaries 8.5 and 8.6 and arguing similarly as we did to obtain Corollary
8.11 and then Theorem 8.12, we can derive the following theorem. We leave the
details to the readers.

Theorem 8.13. The following hold:

(i) For s € [0,T), ;%5 is differentiable on (0,T) x T4 x P(T%).
(ii) Increasing the value of Ca, there is a C4—Lipschitz map

£:00,T] x [0,T] x T? x T¢ x P(T?) — R4

such that for any s,r,t € (0,T), ¢,q € T¢, u,v € P(TY), and any v €
To(p, v) we have

O TL[W(@) — 0t (1) (q) — OuSL[1)(q) (r — t) — Va0 S [1] (q) (7 — q)
— / (g, 2)(y — 2)(dz, dy)‘
Td x T4

(8.37) <Ca((r=12+1g— g + Wi (n.v)).
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8.4. Regularity properties of the inverse master map. In this subsection, we

use the notation of Subsection 8.2.

Theorem 8.14. The following hold:
(i) X is continuously differentiable on [0,T] x [0,T] x T¢ x P(T%).
(ii) The maps 0, X, VpX are continuous on [0,T] x [0,T] x T¢ x P(T?) and the
map

VX pl(b, 2) == =V X [u) (b) VX 1] (X[ (), )

is continuous on [0,T] x [0,T] x T% x T¢ x P(T?).
(iii) Increasing suitably the value of Da, we obtain that for any r,t € 0,77,
b,be T p,veP(T), and any v € To(i, V), we have

XCAB) ~ X! ul(0) — 0Kl 0)r 1) — VXLl ()5~ 1)
— [ TR0 — 2z )
Td x Td

(8.38) < DA((r—t)Q + 15— b2 + W2 (p, y)).
Proof. (i) Part (i) will follow once we show (ii) and (iii).

(ii) By Lemma 4.4, X, ;X and VX are continuous. Since, by Theorem 8.12

(ii), V.2 is continuous, we conclude the proof of (ii).
(iii) Let u,v € P(T9), r,t € [0,T] and b,b € T?. Set

¢ = X[u)(0), q=X[V®), ie b=3([ul(q), b=TL](@
Recall that, by (3.17) and (3.18), we have

Vo X[l (6) = (VoBi[u) " o XL[ul(b) = E,

0 X [ul(b) = =V X{[u] (0) X 1] 0 X{[u)(b) = —E0 X [n] o X{[ul(b),
and, by (3.15), |E| < ¢q4. Therefore

\Xg WI(B) — XL[ul(b) — AXL ) (B)(r — 1) + Vo X[l (B)(B — b)
[ X~ 2l czy)'
Td xTd
- \E[quz @)@ — )+ =L l(@) (r — 6) — (L@ — S (@)

+ /H‘dx’lrd vﬂai[ﬂ](% 2)(y — z)y(dz, dy)} ‘

< caCa (=02 +1XLI6) = XTI O + W3 (v))-
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It remains to use Corollary 8.9 to find an appropriately large constant D4 so that
(8.38) is satisfied. N

8.5. First order expansion of V. Recall that, by Definition 3.14, for ¢, s € [0, T,
q € T and p € P(T9),

Vilu] = 02 [u] o X[l
We can differentiate the above expression by Lemma 3.13 (iii) to obtain:

(8.39) Vi) = 0 St [u] o XE[u] + V40,5 ] o XE[u] 0 X L[],
(8.40) VVilu] = VoS [u] o X{[u) Ve XZ[1].
Set

Vi Velul(b, 2) = Eul (XER] (b), 2) + Va0 S ] o X[ (0) V. X[ (b, 2).
Corollary 8.15. The following hold:
(i) 0V and YV are continuous on [0,T] x [0,T] x T¢ x P(T%).
(i) V.V is continuous on [0,T] x [0,T] x T¢ x T¢ x P(T%).
(iii) Increasing the value of D4, we obtain that for any s,r,t € (0,T), b,b € T,
w,v € P(TY), and any v € To(u,v), we have

Vi](b) = Vel (b) — 0 VE) (b) (r — t) — Ve Ve[u] (b) (b — b)
- / VWVl (b, 2)(y — 2)7(dz, dy)
Td x T4

(8.41) < DA<(r—t)2+ |E—b|2+W22(u,y)>.

Proof. (i) By Lemma 4.4, X, ;X and V,X are continuous. By Lemma 4.3 (ii),
V40:% is continuous, while Lemma 4.2 (ii) ensures that 04X is continuous. Using
the representation formulas (8.39) and (8.40) we thus conclude the proof of (i).

(ii) Since X, V40X, £ and ?MX are all continuous, we obtain that ?MV is con-
tinuous.

(iii) We combine Theorems 8.13 and 8.14, to obtain

VEW](b) = Velul(b) — 0 Velpl (0) (r — ) — Vo Velu] (b) (b — b)

_/ VuVelul (b, 2)(y — 2)y(dz, dy)‘
Td x Td

< Ca(r =02+ X3 — XU O)F + WE (1,0))

D940 oo ((r = )% + b= b2 + W (11,1))

IN

DA<(7« — )2+ |b— > + W3 (1, V)>,
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for some appropriately large constant, still denoted by D 4. Above we used Corollary
8.9 and the fact that ¥;[u] € C4 to obtain the last inequality. W

8.6. Smoothness properties of the velocity [V|?. We set
V=,V

Corollary 8.16. The function |Vs|? is is continuously differentiable on (0,T) x T x
P(T?) for every s € (0,T). More precisely, increasing the value of D 4 as necessary,
the following hold:
(1) V-V, V,VV and V are continuous.
(ii) For any s,r,t € (0,T), b,b € T¢, p,v € P(T?), and any v € To(p,v) we
have

Tl 1) |2 t 2
WRIOE  WIOP 50

2
—(VaVV)Slu(b) - (b—b) — / Velul (b, 2) - (y — 2)v(dz, dy)
Td xTd
(8.42) < DA<(r—t)2 + 15— b2 +W§(M,y)>.

Proof. The continuity of 9; - VV,V,VV and V follows from the continuity of V, 9;V,
VgV and V, V. Part (ii) is a direct consequence of Corollary 8.15. 1

9. STRONG SOLUTIONS TO THE MASTER EQUATION.

Throughout this section we assume that 7' > 0, A > 0 satisfy (3.7). Asin Section 6
we assume that F, F,u, and U, are given through functions ¢, U?, and U' satisfying
the assumptions imposed in that section. Using the notation of Section 7, we define

u:[0,T] x T¢ x P(T¢) - R
by
(9.1) u(s, g, 1) = ue (g, X1l pp) — /O(WQ(Q)Q + F(q, (Ei[u])#u))dl
for s € [0,T], ¢ € T? and pu € P(T?).
9.1. Regularity of u with respect to the p variable. We set

Ntl(g) = — / Vo (g — SLul(v)) - Ol (y)n(dy)

Td
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and

Nl(ayy) = —(VoZiu) Vo (a — Siul(y))
= [T ) Vo ~ Sl ) (),

where (V3 [u] (y))T and (V,Xt[u](u,y))T are the transpositions of the matrices
VZilpl(y) and V3[4 (u, y)-

Lemma 9.1. The function (t, s, q, p) — F(q, ¥t [u]#,u) is continuously differentiable
in the following sense:

(i) NV and (t,s,q, p) = VoF (q, S8 [plpn) are continuous on [0, T] x [0, T] x T4 x
P(T9), and N is continuous on [0,T] x [0,T] x T¢ x T¢ x P(T9).
(ii) Swuitably increasing the value of D we have that for any

(5,t,7,q,, p,v) € [0,T] x [0,T] x [0,T] x T¢ x T¢ x P(T%) x P(T¢)

and any € To(y,v),

|P(3.00) = F(a.00) = (r = )N pl(a) = VoFla,0) - (7 = 0)

— Nul(g,y) - (z — y)v(dy, dz)
Td x T4

(9.2) < DA((r =7+ 17— ql* + W3 (. V))-

o = Silulgn,  or = Sivlpr.

Proof. (i) The continuity of A" and (¢, s,q, u) = V4F(q, EZ_[M]#M) follows from the

continuity of V¢, V and ¥. Since in addition VX and VX are continuous, we

conclude that A is continuous.
(ii) We have

F(q,0,) — F(q,01) = / (0(7—24[](2) — o(q — ZL[ul(v))) v(dy, dz).

Td x Td
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Since || V2¢||o < K, we obtain

/11'd><11‘d [¢((Y = i[v](2)) — ¢(a — Zi[ul(v))

~Vo(q—Ei[ul(y) - (@ - q) — (Z(2) - EZ[M](@/)))] V(dy, dz)

K 2
<5 [ Ja—a— i) + S| v(dy,d2)
Td xTd
<Ca | (r=t2+la—aP+1z—yP + Wi v))1dy,d2)
TdxTd
(93)  =Ca((r =0 +1a—aP +2W3(uv)),

for some independent constant C 1. We notice that
/Td . V(g —Shul(y)) - (@ — a)v(dy, dz) = VeF(q,01) - (T — q)-
X

Using Theorem 8.12 (ii) we now have

/ Vo (q—Slul(y)) - | Zi(z) — SLlul(y) — 04wl (y) (r — 1)

VS ) (z —y) - / V1] (y, w) (u — w)y(dw, dU)] v(dy, dz)
TdxTd

<wCa [ (=07 41z = yP + WE(w0))r(dy.d2)
Td x T4

(9.4) - %OA((T 02 422y, y)).
It remains to combine (9.3) and (9.4) and notice that

~Nilullo) = /Td ng)(q — [yl (y)) - O[] (y) p(dy)
- /H Vo (q— Sul(v)) - 0Ll (y)v(dy, dz).
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and

VoL () (z —y)

/ V(g —Zhul(y)) -
Td xTd
[ Sl w) = w2y, d2)
TdxTd

= Ni(g,y) - (2 = y)(dy, dz).
Tdx T4

To obtain the last equality we first changed the order of integration and then renamed
the variables. W

Denote
Mlul(q,y) = —(VeSuly) VU (¢ — S2ul(y))

~ [Tl )TV - S ().
Repeating the same proof as this of Lemma 9.1 we also obtain the following result.

Lemma 9.2. The function (s,q, p) — us (q, E(S)[u]#,u) 18 continuously differentiable
in the following sense:
(i) The function (s,q,p) = Vqu.(q,Z[ulgpn) is continuous on [0,T] x T¢ x
P(T?), and M is continuous on [0,T] x T¢ x T¢ x P(T?).
(ii) Suitably increasing the value of D4 we have that for any

(5,43 1) € [0,T] x T x T x P(T4) x P(T?) and ~ € To(p,v)

Un (q, 60) — ux(q,00) — Vqus(q,00) - (7 —q)

- M[ul(q,y) - (z — y)v(dy, dz)
Td x T4

(9.5) < Da(l7—aP + W3(n.v)),
where oy, 7, are as in Lemma 9.1.

We now set
Yslul(q,y) = /OS (Vﬁ [1(q, y) + Ni[ul(g, y))dt + M[ul(q, y)-

The following corollary is a direct consequence of Corollary 8.16 and Lemmas 9.1
and 9.2.

Corollary 9.3. The following hold:
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(i) YT is continuous on [0,T] x T¢ x T? x P(T9).
(ii) Suitably increasing the value of D s we have that for any

(5:q, 1) € [0,T] x T x P(T) x P(T?) and ~ € To(p,v)

u(s.qv) = (g = [ Clila.9) - (= 9l ds)] < DaWE ().
X
Proof. (i) Since V, N and M are continuous, we obtain that Y is continuous.
(ii) We combine Corollary 8.16 and Lemmas 9.1 and 9.2 to obtain (ii). W

Remark 9.4.
(i) We combine Remark 2.6 and Corollary 9.3 to obtain that the gradient of
u(s,q,-) at p is the orthogonal projection of Y(s,q,y, ) onto the tangent
space T, P(T9). Since the combination of Lemma 6.6 (ii) and Lemma 7.1 (i)
gives that v belongs to the tangent space and vy = V,u(s, -, ), we obtain

[t ilas) - valwntan) = [ outsia.n)(w) - Vyulo. sty
Td Td

(ii) Since Y is continuous on a compact set, it is bounded and so, V,u is bounded.
Using Corollary 9.3 we thus obtain that there exists a constant x«; which is
independent of s € [0,7] and ¢ € T?, such that u(s, q,) is x1-Lipschitz.

9.2. Existence of a strong solution to the master equation.

Theorem 9.5. The function u defined in (9.1) is Lipschitz on [0,T] x T¢ x P(T%),
differentiable with respect to each of its variables, and u(0,-,-) = uy. Furthermore,
u satisfies the following:
(i) For any s € [0,T] and any p € P(T9), there exists 7 € AC?(0,T;P(T%))
such that o5 = 1 and

0oy + V- (6,5un(t, q, 5’,5)) =0 m DI((O,T) X Td)
(ii) The gradient V u and the derivative dyu are continuous on (0, T)x T¢xP(T%)
and, for every (s,q,u) € (0,T) x T¢ x P(T%),

Vou(s,q, p1)|?
Oyu(s, q, i) + /Td Vouu(s, q, ) (y) - Veu(s,y, p)pu(dy) + \q(2qu)l — F(q,p) =0.

Proof. We know from Lemma 7.1 and Corollary 9.3 that V,u and V,u exist on
(0, T)xT¢xP(T?), and Lemma 4.2 (ii) guarantees that V,u is continuous. Moreover,
Lemma 3.15 and Remark 9.4 allow us to conclude that the functions u(t,-,-) are
Lipschitz continuous with a Lipschitz constant which is independent of ¢ € [0, T]. It
thus suffices to show that the derivative d;u exists for every (t,q,u) € (0,T) x T? x
P(T9) and that (ii) is satisfied to conclude that u is Lipschitz.
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We will use the following notation:

and

([d+(t—s ) (Z‘ (t—8)0 X5 ])#u.

(i) By Lemma 7.1, V,uf(t, q,at) = vi(q) and so, since the function U used in
Corollary 7.2 satlsﬁes \% u(t q,0¢) = V4U(t,q), we use (ii) of the same corollary to
conclude that (i) holds for Tt

(ii) If s + h € [0,T] then

gn = (S5 x (1 + h\‘fs))#u € D(Tosn. Gssn)
, and thus,

Wi@emn) < [ 25700 - Silidla) ~ hOES @) o

(9.6)

IN

h4
“llousI

By Lemma 3.15 v € C*(T%)? and so, by Lemma 6.6 (ii), v is the gradient of
a function which belongs to C2(T?). Thus, for || small enough, Id 4+ hv, is the
gradient of a convex function. Consequently (see e.g. [4])

(97) Yh = (Id X (Id + hvs))#ﬂ S FO(,uv 6s+h)a

and so

(9.8) W3 (Gsins 1) = / la — b*yh(da, db) = 1?||v,]]2.
Td x T4

Furthermore, using (9.7) in Corollary 9.3, we have

s+ b ) = s+ o) = [ Teaalbl6) w0
< DaW5 (Gsin, ).

This, together with the fact that Y is continuous on a compact set and thus admits
a modulus of continuity w, yields

u(s+h,q,060n) —uls+ h,q,p) — h/w Tslul(q,y) - Vs(y)u(dy)‘

(9-9) < W@ () IVsllu + DaWE (Gatns ).
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By Remark 9.4, for any t € [0,T1], u(t,q, ) is x1—Lipschitz and so, thanks to (9.6),

k1h?
2

(9.10) ‘U(SﬂLh,q,&erh) —u(8+h7q,5s+h)‘ < 043 | oo-

By Lemma 7.1
] 1
s+ 3en) = (s, 0up) 4 0 (51V000,0.00 + Flar) )| = o0

Writing

(9.11)

U(S+ h,q,ﬂ) - u(‘S?q’:u’) = U(S‘f‘thaﬂ) _u(8+h7Q7a—s+h)
+ U(S + h7 q, &erh) - U(S + h7 q, a-s+h)
(912) + ’U,(S +h,q, &SJrh) - u(87Q7M)7
we obtain
‘U(S +hoq, 1) —u(s,qp) +h /Td Yslpl(a,y) - vs(y)u(dy)

+h(%|un(s, ¢ 1" + F(g, “))‘

< Juts +hogup) = uls + hoa. i) + [ Tla.n) - 9@ty
(s + R, g, 654n) —uls +h,q,551n)]
(9.13) +‘u(s + h,q, 5s+h) —u(s,q, 1) + h<%|vqu(s, a,1)|* + F(q, u)) ‘
We combine (9.8), (9.9), (9.10) and (9.13) to conclude that if we set
i= = [ Tulul(a) S w)ud) = 519 uls. 00 = Fla.p)

then

05 + by gy 12) — (5, 1) — il = ofh).
This proves that u(-, ¢, p) is differentiable at s, dyu(s, ¢, u) = @, and dyu is continuous
on (0,7) x T¢ x P(T%). In other words,

u(s 2
Oeuls, ¢, 1) + /Td Ya[ul(g,y) - Vs (y)u(dy) + w

We now use Remark 9.4 (i) to complete the proof. W

+ F(q, ) = 0.

Definition 9.6. We say that a continuous function v : [0,7] x T¢ x P(T¢) — R is
a strong solution to (1.1) if v(0,-,) = us, v is differentiable with respect to each
of its variables on (0,7) x T¢ x P(T%), dyv, Vv are bounded and continuous on
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(0,7) x T¢ x P(T?), there exists a bounded and continuous map Y : (0,7) x T? x
T x P(T¢) — R? satisfying for every (t,q, u,v) € (0,T) x T¢ x P(T?) x P(T%)
(9.14)

sup
v€lo (V)

o(t,q,v) —o(t, q, 1) — /de Yspl(q,y) - (2 — y)y(dy,dz)| = o (Wa(u,v)),

and we have

[Vqu(t,q, p)]?

o(t,q, ) + /Td Vuu(t g, 1) (y) - Veu(t,y, pu(dy) +

for every (t,q, 1) € (0,T) x T¢ x P(T%).
A direct consequence of Theorem 9.5 is the following corollary.
Corollary 9.7. The function u defined in (9.1) is a strong solution to (1.1).

We finish this section with a chain rule for functions regular enough to be strong
solutions to (1.1). In the rest of this section 7" is any positive number.

Lemma 9.8. Let T > 0 and let v : (0,T) x T? x P(T?) — R have the regular-
ity properties required for a strong solution to (1.1). Let Q € Wh?2 (O,T; ’]I‘d),a €
AC? (O,T;P(Td)). Let s € (0,T) be such that QS exists and there exists a velocity
of minimal norm v for o. (Recall that by Theorem 8.3.1 and Proposition 8.4.5 of
[4], v¢ emists for a.e. t and v, € T,,P(T?).) Then the function t — v(t, Sy, 0¢) is
differentiable at t = s and

d
%U(t’ St, O-t)\t:s = atU(S, Qs US) + qu(sa Qs, US) Qs

(9.15) + [ (5,000 w) vali)ond)
Proof. The proof is similar to the proof of Theorem 9.5. We define

T (]d + (t— s)vs)#as.

Then

= (Id x (Id + hvy)) yos € To(os, Gsrn),
and, by (9.8),
(9.16) Wa(6s1n,05) = [1][[Vs]lo,-

Moreover, by Proposition 8.4.6 of [4],
(9.17) W2(05+h, OA—erh) = O(h>
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We have
U(S + h, Qs+h7 Us+h> - U(S, Q57 Us) = U(S + h, Qs+h7 Uerh) - U(S; Qs+h7 Us+h)
+ ’U(SvQS—l-hao-S-‘rh) - U(S,Qs,03+h)
(918) + U(S,QS,05+h) _'U(S,QS,O'S)-

By the mean value theorem there is 7 € [s, s + h| such that

V(s +h, Qsihs Osyn) — V(8, Qsths Osyn) = hOw(T, Qsyn, Osih)-
Therefore, by the continuity of dsv,

- atv(sv Q87 Us) = 0‘(hh|)

U(S + h7 Qs+h7 Js+h) - U(S, Q5+h7 Uerh)

(9.19) 3

Using the mean value theorem again, there is z in the line segment connecting Q)
and Qs1p such that

U(S, Q5+h7 Us-i—h) - U(87 QS7 Us+h) = qu(s> Z, 0'5+h) . (Q5+h - Qs)

Therefore, by the continuity of Vv,

) YS y Vs - y sy Vs - h
(920) ’U(S Q +h, O +h)h U(S Q g +h) o qu(57Q57Us) . Qs _ O|(h’)
Now
U(S,QS,O'S+}L) - U(87Q8705) - 'U(S,QS,O'S+}L) _U(S7Q57&s+h)
(9.21) + v(8,@s,0s1n) — v(s,Qs, 05).

Since it is easy to see that v is Lipschitz, there is a constant L > 0, such that

< LW3(0s+h,0s+n) _ o(h)
- A k|’

U(S, Q57 Us—f—h) - ’U(S, QSa OA-S-‘rh)
h

(9.22)

where we used (9.17). Finally, if Y is a function from (9.14) for v, we obtain

WS» o1 Gath) = vl 0,0) _ /T Ts[05)(Qs1y) - Vs (y)os(dy)

h
ER) As - y4YyUs 1
- ‘U(S,Q G +h}2 v(t,q,05) h/ﬂ'dx’[d Tu[0s)(Qsy) - (= — y)un(dy, d2)
0 (W3 (05, 55+n)) _ o(|p[[vsllo.) _ ofh)
|h| Al Al

(9.23) =
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where we used (9.16). Therefore, combining (9.18), (9.19), (9.20), (9.21), (9.22) and
(9.23), we obtain

d
%U(ta Sta O-t)\t:s = atv(& Q87 Us) + qu(sa Q87 Us) : Qs

+ [ 1@ vl

It remains to notice that v, € 7,,P(T9), and thus

/ T, 1051 (s, ) - v (y)os (dy) = / V(5. Q. 05)(y) - vs(y)rs(dy).
Td Td
[ |

9.3. Connection with MFG equations and existence of a Nash equilibrium.
Our study does not establish whether strong solutions to (1.1) are unique and thus we
cannot exclude the possibility that there may be another strong solution to (1.1) not
given by the representation formula (9.1). For this reason, in this subsection, without
appealing to that representation formula, we explain how any strong solution to (1.1)
can be used to obtain a solution to the First Order Mean Field Games equations
(1.2) and obtain the existence of an analogue of a Nash equilibrium for a game with
a continuum of players.

We begin with a lemma that provides a rigorous connection between strong solu-
tions to the master equation equation (1.1) and the First Order Mean Field Games
equations (1.2).

Lemma 9.9. Let T > 0, let u be a strong solution to (1.1) (see Definition 9.6), and
let u € P(T9). Then:

(i) There exist ¢ € AC?(0,T; P(T%)) such that

(9 24) 0:01 + V - (un(t,q,ﬁt)ﬁt) =0 m D/(<O,T) X Td),
) or = .
The solution & is given by ; = S(t,-)gp for t € [0,T] and if p is non-
atomic, so is oy fort € [0,T]. In particular if p has a density with respect to
the Lebesgue measure, so does a; fort € [0,T]. Here, S is the flow uniquely
determined by the system of differential equations
(9.25) 0¢S(t,q) = Vqu(t,S(t,q),0:), qeTd te(0,T)
' S(s,q)  =gq qe T
(ii) If U(t,q) := u(t,q,5¢), then U € C([0,T] x TY) N C'((0,T) x T¢) and the
pair (a,U) satisfies the system of equations (1.2), in fact U is a classical
solution to the HJ equation in this system.
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Proof. We sketch the proof. Since V,u is continuous and bounded, for any o €
AC5(0,T,P(T?)) there exists o* € AC?(0,T;P(T%)) such that

{ oo +V - (Vu(t,q,0¢)07) =0  in D'((0,T) x T,
os = p.
In other words, we have defined a map which to each o, associates ¢*. Using it-
erations one checks that this map has a fixed point &; in other words, & satisfies
(9.24).
It is obvious that U(t,q) := u(t,q,d;) satisfies U € C([0,T] x T¢). By Lemma
9.8 and the fact that u is a strong solution to (1.1) we have, for a.e. t € (0,7 and
every q € T,

(9.26)

d
8tU<t7 Q) = %u(u(ba—t)

= duult,q,a1) + /Td Vyu(t, q,6)(y) - vi(y)oe(dy)

~ \|2

since v; = Vqu(t,q,0;) for a.e. t. Noticing that the right hand side of (9.27) is
continuous, we conclude that 9,U(t,q) must exist for every ¢t € (0,7) and every
q € T¢ and be equal to the right hand side of (9.27). Thus U € C'((0,T) x T¢) and
the pair (,U) solves (1.2). In particular U is a classical solution to the HJ equation

IV U(t )
2

(9.28) QU (t,q) + + F(q,01) =0, U(0,q) = u.(0,q,00).

Moreover it is a standard that, under our assumptions on u, and F', we have V,,U <
C1, for some C' > 0. Using these facts it then follows from the theory of HJ equations
and ODE theory that (9.25) has a unique solution on (0,7") and the flow satisfies
IS(t,q1) — S(t,q2)|pa > C1l|q1 — q2|pa for t € [0,T],q1,q2 € T¢, for some C; > 0, and
thus if p is non-atomic, so is 6; := S(t,)xu for t € [0,T]. In particular if 4 has a
density, so does 64 := S(t,-)xp for t € [0,T]. Moreover, by results on the continuity
equation, & is the unique solution to

(9.29) { 061+ V- (Vqu(t,q,61)6¢) =0 in D'((0,T) x T7),

or = .
For the proofs of these statements we refer the reader to [12], Section 4.1, Lemmas
4.11 and 4.13, and Section 4.2, Theorem 4.18 (see also [1]). The uniqueness of
solutions of (9.29) thus implies 6; = 6; = S(¢, -) 4, which completes the proof. W

We assume in the rest of this subsection that 7' > 0 and u is a strong solution to
(1.1).
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We are now ready to explain what we mean by a Nash equilibrium.
Let s € [0,7] and p € P(T?) be a non-atomic measure; for instance, we may
assume that p has a density. Given paths

QeW(0,5T), o€ AC*(0,5P(T%),

we define the action
s,1 .
Js(Q, =/ S1Q-* = F(Qr,07) )d
@)= | (510~ F (@07 )ar

and the augmented action

s 512
jgo(an—) _/0 <‘622t| _F(Qtagt)>dt+u*(c20a00)'

Suppose we have infinitely many players represented by points on T%, the position of
an average player at time s is at ¢ € T?, and p is the given probability distribution
of the players at time s. The players try to choose paths to minimize their utility
functions given by the augmented actions. It is assumed that each player knows
the overall distribution of all the players at each time ¢, which is represented by the
measure o[S];, and which is determined by the overall flow of all players. However
neither player can change the distribution of the players by his/her own actions alone
as it can be changed only by a collective action of the players. This is why the phrase
continuum of players is used and games with this kind of structure are also called
non-atomic. We are thus looking for a map S(t, q) such that, S(-,q) € W2(0, s; T%)
for every ¢q € T¢, and

t7sO(S('7Q)7O-[S]) < JSO(Q,O'[S])
for every q € T¢,Q € Wh? (O, s;']I'd) such that Q(s) = ¢, where

oSl = S(t, ')#,u-

The measure o[S]; gives the distribution of the players at time ¢ determined by the
flow S, and the path S(-,¢q) is then optimal for the player which is located at ¢ at
time s for every ¢ € T¢. This is what we mean by a Nash equilibrium.
Let S, & be as in Lemma 9.9 (applied with 7" = s) so that (9.24) and (9.25) are
satisfied and &; has a density with respect to the Lebesgue measure for all ¢ € [0, s].
We recall that if u is the strong solution constructed in Section 9.2 then the pair

S(t,q) = Siul(q), 60 = S(t,)up

solves (9.24)-(9.25).
We refer to V,u(t,q,6¢) as a closed loop feedback control strategy. We claim
that map S constructed this way gives a Nash equilibrium for the game in the sense



EXISTENCE OF A SOLUTION TO AN EQUATION OF MEAN FIELD GAMES 65

described above, and u(t, g, p) is the payoff function for the player which is at y at
time s, i.e., for every y,

U(Saq’lu’) = jsO(S(‘7Q)76) < tyso(Qva)

for every path @ : [0,s] — T is such that Q, = q. We refer the reader to [12] and
[22] for more on the concept of a Nash equilibrium for games with large numbers of
players.

Lemma 9.10. Let Q € W2 (O, s; Td) and be differentiable at t € (0,s). Then
d

pr (u(t, Qt,01) — T (Q, 6)> <0

unless Q; = Vqu(t, Qi 0¢), in which case equality holds.

Proof. We remind that v, = Vgu(t, -, ;) is the velocity of minimal norm for & for
every t. We thus have, by (9.28),

d d _

4 (1o - 7@.0)) = (v, @) - 5(@.0))

5 12
= QU(t, Q1) + Q- VU(t, Q1) — |Q2t| + F(Q¢, 0¢)

= U(t, Q) + %’qu(ta Qu)? + F(Q4,5¢) — %’Qt —~V,U(t,Qu)

1 .
= _§|Qt — Vqu(t,Qr, 1)
This completes the proof. W

Corollary 9.11 (Existence of a Nash equilibrium). Assume Q € W12 (0, s;']l‘d) 18
such that Qs = q. Then

(9.30) u(s, g, 1) = JJ(5(-.q),0) < J2(Q,0),

unless Q = S(+,q).

Proof. By Lemma 9.10, unless Q; = Vqu(t, Qi a¢) for ae. t €0, s|, we have
U(S, quu) - js(Q76) - U(O, Q0750) <0

and
U(S, S(sa Q)vu) - u7s(S('7Q)a 5) - U(O, S(Oa q)>50) =0.
We now use that
u(sv Qs, :u) = U(S, QMM) = U(S, S(Sv Q)nu)
and
U(O, QO; &0) = u*(Q07 50)7 U(O, S(Oa Q)750) = u*(S(O, Q>7 &0)7
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to obtain (9.30). Since S(-,q) is the unique solution to (9.25), Q; = Vyu(t, Qt,dy)
for a.e. t € [0, s, implies S(-,¢q) = Q on [0,s]. N
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