METRIC VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS

WILFRID GANGBO AND ANDRZEJ SWIECH

ABSTRACT. A theory of viscosity solutions in metric spaces based on local slopes was ini-
tiated in [39]. In this manuscript we deepen the study of [39] and present a more complete
account of the theory of metric viscosity solutions of Hamilton-Jacobi equations. Several
comparison and existence results are proved and the main techniques for such metric viscos-
ity solutions are illustrated.

1. INTRODUCTION

The study of first order Hamilton—Jacobi-Bellman (HJB) equations in infinite dimen-
sional Hilbert spaces or Banach spaces with the Radon-Nikodym property or a differentiable
norm started several decades ago [0, [I7, I8, M9, 21 22, 24, 25]. However there is a need
to go beyond these spaces as last decade has witnessed many studies connecting first order
Hamilton—Jacobi equations on spaces of measures or more general metric spaces to sev-
eral areas. Such equations arise for instance in statistical mechanics and large deviations
8, @, Mo, 0T, M2, 13, BT, B2, B3], fluid mechanics [29, B2, B3], 34, B3, B6l, B7, B8], Mean Field

Games [15], B0, BT], optimal control [0, B2, B3], study of functional inequalities [Bl, 0, 4T, H2]
and other areas [3], @ [T6, @2]. Also the study of partially observed stochastic optimal control

problems, rewritten in the form of optimal control of the Zakai equation, naturally leads to
the investigation of second order HJB equations in the space of measures, and attempts in
this direction have been made in [A3], @5].

There is a substantial literature on HJB equations in Hilbert and Banach spaces. The
reader may consult the book [6] for earlier results in Hilbert spaces covering mostly the case
of regular solutions and connections with optimal control. M. G. Crandall and P-L. Lions
introduced the theory of viscosity solutions in Hilbert and Banach spaces in a series of papers
7, 18, 19, 211, 221, 24, 25] for equations with bounded and unbounded terms, and later other
notions of viscosity solution appeared, see for instance [I4, U8, B4 (5], and the subject is
relatively well established. There is also a well developed theory of viscosity solutions for
second order HJB equations in Hilbert spaces.

Much less is known about equations in spaces of measures and general metric spaces.

Several approaches and definitions of viscosity solution for special and more general HJB equa-
tions in the Wasserstein space have been proposed, see [, [, [T6], 29], B0, BT, 32, B3, 35, &6l K1
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and also a short discussion about them in the introduction of [39]. In [#4] regular solutions
for an equation in the space of probability measures were studied. As regards equations in
metric spaces, Hamilton—Jacobi semigroups, and pointwise differential inequalities involving
local slopes satisfied by them have been investigated in [B, @l Bl @0, BTl £2], mostly in con-
nection with applications to various functional inequalities. A definition of metric viscosity
solution was introduced in [A2] for eikonal equation which can possibly be extended to a class
equations which are similar in type to these considered in this paper. It looks at the behav-
ior of functions along curves and it is substantially based on the sub- and super-optimality
inequalities of dynamic programming. We introduced a different notion of metric viscosity
solution in [39] which is based on local slopes and the use of appropriate test functions. The
definition was influenced by the definition of strict viscosity solution in [I9]. Similar in the
spirit definition of metric viscosity solution appeared independently in [I] and well posedness
of the equations was proved there. We compare our definition with that of [I] in Section B
There is some overlap between [I] and this paper however the majority of the results here
are different.

In this manuscript we have endeavored to develop a more complete theory of metric
viscosity solutions began in [39] which encompasses a large class of Hamiltonians. We will

consider time dependent problems

(1.1) owuw+ H(t,z,u,|Vul) =0, in (0,7) x Q,
(1.2) u(t,z) = f(t,z) on (0,T) x 09,
' u(0,2) = g(z) on 9,
and stationary equations
(1.3) H(z,u,|Vul) =0, inQ,
(1.4) u(z) = f(x) on 09,

where H : [0, 7] x Q2 xR x [0,+00) — R is continuous, € is an open subset of a geodesic metric
space, and |Vu| is the local slope of u (see Definition EZTl). In [39] results were proved for
equation ([CII)-(C2) with special Hamiltonians of the form H(|Vul|) + f(x) even though the
techniques developed there would apply for more general equations. In the current manuscript
we prove a range of comparison and existence results that apply to a wide range of equations
and we present a sample of techniques that the reader can apply in other cases. Comparison
theorems are proved for equations with Hamiltonians that are sublinear and superlinear in the
local slope variable and some other more special cases, for instance for equations of eikonal
type. We also prove a domain of dependence theorem. Existence of metric viscosity solutions

is established for general equations by Perron’s method and Perron’s method together with



approximation. In a particular case of equations with convex Hamiltonians associated with
variational problems, existence of metric viscosity solutions is also established by showing
directly that the value function is a metric viscosity solution (cf. Subsection EE2 ). The results
of this paper, together with these of [39], create a foundation for a theory of metric viscosity
solutions that can be applied and expanded in various directions. We point out that after
the basic definitions and techniques are properly set up, the methods are inspired by these in
finite dimensional spaces [23, [7] or in infinite dimensional Hilbert or Banach spaces [I'7, [I8, [T9),
21, 22, 241, 25, B8] Although it should be easy for the readers familiar with viscosity solutions
to make a transition to the metric case, we have made an effort to include computations other

readers may be unfamiliar with.

2. DEFINITIONS

Throughout this manuscript, we assume that (S, d) is a complete metric space which is a
geodesic space. A metric space is a geodesic space if for every x,y € S there exists a geodesic
of constant speed zy,0 <t < 1, connecting x and y, i.e. a curve such that

xo =y, 1 =, d(zs, 1) = |s — t|d(z,y), 0 <t < s <1

Let T'> 0 and let 2 C S be open.

Definition 2.1. ([2, B B0, B2 ). Let v : (0,T) x Q — R. The upper and lower local slopes of
v at (t,x) are defined respectively by
. tay) B U(t7x)]+ — . [U(tay) B U(tax)]—
2.5 VTou(t, z)| := limsup [ , [V7u(t, x)| ;= limsup
(25) [VTo(t, z)| nst i.7) V™ o(t, z)| nst i)
The local slope of v at (t,z) is defined by

. v(t,y
Vo(t,z)| := limsup
Vel ) y—z d(y,x)

It is easy to see that |V~ v| = |[VT(—v)|.

For a function f defined on a subset of @ C [0,7] x S (or @ C S) we will write f* to
denote its upper semicontinuous envelope, and f, to denote its lower semicontinuous envelope,
i.e.

fr(t,x) = limsup f(s,y), fo(t,z)= lminf f(s,y).
(s,y)—=(t,x) (s,y)—(t,x)

We will say that a function f is locally bounded in @ (or just locally bounded) if it is
bounded on bounded subsets of Q. A function p : [0, +00) — [0, +00) is called a modulus if p
is continuous, nondecreasing, subadditive, and p(0) = 0. If lims_,o, p(s)/s < 400 we can also
assume without loss of generality that p is concave, and for every € > 0 there is a constant
C¢ such that p(s) < e+ Ces,s > 0.

We recall the definitions of viscosity solution of ((ILl)-(C2) and (C3))-(CA) from [39].
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Definition 2.2. A function ¢ : (0,T) x Q — R is a subsolution test function (¢ € C) if
Y(t,x) = YP1(t,x) + Pa(t, ), where 11,109 are Lipschitz on every bounded and closed subset
of (0,T) x Q, |[Vii(t,x)| = |V~ 1(t,z)| is continuous, and Opb1,0ppy are continuous. A
function 1 : (0,T) x Q — R is a supersolution test function () € C) if — € C.

If the equation is time independent the test functions in C and C are assumed to be time

independent.

Lemma 2.3. (Lemma 7.2 of [39]) Let ¥y (t,x) = k(t) + k1(t)p(d?(x,y)), where y € S, ¢ €
CH([0,+0)), ¢’ >0, k,ky € C1((0,T)),k1 > 0. Then

V=it @) = [V (t, )] = 2k (1) (d (2, y))d(z, y).
In particular |V (t,x)| is continuous and thus the function can be used as the 11 part of a

test function.

For notational purposes we extend H to s < 0 by setting
(2.6) H(t,x,r,s) = H(t,z,r,0) for s <DO0.
However the definition of a metric viscosity solution works for any continuous extension of

H. We define for n > 0

Hy,(t,x,r,s):= inf H(t,x,r,7), H"'t,z,r,s):= sup H(t,z,r7).
|T—s|<n I7—s|<n

Remark 2.4. Suppose a,b >0, ro,71 >0 and |b — a| < rg + r1. Then there exists a number

¢ between a and b such that |c —a| < ry and |b—c| < rg. As a consequence

H" (t,z,r,a) > H(t,x,r,c) > Hy (t,x,r,b).

Definition 2.5. A locally bounded upper semicontinuous function u : [0,T) x  — R is a
metric viscosity subsolution of (L)-LA) if u(t,z) < f(t,xz) on (0,T) x 08, u(0,z) < g(x)
on Q, and whenever u — 1) has a local mazimum at (t,x) for some v € C, then

(2.7) atl/J(t,x) + H‘V¢2(t7m)‘*(t,x,u(t,x), ‘V”tbl (t,a:)]) S 0.

A locally bounded lower semicontinuous function u : [0,T) x Q — R is a metric viscosity
supersolution of (LA)-L3A) if u(t,z) > f(t,z) on (0,T) x 092, u(0,z) > g(x) on Q, and
whenever u — 1) has a local minimum at (t,z) for some ¢ € C, then

(2.8) Onp(t,x) + HVEO (¢ u(t,x), Vi (t,2)]) > 0.

A continuous function u : [0,T) x Q — R is a metric viscosity solution of {I)-(L3A) if it is

both a metric viscosity subsolution and a metric viscosity supersolution of (L1)-(L3A).



Definition 2.6. A locally bounded upper semicontinuous function u : Q — R is a metric
viscosity subsolution of (LA)-[TF) if uw(z) < f(z) on 09, and whenever u — ¢ has a local

maximum at x for some ¢ € C, then

A locally bounded lower semicontinuous function u : 8 — R is a metric viscosity supersolution

of (LA)-(TA) if u(x) > f(z) on 0, and whenever u—1) has a local minimum at x for some
W € C, then

(2.10) HIV0 (@, u(x), [V (2)]) > 0.

A continuous function u : Q — R is a metric viscosity solution of (L3)-(T4) if it is both a

metric viscosity subsolution and a metric viscosity supersolution of (L3)-(T2).

Compared to the definition in [39] we added the requirement that metric viscosity sub-
solution/supersolutions be locally bounded. This is not essential but it allows to weaken some
of the conditions on the Hamiltonian H. We will mostly work with 2 = S. We stated the
definition of viscosity solution for equation ([CII)-([CZ) defined in (0,7") x £, however we may
often need to use the notion of viscosity subsolution/supersolution in an open subset @ of
(0,T) x S without reference to initial and boundary conditions. We will then say that an up-
per/lower semicontinuous function u : Q — R is a metric viscosity subsolution/supersolution
of (CI) in @ if ZT)/([ZT) is satisfied whenever u — 1 has a local maximum/minimum in Q.
Initial and boundary conditions are disregarded in this case.

There are many similarities and several differences between our definition of metric
viscosity solution and the one in [I]. The basic principle is similar however the approach is
different. The authors in [I] take a very restrictive class of test functions, basically enough
functions to prove comparison principle, and then define upper and lower versions of the
Hamiltonian for the subsolution and the supersolution test functions. This seems to be rather
cumbersome from the practical point of view, for instance if one wants to use a different
perturbed optimization technique or use a different cut-off function one has to redefine the
upper and lower Hamiltonians. Having few test functions is also restrictive. For instance the
sum of two test functions in [I] is not a test function, and the product of a test function
and a smooth function of time is not a test function. It would be impossible to prove the
results of Section Bl without using test functions which are more general than these allowed
in [T]. Many viscosity solution techniques require a wider class of test functions. This issue is
rather technical but we think it is better to have a definition that allows for more flexibility
in the use of test functions and is not tied to any specific form of them as in [I]. Another

difference between the results of [I] and these in our paper is that in [I] the assumptions



were introduced through the Lagrangian. We introduce the assumptions directly through the

Hamiltonian. This makes the conditions more transparent from the PDE point of view.
Definition 2.7. We say that 1 is a strong metric subsolution of [L1l) in an open subset Q
of (0,T) xS if ) =1 + s € C and

(2.11) o, x) + HV U (12 (8 2), [V (t2)]) <O for (8,2) € Q.

We say that v is a strong metric supersolution of {L1l) in an open subset Q of (0,T) x S if
Y =191+ €C and

(2.12) O (t, @) + Higyy(t.a) (T, 0(t, ), VY1 (t,2)]) >0 for (t,2) € Q.

Strong metric viscosity sub/super-solutions of time independent equations are defined

similarly. We want to alert the reader that strong metric subsolutions are supersolution test
L)1 s used
in (1)) instead of H gy, (e - in @), and H gy, .)+ is used in [(ZI2) instead of HIV¥=2(tz)l*

in (). Thus inequalities ([Z7) and [F)) are stronger than III) and ZI2).

Lemma 2.8. If ¢ is a strong metric subsolution (respectively, supersolution) of (I1l) in an

functions and strong metric supersolutions are subsolution test functions, H!V¥2(

open set Q C (0,T) X S then it is a metric viscosity subsolution (respectively, supersolution)
of (L) in Q.

Proof. We will only do the proof for the subsolution case. Suppose that ¢ = 1)y + 15 € C
satisfies (ZIT) in Q and let ¢»—1) have a local maximum at (¢,2) € Q for some 1) = 1), +1)s € C.
Then 9y)(t, x) = dyip(t, z) and

(2.13) IV (1 — 1) (t, )] < [VH (g — o) (t,2)] < |V (ha — ) (t, )]

Therefore

[V F(4hs — o) (t, z)| > limsup (1 — 1)(t,y)) — (1 — ¢0)(t,2))]+

y—z d(y, v)
2 lim sup [wl(tv y)) B ¢1 (t7 33‘)]+ — lim sup |1)[~)1(t7 y) B 1;1 (t7 33‘)|
y— d(y, z) y— d(y,z)

= [VF o (t, )| = [V (t,2)| = [V (t, @) — [V (¢, )]
Likewise we obtain
IV (2 = 2)(t,2)| 2 [V (=) (t,2)] — [V (t,2)|
= |V (t, )| — Ve (t, )|
= [V (t, ) = [Veu(t,2)].
It thus follows from the above two inequalities and (ZI3]) that

IV (t, @) — [V (t, 2)| | < [V(2 — o)t 2)| < [Via(t,z)| + [Vida(t,2)|
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We apply Remark B4 with
a:= |V7,[)1(t,117)|, b:= |V1[~)1(7f,l‘)|, T i= |V¢2(t,$>|, To ‘= |VTZ)2(75,33)|
and use (EZITI) to obtain

81&72)(75733) + H|v¢2(t7x)|*(t,l‘,ﬂ)(t,l‘), |V7;[;1(t7$)|) S 0

which completes the proof. W

The following result is a combination of Ekeland’s lemma [26] and a smooth perturbed
optimization technique of [27, B3]. It follows from the proof of the Theorem on page 82, in
H9]. The result in [49] was stated in a Banach space, however the proof is the same if a
Banach space is replaced by a complete metric space. The statement of the lemma below
is simpler than the statement of the corresponding Lemma 7.4 in [39] which was based on

Borwein-Preiss variational principle, however each can be used to give the same results.

Lemma 2.9. Let K be a real Hilbert space with norm |- |k, and let D be a bounded, closed
subset of SXK . Let ® : D — [—00,+00) be upper semicontinuous, bounded from above and not
be identically equal to —oo. Then for every e > 0 there exist (Z,y) € D and p. € K, |pe|x < €,
such that

®(z,y) — €d(z,Z) + (pe, y)

has a mazimum over D at (Z,y), and

O(z,y) >sup® —e.
Q

3. GENERAL HAMILTONIANS WITH SUBLINEAR GROWTH

We will only study the case 2 = S. Let 2y be a fixed element of S. The Hamiltonian H
was initially defined on (0,7") x S x R x [0, 400) and then extended by (E8). Here we assume
from the beginning that H is defined on (0,7") x S x R x R. Thus all the results are true for

possibly other extensions of the original H. We make the following assumptions.

e (Al) H is uniformly continuous on bounded subsets of (0,7) x S x R x R.
e (A2) There exists v > 0 such that for every (t,z,71,72,5) € (0,7) x SXx Rx R xR

H(t,x,r1,s) — H(t,x,r9,s) > v(ry —re) if r1 > ra.

e (A3) For every R > 0 there is a modulus wg such that for every (¢,r,s) € (0,T) x
RxR,z,y €S

H(t,7,5) = H(t,y,7,8)| < wr(d@,y)(1+|s)) if max(d(z, 20), d(y, o), Ir]) < R.
e (A4) There is L > 0 such that for every (¢t,z,r,s,7) € (0,7) x Sx Rx R xR
|H(t,x,r,s) — H(t,z,r,7)| < L(l + d(a:,a:o)) ls — 7.

7



e (A5) For every R > 0 there is a modulus o such that
9(x) = g(y)| < or(d(z,y)) if max(d(z,zo),d(y,z0)) < R.
Remark 3.1. Observe that by (A4)
|\H(t,xz,r,s) — Hy(t,xz,r,s)|, |[H(t,z,r,s) — H'(t,xz,r,5)| < L(l + d(m,azo))n.
3.1. Preliminaries. We recall a technique that will be used in many proofs (see also HES]).

Suppose (Al — A5) are satisfied. Let u be a metric viscosity subsolution of ([Il) and v be a

metric viscosity supersolution of (IIl) such that there are constants ¢, k > 0 such that

(3.14) u(t,z), —v(t,x) < c(l+ d%(x,xo)), for allt € [0,T),z €S.
Fix £ >0, k >k, k> 1 and set M = Lk + 1. We define
_ _ I R
\IJO(tvs7x>y) —U(t,$) U(Svy) T _ ¢ T—S,

for t,s € [0,T) and x,y € S. For these variables and for J, ¢, 3 > 0 we define

\Ilé(ta S,Z‘,y) - \Il()(ta S,Z‘,y) - 5<6Mtdk(x7x0) + eMSdk(yaxO))a

d?(z,y t—s)?
\P5,6(t787$ay) = Wé(tvs7x>y) - %7 \1’57576(75,8,217,:1/) = \1'575(t,s,a:,y) - ( 26) .
For n,~v, R > 0 we consider the sets
En={(t;s,2,y) €[0,T)* xS+ |t —s| <n}
57777 - {(t,s,a;,y) € 87] : d(xay) < ’Y}
57],'y,R - {(t, s,x,y) € En,'y : d(l’,:};‘o) + d(yaxO) < R}
We set
(315)  mi= lim L limsup {$o(t,5,2.9) s (6:5,2.9) € Epor} € (0,]
mes := lim lim sup Ys(t,s,z,y)
PY—>0 17_>0 g’?v"/
ms,e == lim sup ¥s,, Mmsep:= sup Ws,g.
n—0 g, [0,T)2xS?

Remark 3.2. The following hold:

3.16 =1

(3.16) m = lim ms,
(3.17) mg = liné Mg e
(3.18) mse = };IH%) Mg.e 3-

Proof. We only prove [BI6]) and (BI7) and omit the proof of (BI8) which is similar to that
of (BIM). We have

supWs > sup Us > sup Uy — 2RF5eMT.

Y EnvR EnvR
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Thus,

(3.19) hm mg > lim lim hm sup (Wg — 2R*6eMT) = lim hm sup Y.
—0 6—07=0n=0g,  p 1=0n=0 g o

Letting R tend to o0 in ([BId) we obtain m < lims_,q mgs. Moreover, because of ([BI4l), for
every 6 > 0 there is R® such that lims_,o R® = +00 and

supUs = sup Us.

Y &y v R
Therefore
lim mgs = lim lim lim sup V¥4 < lim lim lim sup Wy =m.
6—0 0—0~v7—0n—0 g 5 6—0~y—0n—0 g 5
n,7v,R n,7v,R
We have
A2 (z, 2 2
sup Vs = SHP{M + \Ilé,e} < l =+ sup \Il5,e < l =+ sup \Ilé,e'
Eny Eny 2¢ 2¢ Eny 2¢ &n
Hence,
2
(3.20) mg = lim hm sup Us < lim lim (— + sup \11576) = Mg,e,
1—=0n—0¢, - 1—=0n—0\2€ g

which implies ms < lime_qms.
We fix 6 > 0. For n,e > 0, let (¢, s}, z5,y;) be points in C [0,7)% x S? such that
It;, — syl <m and

(3.21) sup Vs < n+ Ws(t5, 87,20, Yy)-
n
Because of (1)) and [EZT]) it is clear that we must have d(zj,y;) < Csy/€ for some constant
Cs. Therefore, by BZ1),
mgs = lim hm Sup VUs=lim lim sup Vs
v—0 n—0 En, e—0 n—0 gn,C(gx/E
> !g% %1111 sty sy xn,yn) > 112% %%(s;}) Use—1n) = 112% Mg e

3.2. Time dependent problems.

Proposition 3.3 (A comparison principle). Let (Al — A5) be satisfied. Let u be a metric
viscosity subsolution of (L) and v be a metric viscosity supersolution of (L1)-(LA) such that

(5-14) holds and
(3.22) lim([u(t, ) — g(2)]+ + [v(t, 2) — g(x)]-) = 0

t—0

uniformly on bounded subsets of S. Then for every 0 < Ty <T

(323 lim lim limsup {u(t,2) = v(s.y) : (t5,2.9) € Eppm, 0 tis <Tip <0,

In particular u < v.



Proof. Let k > k,k > 1, and let M = Lk + 1. Suppose that EZ3) is not true. Then for
sufficiently small p > 0, defining m as in ([BI0), we have m > 0.
We notice that there is a constant ¢; (depending only on L, k) such that
(3.24) Mrk — LE(1 + 7)1 > ¢, for all 7 > 0.
Moreover if i (t, ) = eMtd¥(z, 29), we have
(3.25) |Vop(t, z)[* = ke™td* 1 (x, x0).
In the sequel, we use the function ¥ in place of ¥;. g and we set U(t,s,z,y) = —oo if either
t =T or s =T. Since ¥(t,s,z,y) — —oo as min(d(z,xo),d(y,z9)) — oo, uniformly for
t,s € [0,T] and €, 3, using Lemma 3 in [0,7] x [0,T] x BR(;(xo) Bp;(z0) for big enough
Rs, for every n > 1 there are an, b, € R, |a,| + |b,| < L, and (£,5,2,9) € [0,7] x [0,T] x
Bpr;(z0) X Bpr,(zo) such that
1
W(t.5.2.9) + agt + bus - ~(d@. ) + d(y.9))

has a global maximum over [0,7] x [0,7] x S x S at (¢,5,Z,y). Thus if ¢ is fixed, for some

constant Rg, independent of €, 3,n, we have

(3.26) d(z,x0), d(y,z0), Ju(f,7)], [v(5,7)] < Ry.
Moreover we have
_ 1
(3.27) Msep < V(8 2,9) + —
We can then conclude
(t —5)? . (t=3% 1 1
) < 2 < -
(3.28) Ms.e8+ n o= U(t,s,7,9) + I t o Smeeast
and
d*(z, 7 t—35)? 1
(3.29) Ms.e 3+ (46 ) + ( 4ﬁ) < M 26,28 + .
It thus follows from [B2¥) and [BI]) that
F_ 3?2
(3.30) lim lim sup (t-3) =0 for every d,e > 0.

B—0 n—-+o0o

Moreover ([BID), (B29) and E30) imply

2__
%.9) =0 for every § > 0.

(3.31) lim lim sup lim sup

e—0 £B—0 n— o0

It now follows from [BI6), BI7), BIX), B21), B30) and B3T) that there are m > 0,59 > 0

such that for § < dg

(3.32) lim inf lim inf liminf(u(¢, Z) — v(3,7)) > m > 0.

e—0 £B—0 n—oo

10



Thus [B32), together with 22), B30), B3T) and (A5), implies that if J,¢, 5 are small

enough and n is sufficiently big we must have 0 < t,5§ < T
t —5)?

Setting 1 = 11 + 9 where
¢(tm):M w(tm):—at—i—ld(xm)—l—L—i-éeMtdk(azx)—i-
1\0, % ) 2\, n n 5 40 T _ ¢ y L0 25

1

we have ¢ € C and

)

d(z, 7 - 1
($’y), |Vaho|*(t, ) < 8|Vho(t, z)|* + ~= SkeMtdb L (x, z0) +

(333) Vul(t,2) = 25
Thus, by the definition of metric viscosity subsolution and the maximality property of u — v

at (t,7),
S -3 + oMM R (z, 20) — an + Hygy, i)+ | 6T, u(l, T) dz.0))
(T —1)? 3 ) Vb2 (t,2)] 1 BB T =
This, together with Remark Bl (B24]) and ([B33)) yields
W o t—3§ __d
T2 + B + H <t,m,u, e>
<H fiﬁé —Hoigawsl | 6T é — oMM dR (2, x0) + a
- LA € 5\V¢(t79€)\*+* € n
1
< L(1+d(z,z0)) <5keMtdk Yz, zg E) SMeMEdF (2, 30) + an
L
= ap + — (14 d(&,x0)) + 6Md* 1z, 20) (Lk(1 + d(F, 0)) — Md(Z,z0))
1 L -
(334) S g + E(l + R(S) + |C1|5€MT = pl(é, n),
where, we have set
u:=u(t,z), d=d(z,7).
We notice that
lim i on) =
2 I 1 (0) =0
Similarly, since v is a metric viscosity subsolution
W t—35 . d
. — - —— —H -] < .
(3 35) T2 ﬁ (Svyvvv E> > p1(57n)
It follows from (A1) and (B2 that
d _ d
(336) H <§7 gv ’L_)v _> - H <t7 gv 57 _> ‘ é 102(57 €; ﬁv ’I’L),
€ €
where
lim lim sup p2 (0, €; 3,n) = 0.

B—0 n—+oo
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Therefore, (B32), (B30) and B34), give
w o t—3s _ . d
=~ _ _ Z2) < .
T2 ﬁ H<t7y7u7 E) _p1(57n)+p2(5767/37n)
if § < &g, and €, 3,1/n are small enough.

Adding B34) to (B37) and using (A3) we obtain for such 0, €, 5,n

2 g (tyu é) - H (tazu g) +2p1(6,n) + p2(6,¢; B,n)
d*(z,79)
€

(3.37)

(3.38) < wp, <d(:i, y)+ +2p1(0,n) 4 p2(0,€6; 8,n).

It remains to take lims g limsup,_,q limsupg_, limsup,,_, , ., in ([B38) and use @31 to ob-

tain a contradiction. W

Theorem 3.4 (Existence and uniqueness for bounded initial value functions). Let (A1)—(A5)
be satisfied, let g be bounded, and let for every M > 0

(3.39) sup{|H(t,x,r,0)| : (t,z) € (0,T) xS, |r| < M} = Kpr < +00.
Then there exists a unique bounded metric viscosity solution w of {IL1)-[LA) satisfying
(3.40) lim [u(t, ) — g(2)| = 0

uniformly on bounded subsets of S. The solution u is uniformly continuous on bounded subsets
of 0,T) x S.

Proof. We need to produce a metric viscosity subsolution and a a metric viscosity supersolu-
tion of (CT]). The existence of a metric viscosity solution is then obtained by Perron’s method
which was established in [39] for a slightly less general equation. However the method and
its proof remain the same for the current case and therefore will not reproduce it here.

We explain how to show the existence of a supersolution. Given C' > 0, using (A2) we
have

C+ H(t,x,Ct+ ||9]|,0) > C + H(t,z,0,0) > C — K.

In light of (B39) and Lemma we conclude that if C' > 0 is large enough, the function
w(t,z) = Ct+ ||g|lo is a metric viscosity supersolution of ([[1]). Let R > 0 and let o be the
modulus of continuity of g on {z : d(x,z9) < R+ 1}. For € > 0 let ac, g > 0 be such that
or(S) < e+aeprs,s > 0and acgp > CT+2||g||oc. Then for every y € S such that d(y, zo) < R,

9(y) + € +acrd(z,y) 2 g(x) x €S, g(y) + e+ acrd(z,y) > w(t,z) t € (0,T),d(z,y) > 1.

Therefore it follows from (A2), (44), (B39) and Lemma R that there are constants Cc g > 0
such that if d(y,z) < R then the function we y(t,x) := Cc rt + g(y) + € + ac,rd(z, y) satisfies

12



and the function we , is a strong metric (and hence viscosity) supersolution of (ICTl) in (0,77) x
{z : d(x,y) < 1}. Then the function @, = min(w, we,) is a metric viscosity supersolution
of (CI)-([C3) in [0,7) x S. Repeating the proof of Step 1 of Theorem 7.6 of [39] it is now easy

to see that the function
u(t,x) = (inf{wy(t,z) 1 € > 0,y € S}),

is a bounded metric viscosity supersolution of (ILTl) which satisfies

lim[(@)*(t, ) — g(2)]+ = 0
uniformly on bounded subsets of S. A bounded metric viscosity subsolution u of (I)-(C2)
satisfying

lim((w). (¢, ) — g(x)]- =0
uniformly on bounded subsets of S is constructed by the same arguments applied to the
subsolution case. We remind that by Proposition B3] comparison principle holds for bounded
(in fact polynomially growing) sub- and supersolutions of ([ILIl)-([C2) satisfying B2Z2 Tt follows
from construction and comparison that u < (u)* and (u), < u and hence comparison ensures
that u < @w. Therefore, by Perron’s method, the function

u(t,z) = sup{v(t,z) : v is a metric viscosity subsolution of ([l),u < v < T}

is the unique bounded metric viscosity solution of ([CI)-(C2). The uniform continuity of u on
bounded subsets of [0,7) x S follows from B23]) applied with v =u. N

The next theorem is a domain of dependence type result. Results of this type are known
in Euclidean spaces, see Lemma VI.1 of [20], and in Hilbert spaces, see [2I]. Our proof is an

adaptation of the proof of Lemma VI.1 of [20] to the metric case. For R > 0 we denote
Ap:={(t,z) € (0,T) x S: d(z,x0) < Re™"* —1}.
Theorem 3.5 (Domain dependence and a comparison principle). Let (Al)—(A4) be satisfied.

Let u be a metric viscosity subsolution of [L1l)-(LA) with initial condition g1 and v be a metric
viscosity supersolution of (L1)-{LA) with initial condition gy. Let g1, g2 satisfy (A5) and let

(3.41) lim(fu(t, 2) — g1(2)]+ + [v(t,2) — g2(2)]-) = 0
uniformly on bounded subsets of S. Then for every R >0
(3.42) sup(u - v) < sup{[g1(x) — g2(x)] : d(x,20) < R —1}.

In particular, if (A1) — (Ab) are true then there is at most one viscosity solution of (I1)-(L3)
among functions in C([0,T) x S) satisfying [F40Q) uniformly on bounded subsets of S.
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Proof. Let R > 0. We define for m > 1, h > 0 the functions
W (t, ) := exp (m [eLt(l + d(z, o)) — R])
and the sets
Al = {(t,2) € (0,T) xS : d(x,x0) < (R+ h)e 5t —1}.
We notice that

(3.43) lim wp,(t,z) =0 for every (t,z) € Ag.

m——+

We consider for p4 > 0,e¢ > 0,3 > 0 the function

d2 t— 2
U(t,5,2,0) = u(t.2) = os9) = 7 =~ wnlt) — win(s,) — T2 )
on Z};{ X Z};{, and we set V(t,s,z,y) = —oo if either ¢t = T or s = T. Since u and v

. . ~h _ —<h .-
are locally bounded, the function v is bounded above on AR x Ap. Furthermore, it is upper
semicontinuous there, and so by Lemma EZ9 for every n > 1 there are ay,, b, € R, |a,|+ |by| <
- —h _ —h
%, and (t,5,7,7) € AR x AR such that

1

has a maximum over Z}}; X Z}}; at (t,5,7,7). Similarly as in the proof of Proposition B3 we

obtain
7 5)2
(3.44) éin%] lim sup (t—3) =0 for every m,u,e > 0,
—Y n—+4o00
d*(z, 7
(3.45) lin% lim sup lim sup (z.9) =0 for every m, u.
€ B—0 n—00

Since

lir}rl inf{wy, (t,x) : (t,2) € DAL N (0,T) x S} = +o0,
it follows that for large m we must have

(F,5,5,9) € O(Al x AhY N ((o,T] xS x (0,T] x s).
If

(3.46) sup(u — v) > supi[g1(z) — ga(@)]y « d(, 20) < B —1},
R
then there is (¢t,2) € Ag and v > 0 such that

u(t.x) = o(t, @) > sup{[gy () — ga(2)]s : d(w,z0) < R— 1} + 3.
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It then follows from [BZ3) that

U(t,t,x,x) > Sup{[gl(x) — go(x)]4 s d(z,20) < R— 1} + 3y

_ % B 2wm(t, LZ') + (an + bn)t - %(d(l’, j) + d(x’ g))

> sup{[g1(2) = ga(@)]+ : d(,z0) < R—1} +2
if u < pg, m > mg, n > ng for some ug, mg, ng independent of € and (3. Therefore, since

g1, g2 satisfy (A5), we can assume that for p < pg, m > mg, n > ng

sup 1/; > sup{[g1(x) — g2(2)]+ : d(z,20) < R+ h—1} +7~
AR x AR

if 0 < h < hg for some hg > 0, and moreover
(3.47) u(t,z) > v(8,7).
Now, (A5), @), BZd) and BZH) imply that 0 < ¢,5 < T whenever u < pg, m > my,

n > ng and €, B are sufficiently small. By the definition of metric viscosity subsolution we

thus have

_ - B B Az, 7
—|———|—’I7LL€ (1+d(3_jvxO))wm(tvj)_an"i'H\Vwm(ﬂ:Y:)\*-‘rl/n (tvj)u(tyj)y (xe y)> <0,

T

which, together with (A4) and |Vw,, (f, Z)[* = me tw,, (t, %), gives

Fos N 1
53 <t,x,u(t,x),(%y)> < —%erl(g),

for some modulus p;. Similarly we have
F_3
S+ H (5, 5,v(5,7),
g

Therefore, using (A1), (A2), (B30) and BZ17) implies

2 d(z,y _ ___d(z,y

T—’; <H (t Y, u(t, 7), (x’y)> - H <t,x,u(t,w),(x—’y)> + p2(€ 6, n)

€ €

for p1 < po,m > mg, where limg_olimsup,, ., p2(€; 3,n) = 0. This yields a contradiction

d(i,gj)) > % —,51(%)-

after we invoke (A3), [E31), and take lim. .olimsupg_limsup,_, . as in the proof of
Proposition Therefore ([BZ2) must be true.

The uniqueness of viscosity solutions is a direct consequence of ([BZ2) when g1 = g2. N

Theorem 3.6 (Existence and uniqueness for general initial value functions). Let (A1) — (A5)
be satisfied. Then there exists a metric viscosity solution u of (L1)-(LA). The solution u is

uniformly continuous on bounded subsets of [0,T) x S and is unique among functions in

C([0,T) x S) satisfying (5:40).
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Proof. Let h € C§°(R) be such that 0 < h <1 and h(r) = 1 for |7| < 1. Define for n > 1,
hyn(T) := h(7/n), and

Hn(t7x7r7 S) = hn(d(xaxO))H(tv‘Tﬂrﬂ 3)7 gn(x) = hn(d(waO))g(x)

It is easy to see that H,, g, satisfy (A1) — (A5), with possibly different wg, o, however with
the same constant L in (A4). Moreover H, satisfies (B39). Therefore, by Theorem B2l for
every n > 1 the problem

(3.48) Oy, + Hy(t, x, Up, |Vuyp|) =0, in (0,T) xS,
’ un(0,2) = gn(z) on'S,

has a unique bounded metric viscosity solution u,, which is uniformly continuous on bounded
subsets of [0,7) x S. By Theorem we have u, = u, on A, if m > n. Since for every
m >n, Hy(t,x,r,s) = Hy(t,x,r,s) = H(t,xz,r,s) on (0,T) x A, x R xS, it thus follows that
the function

u(t,z) == lm wu,(t,x)

n—-+400

is uniformly continuous on bounded subsets of [0,7) X S, u = u, on A, for every n > 1,
u(0,z) = g(z) on S, and u is a metric viscosity solution of

owu+ H(t,x,u,|Vu|) =0, in (0,7) x S,
u(0,z) =g(x) onS.

The uniqueness follows from Theorem [ |

3.3. Further results. We show here how to relax some conditions in a comparison theorem
if we know in advance that either a subsolution or a supersolution is Lipschitz continuous.
To minimize technicalities we only consider Hamiltonians H = H(z, s) however the result
would also hold for more general H. Theorem B can also be regarded as an improvement of
Theorem if a subsolution or a supersolution is Lipschitz continuous, since no convexity
of H(x,-) nor any restrictions on its growth are required. We make the following assumption
which is weaker than (A4):

e (Adw) For every R > 0 there is a constant Lr > 0 such that for every (z,r,s) €

SxR xR

\H(z,s) — H(z,r)| < LR<1 n d(m,ajo)> s — 7| if max(|r|,|s|]) <R.

Theorem 3.7 (A comparison principle). Assume H = H(x,s) satisfies (A3), (Adw) and let
g satisfy (AD). Let u be a metric viscosity subsolution of [H{-04) and v be a metric viscosity
supersolution of (f27) satisfying (ZZA) uniformly on bounded subsets of S. Suppose also
that u,v satisfy ([G-IA) with k = 1, and that either u(t,-) or v(t,-) is Lipschitz continuous,
uniformly for 0 <t <T. Then [ZZ3) holds.
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Proof. Without loss of generality we assume that there exists L > 0 such that
(3.49) lu(t,x) — u(t,y)| < Ld(x,y) forte (0,T),x,y €S.

Let R := L + 18ec + 1, where c is from ([B22), and we set K := 4Lr. We define T3 :=
min(7,1/K)/2,T5 := 2T5. We will first prove [B23]) for 0 < t,s < T. The proof initially
proceeds like the proof of Proposition If B23)) does not hold for 0 < ¢, s < T5, we define

the function
7 [ P(z,y)  (t—s)?

\I’(t,s,x,y):u(t7$)_v(87y)_T3—t_T3—S_ 2¢ 2ﬁ
= 0" (1+ d?(x,20)) — 6™ (1 + d*(y, 20))

and for every n > 1 there are a,, b, € R, |a,|+|b,| < %, and (t,5,7,7) € [0,T5] x [0,T5]) XxSx S
such that

U(t,s,2,y) + apt + bps — %(d(az, z)+d(y, 7))
has a global maximum over [0,73] x [0,73] x S x S at (¢,5,Z,y). We also have that (BZ0),
B30), B3T) hold, and if p, d, €, 5 are sufficiently small and n is sufficiently large then
(3.50) U(t,s,z,y) >0

and 0 < t,5 < T3. By the definition of viscosity subsolution we thus get

/ the defiito "
(351) S BRI+ (@ 20) =+ Hie oo (7 T ) <0

i
_l’_

(Ts—1)?> B

If follows from ([B22)) and [BX0) that

o2+ d(@,20) + d(§,70)) = u(t, ) = v(5,5) > §(" (1 + d(@,0)) + " (1 + d(, 20))

(1 + d(z, 20) + d(7, 20))*.

Wl ™

>6(2+ d*(z, o) + d* (y,x0)) >
This gives us
(3.52) 6(1+d(z, o) + d(y, o)) < 6e.

Since .
U(t,5,z,7) + ant + bys > V(,5,7,7) + apt + b,5 — —d(7y, T),
n

we obtain
_ - - d(z,p) Kt/ 12(~ 2/ Lo
Ld(.ﬁl’,y) > u(t,x) - U(t,y) > f + de (d (‘TaxO) —d (yaxO)) - ;d(ywx)
d*(Z, 7 _ ~ R S
> TEI ez, 20) + (g, 20))d(5,7) ~ (7. 7).
Therefore, by [BELJ), we obtain
T,y 1
(3.53) d(i’ D <[4 Gec+ -



and thus, since Kt <1,

d 7oay _
(3.54) dz.) +20e"td(z,20) < L+ 6ec + 1 + 20ed(,x9) < L+ 18ec + 1 = R.
€

Using (A4w) it thus follows from (BX2I])

Z;S +H (f, L(i’y))

< —% — 0K eXN (1 + d* (7, w0)) + 20eM Lp(1 + d(T, 20))d(F, w0) + p1 (1, 6, €, B; )
3

(355) S _% + pl(,ua 57 675; n)7
3

where lim,,—, 4o p1(1, 0, €, 3;m) = 0. Similarly we obtain
t—3 ~ d(jv :’j) Y
3.56 H > — — 1) in).
( ) ﬁ + <y7 B = T32 Pl(#» 76767’”)
Set Rs := max(6¢/d, L + 6ec + 1). Combining (B5H) and (BE0) and using (A3) now gives
2M _ d ja g
2 <on, (de.) (14 820) ) 4 2p0000..50m)

3
which produces a contradiction in light of [B31) for p,d sufficiently small after we let

lime,o limsupg_,o limsup,,_, , ., above.

We can now reapply the procedure on intervals [T»/2,3T%/2], [T, 2T5], ..., [kT2/2,T),
where k£ > 1 is such that the last interval has length less than or equal to 75, to conclude the
proof. We remark that we do not have an exact equivalent of condition B22) at time T5/2,
however (B2Z3) on [0,T3] gives a replacement for (B222) and implies that the procedure can
be restarted at To/2. W

We remark that [20] contains several results on viscosity solutions of Hamilton-Jacobi
equations with superlinear gradient terms in finite dimensional spaces that may be adaptable

to the metric space case.

4. HAMILTONIANS CONVEX IN THE MOMENTUM VARIABLES

4.1. A Comparison Principle. The next result is a comparison theorem for equations with

superlinear growth in the local slope variable of the form

Ou+ H(z,|Vu|) — f(x) =0, in (0,T) xS,
(4.57) { u(0,z) = g(x) onS.

We could include the dependence on ¢ in the equation however we omit this easy extension
since the presentation is already very technical. Our approach is different from that of [I].
Techniques of the type we use derive from the ideas of 7). We remark that when H is
independent of x, Theorem 7.5 of [39] gives comparison for ([ZRD) for metric viscosity sub- and

supersolutions growing at most linearly, without any restrictions on H besides its continuity.
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We make the following assumptions.

e (B1) H is uniformly continuous on bounded subsets of S x R, and for every z € S,
H(x,-) is convex and nondecreasing.
e (B2) There exist C' > 0,0 < k < 1,m > 1 such that for every (x,s) € S x [0, +00)

H(z,s) < C(1+d(z,xz0))"s™.

e (B3) There exist functions v(t),7(t) such that v(t) > 1 for 1 < ¢ < tg, F(t) — 1 as
t — 1, such that for every ¢t > 0 and (z,s) € S x [0, +00)

ty(t)H (z,s) < H(z,ts) <75(t)H(z,s).
e (B4) There exists § > 0 such that for every (z,s) € S x [0, +00)
H(z,s) > 0s™.

e (B5) For every R > 0 there is a modulus wg such that if (z,y,s) € S x S x [0, +00)
and max(d(z, zo), d(y, o)) < R, then

|H (z,s) — H(y, s)| <wr(d(z,y))(1+s™).

e (B6) There exists a constant M such that

f>M onS.
We define « to be the solution of & = k + m(a — 1), i.e.
1—-r
=1 .
Q + 1

Example 4.1. It is easy to see that the Hamiltonian

a(xr)s™ s>0,
H(m,s):{ 0() 2

satisfies conditions (B1) — (B5) if a is uniformly continuous on bounded subsets of S, and

0<0<alx)<C(l+d(z,z9))", z€S.

We remark that since H(z,-) is nondecreasing, H"(x,s) = H(x,s +n) and H,(x,s) =
H(zx,s—n),x€S,s€R,n>0.

Theorem 4.2. Let (B1l) — (B6) be true and let f,g satisfy (A5). Let u be a metric viscosity

subsolution of {57) and v be a metric viscosity supersolution of {-04) satisfying (ZZ3)
uniformly on bounded subsets of S. Suppose also that

: u(t7 l‘) : _U(tv :E)
(4.58) limsup sup ——— <0, limsup sup ———
d(z,x0)—+o0 t€]0,T) 1+ da(l‘, J50) d(z,x0)—+o00 t€]0,T) 1+ da($7 ;L'O)

Then u <w.

<0.
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Proof. The proof initially proceeds like the proof of Proposition B3l Suppose that sup(u—v) >
211 > 0. Then if A\ < 1 is sufficiently close to 1 we also have sup(Au—1v) > v for \g < A < 1.
We define for \g < A <1, p > 0,6 >0, € >0 and § > 0 the function

pooop o day)  (t—s)
T—t T-—s 2¢ 20

— 0t (1 4+ d™(z,20)) — e (1 + d*(y, x0)),

U(t,s,z,y) = —oo if either t = T or s = T. We have by L), ¥(t,s,z,y) — —o0 as
max(d(z, xg),d(y,x)) — +oo, uniformly for ¢,s € [0,7] and ¢, 3. Therefore, using Lemma
B3 for every n > 1 there are a,,b, € R, |a,| + [b,] < %, and (¢,5,Z,9) € [0,T] x [0,T] x
Bpr,(x0) x Bp,(xo) for some Rs > 0 such that

U(t,s,z,y) = Au(t,x) —v(s,y) —

1
W(t,5,,) + ant + bus — - (d(z,7) + d(y,9))

has a maximum over [0,7] x [0,T] xS xS at (¢, 5, Z, ). Arguing as in the proof of Proposition
we have that (B30) and [B31) are satisfied and there is o > 0 such that if 0 < p <
to, Ao < A < 1, and d,¢,3,1/n are sufficiently small, we must have 0 < ¢ and § < T It then
follows from the definition of viscosity subsolution that

T . SR f - 5 4 66T (1 + d* (3, 20)) + AH <g; %(@  sadd (3.0 %>>

< a, + \f(Z).
Since by (B6)

—Af(Z) = —f(z) + (1 =AM,
we thus obtain

! g *+ et (14 d*(z,z0)) + A\H <x, % <M — baetd*(z, x0)>>
€

(459) < F@) — 5 +puln) = (L= NN,

where lim,,—, 1o p1(n) = 0 for fixed \, p, d, €, 3. Since for every a,b € R,0 <n < 1,

na =mn(a—b)+ (1 —n) (%b>

the convexity of H(z,-) implies

H(z,ma) < nH(Z,a—b)+ (1 —n)H (%‘ 1 -

Applying this with
o l+X o dzy) o,
I VI b=

20



we obtain

a7 _ t ja—1(
> d(z,g)\ A=A, " dae"d* (2, z0)
A n 1—n A

€
1+ A d(z,y K _
(4.60) > 7(24_—/\)H <_, @) — C1(a, A, T)6™ (1 + d(Z, z0)) d™N (z, z0)
where we used (B2) and (B3) to get the last inequality. Since m > 1 it thus follows by the
definition of « that if ¢ is sufficiently small, say § < dg = do(\, T, o, K, m), then

(4.61) +3e (1 + d™(Z, 20)) — Ci(a, A, T)6™ (1 + d(Z, 20))"d™ " (z, z9) > 0.
Therefore, for § < &g, we finally have using ([ERY), (D) and (EEGII)
t—3 1+ A _ d(z,7) _ i

. — @) < -2 (1 - M\)M.
(1.62) () 1 (3 8L < @) < k) - (1)
Similarly, using the definition of viscosity supersolution, we have

f—3 _ d(z, 7 N .

(463) —= = 0% (1 +d%(,20)) + H (y WEI) , facta 1<y,wo>> @) 2 75— )

for some function, still denoted by pi, such that lim,, .1 p1(n) = 0 for fixed A, u, 0, €, 5. We

choose 7 such that

1+ _(1
The convexity of H, together with (B2) and (B3), implies
H <y7 d(:Evy) + 5a€8da_1(y,l'())>
€

T

(1= (5, ——ac"d® (7, 20)
) Qe )

€

1 -
aos) o7 (2) i (58D ) 4 Cala AT+ ) e o)
Combining [E63)) with GH) we thus again have that for 6 < ;3 = 01(\, T, o, k, M)
t—s5 (1 _d(z,7) _ W
: - g ) > ,
(4.66) (2 (5500 - 1w 2 - o)
Subtracting ([EGH) from [GZ) and using ([ELG4) we obtain

rH <:ﬁ d(i’y)> Ly (%) <H (m d(i’y)> ~H (y M)) + f(5) - f(2)

2p
S-qmt 2p1(n) — (1 =AM
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which, by (B4), (B5) and (A5), implies

(52)" ()it 1+ (2]

< ony(d(7, 7)) — 2+ 2p(n) — (1~ N)M.

T2
We now take A\g < A < 1 such that
2p 1%
—ﬁ—(l—)\)M < —T2-

Then, for such A, 0 < p < pg, 0 < § < min(dp, 01), and €, 3, 1/n sufficiently small, we have

<7»9 — 75 <%> ng(d(xay))> <@>m

7 (1 _ o
(467 <t 477 () el ) + oyl ) + 200,
Taking lim. .o limsupg_,o limsup,,_, o, in [E&7) and using ([B31]) gives a contradiction since

the left hand side will become nonnegative and the right hand side will become negative. W

4.2. Existence of a solution; The value function. Throughout this subsection we assume
that L € C (S x [0, oo)), for each = € S, L(x,-) is monotone nondecreasing, and there exist
a monotone nondecreasing function 0 < p € C([0,00) and for each R > 0 there exists a
modulus wpr such that if d(x, z¢), d(y,zo) < R then for r > 0 we have

(4'68) ‘L(J}, T) - L(?J? T)’ < Q(T)LDR(CZ(‘%? y))

We also assume there are functions £ : [0,00) — R and W : S — R such that if » > 0 and
x € S then

(4.69) L(z,r) > L(r) — W(x),

where there are real numbers Cy,C; > 0, § > 1 and a continuous function « : [0, +00) —

[0, +00) such that lim,_, o a(r) = +oo and

(4.70) L(r)>a(r)r’ —Cy, r>0,
(4.71) W(z) < C1(d’(z,2) +1), z€S.
Moreover we assume that g satisfies (A5) and
(4.72) —g(x) <y (d‘g(:no, z)+1).

We define the Hamiltonian
(4.73) H(z,s) = SI>118 {sr — L(z,7)}, s>0.

The proof of the following lemma is elementary and will be skipped.

Lemma 4.3. We have:
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(i) For each x € S, H(x,-) is monotone nondecreasing.
(ii) If 0 < s <m, then

Hy, ) = H(z,0) = sup {(s —)r — L{z.r)}

We define the value function w:
¢
u(t, z) = inf{ / L(o(s), [o’|(s))ds + g(o(0)) : o(t) = ),
7 Jo

where the infimum is performed over the set of absolutely continuous paths o : [0,¢] — S,
and |o’|(s) is the metric derivative of o, see [2], pages 23-24.

The path o(s) = x is used to obtain
(4.74) u(t,z) < tL(z,0) + g(x).

Remark 4.4. Lett € (0,7T], let z € S and let o : [0,t] — S be an absolutely continuous curve
such that o(t) = x.

(i) There is a constant Cy independent of x and z € S such that
(4.75) —g(2), W(z) < Cs <d9(z,:1:) + d(x, x0) + 1), Z€S.

(ii) There is a constant Cr independent of t,xz, o, such that

(4.76) /0 L(o(s),|0"|(s))ds + g((0)) = %/0 al|o’|(1))le’(r)dr — Cr(d’(z, 20) +1).

(i) For every R > 0 there exists a constant C(R) depending only on R such that if
d(zop,x) < R and

(4.77) u(t,z) > -1+ /0 L(o(s),|o'|(s))ds + g(a(0))
then

(4.78) /0 o|o’|(7)|o’Pdr < C(R) and W(o(s)) < C(R).

Proof. (i) Using the fact that a — a? is a convex function, @ZT) and @TF) yield ETH).

(ii) We recall Jensen’s inequality:

t 0 t
</ |0’/|d7'> < t(’_l/ |0’/|9d7'.
0 0

We set z = o(s) in [EH), where s € [0,¢] and first use the fact that d(o(s),o(t)) < fg lo’|dT

and then Jensen’s inequality to obtain
t 0
~ato(O), Wiol) = Ca [ 1olar)" + aa0) +1)
0

t
(4.79) < C<t9—1/ lo’|%dr + d°(x, o) + 1)
0
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and so,
/Ot ~W(o(s))ds + g(o(0)) > —Cr (/Ot lo')0dr + d° (z, o) + 1) ,

This, together with ([EGd) and [T ) yields
¢

| L)1 16)ds + 9(o(0) = [ (£001) = Crlo')") dr = Cola (.20) + 1)
0 0
> 5 |l r)ar = Corta o) + 1)
for some C'7.
(iii) We combine ([EZE), [ETEH) and ([EEZD) to obtain
/Ot a(lo’N|o’|%dr < 2(1 + Cp(d? (x, z0) + 1) + u(t, x))

< 2(1+ Cp(d’(x,20) + 1) + g(x) + tL(,0)) < C(R)
for some constant C'(R) by (A5) and ([GF). This, together with () completes the proof
of (iii) after we readjust C(R). R

Lemma 4.5. If o is a path satisfying {-74), o(t) = z, and d(z,z9) < R, then there is a
modulus of continuity pr, independent of t,x, o, such that

(4.80) d(o(s1),0(s2)) < pr(|s2 —s1]), 0 < s1,82 <.

Moreover there is a constant Cy(R) such that

(4.81) d(o(s),z0) < Ci(R), 0<s<t.

Proof. We will only deal with the case § = 1 since the case 6 > 1 follows easily from Holder’s

inequality. If (ERM) is not true then there is 6 > 0, points 0 < t,, < T, x, € S,d(zy,z9) < R,

paths o, 0 (t,) = T, and 0 < s} < s2 < t,,, such that s2 — s> =:¢, — 0 as n — +oo0 and

d(o(sy),0(s2)) > 4.

n

Denote

Since

we must have

Thus, by ETS),



This gives a contradiction if n is large enough. Inequality [EXI]) now follows from
d(o(s), x0) < d(o(s),0(t)) + d(z,z0) < pr(t) + d(x,x0) < pr(T) + R =: C1(R).
|

Lemma 4.6. Assume 0 <t <t+h <T and x € S is such that d(zg,z) < R,R > 0. Then

there exists a modulus of continuity eg depending only on R such that

Proof. For each € € (0,1), let o, : [0,t] — S be a path such that o(t) = = and

(4.82) u(t,z) > —e + /0 L(ou(s), 10%|())ds + g(0(0)).

We extend o, to (t,t + h| by setting its value to be = there, and we continue to denote the

extension o.. We have
t+h

t+h
u(t+ h,z) < /0 L(oc(s),|ol|(s))ds + g(0e(0)) < e+ u(t,z) + /t L(z,0)ds.

We set r = 0 and y = 2z in [EY) and use the fact that e is arbitrary to obtain a constant
co(R) > 0 such that

(4.83) u(t + h,z) —u(t,x) < co(R)h.

For each € € (0,1), let o¢ : [0,¢ + h] — S be a path such that o.(t + h) = x and

t+h
(4.84) u(t+h,x) > —e+ / L(oc(s),|ol](s))ds + g(oe(0)).
0

By R0) and (X1 ) we have
(4.85) d(O'e(Sl),O'E(SQ)) < pr(|s2 —s1), d(oe(s),z9) < Ci1(R), 0<s1,80 <t+h.
Therefore [EED) and ETI) yield for s € [0,¢ + A]
(4.36) Lioc(s), |o1l(s) = =Co = C1 1+ (C1(R)).

Define

ge(s) :=oc(s+h) se0,t].

We have (t) = = and so,

t+h
u(t +hx) —ult,r) > —e + / L(0(s), o7](s))ds + g(o.(0))
0
- [ Lot s - gtoo)

h
(4.87) = —e+9(0c(0)) — g(oc(h)) + /0 L(oe(s), loc|(s))ds
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We use ([EBH) and the fact that g satsifies (A5) to obtain

19(0:(0)) = g(oe(M)] < oc, () (A(0el0), 02(h))) < o, () (B(R))-
This, together with (E=Hl), gives

u(t + hyw) = ult,@) = e = ocym (p(0) = (Co+ C1 (1+ (CLR)) ) b
We can now send € — 0 in this inequality and combine it with ([Z83]) to conclude the proof

of the lemma. W

Proposition 4.7. Under the assumptions of this section, for every R > 0, u is uniformly
continuous on [0,T] x {z : d(z,z9) < R}.

Proof. Fix R > 0 and let t € [0,7]. Let x,y € S be such that d(z,zo),d(y,z0) < R. We
set s := d(z,y). Substituting = by y if necessary, we assume without loss of generality that
u(t,z) < ult,y).

For € > 0 arbitrary, we choose o, as in ([L82). We extend o, to (¢,t + s] to be a geodesic

connecting = to y so that the extension, which we continue to denote o, satisfies

LAGE (Zy) 1, Te(tt+s)
Using the fact that o¢(t + s) = y and that ([Z82) holds, we have
t+s
uto) < [ Llodr)loln)dr + (o)
t+s d(a;,y) Calo
<etulta) /0 L(o (7)) dr + / L{oe(r), S22 dr + g(oc(5)) - g(o(0)),

We have
d(oe(7),x) < d(z,y) = d(oe(7),70) < 3R.
Moreover, denoting t; = min(s, t), we have by (E80)
lg9(oe(s)) = g(oe(0)] < [g(oe(s)) — gloe(tr))| + [g(oe(t1)) — g(oe(0))]
< o3r(s —t1) +o3r(p(t1)) < o3r(d(z,y)) + osr(p(d(z,y))).
These, together with ([E68), (T ) L), yield for some constant C3(R)

‘u(t7y) _u(tv‘r)’ < E—I-Cg(R)d({L',y) +d(x,y) sup ‘L(Z7 1)’
d(z,20)<3R

+ o3r(d(z,y)) + o3r(p(d(z,y))).
The lemma follows by sending ¢ — 0 above and invoking Lemma [ |

We will use the principle of optimality called the Dynamic Programming Principle. It

states that for every 0 <t —e <t <T and x € S,

(4.88) u(t,x) = iI;f{ L(U(s), ]a’](s))ds +u(t—e,0(t—e€)): ot) =z},

t—e

26



where the infimum is taken over the set of absolutely continuous paths o : [0,¢] — S. Its proof

is the same as for finite dimensional spaces (see e.g. [28]) and will be omitted.

Theorem 4.8. Let the assumptions of this section be satisfied. Then:
(i)
li t,r) — =0
Jim u(t, ) — g(2)]
uniformly on bounded subsets of S.

(ii) w is a metric viscosity subsolution of
(4.89) Owu+ H(z,|Vu|) =0, u(0,-) = up.

(iii) w is @ metric viscosity supersolution of [{.59).

Proof. For all z € S we have u(0,2) = g(z) and (i) follows from Proposition B

Viscosity sub-solution. Let 1 € C be such that u — v achieves its local maximum at
(t,z) € (0,T7) x S. Fix r > 0 arbitrary. Since |V~ 11| = |V there exists a sequence
{xn}n C S such that
Ui(t ) — it @)

4. b=k
(4.90) V=t )| = lim dist(z,,, )
Set

e, = dist@n,z)

”
Note that if 0, is a geodesic of constant speed connecting x,, and x between times ¢t — ¢, and

t then, whenever t,t, € [0,1],

(091 ol = B it (1), 0 (1) = [t — by S )

€n n

By the Dynamic Programming Principle (88

= ’tg — tl‘T.

¢
u(t,z) < u(t—en,zy) + / L(on, |on])ds,

t—en
or equivalently, thanks to ([EO1]) and using that o, (t) = z,

(4.92) u(t,z) < ult — €n,xn) + e Lz, 7) + /t

t—en

(L(on(s).7) = Liou(t),1) ) ds.
Setting to = t in (EQTl) we conclude that

(4.93) dist(zg, 05 (t1)) < rt +d(x, z0) =: R.

We use the modulus of continuity provided by (EEGH) to obtain

/ti Lion{s).r) = L(an(t),r)(ds < /t

t—en

o(r)wr <dist(an(s), an(t))> ds.
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This, together with the second identity in ([T, yields
t t
/ Lion(s),7) = Llon(t),)|ds < / o(r)@r (|t — sir)ds < eqo(r)@(enr)
t—en t

and so, by ([E32),
(4.94) u(t,x) < ult — en,xn) + enL(x,7) + €nwr(enr)o(r).

Observe that, by the local maximality of u — v at (t,z) and (E30),
’LL(t, :E) — u(t — €n, l‘n) > ¢(t7 :E) — 1,[)(75 ) l‘n)

€n n
- talhr) — i) | 262 — allotn) | 9l n) ZVE o)
€n n o
t
> IV (t, )| = [Vaba(t, z)| + 71 (n))r + /t_ Mds
(4.95) = (V1 (t, 2)| — |[Vpa(t, 2))r + Ob(t, ) + 72 (n),

where lim,,—, o0 71 (n) = limy,—, 4 o0 y2(n) = 0. Therefore @A), together with 3, implies
(IVer (@) = [Vea(t, @) ) + 0t ) + 2(n) < L, ) + o(r)@r(enr).

Letting n tend to 400 we get

(4.96) (IVer(t,2)] = [Vea(t,2) )7 = L(w,7) + Bb(t,2) < 0.
Maximizing over r > 0 in ([E396)), Lemma B3 thus yields
(4.97) Higyae.0 (2 1981 ()] ) + 0t 2) < 0.

Viscosity super-solution. Let ¢ € C be such that u — 1) achieves its local minimum at
(t,x) € (0,T) x S. For each € > 0 there exists o, : [0,t] — S such that o.(t) = z and

t
(4.98) u(t.o) = <&+ [ Lo lollds + g(o.(0)
0
Thus, setting o¢(t — €) = z, we must also have
t
(4.99) u(t, ) > —€* +u(t — e, zc) + / L(o, |ol])ds.
t—e

By Lemma EH ([EOR) implies lim._o d(z, z.) = 0. By the minimality of u — v at (¢, )
¢(t7 :E) — 1,[)(75 — 6 :EE) > u(t7 l‘) — u(t -6 xe)

€ €
Similarly as before one checks that

Y(t,x) — Pt — €29 < <|V¢1(t,3:)| + [V (t, )| + v3(€)

€
for some modulus 3. Therefore we conclude that
(4.101)

¢(t7 :E) B 1,[)(75 -6 :EE)

€

(4.100)

) w + Oph(t, ) + v3(€)

¢
ft_e |ol|ds
€

< (IVer(t.2)| +99s(t,2)] +5(6))
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We combine (EE09), (I00) and EIOI) to obtain
1 t
menal@ =2 [ ((IVn(ta)l + 90t )]+ Il — Lo o) ) s+ Brbe,0).

—€

Thus,

1 t
—e—(e) < E/t H (e, [Vi61 ()] + [Vha(t, )| +75(€) ) ds + Dyt ).

—€
Using the equicontinuity of o, and the fact that H is continuous, and letting € tend to 0, we

conclude that
0 < H(,[Ven (t,2)] + [Veia(t,2)|) + Dol )
— gIV¥a(t2)] <a: IV (t, a;)y) Ot ).
N

Remark 4.9. The proof of Theorem [.§ would also work in the case when L(x,-) is not
nondecreasing. The only difference would be that in the proof of the subsolution part, if
Vi (t,z)| — [Vipe(t, z)| < 0 we would get instead of T4

ﬁ\vwg(m)\ <$7 |V7;Z)1(t7 $)|> + at¢(t7 $) <0,
where H(z,s) = sup,~q{sr — L(z,r)},s € R. We have H(z,s) = H(x,s) if s > 0 however

we would need to use this extension of H to define a metric viscosity subsolution. Thus we
would obtain that w is a metric viscosity solution of [{-89) with H replaced by H. This kind
of extension was also used in [I. However using negative values for the local slope variable
seems rather artificial. We suggest an idea how one can get around this even though we do
not pursue it here. If we take L(z,s) = H*(z,s) := sup,~o{sr — H(z,7)}, then (L)* = H
but L(x,-) is nondecreasing. Assuming that L has properties similar to these of L, one can
then show that the value function @ for the problem associated with L is continuous and u is
a metric viscosity solution of [[.89) (with the original H ). Since H, < H,, @ is also a metric
viscosity solution of [{.89) with H replaced by H. So w and @ are both viscosity solutions
of the same equation. If H satisfies the properties needed for comparison theorem we then
obtain u = w, i.e. u is a metric viscosity solution of the original equation {-89). This is why
we stated the assumptions in this paper for Hamiltonians which are also defined for negative

values of the local slope variable.

5. STATIONARY EQUATIONS

We present three comparison theorems. The first is a typical result for time independent

equations with Hamiltonians that have at most linear growth in the local slope variable. The
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second is a stationary version of Theorem L2, and the third is a result for equations of eikonal

type.
5.1. Hamiltonians with sublinear growth.

Theorem 5.1 (A comparison principle for bounded solutions). Let Q = S. Let (A1), (A3), (A4),
and (A2) with v > 0 be satisfied. Let u be a metric viscosity subsolution of (I:3) and v be a

metric viscosity supersolution of (L) such that u and —v are bounded from above. Then

(5.102) m:= Rlim lir% sup {u(:n) —o(y): d(z,y) <7, dlx,z9) + d(y, zo) < R} <0

— 400

In particular u < v in S.

Proof. The proof follows the lines of the proof of Proposition Suppose m > 0. Define for

€6 >0
d*(z,y)

U(z,y) = ulz) = v(y) = 8 (z,0) — 8d(y, w0) = — =,

and let, for n > 1, Z,y € S be such that
1 _ _
has a maximum over S X S at (Z,y). Obviously d(z,x¢) + d(g,x9) < Rs for some Rs > 0.

Similarly to the proof in the time dependent case we show that

d*(z,y
(5.103) lin(1] lim sup M =0 for every § > 0,
€— n—oo €
(5.104) hn%) limsup lim sup §(d?(z, zo) + d*(7, o)) = 0,
- e—0 n—00
and that for sufficiently small J, ¢ and sufficiently large n
(5.105) ling] lim sup lim sup(u(z) — v(g)) > %
- e—0 n— oo

We now have s
- - €T,y
Hosi(z,20)+1/n <x,u(:1:), - ) <0,

which by Remark Bl and (BI04 implies
Az

H <:Z",u(i), 7(‘2’1/)

where lims_,g lim sup,_, limsup,, . (J,€,n) = 0. In the same way we obtain

# (5.0(0), M) > —o(sn).

Therefore, by (A2) and (A3),
> +20(6,€,n)

< wp, <d(_ <

> < L(1+d(Z,20))(20d(Z, x0) + 1/n) < (6, €,n),

&

(

) +20(8, €, n)




for some Rs > 0. This, together with (I03) and (EI0H), produces a contradiction. N

5.2. Hamiltonians with superlinear growth. We consider the equation

(5.106) u+ H(z,|Vul) — f(z) =0 inS.

Theorem 5.2 (A comparison principle for solutions which may be unbounded). Let (B1) —
(B6) be true and let f satisfy (A5). Let u be a metric viscosity subsolution of [(ZIld) and v
be a metric viscosity supersolution of (LI0A) satisfying
) u(z) ) —v(x)
(5.107) limsup ———— <0, limsup ————— <0.
d(z,20)——+00 1+ da(x7 :L'()) d(x,20)——+00 1+ da(l', IL'())
Then u < v.

Proof. The proof mostly repeats the arguments of the proof of Theorem If sup(u —v) >
2v1 > 0 then there is A\g < 1 such that sup(Au — v) > v for A\g < A < 1. We define for
Ao <A< 1,0 >0,e >0 the function

2 T
W, 4) = Ma(e) — oly) ~ 5(1+ (2, 20)) — 51+ d*(g,0)) — oY),

Since by (EI0), V(z,y) — —oo as min(d(x,zg),d(y,xg)) — +oo, uniformly for €, using
Lemma EZ9, for every n > 1 there are (z,y) € Bg,(zo) x Bg;(xo) for some Rs > 0 such that

1 _ _
has a maximum over S X S at (Z, ). Moreover by an argument as in the proof of Proposition
B3 [ETI03) is satisfied and, for A sufficiently close to 1,

(5.108) gin%) limsup limsup(Au(z) — v(y) — 6(1 + d*(Z, z0)) — 0(1 + d*(y,z0))) > %

e—0 n—oo
By the definition of viscosity subsolution we have
1/d(z,y
(5.109) w(@) + H <:17 5 (@ - 5ad°‘_1(:i,x0))> — (@) < pi(n),

where lim,,_, 1o p1(n) = 0 for fixed ), d,e. Repeating the arguments that led to [EEED) we

— - o a_l —
(s, nd@g)\ _A-n), o dad® ™ (Z,x0)
n A€ n 1—n A

()8

(5.110) — C1(a, \)6™ (1 4 d(&, 20)) d™ ) (z, x0),

obtain

H (x %(d(x’y) — (5ado‘_1(x,x0)>>

€

v

where 7 = (1 + A)/2 and we used (B2) and (B3). Since for § < dy = dp(\, a, K, m)

C1(o, \)6™ (1 + d(Z, o)) d™ D (z, 20) < 2(1 + d%(&, x0)),
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it thus follows from (EI09) and (EIIO) that for 6 < dg

w) = 30+ @) + 31 (52 ) # (0 D22 < @) < o)

which, by (B6) implies

(5.111) Mu(z) — 6(1 + d*(Z, o)) + (1 + A) " <x d(z,7)

22 c )-f(w)épl(n)—(l—A)M.

Defining 7 and r as in (G4 and arguing like in (GO) we also obtain for § < &1 =
(A a,k,m)

Gz oot + o1 (1) # (5052 < )= -t
Subtracting (112 from (EII) yields
Au(z) —v(y ) (1+d*(z —4( 1+d°‘ y,a:o))

Q I

(229 (1) (H( :
+f(f?)—f()+2/)1( (1-
< —rf (M)m + 75 <i> wry (A(Z, 7)) <1 (1 y))m>

(5113)  + ory(d(@9) + 201 (n) — (1 - M

We now obtain a contradiction if we choose Ag < A < 1 such that —(1 — \)M < 1 /4, take

lims_,o limsup,_, limsup,, . in (&I03), and use (EI03) and (EI0F). W

5.3. Eikonal type equations. In this section we consider equations which are not “proper”,

i.e. they are not strictly monotone in the zero order variable. In such cases a typical tech-
nique is to perturb a subsolution/supersolution so that a perturbed function is a subsolu-
tion/supersolution of the equation with strict inequality. There are various ways to do it.
Here we present a standard technique which applies to equations of eikonal type. We refer to
[T for more on such techniques in domains of R".

Let © be an open and bounded subset of S. We consider the equation

{ a(z)|Vu| — f(x) =0, in Q,
u(x) = g(x) on Q.

Defining
a(x)s s >0,
H(z, s) :{ alzs o2 ¢ s
we rewrite the above equation as
H(z,|Vul) — f(x) =0, inQ,
(5.114) { u(z) = g(x) on ON.

We assume that
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e (D1)
la(z) —a(y)| < Cd(z,y), forall z,y € Q.

Theorem 5.3. Let Q be an open and bounded subset of S, let (D1) be true, and let f satisfy
(A5) on Q and (B6) on Q with M > 0. Let g be uniformly continuous on 0S). Let u be a
metric viscosity subsolution of (0.117) and v be a metric viscosity supersolution of [5-117).
Suppose that

(5.115)  w(y) < g(xz) + oold(x,y)), v(y) > g(x) —oo(d(z,y)) for allz € 0N,y € Q,

for some modulus og. Then u < v in Q.

Proof. Recall that since € is bounded and u is locally bounded, u is bounded on Q. If u L v
then for 0 < A < 1 sufficiently close to 1, we have supg(Au — v) > 214 > 0. By Lemma 23]
for 0 < A < 1,e > 0,n > 1 there are points (Z,7) € Q x Q such that the function

d(zy) 1

W(ay) = Nuw) - oy) - 2 - = (d(w,7) + dly. )

has a maximum over 0 x Q at (Z,%). Moreover as before we have that ([EI03) is satisfied.
Since (2 is a bounded set and (Z,y) maximizes ¥ then for n large enough

(5.116) \u(F) —v(§) = U (,7) + dQ(i’ )

>V

If we assume for instance that z € 9 then, since u(z) < g(z) and (EIIH) holds,

(5.117) Xu(@)—0(5) < Ag(7)—0(7) < —(1-Ng(@)+00(d(z,5)) < —(1-Nu(@)+0(d(, ).
Thus, since |A — 1| << 1 and d(Z,y) << 1 if € and 1/n are small, (EI16) contradicts ([&I11).

Consequently, (z,7) € Q x Q if A is sufficiently close to 1 and €, 1/n are sufficiently small.

Therefore by the definition of viscosity subsolution

Hi ) <:v %M) - f@ <o,

which implies

(5.118) H <a: dm”) CAF@) < pi(hein),

€
where lim,, 1 p1(\, 6;n) = 0 for fixed A, e. Since f > M > 0, it follows

—Af(Z) =2 —f(Z) + M(1 =),
and thus we obtain in (TTH])

(5.119) H <:z d(i’ y)> —f(@) < =M1 =X+ p1(\ n).
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(We remark that the same argument shows that in fact Au is a metric viscosity subsolution
of H(x,|Vu|) — f+ M(1—\) =0.) Using the definition of viscosity supersolution we obtain

d(z,y _
(5.120) H (y (6 y)> — (@) > —p1(\, &n).
Subtracting (E119) from ([EI20) we thus have

M-\ <H <g, d(‘i’ @7)> —H <:17 d(‘f’g)> + @) — f@) + 20\ 6 n)
< XD o) — @)+ o(dlz,5)) + 2010 m)
(5.121) < C’M +o(d(Z,7)) + 2p1(\, n)

which gives a contradiction if we let lim_¢ limsup,,_, ., above and use (EI03). W

We remark that if we know in advance that either u or v is more regular then condition

(D1) can be relaxed. In particular (see the proof of Theorem B7) if either w or v is Lipschitz

continuous, then (D1) can be replaced by the uniform continuity of a.
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