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ABSTRACT. In this manuscript, given a metric tensor on the probability simplex, we define
differential operators on the Wasserstein space of probability measures on a graph. This allows
us to propose a notion of graph individual noise operator and investigate Hamilton-Jacobi
equations on this Wasserstein space. We prove comparison principles for viscosity solutions of
such Hamilton-Jacobi equations and show existence of viscosity solutions by Perron’s method.
We also discuss a model optimal control problem and show that the value function is the
unique viscosity solution of the associated Hamilton-Jacobi-Bellman equation.
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1. INTRODUCTION

Partial differential equations (PDE) in infinite dimensional and abstract spaces have been
studied steadily over the last several decades. The main interest has always been in Hamilton-
Jacobi-Bellman (HJB) equations related to deterministic and stochastic optimal control prob-
lems for control of PDE and stochastic PDE and other abstract differential equations. Recently
there has been a renewed interest in such equations in spaces of probability measures due to
their connection to mean field control and mean field game problems. The theory of first and
second order PDE in Hilbert spaces has been developed the most. A complete overview of var-
ious approaches, classical solutions, viscosity solutions, mild solutions, L2-solutions, solutions
using backward stochastic differential equations methods can be found in [43]. Results about
classical solutions of linear second order PDE can be found in [39] and earlier results about
mild solutions for first order PDE and solutions using convex regularization procedures can be
found in [4]. Viscosity solutions in Hilbert spaces have been originally introduced by Crandall
and P. L. Lions in [32], [33], [34], [35] 36], 37]. We refer to [43] for the full account of the theory
and further references. Some aspects of the theory for first order equations can also be found
in [68].

The original interest in the PDE in spaces of probability measures came from partially
observed optimal control problems through the study of fully observable so called separated
problems where one controls a new measure valued state process (unnormalized conditional
density of the original state with respect to the observation process) which satisfies the so-
called Duncan-Mortensen-Zakai equation. FEarly attempts to look at HJB equations in the
space of measures for such a problem was made in [60]. A Bellman equation in the space of
measures was also studied in [61]. A renewed interest in HJB equations in spaces of probability
measures started with the development of the theory of mass transport and a calculus in
the Wasserstein space of probability measures and later the study of mean field control and
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mean field game problems. The first definition of a viscosity solution using sub- and super-
differentials in the Wasserstein space appeared in [52] and later different notions of viscosity
solutions were introduced of equations in the space of probability measures and more abstract
metric spaces in various contexts. In particular a notion of the so-called L-viscosity solution
was introduced in [70] which “lifts” the equation from the Wasserstein space to an Hilbert space
of L? random variables and this approach was developed further in [56] (see also [22] 23] for
more on the lifting procedure). We refer the readers to [5 [8, 10, O 11l 12 13| 16, 17, 18,
20, 211, 29, [40, 41, [42] (0L BT, B3l B4, B8, 62, 63, 64, 74, [79, 8L ’I] for equations related to
mean field control and optimal control/variational problems in spaces of probability measures.
In particular convergence problems for particle approximations have been studied using PDE
methods in [I8] 20 211, 40l 4], 50, 58| [74]. Equations related to control problems with partial
observation were studied in [6] and equations related to differential games were investigated
in [30, 65]. HJB equations in the Wasserstein and metric spaces with formal Riemannian
structure as well as completely regular spaces, mostly related to control of gradient flows, large
deviations and fluid dynamics were studied by different techniques in [27, 28], [44] [45], 46}, 47, [48],
60L67]. Various comparison theorems and uniqueness results for appropriately defined viscosity
solutions were proved in these papers. HJB equations in abstract metric spaces were studied
by various techniques in [1, 14, [I5, 53] 55, B9, (71l [72] [77, [78]. Uniqueness of appropriately
defined viscosity solutions of first order HJB equations in the Wasserstein space was proved
in 5, 64]. Uniqueness of viscosity solutions of a second order Bellman master equation in the
Wasserstein space arising in stochastic optimal control problems for McKean-Vlasov diffusion
processes was established in [29]. In [9 4I] general comparison results for viscosity solutions
of second-order parabolic partial differential equations in the Wasserstein space were proved.
Other papers containing uniqueness results are [I7], where a uniqueness result for a notion
of viscosity solution for a class of integro-differential Bellman equations of a special type was
shown, and [81], where well-posedness of viscosity solutions of parabolic master equations,
including HJB master equations associated with control problems for McKean-Vlasov stochastic
differential equations was established. There is also vast literature on master equations of mean
field games which are integro-differential PDE in the space of probability measures. We do not
discuss them here since they are not HJB equations.

In this manuscript we investigate Hamilton-Jacobi equations on the Wasserstein space of
probability measures on graphs. Discrete optimal transport calculus, in the space of probability
measures on graphs and gradient and Hamiltonian like flows on graphs, have been studied in
many papers; we refer for instance to [25 38 [73] [75]. In particular, finite state mean field
games have received significant attention in recent years. Master equation for finite state mean
field games with Wright—Fisher common noise have been studied in 7] and [57] derived master
equations from finite state Hamilton-Jacobi equation which appear in potential games. However
very little is known about Hamilton-Jacobi equations in such spaces. The only results in this
direction are in [24] about Hamilton-Jacobi equations on complete graphs (every pair of distinct
vertices is connected by a unique edge). Therefore, the analysis in [24] does not involve a graph
structure and the underlying probability measure space is endowed with the flat Euclidean
metric £5. Note that the £y differential structure is not comparable to the differential structures
considered in this manuscript. Indeed in our set up, each point p € P(G) comes with a metric
tensor g(u), which naturally leads us to consider the Wasserstein space of probability measures
on general connected graphs. Our goal is to introduce a notion of viscosity solution and develop
a well-posedness theory. Since the set of probability measures on a graph with n vertices is
identified with a simplex in R™, one may be tempted to recast our work within the theory of
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viscosity solutions in finite dimension on Riemannian manifolds with boundary (see Remark
. We refer for instance to [3] for the theory of viscosity solutions on Riemannian manifolds.
The analogy we point out in Remark [£.4] does not facilitate our work even if in our case the
manifold (the simplex) is flat. Indeed, we have to deal with Hamiltonians which vanish near
the boundary of the simplex since we are working on the Wasserstein space. This makes our
study different from the classical theory of viscosity solutions. Hence, we present everything
from the beginning and with details.

We focus on initial value problems for a class of Hamilton-Jacobi-Bellman equations with
a convex and somehow coercive Hamiltonian which degenerates close to the boundary, which
also involves a linear operator obtained by discretizing the so—called individual noise operator
in Mean Field Games (cf. e.g. |26]). Of course different types of equations can be considered
and we expect the theory to be developed in various directions. It is certainly also interesting
to study initial boundary value problems on open subsets of the set of probability measures,
however in this paper we only consider equations on the whole space. We prove two compari-
son results, the main one for the initial value problem where the boundary is irrelevant and a
version of it for the initial boundary value problem. We also study the optimal control prob-
lem associated with a model Hamilton-Jacobi-Bellman equation and we prove that the value
function is continuous on the whole space and it is the unique viscosity solution of the HJB
equation. For our model control problem, the value function, and hence the unique viscosity
solution of the HJB equation which is continuous up to the boundary of the set of probability
measures, is predetermined on the boundary and cannot be prescribed there. Our viscosity
solutions are only defined on the interior of the set of probability measures and our comparison
theorem does not need any information about the behavior of viscosity sub/supersolutions on
the boundary. However, it may be possible to consider viscosity solutions to such problems on
the whole space or treat them as constrained viscosity solutions (solutions to state constraint
problems). This is left for future research. Finally, we also discuss the existence of viscosity
solutions by Perron’s method. Even though Perron’s method here is a rather straightforward
adaptation of the classical Perron’s method, we present full details for the sake of completeness.

Throughout this manuscript, we fix an undirected graph G = (V, E,w), where V.= {1,--- | n}
is the set of vertices and E C V2 is the set of edges. The weight w = (wij) is a n by n symmet-
ric matrix with nonnegative entries such that w;; > 0 if (,5) € E. As in [49], we assume for
simplicity that the graph is connected, simple, with no self-loops or multiple edges. We denote
by P(G) the probability simplex

{pe()l

>

We use a symmetric function g : [0,1]2 — [0, 00), to induce an equivalence relation on S™*", the
set of n by n skew-symmetric matrices: if p € P(G), we say that v,0 € S™*™ are p-equivalent if
(vij — 0i5)gi5(p) = 0 for all (i, ) € E. We denote the quotient space by H,. Under appropriate
conditions which will later be specified, g is used to define a metric tensor on P(G) and endow
H, with an inner product and a discrete norm as follows:

(1.1) Z 0ij0i;0i5(p) and |jv]|, ==/ (v,v),, Vwv,0€ S
(w JEE

Here the coefficient 1/2 accounts for the fact that whenever (i, j) € E then (j,i) € E.
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If ¢ : V — R, its graph gradient denoted V¢ is defined as

Ve = \/wij(di — &5)(ij)eE-
The adjoint of V¢ for the (-,-), inner product is —div, : H, — R" given by

div,(v <Z VWi viigii(p )) , VoveSmm
i=1

We call div, the divergence operator. In this manuscript, we impose that

(1.2) < +o0,

to ensure that the expression W, defined below in (2.7), is a metric on P(G) (cf. [73] and [49]).
)-

We fix T' > 0 and assume that we are given F, Uy € C(P(G)) and H € C(P(G) x S™*"
We denote by L(p, -) the Legendre transform of H(p, -) with respect to the inner product (-, -),,.
Setting

i logs — logt
g(S,t) = ftg(s)t)v

for s # t such that s,¢ > 0, in this introduction, we will keep our focus on the cases where g
satisfies ([2.5]), or more generally when

(1.3) g has a unique continuous extension to [0, 1]2.
As a consequence of (1.3)), as a function a-priori defined on a subset of (0,1)",
(1.4) p — div,(Vglogp) has a unique continuous extension to [0, 1]™.

In light of (1.4), standard ODEs theory ensures that given o € L'(0,T;S™ ") and h > 0, the
system of equations

(1.5) & + divy (Q_J—i-hVG log0> ~0
has a distributional solution o : [0,7] — R", of class W11

When the range of o is contained in P(G), we call © a control for ¢ on [0,7]. For t € (0,7
we consider

(1.6) U(t,p) = (igrg) {Z/IO(UO) + /Ot (E(J,T})ds - f(a))ds Doy = u},

where the infimum is performed over the set of (o,v) such that v is a control for o over [0, ?].
Formally at least, we expect U to satisfy a Hamilton—Jacobi equation, after defining a suitable
notion of Wasserstein gradient operator on the set of functions on P(G). More precisely, we
expect that U would satisfy, in a sense which remains to be specified, the equation

(1.7) OU(t, 1) + H (1, VWU (t, 1)) + F (i) = hinald (¢, ).
Here
Ajnald (t, 1) := (diVu (Vwld (), log u) = -0, (Vwl(p))
and we have set
Oup) = —(p,Velogp),,  ¥(p,u) € P(G) x 8"

We call Aj,q, the graph individual noise operator (see Subsection for comments on how Ajyq
could be associated to stochastic processes which are time continuous Markov chains on V).
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The assumption ensures that O, (p) satisfies , an essential condition in the application
of Perron’s method to obtain the existence of a solution to . Note that O,(p) cannot be
incorporated into the Hamiltonian since the modified Hamiltonian would fail to satisfy (A-v)
and so, the conditions imposed on H(u,p) and O, (p) are of different types.

In this manuscript, the existence of a solution to (1.7 will not rely on the control problem
(1.6)), brought up here only to motivate the study of (|1.7))

Observe that ([1.7)) is linear in U, when F =0, H = 0 and g is given by Example which
means g(s,t) = 1. When i = 1, the solution in to (1.7 case is given by (see subsection

Ut p) = U (e ),
where
Wijs if JE N(Z),
(18) Ay=1 0, it ¢ N(i).j # i
~ S hen@ Wik, i j=1.
Here, N(i) := {j € V : w;; > 0}. For each t > 0, e’ is known to be a transition matrix

and A is a Q-matrix. Therefore, as we will explain in Subsection there are Markov chains
associated to the paths (¢, ) — e4tp.

The plan of paper is the following. In Section [2| we present the definitions, notation and
the mathematical setup for the Wasserstein space of probability measures on a finite graph.
Section [3] collects preliminary material about calculus on the Wasserstein space on a graph
and in Definition [3:.18] we introduce the so-called individual noise operator. In Section [ we
introduce the definition of viscosity solution and in Section [5| we prove comparison results.
Existence of viscosity solutions by Perron’s method and some regularity results are presented
in Section [0} In Section [7] we discuss a model optimal control problem and show that the value
function is the unique viscosity solution of the associated HJB equation.

2. DEFINITIONS AND NOTATION

We denote the set of skew—symmetric n x n matrices as S"*". Let G = (V, E,w) denote
an undirected graph of vertices V' = {1,...,n} and edges E, with a weighted metric w = (w;;)
given by an n by n symmetric matrix with nonnegative entries w;; and such that w;; > 0 if
(i,j) € E. For simplicity, assume that the graph is connected and simple, with no self-loops or
multiple edges. We set

Ao i= sup wigl and C, = sup /wij.
(i.))€E (i.j)EE

The range and kernel of the gradient operator. It is customary to identify a function

¢ 'V — R with a vector ¢ = (¢;)I; € R". We use the standard inner product and norm on

R™:
(6,0) =Y ¢t and ||gll = /(4 9), V4R
=1

We denote by R(V¢) the range of Vi (defined in the introduction) and by 1 € R™ the vector
whose entries are all equal to 1. Since G is connected, the kernel of V¢ is the one dimensional

space spanned by 1. The orthogonal complement in R™ of the latter space is ker (Vg)l, the set
of h € R™ such that > " | h; = 0.
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G-Divergence of vector field. The divergence operator associates to any vector field m
on G a function on V defined by

Vg - (m)=divg(m ( Z \/ﬂmﬂ)

JEN(3)

Set of probability measures and its boundary. We identify P(G), the set of probability
measures on V, with the simplex

P(G) = {p=(pi)ia < [0,1]"

> -1

We denote for 0 < e < 1, P.(GQ) := P(G) N (g,1)" so that Py(G) is the interior of P(G). The

boundary of P(G) is P(G) \ Po(G ;

The set C!(p",p') of paths connecting probability measures. Given p°, p! € P(G)
and 0 < s < t, we denote by CL(p°, p!) the set of pairs (¢, m) such that

o€ H'(s,t; P(G)), m € L*(5,£;8™"),  (a(s),0(t)) = (0°, p")
and fori=1,....n,
(2.1) o; + Z Vwiymj; =0, in the weak sense on (0,1).
JEN(2)

Throughout this manuscript g : [0, 00) x [0,00) — [0, 00) satisfies the following assumptions:

(H-1) g is continuous on [0,00) x [0,00) and is of class C* on (0, 00) x (0, 00);

(H-ii) g(r,s) = g(s,r) for any s,7 € [0,00);
(H-iii) min{r,s} < g(r,s) < max{r s} for any r, s € [0,00);
(H-iv) g(Ar,As) = Ag(r, s) for any A, s,r € [0,00);

v)

(H-v) g is concave.

We set
9i5(p) = g(pi,pj), VpeR", VijeV.

The Hilbert spaces H, and integration by parts. If p € P(G), we shall use the in-
ner product defined in (1.1)). Similarly, if m,m € S"*", we set

(m,m) = = Z mijmi;  and  ||m| == /(m, m).
(3,5)EE
If » € R™ and v € S"™*", we have the integration by parts formula
(22) (VGd)v U)p = _(¢a divp(v))'

Using the notation from [49], we denote by T, P(G) the closure of the range of V¢ in H,. We
refer to T,P(G) as the tangent space to P(G). We denote by 7, the projection onto T,P(G).

Using the fact that by (H-iii) g;;(p) < pi + p;, one shows that
(2.3) Idivp(v)lle, < V2nCy [[vllp,  and so, [ldivy(v)le, < V20Cy [[0]],.

Connected components. Let p € P(G). We say that i,j € V are g-connected if either i = j
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or i # j but there are iy,1i9,...,i € V such that iy =4, iy, = j, (i1,9141) € Eforl=1,...,k—1
and

k
H Gir_1iy (p) > 0.
=2

Example 2.1. Ezamples of g satisfying (H-1)-(H-v) and (1.2]) include

r+s
(2.4 olrs) = "2,
1 b TS
(2.5) g(r,s) = / rtstdt = 0, if r=0o0rs=0;
0 T, if r=s,
and
0, if r=0 ors=0;
(2.6) g(r,s) = f?, otherwise.

One can generate more examples by taking conver combinations of the g’s in (2.4)-(2.6)).

The Monge-Kantorovich metric In P(G). For p° p! € P(G), we define the 2-Monge-
Kantorovich metric by

2

(o,0)

1
2.7) W, ph) = (inf{ / (v, 0)odt ) & + dive(v) = 0, o(0) = p°, o(1) :p1}>
0
Here the infimum is performed over the set of pairs (o,v) such that o € H' (0,1;P(G)) and
v : [0,1] — S™™ is measurable. Recall that if C, < +o0o, then W(p% p!) < +oo for any
o%, p! € P(G) (see Proposition 3.7 [49]). There exists a minimizer (o,v) in (2.7) such that

lvlle = W(p°, p') almost everywhere on (0,1). Using the continuity equation and the second
identity in ([2.3]), we conclude that

(2.8) 16(6) e < V20CW(R°, p").

This proves that the W1 *°-norm of ¢ is bounded by a constant depending only on n, g, G,w.
Further assume that yp(p°), vp(p') > 0, where vp is the Poincaré function on G given in [49].
By Remark 6.5 and Theorem 7.5 [49], we can find a Borel map ¢ = ¢[p°, p'] : [0, 1] — R™ such
that v = Vg¢ and

(2.9) vij = Vg¢ is uniquely determined on {t € (0,1) : g;;(o(t)) > 0}.

Under the stringent assumption that there exists ¢ > 0 such that p%, p* € P.(G), Theorem 7.3
[49] asserts that [|¢|ly11(g,1y is bounded by a constant which is independent of p” and p', but
depends on e. Thus,

(2.10) (p°, pt) = 8[p°, p1](1) is continuous for the metric £; on P.(G) x P.(G).

Remark 2.2. We recall that the (P(G), W) topology is the same as the (P(G), £1) topology (cf.
[73]) and thus it is also the same as the o—topology. Therefore, P(G) is a compact set and the
notion of a continuous function is the same for all these three topologies. In particular, Py(G)
is a dense subset of P(G) for the W-topology. Since P(G) is a compact set, it has a finite
diameter.
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Throughout the paper, for any » > 0 and pu € P(G), we denote the open ball with radius r
centered at p in (P(G), || - |le,) by Br(1t). By Remark B, (p) is also an open neighborhood
of pin (P(G),W) and in (P(G), || - |l¢,). Similarly, for any t € [0,T],r > 0,u € P(G), we use
B,.(t, 1) to denote the open ball with radius r centered at (¢, ) in [0,7] x (P(G), || - |le,)-

3. PRELIMINARIES

Throughout the section, we use the same notation as in Section 2|and assume that (H-i)-(H-v)
and (1.2)) hold. For p € P(G), we set

(3.1) A(p) = (W)EE{

n
: gij(p) > 0}'
\/wU V gzy !

Note that Ag(p) < oo if p has a g-connected component of cardinality greater than or equal to
2.

Remark 3.1. Ife > 0 and p € P(G) is such that p; > € for alli € V then A\g(p) < /2 e In.

3.1. Further properties of tangent vectors and tangent spaces. For p € P(G) and
v € T,P(G), denote by [v], the set of © € T, P(G) such that v and ¥ are p-equivalent.

Lemma 3.2. For any p € P(G) such that X\y(p) < oo, there exists P, : T,P(G) — R™ such
that if € R™ and we set 1) := Pp([VG@]p) then
(i) Ve
(i) |3l < A (p)||Vao| foratiev.
p

o= Vel

Proof. Let C1(p),---,Cn(p) be all the g-connected components of p € P(G) and for | €
{1,--+ N}, set

k;:= min k.
keCi(p)

Given ¢ : V — R, we define
Vi = @i — ¢g;, Vi € Ci(p).
Note that if ¢, € Cj(p) then
(3.2) Vi, =0 and  (Vay)i = (Vao)i-
This is enough to conclude that Vg1 and Vg¢ are p-equivalent.
Ifi € Ci(p) and i # k;, we can find Iy = ki, -+, lo, = i such that gi,4,,- -, g1, 1., > 0. The
identity
Dt = Yty + (Vad), Vm > 2

1

and v, = 0 implies that the sequence (wlm)f::l is uniquely determined by Vg¢. This is
enough to conclude that the map P, is well-defined.

Let E; be the set of (i,7) in E such that i,5 € Cj(p). We use the first identity in (3.2)) to

conclude that
QHVgng Z Z va gw()

=1 (i,j)€E;
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If i € Cj(p) and ¢ # ki, using the above notation, we have

2 i 9
2HVG¢HP > Wity U7, Ity (0) + Y Wi sty (Yt = ) Glonrtn (-
m=3

One checks that

o 1
] < mz:; T[T () [veel,

We conclude that (ii) holds for ¢ in the union of the sets Cj(p) of a cardinality greater than
or equal to 2. It is obvious that (ii) continues to hold for ¢ in the union of the sets C’l( ) with
cardinality 1. The proof of (iii) follows from the fact that ¥; = ¢; — ¢1 and wi; [1|? g1:(p) <

Vel O

Corollary 3.3. By Lemma if p € P(G) and A\g(p) < oo, then for any v € T,P(G) there
exists 1 € R™ such that v = Vg and |5 < Ag(p)||v|, for alli € V.

3.2. The Wasserstein metric and the space of absolutely continuous paths on (P(G), W).
Lemma 3.4. For any p,p € P(G), we have ||p — pll¢e, < 2/nCy W(p, p).

Proof. Since there exists a W geodesic connecting p to p, (cf. Theorem 4.5-(i) in [49]), we use
(2.8) to conclude. O

Lemma 3.5. Ife > 0 and p,p € P(G) are such that p;, p; > € for alli € V then

VeW(p,p) < V2xon|p = plle,-

Proof. Setting
o(t)=(1—tp+tp, Ve
we have 0;(t) > ¢ for i € V and ¢ € [0, 1]. We then use Remark 3.1 to conclude that

(3.3 A (o (D)VE < Varon.
We define
1
B0) = [ (51Va0l — 0= p)dt Vo e L0, 1R")

For ¢ € L*(0,1;R™), using the operator P, from Lemma and setting ¥(t) = ¢(t) — ¢1(t),

we have

By (3.3).

¢ e L*(0,1;R"), ¢ =P,([Vao(t)] ), E(¢)=E@).

1
26) = [ (gm0l = ¥l 15 ol )t

This proves that E is bounded from below and if (1) is a sequence in the range of P, such that
(E(¢r)), decreases to the infimum of E over L?(0,1; R™) then (¢4)y, is bounded in L*(0,1;R™).
Hence, (1x)r admits a point of accumulation 1, for the weak topology. Since ¢ — E(¢) is a
quadratic and convex function, we conclude that

lim inf E(4s) > E(hoo)
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We can assume without loss of generality that ¥, = Pa([VG@ZJoo]U)- The Euler-Lagrange
equation satisfied by % is

1
(3.4) | (FVeveVe0), - (0= p.0))dt =0, ¥oe 1201587,
0
This means that
(3.5) ¢+ dive(Vathe) = 0.

Using ¢ = ¥ in ,We obtain
/ Hvewoou dt / P et < l7—plls / lsollendt < 7-ple. / Ao (0)[ Vet o

We first use and then use Holder’s inequality to conclude that

1 1
/0 [Pl < 1ol VI [ ISl

We simplify the previous identity and use the fact that, by (3.5), Vgt is a velocity for o to
obtain

1 1
W(e(0),0(1)) < / IVathsollodt < \// IVavoslzdt < |lp = plle, V2Aue™In.
0 0
This concludes the proof. O

Remark 3.6. Let ¢ > 0 and let p € P(G) be such that p; > ¢ for all i € V. Suppose f € R™ is
such that 37 | fi = 0. As done in Lemma one can show that there exists ¢ € R™ such that

f+dive(Vae) =0, [Vadlly < [Iflle vV2hue"n.
Remark 3.7. Suppose that o : [0,1] = P(G) and v : [0,1] — R™ is a Borel map such that

0 +divy(v) =0 in the weak sense in (0,1) and /01 ||v(t)||3,(t)dt < 400.
By definition of W, we have that o is an absolutely continuous curve on (P(G), W) since
W(o(t),o(s)) < /t lv(T)[|o(rydT, VO<s<t<l.
s
Hence, if we denote by |o'|yy the W metric derivative of o, then |0’y < ||v|l, a.e. on (0,1).

We next show that v can be chosen in an optimal way.

Proposition 3.8. Suppose that o : [0,1] — P(G) such that

(3.6) W(o / B(r and B € L*(0,1).

Then there ezists v : (0,1) — S"*™ Borel such that v(t) € To)P(G) for almost every t,
(3.7) 0+ divy(v) =0 in the weak sense in (0,1)

and

(3.8) [v]le < lo'lw < B, 6] <V2nCulo'lw ae. on [0,1].

Proof. We skip the proof since it is similar to the proof of Theorem 8.3.1 of [2]. O
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3.3. The Wasserstein gradient on P(G).
Definition 3.9 (Wasserstein gradient). Let F : P(G) — R and p € P(G).
(i) We say that F is W-differentiable at p if there exist v € T,P(G) and C > 0 such that:
for every € > 0 there exists § > 0 such that if p € P(G) and v € T,P(G) then
(3.9 lp=rle <6 = |F(B)—Flp) — @,0),] <eW(p,p) +C|p— p+divy (@), -

(ii) We write F € CYPo(G),W) if F is W-differentiable everywhere on Po(G) and its
Wasserstein gradient VyF is continuous on Po(G).

Remark 3.10. Let F and p be as in Definition[3.9

(i) We will later show that when there exists v as in Deﬁmtion it is uniquely determined.
If this is the case, we use the notation v = VywF(p) and call v the Wasserstein gradient
of F at p. One similarly defines Wasserstein sub and super gradients.

(ii) Observe that if p € Po(G) then || - ||, and || - ||¢, are equivalent. Therefore in Definition
there is no confusion about what it means that VwF is continuous on Po(G).
However, if p € OP(G), we may have ||p||, = 0 while we have ||p||¢, > 0.

Definition 3.11 (Fréchet derivative). Let F : P(G) — R and let p € P(QG).

(i) We say that F has a Fréchet derivative at p if there exists p € R™ such that

(310) S p=0, and tm 200 E0) = F)
=1

Jim, . = (p,p—p), ¥p € P(G).
We will later show that there is at most one p € R™ satisfying (3.10). When such p

exists, we write p = %(p) and call it the Fréchet derivative at p. Lemma shows a

relation between %—' and VywF. One similarly defines Fréchet sub and super differentials.

(i) We write that F € C*(Po(G), l2) if F has a continuous Fréchet derivative everywhere
on Po(G).

Remark 3.12. Note that the Fréchet derivative is independent of the graph structure, i.e. the
edges E of the graph. However, the Wasserstein gradient depends on E and the metric tensor
g.

Lemma 3.13. If Vi F(p) ezists for some p € P(G), then it is uniquely determined as an
element of the quotient space T,P(G).

Proof. Assume v,v € T,P(G) are Wasserstein gradients of F at p. We are to show that if
(1,7) € E and g;;(p) > 0 then v;; = 0. We assume without loss of generality that p; > p;.
Since by (H-iii) we have (p;, p;) # (0,0), we conclude that p; > 0. For 0 < a << 1, we set
vy, = 0 except that

a a Wij
(3.11) v = —vj; = _gij(P) a.
Note that div,(v*); = 0 when k # 4, j and
div,(v?); = wija = —div,y(v?);.
We set
(3.12) o(s) =p—sdiv,(v*), p=o(l), 0%(s)= U“M, Vs € [0, 1].

gij(o(s))
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Since 0 < a << 1, the range of ¢ is contained in P(G) and the range of g;; o o lies in (0, 00).

Let € > 0 and let 6 > 0 be such that (3.9) holds for v and ¥. Assuming 2w;ja < ¢ we get
o — plle, < 9. Since p— p + div,(7) = 0, we conclude that

| F(p) = Fp) = (v, 0),|, [F(p) = Flp) = (v%,0),| < eW(5,p)

and so,
(3.13) |(v*, v = 0),| < 2eW(p, p).
But,
(3.14) |(v*, v = 0),| = walvij — B;|  and  div,(v*) = dive(D?).
The first identity in and the last identity in (3.14) yield ¢ + div,(9*) = 0. Thus,
1 1 1
W2(p, p) < /0 19 () 135y ds = a2w@'a‘/o 9P —wnaspy ¥ wijas)d&
We conclude that for a sufficiently small, we have
1
(3.15) W2(p, p) < /0 ||T)a(s)||3,(8)ds = a*C%uwyj, Cc? = gij2(p)'
This, together with and the first identity in , implies
Vwijalvig — 05| < 2y/wijeaC.
Since € > 0 is arbitrary, we conclude that |v;; — 75| = 0. O

Lemma 3.14. If %(p) exists for p € P(G), then it is uniquely determined.

Proof. Suppose &, ¢ € R™ are Fréchet derivatives of F at p- The second identity in (3.10)) implies
that (§—¢&,p—p) =0 for all p € P(G). This means that £ — ¢ is parallel to 1 := (1,--- ,1). The
first identity in (3.10) implies that £ — £ is perpendicular to 1. Consequently, £ — & = 0. U

Lemma 3.15. Let F : P(G) — R and p € P(G).

(i) If F has both the Fréchet derivative and the Wasserstein gradient at p then VywF(p) =
Va(6F/dp)(p).

(ii) If F has the Fréchet derivative in an {1-neighborhood of p and if 0F /dp is continuous
at p for the £1 metric, then F has the Wasserstein gradient at p and v := VywF(p) =

Va(6F/6p)(p).

Proof. (i) Suppose that F has both the Fréchet derivative and the Wasserstein gradient at p
and set v! = Vg(6F/6p)(p), v2 = VwF(p). We are to show that whenever (i,5) € E is such
that g;;(p) > 0, we have vl-lj = vZ. We can assume without loss of generality that p; > p;. For
0 <a<<1,let v* be as in and let 0%(s) € P(G) be as in (3.12). We first use the fact
that F has the Wasserstein gradient at p and then use that F has the Fréchet derivative at p
to obtain

(va’v2)p — lim }_(0‘1(8)) - ~7'—(P) — <(;Z(P),din(Ua)) _ (Ua,’Ul)p.

s—0+ S

This means

w. . w
—a Ve vl = —a Vs v, Vo< a<<l1
9i5(p) 9i5(p)
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1 _ .2
and so, v;; = vj;.

(ii) Assume that F has the Fréchet derivative in an ¢1-neighborhood of p and 0F/dp is
continuous at p for the ¢; metric. Thanks to Lemma we may choose a constant ¢ = ¢(G, g)
such that || - — - ||, < V(). Let dp > 0 be such that F has the Fréchet derivative in B, the
closed /¢;-ball of radius g and centered at p. Let £ > 0 and choose § € (0, dy) such that

2¢ Sgg“5jr(n)—-(”9(p)H£m

Assume
pEP(G) and [p—pli <do, € T,P(G).

Set p := p+t(p—p). Ift € (0,1) and |h| is small enough, since piyp, = pr+h(p—pe), t = F(pt) is
differentiable on (0, 1) and its Fréchet derivative is (6.F /dp(p;), p—p). Since §.F /8p is continuous
at p, its absolute value is bounded by a constant M on B. Thus, t — F(p;) is Lipschitz and
so,

Fo - Fiow) = (2 05 -0) + [ (200~ 2 (ph5 - o)t

op
Thus,
OF | _ 0F _ .
F(p1) = Flpo) =\ Va==(p),0) +{ ==(p),p— p+div,(0)
op o op
ava OF _
+/0 <5p(ﬂt) - g(ﬂ),ﬂ - P>dt-
Hence,
0= o) - (0.0), | < |50 o+ div@dl + 50 [0 = 50|, 1 ol
neB
We bound the ¢; norm by the W-metric and use the condition on ¢ to conclude (ii). g

Lemma 3.16. Let T > 0 and 0 € AC2((0,T); (P(G),W)) and let v be the velocity given by
Proposition . The proposition asserts that T, the set of tg € (0,T) such that the metric
derivative of o at to exists, v(to) € To1,)P(G), o is differentiable at to and

(3.16) &(to) + diVJ(tO)(U(tQ)) = O,

is of full measure in (0,T). If F : P(G) — R has the Wasserstein gradient at o(tg) and to € T
then

d
GFem|_, = (YwFelo)viw)
If we further assume that %(a(to)) exists, then

a7, = (Goet.sw))

Proof. Let tg € T and let C > 0 be such that for every £ > 0 there exists § > 0 such that if
p = o(to) and v € T,()P(G) then (3.9) holds. Let 6: (—~1,1) — R be a function continuous
at 0 and such that 6(0) = 0 and

o(t) = o(to) + (t — to)divy () (v(to)) = (t — to)o(t — to).
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For |lo(t) — o(to)|le, << 1, we use (3.9) to infer

OOV TO) (9,710,060, | < 270 4 e~ o)
Hence,
s ]f @) -7 _ (VW]:(P)aU(to))p‘ < =[0’|(to),

which proves the first statement of the lemma, as € > 0 is arbitrary. In light of Lemma [3.15
we now conclude that the second statement of the lemma holds. ]

Corollary 3.17. Assume that F : Po(G) — R has a local minimum at p € Py(G).

(i) If F € C*(Po(G),W) then VwF(p) = 0.
(ii) If F € CY(Po(G), la) then 5 (p) = 0.

Proof. (i) Assume that F € C'(Po(G),W). Let (0,0%) be as in the proof of Lemma
except that now, we can choose § > 0 such that o : [-4,0] — Po(G). Recall the weighted
metric satisfies w;; > 0 for any (4,j) € E. By Lemma and the minimality property of F
and p, the following proves (i):

Flo(®) = F(p)
t

VwF . Wiq
— (YwF(p),0(0)) _ YT 0D

0=
p gz‘j(P)

(ii) Assume that F € C'(Po(G),¥2). For any f € R™ such that Y. | f; =0, t = F(p+tf)
achieves its minimum at ¢ = 0 and so, its derivative at ¢ = 0 is null, which means (f, %—Zj(p)) =0.
We choose f = %(p) to conclude that %(p) =0. O

Definition 3.18. If u : P(G) — R is differentiable at p € Py(G), the graph individual noise
operator Ninq is defined by

(3.17) Ainqu(p) := (divp (Vwu(p)),log p).

When (1.3) holds, we can extend the definition of Ajqu(p) up to the boundary of P(G).
Integrating by parts (cf. (2.2))), we conclude that

(3.18) Appau(p) = — (un(p), Vg log p) K

Remark 3.19. In the continuum setting, the individual noise operator is known to be a second
order differential operator, obtained by differentiating Wasserstein derivatives with respect to
spatial derivatives. However, in the discrete setting, the individual noise operator is obtained
just as a special combination of first order Wasserstein derivatives. Here, the spatial graph
gradient exists for every function since there is mo notion of smoothness with respect to the
graph gradient.

3.4. The individual noise operator A;,q. The goal this section is to comment on the relation
between the individual noise operator /A;,q and some continuous time discrete state Markov
chains. For the sake of illustration, we keep our focus on the case where g satisfies . Let
A be the matrix given in . It satisfies the following properties:

(a) A;; >0 for all (i, ) € V2 such that i # j;
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(b) A= — Zj#i Aij for all i € V,

which, according to standard terminology in probability theory, makes A a rate-matrix (or a
@Q-matrix). Therefore (cf. e.g. [69]), there exists a probability space (£2, F,P) such that for
any p € P(G), we can find a Markov chain S : [0,T] x © — V such that P(S(0,) = 1) = p;
and

: , hA
P(S(t YR =i|S(t) = ]) = (M), V>0,
for all 4, j € V such that P(S(¢,-) = j) # 0. Setting
oi(t) =P(S(t,-) =), VieV,
it is apparent that

oi(t+h) =Y (") oy(t) = (1 + Ayh + 0(h)>ai(t) +y (Ajih + 0(h)>aj(t).

=1 i
Hence, if A is symmetric, using (b) we conclude that
oi(t + h o(h)
: ZAjz<U] —sz( ))+T’
JFi
and so, if ¢t is a point of differentiability for ¢ then
n
(3.19) gi(t) =D Aji(oj(t) — o4(t))
J#i
for all ¢ € V. By (1.8), (3.19)) is equivalent to
(3.20) 5 (t) = divy ) (Va(logo(t))).
Thus, the unique solution to (3.19)), or equivalently the unique solution to (3.20), is given by
o(t) = ey

Given a sufficiently smooth function Uy : P(G) — R, we define U : [0, +00) x P(G) — R by
U(t, ) == U (a(1)).

In the introduction, we recalled that for each ¢ > 0, e4 is known to be a transition matrix.
One checks that there exists a continuous function ¢ — Cy € (0,400) such that if p; > ¢ for
all i € V then (e~4*u); > Cie for all i € V. Therefore, if o(t) € Po(G) then for A > 0 small
enough, the path h — v(h) := e~ 4"¢(t) belongs to Py(G) and satisfies the identity

v(h) + div,p) (Vg(logy(h))) =0.
Since U(t + h,v(h)) = Up(o(t)), we use Lemma to infer

d%uoe +h(R) = BU(t + b, v(h) + (Vnth(t -+ h,w(h), Vo logu(h))

Setting h = 0, we conclude that
0=0U(t,o(t)) — Ainald (t, o(1)).
This links the laws of the Markov chains (St)¢>0 to the PDE
(3.21) U = Ajnald, on (0,+00) x P(G), U0, -) = U.

v(h)
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4. VISCOSITY SOLUTIONS ON P(G).
In this section we introduce a notion of viscosity solution. We assume that ([1.2)) holds. We

fix T'> 0 and assume that F € C(P(G)) and H € C(P(G) x S™*").

Recall that we denote by C(Py(G), £2) the set of real valued functions on Py(G) which have
a continuous Fréchet derivative and we denote by C(Py(G), W) the set of real valued functions
on Py(G) which have a continuous Wasserstein gradient. By Lemma (i),

C'(Po(G), £2) C C(Po(G),W).
Note that for v € P(G), the function
(4.1) p— I (pv) =1/2l|p— v,
is of class C1(Py(G), £a). Similarly, J (s, -) is of class C(Po(G), l2) and we have
YwI (5 v)(w) = Ve(p—v) and VT (u,-)(v) = Va(v — p).

We also consider the function
n 1 n

(4.2) P T =30 =Y T, Ve e PG,
T i i—1

which is of class C1(Py(G), £2).
For each i € P(G), we assume to be given a linear functional
O, : 8" =R
such that u — O,(p) is continuous for all p € S"*".

Remark 4.1. Any H : P(G) x S™*" — R, can be written as H(p,p) = H(u,p) + F(u), where
H(p,p) = H(p,p) — H(p,0),  F(p) = H(p,0).
In the sequel, we chose to adopt the notation H(p,p) + F(p) only to emphasize the fact that
we will impose assumptions on H(u,p) — H(w,0). Therefore, H(u,p) + F (1) represents a large
class of Hamiltonians and is not limited to the class of the discrete analogue of the so-called
“separable Hamiltonians”. Observe that the separable Hamiltonians are widely used in the mean
field control and mean field game literature, see e.g. [19 23, 5], [76]. In the sequel, we adopt
the notation H(p,p) + F(u) only to emphasize the fact that we are making assumptions on

H(p, p) — H(p,0).

Given Uy : P(G) — R, we consider the Hamilton-Jacobi equation
for a class of Hamiltonian functions H which will be specified later.

Definition 4.2.

(i) A function v € USC([0,T) x Po(G)) is a viscosity subsolution to (4.3)) if u(0,-) < Up
and for every (to, po) € (0,T) x Po(G) and every p € C*((0,T) x Po(G), l2) such that
u — @ has a local mazimum at (to, po), we have

dve(to, po) + H(po, Viwe(to, po)) + F(po) < Opy (Viwe(to, po))-
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(ii) A function uw € LSC([0,T) x Po(G)) is a viscosity supersolution to (4.3)) if w(0,-) > Up
and for every (to, po) € (0,T) x Po(G) and every p € C*((0,T) x Po(G), l2) such that
u — @ has a local minimum at (to, po), we have

drp(to, po) + H(po, Vwe(to, po)) + F(po) = Opy (Vwep(to, po))-

(iii) A function u is a viscosity solution of (4.3)) if it is both a viscosity subsolution and a
viscosity supersolution.

Remark 4.3. By Corollary every ¢ € C'((0,T) x Po(G),l2) which achieves a local
mazimum at (t, 1) € (0,T) x Po(G), satisfies Opp(t, ) = 0 and Vyp(t,u) = 0. Hence, every
smooth function for which holds pointwise on (0,T) x Po(G), is also a viscosity solution.
An analogous conclusion can be drawn for viscosity subsolutions and supersolutions.

Remark 4.4. For any (i,j) € E such that 1 <i < j < n, we define e;; € R™ to be such that
all its entries are null, except that the i-th entry is —1 and the jth entry is 1. If u : P(G) — R
and its Fréchet derivative ezists at p € Po(G), we can define the following limit when it exists:

Véiu(p) := lim ulp + teij) - u(p)
t—0 t

When the Fréchet derivative of u exists in a neighborhood of p and is continuous at p, then
ou
Vwlo) = Vo (52 )0
and so, \/wi;Viu(p) are the entries of Vyyu(p).

Thus, if we consider Po(G) to be a flat Riemannian manifold, Vyyu(p) only depends on the
derivatives of u in the directions that span the tangent space. Hence, we can conclude that if u
is a Wasserstein-viscosity solution to

dru(t, p) + H(p, Vwu(t, p)) + F(p) = Op(Vwult, p))

then at least formally, u is a viscosity solution to

drult, p) + M (p, (VI Vult, ) ) + Flp) = O, (e Voult, p) )

which we can consider to be a PDE on a flat Riemannian manifold. Moreover, after a change
of coordinates, the equation can be transformed into an equation on (0,T) x §, where Q is an
open subset of R"~1.

5. COMPARISON PRINCIPLES

The goal of this section is to show a comparison principle for viscosity solutions to equation
(4.3) and its version for a boundary value problem.

We now introduce the assumptions on H and O. We fix k > 1 and assume that and there
exist positive constants ¢, > 1 and non-negative functions 7,7, w, € C([0,00)) such that for
any i, v € Py(G), and p,q € S"*™, the following hold:

(A-i) H € C(Po(G) x ™) and H(u,-) is convex.
(A-ii) limy_y1+ 5(t) =1, ~v(t) > 1 for any t € (1,t.) and we have
ty(O)H(u,p) < H(p, tp) < () H(p,p), Vt>0.
(A-iii) For every 0 < & <1 there exists - > 0 such that 0.||p||;; < H(u,p) for all u € P:(G).
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(A-iv) We have H(u,0) = 0 and there are moduli w. and constants C. for 0 < € < 1 such that

H(psp) = Hv,p) = —we (i = vl Ipllg = Celllpll = ol | (Il + 215 ™), Vi€ Po(G).

(A-v) If Z is as in (4.2) then
[H(p,p)| < ClIplIEZ() ™", V(s p) € Po(G) x 8™
(O) There exist a constant C' > 0 and for every 0 < € < 1 a constant C; such that for every
bi,bo > 0 (if J is as in (4.1]))
Ou (VW (V) (1) + B2V WI (1)) + O, (VT (1) (v) + b2V WI () )
< Cebi|lp = w7, + Co2(IVWI (W)L Z(1) ™ + IVWI@)WZ() ™), Vv € Pe(G).

Example 5.1. Let a € C(P(G)) be non-negative such that aZ” is bounded from above and for
every € > 0, there exists 0 > 0 such that a > 0. when p € P-(G). Setting H(u,p) := a(p)||pl},
we have

H(p,p) = H(v,q) + (alp) — a@)))llpl} + a@)(Ipl}; = l4ll7)-
We choose wy to be the modulus of continuity of a and we use the fact that

< 1ol — lallv] (nprzl T uqnsl)

Ipllz = llall

to conclude that (A-i)-(A-v) hold.

Observe that the lo-Lipschitz constant of the function J := I=' on Py(G) is less than or
equal to 1 and so, J admits a unique Lipschitz extension on P(G) which we continue to denote
by J. Since on Po(G), J(1) < p; for alli € V, one concludes that nd <3,y pi = 1 on P(G),
and J vanishes on the boundary of P(G). Therefore, (A-i)-(A-v) hold for

a(p) == CoJ"(n), 0 =Coe"n™", C.:=rCon ".
Remark 5.2. Since T=! is bounded from above by n, (A-v) implies that
(5.2) [H(p,p)| < Cn"Ipll;,  V(p,p) € P(G) x §™7".
Example 5.3. Assume that O, is the graph individual noise operator so that

Ou(p) = = (p. Vlogp) .

We have
1
Oy (VWI<M)> =-3 > (YWI() yor () (Valog ),
(k,EE
1 n
=—5 > (2 VwI(w) () (Ve log )y,
(k,)eE j=1
One checks that
(5.3)
0 ifk,l£jork=1=j,
0, 1,1 11 1 1N\T 0 P S
)= —(= ... 1. = ... = e’} =< —wogu;* ifk =741 ,
5M(M) M?(nv ’n’n ’na an) ) VG((SM)(N) ]ZM] f J #]

VR Y ik # gl =
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Hence,
1
OM<VWI(/’L)) = Z wirgji(1)— (log pu; — log )
(eE Hi
1 1
= Z wirgji(p) | —5 — —5 ) (log pj — log pur)
GEB.j<l oy K
Hy +
(5.4) =— ) wjl!le(M)( 5 23> (log puj —log ) 1y — ) <0,
G <1 ik

where we have used the fact that (log p; — log Ml)(ﬂj — ) > 0.
Note that
1

Ou (VWJ(-, V)(u)) =3 Z wij (i — vi) = (5 — v5)) (log pi — log ;) gij (1)-
We similarly compute O, <VWJ(M, )(1/)) to conclude that
0, (VW ()W) + 0 (VW (1, ()
=—5 wij (i = vi) = (5 — vy)) ((108;/% —log 1) gij (1) — (logvi — log Vj)Qij(V))~

We denote by E;; each one of the expressions in the above sum. Since

By =— %Wij((ﬂi —vi) = (5 — vj)) ((10gui —logv;) + (logv; — 10gﬂj)>gij(,u)
— S (= v3) = (g = 7)) (log i — low ) (g1 () — 15,

we conclude that
Eyj < Cellp—vlj,

where
C.:=2C,log <%) Lip(glf1p2) + %.
Hence,
Ou(FwT (,0)(1)) + O (VT (1, ) (¥)) < n2Cellpe — w3,
This concludes the proof of .

Remark 5.4. The conclusion (5.4)) in Example continues to hold if instead of T(u) =
Yicy L/ pi, we take T(p) = Y .oy £(ps) for any positive function £ € C°°(0,+400) such that
¢ <0.

Let u be a viscosity subsolution and v be a viscosity supersolution to (4.3|) such that u and
—uv are bounded above. For any a,,e,d € (0,1], A € (%, 1], we define

BB
T—t T-—s

‘1’0(75,8,#, V) = )\u(t,,u) - U(Sa V) -

and

ln—vlf, (-5* 11
v 1,8, I, = Vo(t,s,pu,v) — - N (7 7>
ae,s(t, 8, 1, V) ot s, 1, v) % 20 a; i " Vi
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We set
M = sSup \IIO(tatHU“v /'6)7
[OvT)XPO(G)
"1
Ma = sup \IIO(tatnuvM) - 2azi )
[0,T)xPo(G) i M

n

I = v 11
Maf = sup (‘Ifo(t,t,,u,,lt) - TQ — (IZ (7 + ;) )
: )

[0,T)xPo(G)?

Ma,e,é = sup \Ija,a,é-
[0,7)2xPo(G)?

Since for every B, a,e,6 € (0,1] and % <A< 1, My, s < M, for some constant M,, it is easy
to see (see e.g. [31], Proposition 3.7 for such argument) that

(55) lim Ma,e,& = Ma,£7
0—0
5.6 im M, . =
( ) 55% a,e as
(5.7) lim M, = M.
6—0

Theorem 5.5 (Comparison Principle). Assume that H satisfies (A-i)-(A-v) and F € C(P(Q)).
Assume further that O is as above and satisfies (O). If u is a viscosity subsolution to ,
v is a viscosity supersolution to (4.3), u, —v are bounded above and u(0,-) < v(0,-) on Po(G),
then u < wv in [0,T) x Po(G).

Proof. Suppose on the contrary that u < v in [0,T) x Po(G) fails. Let (£, /i) € (0,T) x Po(G)
be such that 3e := u(t, i) — v(t, i) > 0.

Step 1. Properties of mazimizer of ¥, . 5. We will use the notation ¥ in place of ¥, . s and to
alleviate the notation, we simply denote a maximizer of ¥, . s by (¢, 3, i, 7), without displaying
the dependence in f3,a,¢e,d. It is clear that there exist 0 < Ag < 1,5y > 0,a¢ > 0 such that if
M <A<1,0<8<fpand 0 < a < ag, then V(¢,35,1,7) > 2e and \u(0,1) — v(0,1) < e.
Moreover, we always have

(58) hi, V; > cia, VieV
for some independent constant cy.

We start by observing that

t—35)? . (t—3)?

(5'9) Ma,e,é + ( 45 ) = \I/(t,s,,u, V) + ( 45 ) < Ma,e,%
and

o—vl|?  (t—3)?
(510) Ma,5,5 + H:U' Ae H + ( 45) S Ma,2s,26-
Thus, (5.9)), together with (5.5]), implies that

7_5)2
(5.11) im E=" _ 0 va, e>o.

6—0 1)
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Now ({5.5)), (5.6) and (5.10]) give us

= l2
—v

(5.12) lim lim sup u
e=0 550 €

=0.

Similarly, since

Iz —o|* | (= 5)°

a _ _
(513) Ma,&(; + i(I(M) + I(V)) + de + 45 < Ma/2,2s,257
(-5). (5-6) and (5.7) yield
(5.14) lim lim sup limsup a(Z (i) + Z(7)) = 0.
a=0 e50 50

Since ¥ is upper semicontinuous, in particular it follows from (5.8]), (5.11)) and (5.12)) (even
though the full conclusions of (5.8), (5.11]), (5.12)) are not necessary) that for \g < A < 1,0 <
B < By,0 < a < ag and for sufficiently small €, d, we must have ¢,5 > 0.

Step 2. Control on gradients of C' functions which touch w from above or touch v from
below.
Observe that,

. B j(:u’ ) t—S
T vy e 5 )\Z

belongs to C1((0,T) x Po(G),£2) and is such that u — ¢ achieves its maximum at (¢, i) in
(0,T) x Pp(G). Since u is a viscosity subsolution, we infer

where we have set

Let Foo € R be such that |F| < Foo. We have

2 (1) + F () - 04(p) < (1 - M) e

By (5.3), we can find a constant C independent of p such that

(5.15)

(5.16) IVWZ (i)l < CZ

Since H(f, ) is a convex function and 7 := (1 + /\)/2 is between 0 and 1, we have
iy Ad=m), . m P2
> S 22,
AH( A) H( A) 1 Hth_nA)
Using (5.16) and (A-v), we obtain for a constant C' > C' independent of a, ¢, § such that
b1 ~ Ui : ~ 1 1
A > Cl——— N — | —.
() H( ")~ ‘(1—77»’ (a ;/ﬂ) ()"

By (5.14)), we can find w(a,¢,d) such that lim,_o limsup,_,q lim sups_,qw(a,e,d) = 0 and

AH( )\)>>\’H< %)—w(a,e,a).
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Now (A-ii) and (5.15)) imply

B t—s
(5.17) 72T 5

() (1) + F(B) = Op(B) < (1 = N Fox + (a,,0).

Similarly,

. B I@y) , (E-s)? —~ 1
: — —
2 (s0) T—5+ € * 20 +a;1/i
belongs to C'((0,T) x Py(G),¥2) and is such that v + ¢ achieves its minimum at (5,7) in
(0,T) x Pp(G). Using the fact that v is a viscosity supersolution, we infer
B 55—t

g = T 0 + F(7) - Onlg) 2 0.

(5.18)

Here, we have set
7=~ LYW (1, )() — aVwI() = ~a1 — o
We notice that —q; = p1.
Since n > A, in light of (A-ii), for 7 < 1 sufficiently close to 1 we have

ri=(1)-m(3) >0

Similarly as before, we use the convexity of H(7,-), (A-ii) and (A-v), to obtain
1 1
QQ> S T:Y(7)H<Daﬁ1> + (A.)((l, £, 5)7
1—171 T
where w is as before. This, together with ((5.18|) implies that
B 55—t

12
We combine this with (5.17)) to conclude that

H(r.q) <7H(n,2) + (1= ) (v, -

+ T’_Y<$>H(l7:ﬁ1) + F(v) — 05(q) + w(a,e,6) > 0.

1
V(3 )5 = (2 ) 1@, ) + F () - F(7)

< (1= N Foo — 28772+ Ou(p) — 05(q) +w(a,e,d).
By (1), (12, 19 and (10)

1 _
V(3 )5 = 73 (2 ) @, 1) + F (i) = F(7) < (1= N)Foo = 28T + w(a,2,9)
(for a different w(a,e,d) satisfying the same properties) and hence, using (A-iii),
1 _
(=) (A1) = H(7 1)) + F (@) = F0) + 18 |1l < (1= N Foo = 267 +w(a, ,0).
Thanks to (A-iv), we conclude that if wr is the ¢3-modulus of continuity of F then
(1 - ~ ——l — — — k— — K— .
= 73(=) (waer (1 = Ze) 151115 + Caen 151115 = Wpallo| (5005 + Wpall57) ) + 78y 1115
(5.19)
<1 - MNFeo — 28T 2 + w]:(Hﬁ — DH@) + w(a,e,9).
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Step 3. Relative smallness of |||p1llz — |P1llz|- Using the fact that p;,v; > acy for all
i=1,...,n, we easily have

Pl — 122ls] < [1701Z — 1222

N

1

1
5 o (6) - 950)| | < Kalmlall o1
(i.)eE
and
D1l < Kallpilla

for some constant K.

Putting it all together in (5.19) we obtain that for some constant K,

1
— Ko (e (1 = Ple) + 11— 7103 ) 151+ s 11
<1 = N)Foo = 28T 2 +wz (|| — Ple,) + w(a,e,0).

We now take A so that (1 —\)Fo < 72 and then take lim,_o lim sup,_,, lim sup;_,, of both
sides of the above and use ([5.12]) to obtain a contradiction. O

We next show that a comparison principle still holds even if we weaken the assumptions on H
and O,,, provided we have additional information about how u and v behave on [0,T") x OP(G).

Theorem 5.6 (Comparison Principle, Boundary Condition). Let the assumptions of Theorem
be satisfied except that we now only require H to satisfy (A-i)-(A-iwv) and O, to satisfy (O)
with by = 0. If u € USC([0,T) x P(Q)) is a viscosity subsolution to [{£.3), v € LSC([0,T) x
P(Q)) is a viscosity supersolution to [4.3), u,—v are bounded above, u(0,-) < v(0,-) on P(G)
and u <wv on [0,T) x OP(G), then u < v in [0,T) x P(G).

Proof. Since the arguments here are similar to those of the proof of Theorem 5.5 we just sketch
the necessary adjustments. Suppose that u € v on [0,7) X P(G). For 0 < A < 1,5,¢,6 > 0 we
consider the function

-l -5 B B

2e 26 T—-t T-—s
and we denote its maximizer by (¢, 3, i, 7). It is easy to see that there exist 0 < A\g < 1,59 > 0
such that for every \g < A < 1,0 < 8 < [y there is n > 0 (depending only on A, 3) such that
for sufficiently small €, > 0, we have n < t,5 <T —n, i, € P,. The proof now repeats the
lines of the proof of Theorem and is easier since we do not need to deal with terms coming

from the functions Z(u) and Z(v). We have in place of (5.15))

U, 5(t, s, 1, v) = Au(t, p) —v(s,v)

B t—35 1 o _ _

oz 2 - —_0- < (1 —

=+ 5 H UM () + F () — Oulp) < (1- N Fec,
where

5o T C)(E)
3
The part from ([5.15)) to (5.17)) is skipped and we have in place of ([5.18|)
B 55—t

*ﬁ — T+'H(I7,I7) +F(lj) 7017(17) = 0.
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We set 7 = (%) — 1 > 0 and we obtain instead of (5.19)),

— w8 = Ple) 1Bl = Calllpnlle — Ivl] (el + p ™) + 0y ol

I
— UV
(6.20) <0 NP 287+l - 7ll) + ¢ e

This allows us to conclude as in Step 3 of the proof of Theorem by taking lim._,o lim sups_,,
of both sides of the above. ]

6. PERRON’S METHOD

The goal of this section is to use Perron’s method to show the existence of a viscosity
solution to (4.3). Throughout the section, we assume that F € C(P(G)), H is continuous on
Po(G) x S™*™ and O, : S"*™ — R is linear, y — O, (p) is continuous for all p € S and there
exists a constant C» such that

(6.1) 10.(p)| = Collplle, V(. p) € Po(G) x 8™
For example when ([1.3) holds, the individual noise operator satisfies (6.1]).

When S is a topological space, for a function f defined on a subset of @ C S, we will write f*
to denote its upper semicontinuous envelope and f, to denote its lower semicontinuous envelope,
ie.

f7(y) =limsup f(z) and  fi(y) = liminf f(2).

zZ—Y

In Lemma [6.1] we do not consider the initial condition to be part of the definition of viscosity
subsolution and we consider viscosity subsolutions to be functions on (0,7") x Py(G).

Lemma 6.1. Let S be a family of viscosity subsolutions to (4.3). Let v :=sup{w; w € 8} and
assume that v* < +o00 on (0,T) X Po(G). Then v* is a viscosity subsolution to (4.3).

Proof. Suppose that ¢ € C'((0,T) x Py(G),2) and there exists r > 0 and (%, u°) € (0,T) x
Po(G) such that v* — ¢ achieves its maximum on B, (t°, u°) at (t°, u°). We may assume without
loss of generality that B,.(t°, u) C (0,T) x Po(G). By the definition of v*, there exists (", u")
and w,, € S such that
(6.2) (t" ") = (% %) and wn(t", ") = 0", 1%) as n— +o0.
Set

@s(t, 1) = p(t, 1) + o[t — t°2 + 8| — p°|l7, on (0,T) x Po(G).
Note that s is of class C*((0,T) x Po(G),l2). Furthermore, (t°, u°) is a strict maximizer for
v*(t, ) — @s(t, 1) on By(t° u¥). For any n € N, let (", i) be a maximizer of w, — s over
B,.(t° u%). Observe that

Wt 1) = s(E% 1) < w7 7) — s, ) < (0 ) — sl ).

Thus, if (t>°,w™) is a point of accumulation for ((£", ,&"))n then by (6.2)), we have

U*(tov ,UO) - 30(5(t07 ,UO) = lim Sup(wn(tna 'un) - 905(tna :un)) < lim sup(v*(fn, /ln) - ()05(571) ﬂn))
n—-+o0o n—-+o0o
We use the fact that v* is upper semicontinuous to conclude that

0 (10, 10) = s (10, 1°) < 0F (%, 1™0) — @5 (t°, u>).



WELL-POSEDNESS FOR HAMILTON-JACOBI EQUATIONS ON THE WASSERSTEIN SPACE ON GRAPHS25

Since (tY, %) is the unique maximizer of v* — s over B, (t°, u°), we conclude that (¢°, %) =
(t°°,w™) and so, (t°, u?) is the unique point of accumulation of ((f", /l”))n Thus, the whole se-
h, ("

quence ((£", ,&”))n converges to (t°, u°) and so, for n large enough, (", i) belongs to B, (t°, u°).

Note that
Orps(t, 1) = Opp(t, i) +26(t —1°) and  Vyyeps(t, 1) = Vweo(t, 1) + 26V e (p — p).
Since wy, € S and (", i) maximizes w, — @5 over B, (%, u"), we obtain that
Orp(t™, o)+ 26(8" — 1°) + H (", Ve (", (") + 20V o (f" — pi°)) + F (™)
<O (Ywep(, i) + 2600 (Vo Ve (i — 10)).

Observe that since u® € Py(G), || - ||zn and | - ||, are equivalent.

Letting n — +o00 and using the continuity of F,H,O,,, and , we obtain

Ao, 1%) + H (1, Ve (7, 1)) + F (1) < O (Vwep(t°, 1))

This concludes the proof of the lemma. O

Lemma 6.2. Suppose that u is a viscosity subsolution to (4.3) such that u. is not a viscos-
ity supersolution to (4.3). Then, there exist (t°, u°) € (0,T) x Po(G), 6,7 > 0, such that
B, (%, %) C (0,T) x Po(G) and a viscosity subsolution v to (£.3)) such that the following hold.

(i) v>u on[0,T) x Po(G) and v =u on ([0,T) x Po(G)) \ Br(t°, u?).

(ii) There exists a sequence ((t",p")), C (0,T) x Po(G) such that

(tna :un) - (tomuo)? u(tn,'un) - u*(tonuo)? U(tnaun) - u(tnmun) — 0 asn— +oo.
Proof. Since u, is not a supersolution to (4.3)), there exists ¢ € C* ((07 T)xPo(G), Eg), r > 0 and

(%, u®) € (0, T)xPo(G) such that u,—¢ attains the minimum value 0 at (¢, u%) € (0, 7)xPo(G)
on Ba,(t%, %)  (0,T) x Po(G) and

o, 1) + H (1, Ve (t%, 1°)) + F(1°) < Ou (Ve 1°)).

By a continuity argument, if §,v > 0 are sufficiently small, reducing the value of r if necessary,
we obtain that

(t, ) = @sq(t, 1) =t p) + 6 — |l — p°||7, — [t — O]

is a classical subsolution to (#.3) on B,.(t°, u%) C (0,T) x Po(G). Thus, by Remark V5~ 18
a viscosity subsolution to (4.3 on B,(t, u°). Observe that

u(t, ) > us(t,z) > @(t,z) on Bp(t, u°).
If we choose § = r%'y, then
u(t, ) > @5t ) on B(t%, 1)\ Bz (t°,1%).
Setting

~ max{u(t, p), s~ (t, )}, on  B(t% u),
(6.3) v(t,pu) = { u(t, p), otherwise,

we conclude that v = u on the open set

Q:=(0,T) x Po(Q) \B% (to,uo).



26 GANGBO, MOU, AND SWIECH

Thus, v is a viscosity subsolution to (4.3) on €. Since, by Lemma v = max{u, g5~} is a
viscosity subsolution to (4.3)) on B,.(t°, 1%) and since the union of the open sets 2 and B,.(t", u°)
is (0,7T) x Po(G), we conclude that v is a viscosity subsolution to (4.3) on [0,7") x Py(G).

Let {(t", u™)}nen C (0,T) x Po(G) be such that

lim (", p") = (% 4% and  lim w(t, p") = u.(t°, u°).

n—-+00 n—-+00

We have
lim_ (o(t", 1") = u(t", 1) > 05 (7, 1) = we(t®, 1°) = wa(®, 1) + 6 — ua(t°, %) = 6,

n—-+o0o

which completes the proof of (ii). O

Theorem 6.3 (Perron’s Method). Let the assumptions of Theorem be satisfied, let
hold and let Uy € C(Po(G)). Suppose that u is a bounded viscosity subsolution to , w 1S
a bounded viscosity supersolution to and in addition w, (0, ) = u*(0, ) = Up(p) for all
€ Po(G). Then, setting

S = {w cu<w<uonl0,T) x Py(G) and w is a viscosity subsolution to },

the function u = sup,csw is a viscosity solution to (4.3)).

Proof. By Lemma , u* is a viscosity subsolution to . Since v < u < 4, we have
u<u* <uand Up(p) = u, (0, 1) < ue(0, 1) < u(0, ) < u(0, 1) =: Up(p) and so, ux (0, ) =
u* (0, u) = Up(p) for p € Po(G). By the maximality property of w, this implies that © = u* and
S0, u is a viscosity subsolution to (4.3)). If u, fails to be a viscosity supersolution to , let v
be the viscosity subsolution to rovided by Lemma Observe that v(0,-) = Uy(-). By
the comparison principle, v < @ on [0,T") x Py(G). Also u < u < v by the construction of v.
Hence v € § and so, by the maximality property of u, we have v < w, which contradicts (ii)
of Lemma Thus, u, is also a viscosity supersolution to and then comparison yields
u* < u,. Therefore u = u* = u, is a viscosity solution to (4.3)). O

In light of Theorems and to show that (4.3 has a unique viscosity solution, it suffices
to construct a viscosity subsolution u and a viscosity supersolution @ to (4.3). We show how
this can be done in the rest of this section.

Proposition 6.4. Let the assumptions of Theorem be satisfied (recall that we assume (6.1)
in this section). Suppose that Uy : Po(G) — R is a function such that one of the following two
conditions holds:

(1) Uy is Lo-Lipschitz;
(ii) O =0 and Uy is W-Lipschitz.

Then there exists a constant Cy > 0 which depends only on Uy, H, F such that the functions
u(t, p) = —=Cot +Up(p), u(t,n) = Cot +Uo(k)

are respectively a viscosity subsolution and a viscosity supersolution to (4.3)). Moreover, if u is
a bounded viscosity solution to (4.3|) then u(-, ) is Co-Lipschitz on [0,T) for every p € Po(G)
and for every € > 0 there is a constant K. such that

(6.4) lu(t, ) — u(t,v)| < Kellp—v|le, forallt e [0,T],p,v € PAG).
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Proof. In the case (i), we assume [y is the fo—Lipschitz constant of Uy. We fix Cyp > C' > 0 whose
value will be specified later and set u(t, ) = —Cot 4+ Up(p). Let ¢ € CH((0,T) x Po(G), £2) be
such that there are 7 > 0 and (¢°, p°) such that B,(t°, p°) C (0,T) x Po(G) and u — ¢ achieves
its maximum on B, (t°, p%) at (#°, p°). Note that 9;p(t°, p’) = —Cy and Hg—ﬁ(to,uo)sz <lp and
S0,

IVwe(t, 1)l < 20*loC.
Set

C :=Colp + (sup) {\H(u,p) + F()| : € Po(G),p € ™", |Ipl|,, < QHQZOCw}-
M?p
We have

A, p°) + H(po, Ve, po)) + F(p”) — Opo (Viyu(t’, p%)) < —Co + C.

This proves that w is a viscosity subsolution to (4.3) such that u(0,-) = Up. In a similar manner,
we construct a viscosity supersolution @ to (4.3]), which is such that @(0,-) = Uy. We apply
Theorems and [6.3| to conclude the proof in case (i).

In the case (ii), one shows that if u— ( achieves a local maximum at (t°, p°) € (0,T) x Po(G),
then [[Vyye(t?, u°)|,0 < nlpC. We follow the same lines of arguments to conclude the proof in
the case (ii) when Cp = 0.

To show Lipschitz continuity in ¢, we notice that comparison principle gives us
(6.5) — Cot +Uo(p) < ult, p) < Cot + Uo(p) = Cot +Up(1)

for any ¢ € [0,7) and p € Po(G). Let s > 0 and define v(t, u) = u(t + s, ). Since H is time
independent, v is a viscosity solution to (4.3)) such that v(0,-) = u(s,-). We have

v(0,-) = [[v(0, ) = (0, ) [[oc < u(0,-) <v(0,-) + [[v(0,-) = u(0,-)l|oc-
By the comparison principle,
o(t, ) = [[v(0,-) = u(0, )[[eo < ult, ) <v(t,) +[[v(0,-) = (0, )[c  on (0,T = s5) x Po(G).
Thanks to , we conclude that
—Cps < —||lu(s, ) —u(0,)||oo < ult+s, )—u(t,-) < |ju(s,)—u(0,)|lcc < Cos on (0,T—s)xPy(G).
Thus, u(-, u) is Co-Lipschitz on [0,T) for p € Py(G).
To prove , for every § > 0 we define the sup-convolution of w in the y variable by
Wt p) = sup {a(t, p) M} .
pEPO(G) 20
Let p be a maximizing point. It is easy to see that we must have
e = Blle, < 23/ Tullocd =: Cs.

Let now 0 < t < T, € Pc,;(G). Then p € Py(G). Suppose u’ — ¢ has a maximum at (¢, ).
Then

e = plI7 lv = pli7
(6.6) u(t,p) — TZQ —(t,p) = u(s, p) — TEQ —¢(s,v)

for all s,v, p. If we set v = p+ (u — p) we thus have

so u—(+,-+(pu—p)) has a maximum at (¢, p). Thus, using the definition of viscosity subsolution,
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(6.7) et ) +H(p, Vwe(t, 1) + F(p) < Op(Vwep(t, ) < CollViwe(t, 1) e,

Assume in the sequel that p € P-(G) and ¢ is sufficiently small so that C5 < §. Since
u(-, p) is Co-Lipschitz, |0p(t, )] < Cp. We use in (6.7), (A-iii) and the fact that by (H-iii)
|- Il = Vel - lle, on P-(G), to deduce that

025 [Vt w115, < CollVwealts w)lley + Co + Foo,
where |F| < Fu. Thus, some constant K. independent of § we have
(6.8) IVwe(t w)lle, < K.
Setting s =t¢,p=pin we also see that the function

lv — allZ,
-2 o(t
v 2 t,v)

has a maximum at u so

(6.9) LA

Since G is connected Vgp = 0 if and only if p; = p; = 0 for all 4,7 and thus, on the set
of null average p, [|[Vaplle, and ||plls, are two equivalent norms. Hence, since Vyyp(t, u) =
Vg(g—i)(t, ), there is a constant C' such that

Hfsi(t?muez < Cel[Vwe(t, 1)l e,-

Thus, and imply
(6.10)

p— I
1252, < K
for some constant K.

The set of points (¢, i) such that u® — ¢ has a maximum at (¢, ) for a smooth function ¢
is dense in (0,7) x Po(G) (where in Py(G) we take the || - ||, norm). This can be seen by
considering for every (to, po) € (0,7) x Po(G),n = 1,2, ..., the functions

u(t, 1) = n((t = to)* + [l — poll7,)

which, for large n, will have maxima close to (tg, ip). We thus conclude from that for
every (t,u) € (0,T) x P:(G) there is a sequence (ty,, i) such that if p,, is the maximizing point
for u®(ty, ftn), then

‘ Pn — Hn
)

Thus, by passing to a subsequence, we obtain that for every (¢, 1) € (0,7) x P-(G), there exists
a maximizing point p for u®(t, u) such that (6.10)) holds.

Let now ¢t € (0,7), u, v € P-(G). We define the function

%(3) = ué(tnu’"i_ S(V - :U'))ﬂ Vs € [07 1}'

<K..

Lo
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The function 4 is Lipschitz and hence differentiable a.e. Let 0 < § < 1 be a point of differen-
tiability of 15 and let h € C*(R) be a function such that )5 — h has a maximum at 5. Let p be
a maximizing point for ud(t, u + s(v — p)) satisfying (6.10). Then the function

+ _— —_n 2
s 5t p) - e+ (v 26#) pllz, ()

has a maximum at 5. Therefore

W (5) = <ﬁ — (p +;(V — 1) Y u>

and thus [h/(8)] < K:|lv — plle,. We now conclude that
u’ (8, v) — u (£, )] = [1hs(1) — ¥5(0)] < Kellv — pulles-
It remains to send § — 0. O

If Uy € C(P(G)) (and hence Uy is uniformly continuous), let ud for 0 < § < 1 be the
sup-convolution of Uy defined as in the proof of Proposition Then ug is fo-Lipschitz and
Uy < ug < Uy + as, where ag — 0 as § — 0. Therefore for every 0 < § < 1 there is a constant
Cs > 0 such that

us(t, 1) := Cst +ug(p)
is a viscosity supersolution to . Then the function
w:= inf wus
0<d<1
is a bounded continuous viscosity supersolution to (4.3) such that @w(0,u) = Up(p) for all
i € Po(G). We can construct a bounded continuous viscosity subsolution u in the same way
by approximating Uy by its inf-convolutions.

7. OPTIMAL CONTROL PROBLEM

In this section we apply our results to a model optimal control problem and show that the
value function is a unique viscosity solution of the associated Hamilton-Jacobi equation. The
Hamiltonian for our model problem is of the type from Example and O, = 0. Throughout
this section we assume that

Uy, F € C(P(G)),
and ¢ > 0 is such that [Up|, |F| < c.

We define the function £ : P(G) x S™*™ — [0, +-oc] by

0, if pedP(G), m=0;
(7.1) E(u,m) = +o0, ) if pe GP(G), m # 0;
1 mZ; .
52 2~(ig)eE g0 i # € Po(@),
where
1
) = 7t

It is easy to see that if u € Py(G) then

sup {(p.m) — Lum)} = Lol = H(pp), oS

meSnxn
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Moreover, if u € OP(Q)

meSan megnxn +OO7

_ 0, if p=20;
sup {(pvm) *E(ﬂ,m)} = sup (p,m)= { if i;é 0.

Recall that, given p°, p! € P(G), we denote by C§(p", p!) the set of pairs (o, m) such that
o€ H(0,t;P(G)), m e L*(0,£;S™"), (0(0),0(t)) = (o, p")
and
¢ +divg(m) =0, in the weak sense on (0, 1).

Given p € P(G), we define Ci(-, p) to be the union of all C{(p°, p) such that p° € P(G), and
similarly we define C(-, p) for 0 < s < .

Lemma 7.1. Let p € P(G) and fix i € {1,--- ,n}. Suppose that (o,m) € C (-, p) is such that
L(o,m) € LY(0,T). Then there exists a positive constant C independent of o such that the
following hold.

(i) We have | ml72 .y < 2021 L0, m)|pro,r) and 6] p20,r) < VClImllr2o,r).
(ii) If there exist to,t1 € [0,T] such that ty < t; and o;([to,t1]) C (0,400) then
t1

20(1 —to) [ L(o:m)ds > (log (u(11)) ~ log (ai(to))>2.

(iii) Either o;,(]0,T]) C (0,+00) or 04,([0,T]) = {0}.

Proof. 1. We use the fact that a < n? and g;; <1 to obtain

- 1
(7.2) L(o,m) > o5 m]]*.
Furthermore, the identity
(7.3) o + Z Vwigmij = 0,
JEN(i)

implies that for some positive constant C' independent of o, we have
(7.4) 6> <C > mi.
JEN()
This concludes the proof of (i).
2. Suppose that tg,t1 € [0,T] are such that ¢y < ¢1 and o;([to, t1]) C (0,4+00). Then

2 2 2 2
_ 1 1 mj; 1 1 m?; 1 &4
. =~ (> =] D > (Y =) S >~ %
(9 Flom) 2 ( ) ( -2 ( ) JEN(G) gij(0) ~ 2C o}

g L\O g
kev 0K k,j)eEgjk() key Ok

Thanks to Holder’s inequality, we have
2

t1 52 t1 |0"~| 2 t 5. 2

(76) (tl - t())/ %ds Z </ st) Z (/ ZdS) = <10g (O'i(tl)) — log (O'i(to))> .
to 95 to i to Oi

Combining (7.5) and (7.6)) we thus obtain (ii).

3. Suppose now that there exists ¢ € [0, 7] such that o;(¢) = 0. Assume to the contrary that
we can find 5§ such that 0;(5) > 0. The open set {s € (0,7) : o04(s) > 0} has a connected
component I which contains 5. We have that I is an open interval of the form (a,b) such that
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either o;(a) = 0 or o;(b) = 0. Suppose for instance that o;(b) = 0. Then by (ii), whenever
0 <r<b-—35, we have

T 2
2CT/ L(o,m)ds > (log (oi(b—1)) —log (01(5))> .
0
Letting » — 0T, we obtain a contradiction. ]

If t > 0 and (o,m) € Ci(-, p) for some p € P(G), we set

t
Ab(o,m) == Uy(a(0)) +/ (L(g,m) — F(o))ds.
0
We define the value function

U(t,p) = inf {AB(U,m) : (o,m) € Cé(-,p)}.

(o,m)

Setting
o(s):=p, m(s):=0, Vs € [0,],
we have (o, m) € Ci(-, p) and so,

—e(t+1) <UL p) < t(L(p,0) = Fp)) +Uo(p).
Since £(p,0) = 0, we conclude that

(7.7) Ut p)| < (t+1)e.
Thus, if (o,m) € C4(-, p) is such that

(7.8) Uo(o(0)) + /0 (L(o,m) — F(o))ds < Ult, p) + 1,
we have

t t
/ L(o,m)ds <U(t,p) +1 -l—/ F(o)ds —Up(a(0)) <2(t+1)c+ 1.
0 0
and so by ([7.2]), we have
1 t
(7.9) 2/ ml|2ds < 2(t + 1)+ 1.
2n 0

Theorem 7.2. For every t € [0,T],p € P(G), there exists (o*,m*) € C{(-, p) such that
Ut,p) = A (c*, m*).

Proof. If p € OP(G), in light of Lemma we have that the only pair (o,m) € C(-,p) for
which A{(0,m) < +00 is the trivial pair o(s) = p,m(s) = 0 for s € [0,] so we are done.

Assume in the sequel that p € Py(G) and let (o, my) € C4(+, p) be such that limy_, Af (o, my) =
U(t,p). We use Lemma to conclude that (o) is bounded in H'(0,#R"™) and (my)y is
bounded in L?(0,¢;R™*"). Passing to a subsequence if necessary, we can assume without loss
of generality that there is (0%, m*) € H(0,t;R™) x L?(0,¢; S™*") such that o} — o* uniformly
and my, — m* weakly in L%(0,¢;S"*"). We use Lemma |7.1|to conclude that the range of each
oy is contained on Py(G). Due to the uniform convergence property of (o), and the fact that
each 0y([0,t]) is a compact set we can assume that that there exists € > 0 such that

(7.10) o1([0,1]) € P-(G),  VkeN.
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One checks that ¢*([0,t]) € P./o(G) and (c*,m*) € C{(-, p). Since (7.10) expresses the fact
that the range of oy, is uniformly aways from 0P (G), one uses standard method of the calculus
of variations to conclude, since £ is continuous on Py(G) x S™*™ and L(u, -) is convex, that

t t
lim inf/ L(og, my)ds > / L(o*,m*)ds.
0 0

k——+o0
Since (o )k converges uniformly and F and Uy are continuous, we deduce that

Al (o*,m*) < liminf A} (op, my).
k—-+o0

Theorem 7.3. The value function U is continuous on [0,T] x P(G).

Proof. Let ty € [0,T), po € P(G). Let {(t, pr)}}>5 be an arbitrary sequence in [0,7] x P(G)
such that |t — to] — 0 and W(pg, p) — 0 as k — +o00. By Remark this is equivalent to
ok = polle; — 0.

Lower semicontinuity of &/. To simplify the argument we assume that limg_, o U (tk, pr) =
liminf, ,) . 0,00) Ut p). We fix § > 0 and suppose that t; <o+ 0 for all k € N. Let (o}, mj)
be optimal paths for U (tx, pr). We consider the extensions to [0, %y + ¢] and still use the same
notation to denote them, that is we set

* —— 072(75)’ te [Ovtk]; * e ml:(t)7 te [Ovtk];
(7.11) ok(t) = { Dl t € [ty,to+ 0], mi(t) = 0, t € [ty to + 0],

By Lemma [7.]]

to+90 to+d to+9
/ Hm}ZH2ds < 2n2/ L(of, my)ds = ZnQU(tk,pk) + 2n? F(oy)ds —Up(o7(0))
0 0 0

and so, by (7.7), (my)x is bounded in L2(0,ty+36; S™*™). As it was done in the proof of Theorem
we may assume without loss of generality that there is a pair (&,m) such that

op — & in C([0,tp+0];R™), my — m weakly in L*(0,t0+9;S™*"), &€ H'(0,to+05;R").

We have
(a,m) = (po,0) on [0,tg+ d] and (a,1m) € CX (-, po)-

Note that
Jim Ut p) = lim AR (fmp) = Tim (AP (o7, mi) + (o + 8 — ) F (o))

Case 1. If pg € Po(G) we now argue as in the proof of Theorem [7.2| to conclude that
lim Uty pr) > AP (0,m) + (to + 6 — o) F(p) = A (5,m) + 6F(p) > Ulto, po) + 6.F (p).

k——+o00
We use the fact that § > 0 is arbitrary to conclude that limy_, o U (L, px) > U(to, po)-

Case 2. Suppose pg € OP(G) and (pg); = 0. If pr € OP(G) then by Lemma [7.1](iii), we have
(o3, m;) = (pk,0). If pr, € Po(G), then, again by Lemma we must have for every ¢ € [0, t]

ty

C12Cy | Lo, mi)ds = (105 ((p2)) —og (o)1) )
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for some absolute constants C1,Co > 0. This implies that max{(c})i(t) : t € [0,¢x]} — 0 and

hence
173
/ Im2|2ds — 0.
0

We thus conclude that (5, m) = (pg,0) on [0, ¢y + 6]. It now easily follows that
GJm Ut pr) = Uo(po) = toF (po) = Uto, po).

Upper semicontinuity of /. Let us assume now that limg, oo U (tk, px) = imsup( 5)—(t,p0)
U(t,p). In the argument below, we distinguish between the case tp = 0 and the case ¢y > 0.
Setting

(7.12) mi =0, or=pr on [0,tg],
we have (0%, my) € C¢ (-, px) and so,
tg
(7.13) Uty pr) < Ag(or,me) = — | Flpr)ds +Uo(pr),
0

When ¢ty = 0, since F and Uy are continuous, (7.13)) implies that limy_, oo U(tk, pr) < Uo(p).
Thus U is upper semicontinuous at (0, pg). In the sequel, we assume that tg > 0 and fix an
optimal couple (¢*,m*) in U(to, po)-

Case 1. Suppose that py € OP(G). Let i be such that (pg); = 0. Since by L(o*,m*)
LY(0,t), we use Lemma to conclude that o ([0,%]) = {0} and so, ¢*([0,to]) C OP(G
Thus L(c*, m*) =0 on (0,t) and so, m* = 0 on (0,%y). This proves that (¢*,m*) = (pg,0) on
(0,t9). We choose (op, my) as in and apply to conclude that

to

Jim Ut o) < = | Floo)ds +Un(po) = Af (0", m*) = Ulto, po).
© 0

€
)-

Case 2. Suppose that pg € Pyo(G). By Lemma there is € > 0 such that o*([0,o]) C
P-(G). Choose § € (0,tp) and assume without loss of generality that —0/2 < ¢, — ¢ty < § for
all k£ so that

(7.14) 5/2§tk—t0+(5§2(5, Vk € N.
We first integrate ([7.3)) and use ([7.4) and ((7.2) to conclude that

to to
(7.15) [|o*(to) — o*(to — 8)|% < 205/ lm*|2ds < 4n2C6 [ L(o*,m*)ds =: 4n2Cdw(9).
to—0

to—9
We define
o* (1), t € [0,to — dl;
7.16 (t) = - —t
o {(1—tk%>pk+ma (to=0). t€lto=dti

We note that ¢*([0,#]) € P-(G) and
tr —to+ 90
We use Remark [3.6] to find ¢ € R™ such that

y on (to — 5, tk).

' ) . 2n5\w
o + div,(Vge) =0 and HVG¢||§O < ”O-kH?l :
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Setting
mly = 9ij(p0) (V6 9) 9

we conclude that (o* ) eC ( 1) and
1 Z k 25\‘”””0_]6”2 _ 25\0.)” Hpk - U*(tﬂ - 5)”%1
2 s e g £ (tp —to +0)2

Since g;;(po) < 1, we infer

3 * 2 * * 2
k2 B ok — o™ (to)ll7, + llo™(to) — o™ (to — 9)II7,

€ (tk —to + 5)2
_4un? llok = o™ (to) [, + llo* (to) — o™ (to — I)IIZ,
€ (ty —to +9)? ’
This, together with (7.14)) and ([7.15)) implies
16\,n? N
(7.17) ¥ |2 < =25 (llow = o* (t0) I, + 4n?Cow(8) ).

Since (0%, m*) € Cl (-, pr,), we have

ty

Ulty, pr) < A (oF,mP) = Ao~ S(o*,m* —I—/ —]-"(ak))ds

to—0

We use the fact that o%([0,#]) C P.(G) to infer gw(ak) e and a(o¥) > £2/n? and so,

Ak ok k
L(o"®,m") < 3||m I

k

Since m" is a constant on [ty — 0, t;] and |F| < ¢, we have

2
- * * n
Ut pr) < A~ (o) + (= t0) (S5 |12 + ).

We now use (7.17)) and the fact that |t — to| < J to obtain

et

16,0 —poll7
Ut pr) < A= (0%, m*) + 5 4 027 (”p’“ ol +4n20w<5)>.

We first let & — +00 and then § — 07 to infer

lim Z/{(tk, Pk) < ABO (0*7 m*) = Z/{(to, PO)
k—4o00

Thus, U is upper semicontinuous at (o, po)-

Theorem 7.4. U(t,p) satisfies the Dynamic Programming Principle (DPP), i

(to,po) € [0,T] x P(G) and t € (0, to]

0

for any

(7.18) U(to, po) = inf){/tto (Z(a(s),m(s))—f(a(s)))ds+u(t,a(t)): (0,m) ec;fO(.’pO)}.

(o,m

Theorem 7.5. U is the unique bounded viscosity solution to (4.3).
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Proof. The uniqueness part follows directly from Theorem We only need to show that U
is a viscosity solution to (4.3). It is obvious that U(0, u) = Up(p).

Viscosity subsolution. Let ¢ € C'((0,T) x Py(G),¢2) be such that u — ¢ has a local
maximum at (t, pg) € (0,7) x Po(G). Let ¢ € R™. We denote v = V1. Since pg € Po(G),
there exists a constant r € [0,%o] and o € C*([to — 7, %0]; (Po(G), £2)) which solves

0(3) + diva(s) (’U) =0, U(tO) = Po-
Thus, for any t € [ty — r,to], we have by Theorem [7.4
Ulto, po) — ¢(to, po) — UL, () + p(t, o(t))
- to—t

(7.19) < < /t v (E_(a(s),divg(s)(v))—]:(a(s)))ds—go(to,po)—i—go(t,a(t))).

to —t

0

Letting ¢ — ¢ in (7.19)) and using Lemma we now have

0 < L(po, divy, (v)) — Flpo) — (dino (v), vW‘P@OaPO)) — Ap(tos po)

Therefore, taking the infimum above over all v = Vg1 and using the fact that Viye(to, po) €
T,,P(G), we obtain

0 < —dplto, po) — Flpo) + inf {E(po,divpo (v)) — (divpo (v), Viweo(to, po)) 0=V, € R”}
= —0wp(to, po) — F(po) + inf {E_(po,m) - (m, Vwe(to, p0)> im € S”X"}

= —dp(to, po) — F(po) — H(po, Viwe(to, po))-

Viscosity supersolution. Let ¢ € C1((0,T) x Py(G), l2) be such that u — ¢ has a local
minimum at (tg, po) € (0,7) x Po(G). Then, for any sufficiently small £ > 0 and r € (0, to],
there exists (o, m) € C,fg_r(-, po) such that
(7200 = U(to, po) — ¢(to, po) —U(to — 7,0 (to — 1)) + p(to —r,0(to — 7))

to B
> et [ (Eo(s)mls) ~ F(o(s))ds = plto, o) + plta ~ .ty — 7).
t

o—"r

Using Lemma we have o(t) € Py(G) for any ¢ € [tg — r,tp]. Dividing by r on (7.20), we
can get by Lemma

e 1 ( /ttor (L(o(s),m(s)) = F(o(s)))ds = o(to, po) + lto — 7. (ko r))>
- 1/tto (/j(a(s),m(s)) — F(o(s)) — Op(s,a(s)) — (VWSO(SJ(S)),m(s))) ds

T Jio—r

v

1/t0 ( — Owp(s,0(8)) — H(a(s), Viwp(s,o(s))) — f(U(S))>ds.

r to—r

Y

Sending 7 — 0" and then € — 0T, we obtain

dp(to, po) + Hipo, Viwe(to, po)) + F(po) > 0.
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