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ABSTRACT. We prove that viscosity solutions of Hamilton-Jacobi-Bellman (HJB) equations
corresponding either to deterministic optimal control problems for systems of n particles or to
stochastic optimal control problems for systems of n particles with a common noise converge
locally uniformly to the viscosity solution of a limiting HJB equation in the space of probability
measures. We prove uniform continuity estimates for viscosity solutions of the approximating
problems which may be of independent interest. We pay special attention to the case when the
Hamiltonian is convex in the gradient variable and equations are of first order and provide a
representation formula for the solution of the limiting first order HJB equation. We also propose
an intrinsic definition of viscosity solution on the Wasserstein space.
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1. INTRODUCTION

We consider the problem of approximation of Hamilton-Jacobi-Bellman (HJB) equations in
spaces of probability measures by equations in finite dimensional spaces. More precisely, we study
if appropriately interpreted viscosity solution of such HJB equations can be approximated locally
uniformly by viscosity solutions of finite dimensional problems. This is related to the problem
of whether value functions of variational or optimal control problems in spaces of probability
measures can be approximated by value functions corresponding to problems for finite particle
systems. Similar convergence problems have been recently studied in the context of mean field
games [15] 16| 18, 20, 21), 28] 37, 41, 50, B3]. In particular it was proved in [I8] that classical
solutions of finite dimensional second order Nash systems converge, in a suitable sense, to classical
solutions of the corresponding master equations. Also convergence of functionals of empirical
measures of the marginal laws of particle systems for McKean-Vlasov stochastic differential
equations was studied recently in [20, 23] using calculus in the space of measures, stochastic
analysis and partial differential equations the space of measures. Explicit convergence estimates
were obtained in [20, 23]. The problems investigated there are different from the one here. They
studied the case of independent noises and no controls so they dealt with partial differential
equations which are linear, have slightly different form and have smooth solutions. We refer to
the references in |20, 23] for the discussion of other earlier results in this direction. Regularity
and convergence problems for finite dimensional approximations of first order HJB equations in
spaces of probability measures were studied in [37, 39, 41}, [52], either when solutions were regular
or when the Hamiltonian was quadratic. Some results are also mentioned in [I5] without proofs,
while some results may be considered to be part of a folklore of the theory. In this paper we
want to investigate the problem rigorously from the point of view of viscosity solutions.

We will be concerned with first and second order degenerate HJB equations of the form

(1) { U — EAGU + H(p, 1, VU) + F(p) =0 in (0,T) x Pa(RY)
' U0, 1) =Uo(n) on Pa(RY),
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where AU is the partial Laplacian of U, see [24], T > 0, > 0,P2(R?) is the Wasserstein
space of probability measures on R? with bounded second moments, F : Po(R?) — R? and, for
p1, po € Pa(RY), € € L2, (R4 R?), the Hamiltonian # is defined by

H(pr, p2, & / H(x, pa, &(x))pr (dx)

for some function H : R x Py(R%) x RY — R which satisfies Hypothesis below. We bring
to the reader’s attention the fact that the dependence of H in on the first p is linear,
whereas the dependence on the second p comes from the integrand function H. Moreover, the
function F cannot be simply absorbed into H: otherwise, the restriction of u to averages of Dirac
masses would not yield below. Indeed, part of the goal of this paper is to justify that the
approximating finite dimensional problems should have the form

sy, — KTr(Ap,D%uy) + + Zl 1 H(z;, =3 Zﬁéz Oz;y N Dy Un)
(1.2) +f( >ii0z) =0 i (0,7) x (RH)™,

un (0,21, ,2p) = Uo(n Z ' 10z,) on (Rd)",
where for n € N, A,, is the nd x nd matrix composed of n? block matrices I.

Equation will be interpreted in the L? sense, that is, we will look at the “lifted” version
of in the space
E := L*(Q;RY),

where € is an atomless probability space. This technique was introduced in [I5, 50] and its de-
tailed exposition and recent developments can be found in [20, 2], 43]. Without loss of generality
we can assume that Q = (0,1) with the standard Lebesgue measure £;. We denote by (-,-); the
inner product in L2(Q;R) and, for X,Y € L?(;R?), we set

(X,Y)q = ((X1,Y1)1, -, (Xa, Ya)1),

<X>Y> = <X1,Y1>1+"'+<Xdayd>1 and |X| = <X7X>
where Xi,...,Xg4, Y1,...,Y; are the components of X and Y respectively. We denote the
canonical basis in R? by {ey,--- ,ex} and consider its elements as constant functions in E. We

define the functions Up, F' : E — R by
Uo(X) =Up(XyLy), F(X)=F(XpLy),
where 4 denotes pushforward. Thus XL, is the law of the random vector X, and is an element

of Po(RY). If U : E — R is twice differentiable and such that U(y) = U(X) if u is the law of X
then we have the crucial formula

d
AyU(p)o X = Z X)eg, ex);
k=1
see Section [ below.
For X, P € E, i € P2(R?), we define

H(X,p, P /H P(w))dw.

We rely on the theory of viscosity solutions in Hilbert spaces and consider functions U :
[0,7) x E — R which are viscosity solutions of
d
U — k> (D*Uey,e) + H(X,X;L1,DU) + F(X) =0 in (0,T) x E
k=1
U0,X)=Up(X) onkE.

(1.3)



Here, DU, D?U stand for the Fréchet derivatives of U with respect to the X variable. We refer
the readers to [29] for the theory of viscosity solutions in Hilbert spaces and extensive references.
We have the following definition.

Definition 1.1. Let U : [0,T) x Po(R%) — R and define U : [0,T) x E — R by U(t,X) =
U(t, XpL).
(i) We say that U is an L-viscosity subsolution of on the Wasserstein space if U is a
viscosity subsolution of on [0,T) x E.
(1) We say that U is an L-viscosity supersolution of on the Wasserstein space if U is a
viscosity supersolution of on [0,T) x E.
(ii) When U is both an L-viscosity subsolution and an L-viscosity supersolution of on
the Wasserstein space, we say that it is an L-viscosity solution of on the Wasserstein
space.

We remark that another definition of viscosity solution to HJB master equations in the
Wasserstein space, also called an L-viscosity solution, was introduced in [59]. The definition in
[59] uses the framework of path dependent PDE and is not related to Definition here, even
though both notions have the same name.

We also propose an intrinsic definition of viscosity solution on the Wasserstein space and
show in Section [f] that the notion of L-viscosity solution provides a way to select particular
intrinsic viscosity solutions. Only when the Hamiltonian is convex in the momentum variables
and k = 0 it is known that the notions of L-viscosity solution and intrinsic viscosity solution are
equivalent [43].

The main result of the manuscript is the following convergence theorem.

Theorem 1.2. Let Hypothesis[2.1] be satisfied and let k > 0. Suppose that for n > 1 the functions

Uy 2 [0,T) x (RO)™ — R are the viscosity solutions of (L.2]) Then, for every bounded set B in
P2(R7),

: 1 ¢
lim sup{‘un(t,x1,~-- , ) _u(t’n.;é’“) :
1=

n—oo

1n
tx, - Ty T) x (RH", =Y 6, € By =0,
(t,z1,+ yan) €[0,T) x ( )n; a } "

where U is the unique L-viscosity solution of on the Wasserstein space.

The assumptions of Hypothesis [2.I] will be introduced in Section 2] To prove Theorem
we first obtain appropriate uniform continuity estimates for the solutions u,, of . This is
done in Theorem [3.3] for a more general case when the second order coefficients A,, may depend
on z. Theorem [3.3]is the main technical result of the paper and is of independent interest. We
then convert the functions u, into functions of empirical measures by defining new functions

1 n
Vn(taﬂx) = un(t,x), where px := n ;693” X = ($17 7-75n)a
which are well defined since the functions u,, are invariant with respect to permutations of the
variables of x. The estimates of Theorem [3.3] guarantee that V,, are uniformly continuous in the
topology of [0, T] x P,(R?), where 1 < r < 2. We then extend V,, to [0,T] x P2(R%) preserving
its modulus of continuity and then use the Arzela-Ascoli theorem to pass to the limit, along a
subsequence, to a function V defined on [0, T] x Po(R?). We then prove directly that its “lifted”
version V : [0,T] x E — R is a viscosity solution of (L.3). Uniqueness of viscosity solutions of
then guarantees that the whole sequence V,, converges to V. Thus we completely avoid
3



dealing with equation in the space of probability measures which may not have a unique
viscosity solution in the sense of [38] (see [43]). In Section [6] we show that if kK = 0 and H
is convex in the gradient variable then the functions wu,, which are value functions of optimal
control problems for n-particle systems, converge to the value function of a variational problem
in Po(R?), thus giving a representation formula for the solution of . Finally we prove a few
technical results in the Appendix.

Equations correspond either to deterministic optimal control problems for systems of
n particles or to stochastic optimal control problems for systems of n particles with a common
noise. Theorem [I.2] solves the problem of convergence for a large class of general first order
HJB equations, even though the identification of the limit as a value function is only obtained
for the convex case and x = 0. However, using the methods of this paper we were not able
to obtain a result similar to Theorem for other stochastic particle systems, for instance for
systems of n particles with non-constant diffusion coefficients, in which case the matrices A,, are
functions like in Hypothesis [3.1] or for systems of n particles with independent noises, in which
case A, = I,4. We also remark that some assumptions of Hypothesis could be changed or
relaxed while some may pose a bigger problem. This is worth investigating. The main challenge
is in proving uniform continuity estimates of Theorem We do not consider other cases here
as Hypothesis is sufficiently general and we do not want to overburden the presentation with
too many technicalities. Our main goal is to convey the basic ideas. The readers can explore
various generalizations.

Hamilton-Jacobi-Bellman equations and master equations for mean field games or mean field
control problems in spaces of probability measures have been studied a lot in recent years using
various approaches. We refer the readers to [6} 7, 8, 9], [10L 1T}, 14 15 16 17, 18| [19] 20} 21, 22, 24,
28, 137, 138, 39, (411, [43], [45], 46, 52, (3], 54, 57, 58] 59]. Equations related to differential games were
studied in [25] 47|, equations related to control problems with partial observation were studied
in [4, 5] and HJB equations mostly related to large deviations and fluid dynamics problems were
investigated with slightly different techniques in |30, 31, B2, B33, B34]. In particular an abstract
method of relaxed-limits for viscosity solutions was introduced in [31] for applications in large
deviations and this technique was recently generalized in [48,[49]. HJB equations in metric spaces
were studied by various techniques in [I}, 12}, 13 [39, 40}, 44 [51, 55 56]. Finally we refer the readers
to |26} 35] for an introduction to the theory of viscosity solutions of partial differential equations
in R? and to [29] and the references there for the overview of the theory of viscosity solutions of
second order HJB equations in Hilbert spaces.

2. NOTATION7 ASSUMPTIONS AND DEFINITIONS

We denote by PT(Rd), r > 1 the space of Borel probability measures on R¢ with finite r-th
moments, equipped with the Wasserstein r-metric

1
dipy =t ([ ety
YEL (11,v) \JRe xR

where T'(u, v) is the set of all Borel probability measures v on R? x R? with marginals ,v. The
set of optimal measures in T'(u, ) will be denoted by T'g(y,v). When x = (z1,...,z,) € (R%)"

we set
1< 1< .
Hx = n 25$z7 and ‘X‘T = W(Z ’xllr) .
i=1 i=1
We have
dy(pix; pry) = inf [x = yo
where the infimum is taken over all permutations o of {1,...,n} and yo = (Ys(1)s -+ Yo(n))-
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We use £; to denote the Lebesgue measure on R. If X € L"(Q;R?), then its L™ norm will
be denoted by |X|,. If 7 = 2 we will just write |X| as in the introduction. For X € L"(Q;R%),
law(X) := X;4£; denotes the measure in P,(R?) which is the push forward of £; by X.

When u € Po(RY), we denote as Li(Rd;Rd) the set of Borel vector fields ¢ : R? — RY
such that [, [¢[*(dz) < co. The tangent space at p, denoted by T, P2(R?), is the closure of
VCX(RY) in LZ(Rd;Rd).

For x € R™ we will be also using the notation |z| to denote the standard Euclidean norm
in R™ and we will write = - y for z,y € R™ to denote the dot product in R™.

If A is a matrix or a bounded operator in a Hilbert space, we will write ||A| to denote the
operator norm of A. We denote by S(m) the set of m x m symmetric matrices. If A € S(m),
Tr(A) means the trace of A.

For an open set & C R™, we will write C1(&),C?(0) for the standard spaces of once and
twice continuously differentiable functions on &.

If W is a Hilbert space, we denote by C%2((0,T) x W) the space of functions ¢ : (0, T)xW —
R, such that 0y, Dy, D% are continuous on (0,7) x W, where Dy, D%y stand for the Fréchet
derivatives of ¢ with respect to the Hilbert space variable.

Throughout the paper we will always identify a Hilbert space with its dual. Thus, with this
identification, Dy : (0,T) x W — W and D%y : (0,T) x W — S(W), where S(W) is the space
of bounded self-adjoint operators in W.

We make the following assumptions about the Hamiltonian function H.

Hypothesis 2.1. Let1 <r < 2.
(i) The function H : R? x P.(R?) x RY — R is such that

(1) [H(z,v.p) - Hz,v,q)| < C(L+|p| +laDlp —ql Vp.g,x € RY v € P(RY),

(2.2) |H(z,p,p)— H(y,v,p)| < o((lz —y| +dr(p,v)) 1 + |p])) Vp,z,y € RY p,v € Pr(RY)

for some concave modulus of continuity o and

(2:3) |H(z,1,p)] < C(1+|p*) Vp,z € RY, e P(RY).
(ii) The functions Uy, F € UCy(P-(RY)) (the space of bounded and uniformly continuous
functions).
We notice that it easily follows from (2.1)) and ({2.3)) that for all X, P,Q € F,
(2.4 (X, 0, P) — H(X,1,Q) < C(1L+ [P +1QDIP - Q.
and
(2.5) |H(X, 1, P)| < C(1+|P[?).

Moreover, by the concavity of ¢ and Jensen’s inequality, we obtain that for all X,Y, P € E,
v € Pr(RY),

[H(X,p, P) = H(Y, v, P)| </QU((IX(W)—Y(W)|+dr(u,V))(1+IP(W)D)dw

<o ([ 0x@) = Y@l + du + P
(26) <o (X = Y]+ dr(u )1+ P]).

Let m; be a modulus of continuity for Uy and F. Since
[Uo(X) = Uo(Y)| = [to(XyL1) — Uo(YiLr)| < ma (dr(XyLy, V3Ly)) < o (| X —Yy)



we conclude

(2.7) [Uo(X) = Uo(Y)| <mu (| X =Y).
Similarly,

(2.8) [F(X) - F(Y)| <mi (X - Y).
Moreover, for x,y € (R%)",

(2.9) [Uo(1ix) — Uo(py )| < ma ([x = ylr)
(2.10) [ F(px) = Fluy)l <ma(x—ylr).

Let W be a real Hilbert space with an inner product (-,-) and the norm |- |. We recall the
definitions of parabolic second-order jets (see [26], Section 8 and [27], Section 3).

Given u: (0,7) x W — R and (¢,Z) € (0,7) x W, the parabolic second-order superjet of u
at (t,2), P>Tu(t, z) is defined by

P2 ru(t, ) = {(a,p, SYERXW x S(W) :

(2.11) fmeup M) —ul®) —als =0 —{py —7) — 5 (S -B)y-T) 0}
(s:9)—(t:2) s — | + |y — Z|2 <

The parabolic second-order subjet of u at (£, Z), P*~u(f, Z), is defined by reversing the inequality
and replacing limsup by liminf in (2.11)). The closure fZ’Jru(f, z) of P> *u(t,z), is defined as
follows.

ﬁ2’+u(t_,:l“) = {(a,p, S) e Rx W x S(W) : there exist (tn,z,) and

(anapm Sn) e P27+U/(tn7 xn) S't' (tTM x'ﬂn u(tTh xn)7p’n7 Sn) — (t_v ja U/(E’ j)? G,p, S)}u

The closure fliu(ﬂa_j) of P%~u(t, ) is defined similarly. We recall the definition of viscosity
solution of an equation

2 N .
(212) { 8tU+G(t,$,u’ DU,D u) =0 in (O,T) x W

u(0,) = g(x) on W,
where G : (0,7) x W x R x W x S(W) — R is continuous.

Definition 2.2. An upper semicontinuous function u : [0,T) x W — R is a viscosity subsolution
of .12) if u(0,z) < g(x) on W and whenever ¢ € CY2((0,T) x W) and u — ¢ has a local
mazimum at (t,x) € (0,T) x W, then

8t<)0(t7 x) + G(t7 xz, U,(t, SC), Dgo(t, x)7 D2(p(t7 .Z')) < 0.
A lower semicontinuous function u : [0,T) x W — R is a viscosity supersolution of (2.12)) if
u(0,z) > g(x) on W and whenever ¢ € CY2((0,T) x W) and u — ¢ has a local minimum at
(t,x) € (0,T) x W, then

Orp(t, ) + G(t, z,u(t, z), Do(t, z), D*p(t, )) > 0.
A function u is a viscosity solution of (2.12)) if it is a wviscosity subsolution of (2.12)) and a
viscosity supersolution of (2.12]).



It is easy to see that (a,p, S) € P>t u(t, z) (respectively, (a,p, S) € P>~
if there exists ¢ € C12((0,T) x W) such that u — ¢ has a local maximum at (
u — ¢ has a local minimum at (¢, 7)) and

a=0wp(t,x), p=De(t,z), S= D2g0(f,:1?).

The proof when W = R™ is in [35], Lemma 4.1, and it easily generalizes to the case of an
infinite dimensional Hilbert space. Thus, since G is continuous, Definition is equivalent to
the definition using the closures of parabolic jets.

)) if and only
(respectively,

_(j
t,z)

Proposition 2.3. An upper semicontinuous function u : [0,T)xW — R is a viscosity subsolution
of (2.12) if u(0,z) < g(z) on W and

a+G(t,z,u(t,z),p,S) <0 forall (t,x) € (0,T) x W and (a,p,S) € fz’Jru(t, x).
A lower semicontinuous function w : [0,T) x W — R is a viscosity supersolution of (2.12)) if
u(0,2) > g(x) on W and

a+ G(t,z,u(t,z),p,S) >0 forall (t,x) € (0,T) x W and (a,p,S) € 52’_u(t, x).

Remark 2.4. If equation is of first order, that is if G : (0,T) x W xR x W — R
then the test functions ¢ in Definition are replaced by functions C1((0,T) x W) and the
parabolic second-order superjet and subjets of w, P>Tu and P>~ u are replaced by the first order
superdzﬁerentzals and subdzﬁerentmls D*u and D™ u respectively. P'roposztwn m 1s then still

true sz u(t,z) and P> u(t,z) are replaced by the closures D u(t,:c) and D u(t,z) which
are defined similarly as the closures of the parabolic jets.

3. ESTIMATES FOR FINITE DIMENSIONAL EQUATIONS

In this section we will consider a more general version of equations (|1.2)), with second order
coefficients A,, depending on x or being more general constant matrices.

Hypothesis 3.1. For x = (x1,...,xy), let Ay(x),n = 1,2,..., the nd x nd matriz composed of
n? block matrices a(z;)a*(x;), i,j = 1,2,...,n such that the function a : R? — S(d) is bounded
and there exists L > 0 such that

(3.1) lla(z) —a(y)|| < Llz —y| for all x,y € R,

The proof of the main theorem of this section uses the following simplified version of a well
known lemma (cf. Lemma 3.80 of [29]).

Lemma 3.2. Let § > 0, and let o1 be a modulus of continuity. Then there exist a nondecreasing,
concave, C? function ps on [0, +00) such that ps(0) < § and

(3.2) o1(¢5(s)s + 5) < ps(s) for0<s<2.
Theorem 3.3. Let Hypothesis“ 1| be satisfied. Let A,(x) satisfy Hypothesis or, let Ap(x) =

Ap, where Ay, is any sequence of nd X nd symmetric matrices with constant coefficients such
that A, > 0 and Tr(A,) < Ln for some L > 0. Suppose that for n > 1 the functions u, :
[0, 7] x (RY)™ — R are the viscosity solutions of

Oy, — KT (AnD2un) % Zf 1 H(iL‘Z, — Z#Z x],anlun)
(3.3) +F(AYE 1 0,)=0 in (0,T)x (RY)",

un(()?l.l"" 7‘7:71):[/{0(”2: 4 1) on (Rd)n7

Then there exists a modulus of continuity p such that for every n,

(34)  fualtx) —un(s,y)| < pllt — s+ x—yl,) Vs €0,T]xy € (R,
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Proof. We first note that if u is a bounded viscosity subsolution of and v is a bounded
viscosity supersolution of and if we replace u, (t,x) —un(t,y) by u(t,x) —v(t,y) in the proof
of continuity estimates below, the same arguments work and we obtain that u(t,x) —v(¢,x) <0
for all (¢,x). Thus the comparison theorem holds for bounded viscosity subsolutions and bounded
viscosity supersolutions of equation . Moreover, since the function

x— g(x) = Uo 3 5y,
=1

is bounded and uniformly continuous on (R%)", if (g,,)_; C C%((R%)™) have bounded first and
second derivatives and 0 < ¢, — g < a,, — 0 as m — o0, then for sufficiently large C;, > 0
the functions g, (x) + Cpt and g, (x) — ay — Cpyt are respectively viscosity supersolutions and
viscosity subsolutions of for all m = 1,2, --- Thus the functions

ﬂ(tv X) = ngl(gm(x) + Cmt)v H(t X) = 7Snu>%(gm(x) — Qm — mt)

are respectively a viscosity supersolution and viscosity subsolution of such that w(0,x) =
u(0,%) = g(x) on (R?)". Therefore the unique bounded continuous viscosity solution w,, of
can be constructed, for instance, by means of Perron’s method (see [26]).

It is also easy to see that there exists M > 0 such that ||uy|lcc < M,n =1,2,---. To show
this, let K > 0 be such that || F|lec < K, [[Un||oc < K. Recall that we have ||H(-,-,0)|lcc < C,
where C'is from (2.3). Then wi(t,x) := —K — (C' + K)t is a bounded viscosity subsolution of
(3:3) and ws(t,x) := K + (C + K)t is a bounded viscosity supersolution of (3.3). Therefore, by

comparison we obtain that for every n
w; < up, <wy  on [0,T] x (RH™.

This gives the required bound with M = K + (C' + K)T.
For § > 0, let @5 be the function from Lemma [3.2] applied to the modulus

o1(s) = (1 4+ T)o(3s) + mi(s) + (2kdL*(1 +T) + 2M + 1)s.

In particular we have

(3.5) es(1) >2M + 1, @s(s) = mi(s).
First, we are going to show that for every § > 0
(3.6) un(t,X) = un(t,y) < @s(|x = ylr)(1 +1),

if t € [0,7] and (x,y) € (R)™.
We define smooth approximations of |z|,. For v > 0, let

1
1 (& oir )
Uy (z) = Y (Z}(V‘F i )2> :
We now set

e(t,x,y) = s (1by (x —y)) (1 +¢).
Suppose that there exist v, 4 > 0 such that

(3.7) sup (un (%) — un (1Y) = ' — p(t.x.y)) > 0.
x,y€(RI)" t €[0,T] o
Then, for every a > 0 small enough and h(x) := (1 4 |x|?)'/2,
(3.8) sup (un(t,%) — un(t,y) — = = p(t.x,y) — alh(x) + h(y))) > 0.
x,y€(R4)" te[0,T] -



Moreover, since u, is bounded and a(h(x) + h(y)) — 400 as z,y — oo, the supremum of the
above expression over [0,T] x (RY)™ x (R?)™ is attained at some point (,%,y). Obviously # < T
and it follows from the definition of the function ¢(t,x,y) and . that we must have 0 < ¢.
It albo follows from (3.5) that § = ¢, (x —y) < 1. Also X # ¥y since if X = y, the expression in

is negative. We compute

> A =, =12y5—1
(@ — i) (y + |2 — 93]7)2 (14+9),

_r
nsr’

Dxlgp(f, 5(7 5’)) = 903(5)
where 1/r +1/r" = 1. Also, using the concavity of ypg, we have
D;¢(t,%,5)) = B — B,
where B is a diagonal matrix composed of n diagonal d x d blocks

(y+ |7 — )5
Bli — SOS(S) (’7 | 2 7iyl| )
nsr’

and B > 0 is a symmetric matrix. Therefore
- B, —-B By —B
2 - o\ 1 1Y) 2 2\ _. . _
D=D <p(t,x,y)—<_B1 B, > <_32 By >—-D1 Do,
where D2 above is the second derivative of ¢ with respect to the variables (x,y). We now use

Theorem 8.3 of [26] applied to the functions

ut(t, ) = un(t, ) — ah(z), u?(t,y) = —un(t,y) — ah(y).
We notice that, since wu, is a viscosity solution of (3.3, condition (8.5) of [26] is satisfied.
Therefore, it follows from Theorem 8.3 of [26], applied with ¢ = 1/(||Dy|| + ||D2||), that there
exist b1, by € R and Sy, So € S(nd) such that

(b1, Dxp(f, %, 5) + aDh(X), S1 + aD*h(x)) € P~ u, (£, %),
(b2, ~Dy¢(t,%,9) — aDh(y), S2 — aD*h(y)) € P~ un(f,y),
by — by = p5(5) + ﬁ,

(1 + ﬂIda

where

S1 0 ) 1 5
3.9 <D+ -————-D?< 2D,
39 (5% EARES
where we used that

D? < (| Dl + |D2)(D1 + Ds).

Inequality (3.9)) in particular implies that S; < S3. Using the definition of viscosity solution and
setting

= = =12 r__
ACOE ZH L LG k9 LR, WM VAL
J#Z s
and
_ ._*. +.’i‘—7‘2%71 -
X,y) = ZH Yi 25%; ps(3 5)( S’TI i~ 4il") (1+1¢) — naDh(y)
J#Z "

we now have

(3.10) by — KTr(A,(X)(S1 + aD?*h(x))) + Z(%,5) + Fuz) <0



and
(3.11) by — KTr(An()(S2 — aD?h(3))) + Z(%,

We notice that (3.1]) and (3.9) imply
Tr(An(%)S51) — Tr(An(y)S2)

< 22Tr( ) — a(y)(a(e:) — ay)"gpe) IS

,'><|
<
+
B
=
<

vV
[es}

nsr’

(1 +f>fd>

1 ¢ 2dL%|%; — §i|? T — gi2)2 7!
= EZSDZS(E) |xz yz| (’7: ’xl y1| )2 (1+E>.
=1

Note that if A, is a constant matrix then obviously Tr(A,S1) — Tr(4,52) < 0. Let us use the

notation 1 1
ux.—n_lzéxj, ,uy.—n_lzéyj.
J# J#i
A simple calculation shows that d, (an ) < 25. Subtracting (3.11)) from (3.10) and using
Hypothesis [2.1] . the concavity of o and , we obtain
1

_ 2dL2’$z Uil (v + |z — wil*)2
#5(5) + 77 52_ Zso

Sr

(1+%)

_r
S

S Ti —Yi i — 3il*)®
%Z (’fﬁi—.@d+dr(u§;7u§))(1+¢ﬁs(5)‘ i~ Bl 12 — i) (1+E))>
i=1

+mi(8) + o2(a),

where lim,_0 02(c) = 0. Thus,

n 25 2 — = 2yi-1
_ p K sy 2dL7 |2 — 5|7 (y + 2 — il F) 2
2 <=z ; L+t
()05(8)+ (T_t—)g = n;@&(s) 5 ( +_)
1 Ti — il (v + |7 — 5?2
+o (Zumi—yz-uzs) <1+<P3(8)| O EZIDE 4 g
n 577
+ma(5) + oa(a),
By Jensen’s inequality
x-yh <|x-y[ <5
and also,
1 n 2 = =2 %—1
i=1 sr
Using Schwarz’s inequality, one verifies that
T — Ui +Ei_—‘2%—1 1 — _ o r—1
{y OIS (w5 o + o - i)
" i=1
r—1
(1 -\
< 205(s5)s' <n > (v + |z — 3l )2>
i=1
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Collecting these bounds into the inequality obtained for ¢s(s) + ﬁ above, and using the
sub-additivity of o and the definition of o1, we get

©5(3 H? < 26dLA(1 4+ T)¢5(5)5 + (1 4 T)o(305(5)5 + 35) + m1(5) + o2(a)

< 01(95(5)5 + 5) + 02().

This gives a contradiction when we let a — 0, due to (3.2). Consequently, for all positive -y
and pu, (3.7) is false. Letting v, — 0, we obtain (3.6). Thus we have proved that for all
t€0,7],(x,y) € (RH)",

(3.12) [un(t,%) = wn(t, )| < f @5(x = y1,) (1 + 7).
We will now obtain the continuity estimate with respect to t. We know by (2.9) that
[t (0, %) = un (0, )] < ma (Jx = yl2)

Setting vy, (x) = un (0, /nx) we thus have

[on (%) = va(y)] < ma ([x = yl).
Approximating the functions v, (x) by supinf-convolutions and then mollifying them, there exist
constants Ly,,m = 1,2,--- (independent of n) and C? functions @?, such that 0 < @P (x) —
vn(x) < L on (R?)" and

D@ < Lim, [D*@ll < L.
Then if 7 (x) = @7 (-L-x), we have

m\\/n
1
(3.13) 0 < @h(x)—up(0,x) < - on (RH™,
and
Dl < 22, DR <
m= mi = n

Recall that K is such that ||F|s < K. We set C,,, = kLL,, + C + CL? + K, where L is such
that Tr(A,(x)) < Ln and C is from Hypothesis [2.1] . We define the functions

wm(tﬂx) = @m( ) + Cint.
Then

n

Dethp, (8, %) — KTr( Ay (x) D*9p, (1, %)) + % > H(wi, pie, n Dty (8, %)) + F (1)

=1
> O — T (A0 D23 (—=x)) +1iﬂx oo VD (—x)) — K
n m \/> n (3 X Ti¥'m \/>
1 < 1
> Oy, —*Tr( n(x ))I!D2¢m(7x II—EZC 1+n|DCC190m(\/ﬁ x)|?) — K
i n 1
> G — kLLy —C = O Dyl (—=x)[ — K

=1 m\/ﬁ
>Cy — KkLL,, —C —CL? — K =0.

Therefore the functions ], are viscosity supersolutions of equations (3.3). Similarly, the func-

tions ]
Pt X) 1= (%) = — = Cont
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are viscosity subsolutions of equations (3.3). Therefore, by comparison, we have for every n,m >
L,

1
o (x) — . Cnt < up(t,x) < @i (x) + Cipt.
Using ((3.13)), this implies that
1 1
- = mt< " - = mt_noa S nta _n07
Lt <) - i (0,3) < i (£%) — 1 (0,%)
< o (%) + Cmt — un (0, x)
1
< Cpt+ —.
m
Therefore we obtain
1
|un(t,x) — un(0,x)| < p(t) :=inf{— +Crit : m =1,2,---}
m
for all (t,x) € [0,7] x (R")",n =1,2,---. The function p is independent of n. We then define
for every h € (0,T') the functions
ol (t,x) = up(t + h,x), (t,x) € [0,T — k] x (R%)™.
The functions v” are viscosity solutions of (3.3 on (0,7 — h) x (R%)™ and
|UZ(07 X) - un(oa X)| < ﬁ(h)
By comparison we thus obtain
(3.14) Jun(t + hy %) = un(t, %) = [on (8, %) = un(t, x)| < A(h)
for (t,x) € (0,7 — h) x (R*)™. We now let
p(s) = p(s) + inf @5(s) (1 + T).
6>0

Combining (3.14) with (3.12)), we obtain (3.4) for this modulus p, uniformly with respect to
necN. 1

4. PROOF OF THEOREM [I.2]
Proof of Theorem[1.9. Step 1. We define the functions

1 n
Vi(t, pix) == up(t,x), where puyx = - Z;‘sz
1=
This function is well defined since the functions w,, are invariant with respect to permutations of
the variables in x. This follows from uniqueness of viscosity solutions of (|1.2)) as these equations
are invariant with respect to permutations of the variables in x. The function V,(t,-) is now
defined on the subset of P2(R?) that consists of averages of n Dirac point masses. It follows from

(3.4) that
Vit pix) = Va(s, piy)| < p(|t — 5| + dr (1, py)) for all £,5 € [0,T],x,y € (RY)".

For each fixed n, we can extend the function V, to a function on [0, 7] x P,(R9), still denoted
by Vp, satisfying

(4.1) Valt, 1) — Vu(s,0)| < p(|t — s| + dy(p, v)) for all ¢, s € [0,T], u, v € Pr(RY).
Since sets
M= {ue PuRY: [ joPutdn) < R)
R4
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are relatively compact in P,(R%), up to a subsequence (still denoted by V,), V, converges uni-
formly on every set [0,7] x M3 to a function V : [0,7] x Pa(R?) — R which satisfies the same
estimate (4.1). Define now
V:[0,T|xE —R
(t,X) — V(t,X) :=V(t,law(X)).

We will show that V is a viscosity solution of . Since equation has a unique bounded
viscosity solution U, we can then conclude that V = U. This will prove the theorem since the
argument can be done for any subsequence of V,,. The proof that has a unique bounded
viscosity solution is included in the Appendix, Theorem [7.4]

Step 2. Let then ¢ € C12((0,T) x F) and suppose that V' — ¢ has a local maximum at
(to, Xo) € (0,T) x E. By considering ¢(t, X) + (t — t9)? + |X — Xo|? and modifying it outside
of a neighborhood of (¢, X9) we can assume with no loss of generality that the maximum at
(to, Xo) is strict and global. Being a strict maximum implies that if V(¢;, X;) — ¢(ti, Xi) —
V(to,Xo) — (p(to,X()) then (ti,Xi) — (to,Xg). Denote Py = D(p(t(),Xo). For each ¢ > 0 let
Xe, P. € E be such that X, P, are continuous on [0,1] and | X — X¢| + |Py — P| < e.

For every n we denote AT = (znl, fl) ¢t =1,---,n. We then consider the function ¢, :
(0,T) x (RY)™ — R defined by

n
on(t,X) = o(t, Y milan),

where 1 Ar s the characteristic function of the set A7'.
Since the original maximum at (tg, X) was strict it is easy to see that the functions u, —p,
must have local maxima at points (¢,,x") = (t,, 27, -+ ,z)) such that

n
t, > to and X" = ZZL‘?IA? — Xo.
i=1
In particular for sufficiently big n,
ltn —to| + | X0 — X"| < e
Now, by the chain rule,

n n
Dxi@n(tn’ Xn) = <D90(tn7 sznlA?)v 1A?e>d = D‘P(tm sznlA?)a
i=1 A i=1
where e = (1,---,1) € RL If x = (21, -+ , ), we will denote x; = (241, -+ ,2q). Then
2 g &
n
T4 D) = Y THDE, ) = )= 22 G
i,j=1 1,j=1 k=1
Now
n
M(tmxn) = / D*p(tn, > aflan)lavey | - e
81’ikal'jk n =1 ' B J
SO



We note that if . .
X,y € (]Rd)”, X = inlA? and Y = ZyilA:_z

i=1 i=1
then
n n
X =YP=n"1> |oi—ul, X =Y[I=n"") |z —ul
i=1 i=1

Furthermore, choosing &, € E, we have

’;H(mi,ui,n[q?ﬁ)—;:;H(yz,u@,n//l?n)’Sg’H@,ux,/ ) (yz,uy, /A?n)’
)/A?n!f—n\
o)

)

n

o510l
¢

) =
-l-Za
i=1

1+

n
A?

‘x’b yl| + d anuy)) (1 +

Thus,

n

ZH(mi,u;,nAn§>—zn: (yz,u'y, /177>

efene((E00) (B
+a(i§(|xi—y@-r+<ﬂl)l|x er><
We conclude
gH(:vi,ui,n/A?&)— 1H<yz,u§,n/A?n>
<c(/95n2)é+c((“/ m?) (Z/ |77|2> )( / = 77|2>
o))

o (((iix —yi|2> 2 +2XYT) (1+ (Zn:n
i=1 i=1
< O(1+lel+nl ) l§—nl+o (31X -] (1 + [¢) ).

nfl

£
Az

/|5 nr

e
1.9)

n—l

M=

-.
Il

H'M:

[N @

Finally, we have

(4.2)
;H(xi,ui,n/mﬁ;H(ymu;,n/Aﬁ)

n—l
i

Set
ZX 1An X" = (X(1/n), X(2/n),..., X(1)).
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Using the definition of viscosity subsolution and (4.2) we now have, for every ¢ > 0,

0> yp(tn, X H2<D2 o D e Uag e, ex )+ S H (o / Dip(t, X™) )+-F (jixr).
i=1 i=1 A7

Hence, for large n,
d

0> dyp(to, Xo) — & Y _(D*¢(to, Xo)ex, ex) ZH< ) fixn s 1 / P€> + F(X")
A'n.

k=1
—po(n) = C(L+[Dp(tn, X)| + [Pel) | Dp(tn, X) = Pe| — 0 (3] X = X[ (1 + |Fe]))

d
> dyp(to, Xo) — k¥ _(D*p(to, Xo)ex, ex) fo( ) K / P€> + F(Xo)
Ay

k=1
—my(e) — po(n) — C(1 4 2|Py| + 2€)2e — o ((3| X — Xe| + 3€) | (L + |Po| +¢€)),
where lim,,_,+ po(n) = 0. Since X, P. are continuous on €2, it follows that

. i ~
nlggon;H (Xe(n),pic?,n/An P€> = H(X.,law(X,), P.).

7

i

Thus, letting n — oo above we obtain

Orp(to, Xo) — kY _(D*p(to, Xo)ex, ex) + H(Xe, law(X,), P)
k=1

<my(e) + C(1+2|Py| + 2¢)2¢ + 20 (3¢ (1 + | Py| + ¢€)) .
Finally, letting ¢ — 0 we conclude that

8t(p(t0, Xo) — K Z<D2§0(to, Xo)ek, €k> + I:[(X(), laW(Xo), Dgo(to, X())) + F(Xo) <0.
k=1
Thus V is a viscosity subsolution of (|1.3). Reasoning in the same way, we can prove that V is a
supersolution of (1.3). W

Example 4.1. The following is an example of a typical particle system that leads to simple
equations of type (1.2)). Let G : RY — R? be a bounded even function such that

|G(z) - G(y)| < Llz —y| Vz,y e R?

and let W be a standard Wiener process in R?. Let T > 0. We consider a system of n particles
whose states are given by the SDE with common noise

{dX() LS GX(s) — X (s))ds + V2RAW(s) t<s<T,

Xz(t) = T;.
T 1 — 1 —
_/ F EZ(SXZ'(S) ds + Uy HZéXi(T)
t i=1 i=1

(where E above is the expectation with respect to a probability measure on some reference proba-
bility space) then the function u,, is the viscosity solution of the terminal value problem

—yun — KTr(AnD?uy) — ﬁ > i Zj;éi G(zi — xj) - Dajun
+~F(% Z?:l 5331) =0 in (0’T> X (Rd)n7
Un(Ta-Tb"' axn) :Z/{O(% n:1 5371) on (Rd)n’

If we define
up(t,x) =E
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where Ay, is as in (1.2)). In this example the Hamiltonian H is defined by
Havp) =—p- [ Glo—y)widy)

It is obvious that H satisfies (2.1) and (2.3). We point out that the boundedness of G is needed
here to guarantee [2.3)). Regarding R.2)), let z,y,p € R%, u,v € P.(RY), and let v be a Borel
probability measure on R? x R with marginals p,v. Then

/R Gla—2uldy) p— [ Gl —wpldw)-p

|H(x, 1,p) = H(y,v,p)| < Llz — yllp| + o

< Ll yllol +| [ (6 =) = Glo — ) (dz. )| o

< Lo —yllpl + 2lpl [ |2 = wh(dz.du)

< Llp (\x ol ([ wwdz,dw))i) .

Since this holds for every v we thus obtain
|H (, p1,p) — H(y, v, p)| < Lp| (|2 — y| + dr(p, ).
5. L-VISCOSITY SOLUTIONS VERSUS VISCOSITY SOLUTIONS ON THE WASSERSTEIN SPACE
In this section, we consider either
U:[0,T)x Po(RY) =R or U:Py(RY) =R
and
U:[0,T)xE—-R or U:E—R
such that U(t, X) = U(t, XpL1) or U(X) = U(X3L1). Recall
E = L*((0,1),R%).

When U is differentiable at € Po(R?), VU (1), the Wasserstein gradient of U at u satisfies
(5.3) V. U(p) € T, Pa(RY).
Assume next that VU is differentiable at (g, ) in the sense of [37] and V,,.U(u)(q,-), the

Wasserstein gradient of VU (1) at p belongs to Lig, , (R24, R4*4), We have

(5.4) (Vid (1) (@,0) = (Vild (1)) (2,0) Va2 € RY.

If we assume that U is twice differentiable in the sense of [37], then the map (q,pu) —
V,U(1)(q) has a first order Taylor expansion on an appropriate set [24]. Furthermore, VU (1)
is Lipschitz on the support of u and there exists a symmetric matrix Aj(u) € LZO(Rd,RdXd)
which coincides almost everywhere with V, (VML{ (u)) In this manuscript, we adopt the notation
and terminology of [37] by defining V2 U (11), the Wasserstein second differential of U at p as

Vald(p) (€ &) = /Rd A1(p)(9)€(q) - §«(q)u(dq) +/de Vo (1) (@5, 0)6(q) - §4 (g ) pu(dq) p(dgs),

if £, &, € Li(]Rd,]Rd). Note that the ordering (g, q) in the last integral is not a typo. By abuse
of notation, we identify the bilinear forms V2/(u) with the operators

€— M+ [ Tt an(da)
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which, by and the fact that A; is symmetric p-almost everywhere, turns out to be self-
adjoint on L2 (R?, R?).

The relation U(X) = U(Xy3L1) expresses the fact that U is invariant under the set of
maps which preserve Lebesgue measure. This is what imposes a special structure on the second
differential of U at X when it exists. When U is twice differentiable at X then for any ¢ € E,
D2U(X)(¢)(-) belongs to E and

DAU(X)(O)() = An(X) ¢ + /( | T ) (X, X (@) (e

Given an arbitrary orthonormal basis {e1,--- ,eq} of R, we identify each e with the con-
stant function which assumes the value e;, everywhere. Abusing notation we write e;, : R — R
Note that if X € E then e; 0 X = ¢, and so, we may also consider e to be the constant function
ex : (0,1) — R If Ey is the finite dimensional space spanned by {ey,--- ,eq}, we have the
orthogonal decomposition

E=FEy® Ejy.
The partial trace of the operator ¢ — D?U(X)(¢) on Ejy is
d
ApalU(X) = (D’U(X ey, ex).
k=1

We have the relation

ApaU(X) = ApU(p) o X
where, A, is the partial Wasserstein Laplacian [24]. This relation will allow to compare viscosity
solutions on the Wasserstein space and the Hilbert space.

5.1. Domain of definition of Wasserstein Hessian. In this section, we denote by 7!, 72 :

R?? — R? the coordinate projection maps of R?*? onto R?. Given a positive integer D, we denote
by C3(RP) the set of f € C3(RP) that have bounded second and third order derivatives.

We start by recalling a few facts about the Wasserstein tangent spaces T),Po (RY). Let & €
L2 (R%,R?). Note that & € T),P2(R?) if and only if

| Jr2a (G0(q1) = Vo(qr)) - (@2 — @) (dgy, g2)]
|72 — 7T1HL2(7)

lim inf sup {
r=0T 9 (1)

= 0.

0 < = wlagy <7y € D)}

Here, the infimum is performed over the set C2°(R?) or equivalently over the set C3(R?). The
space 1}, P> (R%), being a Hilbert space, can be identified with the co-tangent space. The Wasser-
stein gradient of a function U : Po(RY) — R at p is the element of minimal norm in the subdif-
ferential of U at p and so, it belongs to T}, Pa(RY).

We would like to propose an analogous characterization for all Wasserstein derivatives of
order less than or equal to 2. We say that f : R?? — R is symmetric if f(q1,q2) = f(q2,q1) for
all g1, ¢2 € R%.

Given 1 € C3(R??) which is symmetric and ¢ € C3(R?), we define

Vo) = /R Sa)v — u)(da) + /R blar42) (v = 1) (dgr) (v — ) (dge)

for p1, v € Po(R?). The function V¥

(6,0 18 twice differentiable in the sense of [37],

ViVl 0)(@) = Ve + [ Vutlar 0w = ()
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and so,
Va (VMV&S’,Z,)(V)(%)) = V%h(q1) +/ Vaa?(q1,b) (v — p)(db).
Rd
We conclude
v“"v&zﬁ)(y)(w = Vg ¥(q1,62).
Note that if X,Y € E are such that Xﬁﬁ%o ) =M and Y&E%o y=v then
) Vi ™) = Vg (V),

where we have set

VX (V)= /
) (Y) o)
1

+3 /(0,1)2 (w(Y(w),Y(o)) + (X (w), X(0)) — 2¢(Y(w),X(o)))dwdo_

(60r (@) — 6(X(w)) ) dw

Remark 5.1. Let X € E, let ¢ € C3(R?) let ¢ € CF(R?*?) be symmetric and set V = Véw).

(i) Note that if X*,Y,Y* € E are such that X and X* have the same law and Y and Y*
have the same law then (5.5) implies Véw(Y} = V(f;,zp) (Y™).
(i) The function V is Fréchet differentiable everywhere on E and for any Y € E we have

DV)@) = VoV @) + [ (Ta(¥ ()Y (0) = Tuw(Y (), X(0)) )do

)

(i1i) The subset of E where the function DV is Fréchet differentiable may not be E (cf. [37]),
unless ¢ and Y are polynomials of degree 2. However, DV 1is Gateaux differentiable ev-
erywhere on E and for any Y € E we have

DVIGO = [ Vot [ T b (V@ Y 0)c) - Clo)dado

[ (Tt (Y)Y (0) = Vo (¥ (). X(0) ) @) - C()dodo
(0,1)2
for any ¢ € E. In particular, DV (X) = V¢ o X and the operator D*V (X) is given by
DV (X) ¢ = V26(X) ¢ + /( | T (X X @)

for¢ e E.

Lemma 5.2. Let X,X* € E, let ¢ € C3(R?) and let ¢ € CF(R*?) be symmetric. If Xﬁﬁ%o =

Xg‘ﬁ%m) then VX = V(fg’w) is twice Fréchet differentiable at X if and only if VX .= V(f;:/)) is

twice Fréchet differentiable at X*.

Proof. We only need to prove one direction of the Lemma since the converse direction could be
obtained by symmetry. Assume V¥ is twice Fréchet differentiable at X. By assumption, there
exists a function € : R — R, monotone nondecreasing, continuous at 0 and such that ¢(0) = 0
and there exists a function ¢y : E — R such that |eg(h)| < €(]h|) and

1
VXX +h)= V(X) - hdw + 5 V2p(X)h - hdw
(0,1) (0,1)
1

(5.6) + 3 / Vqull/J(X(o),X(w))h(w) - h(o)dwdo + |h|*eo(h)
(0,1)2
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Since X and X* have the same laws, it is well-known that we can choose a sequence of Borel
functions S,, : [0,1] — [0, 1] which are one-to-one, onto, such that Snﬁ[’%() = E%O 1) and such
that

Hm |[X* — X 0 S,| = 0.
In light of Remark (i), (5.6 implies
VXS (X 08, +h) =VX(X +hoS; )

— Vo (X) - hos,;ldwré V24(X)ho St -hoS; tdw

(0,1) (0,1)
+ % /(071)2 Via ¥ (X (0), X (w))ho Sy (w) - ho S, (o)dwdo + |ho Sy Peg(h o Sy )
= V(X 08,) - hdw + L V26(X 0 Sp)h - hdw
(0.1) 2 Jo
+ % /(071)2 V¥ (X 0 8,(0), X 0 Sy (w))h(w) - h(0)dwdo + |h|*eo(h o Sy t).
We use again Remark [5.1f(i) to conclude that
VX (X 08,+h)= Vé(X 0S,) - hdw + L V2(X 0 8,)h - hdw
(0,1) (0,1)
+ % /(071)2 V¥ (X 0 8,(0), X 0 Sy (w))h(w) - h(0)dwdo + |h|*eo(h o Sy ).
We let n tend to oo to obtain
VX (X* +h) = Vo(X*) - hdw + L V2H(X*)h - hdw
(0.1) 2 Joy
+ % /(0,1)2 Vg ¥ (X*(0), X*(w)) h(w) - h(o)dwdo + |h[? nh_}n;o eo(hoS; 1.

We use the fact that lim, . |eg(h 0 S;1)| < €(|h|) to conclude that VX is twice Fréchet differ-
entiable at X*. W

Definition 5.3. Let u € P2(R%), & € T, P2(RY), let Ay € LZO(Rd,RdXd) be symmetric p—almost
everywhere and let Ay € L% (R%4 R¥*) be such that As(q1,q2) = A¥(q2,q1), 1 @ p-almost

H@p
everywhere. We say that (&y, A1, Aa) belongs to T;’2732(]Rd) if

{ leo (1,7, €0 — Vo, Ay — V26, Ay — Vg, 0)]
HT‘-2 - 771”%2(7)

lim inf sup
=07 (6,%) (v,y)

where the infimum is performed over the set of pairs (¢,1) such that ¢ € Cg’(Rd), (RS CE(RM)
s symmetric and V(f;w) is twice Fréchet differentiable at X with law(X) = p.

0< ||7r2—7r1HL2(7) <r,y € (u, 1/)} =0,

Here we have set

eo(, 7,60, A1, A2) == /de <§O(Q1) + %A1(Q1)(CI2 - fh)) (g2 — q1)v(dq1, g2)

1
by o Al 2w = 2) - (a2~ @) (dar, a2)3(dz. duw),
R2d xR2d
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We shall later use the expression

{ ‘€O(M777£O7 A17 A2)’ }

E(r,p, &, A1, Az) := supsup |72 — 71.1”2
L2(v)

vy
where the supremum is performed over the set of pairs (v,7) such that 0 < W2(v,u) < r and
v € (p,v).

5.2. Specific expression for superjets/subjets. For u,v,v,&y, A1, A2 as in Definition
and t,s € (0,7),a € R, we set

e(uas7t7aaual/777§07AlaAQ) = Z/{(S,I/> - u(tnu’) - a’(s - t) - / 4 50((11) ’ (q2 - QI)V(dQIdeQ)
RQ

o % /]R2d Al(ql)(QZ - Q1) : (QQ — QI)’Y(dZL',dy)

1
5 [ el 2w 2) - (@2~ @) (s, dw)y iy, da).
R2d xR2d

Similarly, for
t,s€(0,T),a€R, X,Y,(o€E, A €L®((0,1),R™), Aye L>((0,1)% R¥ ),
we set
e(U,s,t,a,X,Y, (o, A1, Ad) ==U(s,Y) -~ U(t, X) —a(s —t) — o G- (Y —X)dw

—1/ ALY = X)- (Y = X)duw
2 Jo

1 _
2 /(0,1)2 Az(w, 0)(Y(0) = X(0)) - (Y(w) — X(w))dodw.

If the functions ¢ and U are independent of ¢, the right hand sides of the above expressions do
not have the a(s — t) term and we will write e(U, u, v,, &o, A1, A2) and €(U, X, Y, (o, A1, A2).
Definition 5.4. let t € (0,T) and pu € P2(RY) and let U : [0,T) x P2(R%) — R.
(i) We define the parabolic second order subjet of U at (t, 1) to be the set P>~U(t, 1), which
consists of (a, &y, A1, Az) € R x TJ’QPQ(Rd) such that
s . €(U,S,t,ﬂ,y,7,€0,A1,A2)
lim inf inf 5
(5,0) = (t, 1) vET (1,v) |s —t| + W5 (v, 1)
(ii) We define the parabolic second order superjet of U at (t,u) to be the set P>TU(t, ), of
(a,&0, A1, Ag) € R x T Py(RY) such that
t A A
limsup lnf G(U,S, 5M7V775§07 1, 2) S 0.
(s.)— () YED (1) |s —t| + W5 (v, p)

> 0.

We set

S(ar,a0)(X)(h) = Ar(X) b+ /(0 : A (X, X (w))h(w)dw, for h € E.

Owing to the properties of A; and As in Definition , S(a,,4,)(X) is a self-adjoint operator on
E.

Lemma 5.5. Let i € Po(RY) and let X € E be such that Xﬁ,C%O 1) = M
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(i) If (a, &0, A1, A2) € P27U(t, p) then

(a 0(X), S(ay,40) (X )) c P> U(t, X).
(ii) If (a,&o, A1, A2) € P>FU(t, 1) then

(0, €0(X), S(4,,4) (X)) € PXFU(E, X)),

Proof. It suffices to prove (i). Let us assume that (a, &, A1, A2) € P>"U(t,p). Let Y € E and
set Ygﬁ%o =V Choose first v € T'g(p, v) and then choose X*, Y* € E such that

v = (XF XY BLig -

Note
p:= (X x Y)ﬁﬁ%[m) € '(u,v)
and
e(U,s,t,a,X, Y, o0 X, Ajo X, Ag0 (X x X)) =U(s,Y)—-U(t, X) —a(s —t)
—eo(,p, 0, A1, Az).
Hence,

e(U, s, t,a, X, Y, {po X, A1 0 X, Ay o (X X X)) =U(s,v) —U(t, ) — a(s — t)
(57) — € (,U, D, 507*’417*’42)7

where Ag o (X x X)) denotes the function Az o (X x X)(w,0) = As(X(w), X(0)).
Fix for a moment a symmetric function v € C (R ) and ¢ € C3(R?) such that V(

twice Fréchet differentiable at X. Recall that by (5.6))
(5.8) Vi (V) = o (11,0, V6, V26, Vg v0) = o(|[Y = X|2).

Since the first marginal of 7 is g, X and X* have the same laws and so, by Lemma V(f; ;) is
twice Fréchet differentiable at X™* and so,

(59) ‘/@) V) (Y*) — €0 (,U,, v v¢7 v2¢7 quqﬂp) - O(HY* - X* HQ) .
Using (5.7, we have the decomposition

b 18

E(U, s,t,0,X,Y, 600 X, A1 0 X, Ag o (X x X)>
= U(s,v) = UL 1) = als — ) = eo (9, &0 — Vo, A1 = V20, Ay = Viugy )
— o112, V6, V26, Vi, ¥
Thus,
E(U, 5,60, X,Y, 600 X, A1 0 X, Ag o (X x X)>
= U(s,v) = Ult, ) — als — t) = eo (1 p, &0 — Vo, A1 = V20, A3 = Vi )
— o112, V6, V26, Visar ) = 0 (11,7, 6o, Ar, Az )
+eo (1760 — Vo, A1 — 20, Ay — V0
+eo(11.7, V9, V20, Vi)
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Rearranging, we obtain
é(U,SatvaaX7K£0 OX7A1 OXa A2 © (X X X)) ZU(S,V) *U(t”u) - CL(S - t) - 60(%%5071417142)
— o119, €0 — Vo, A1 = V26, As — Vi, ¥
— (12, V0, V26, Vi, )
+ €eg <,u7 v V(b: v2¢7 vq2¢;{ll '¢>
+ €0 (M)’% 50 - VQS, Al - v2¢a A2 - quqﬂ/’) .
Using Remark (1) we conclude that
é(U,s,t,a,X,Y,fO 0X,A10X, A0 (X X X)) =U(s,v) —U(t,pu) —a(s—1t) — eo(,u,*y,go,Al,A2>
— (1,60 — V6, 41 = V26, A3 = V)
Vv(f;;p) (Y*) — €0 (/JH D, Vd)a v2¢’ VC]2(11 ¢>
+ €0 </1/7 v v¢7 v2¢7 v‘12‘11 w) - ‘/(fjiw) (Y)
+eo(11,7,60 = V6, A1 = V20, Ay = Vi, ).

We first use the fact that (a,&o, A1, A2) € P U(t, 1), second use (5.8) and (5.9) and third use
the fact that (&, A1, A2) € T;’2732(Rd) to conclude that

E(U,s,t,a,X, Y, €0 X, Ao X, Az o (X x X))

> o(WE(v. 1)) +ofls — ) — o( ¥ — X|[2) — (¥ = X*|1?

— B(llr! = 7l 1203), €0 = Vo, A1 = V26, g = Viqy ) I = 722,
- E(”Wl — 2|12y, €0 — Vb, AL — V3¢, Ay — Vq2q1¢) |t — 7T2||%2(p)-

Since
IV = X[ = ll7! = 7?72 2 IY* = X*|| = [I7" — 72|72,

we conclude that for any » > 0

. #Usta,X,Y,60X, A1 0X, Ao (X x X)) )
> — — -V —
) s =t + Y — X|? - E<“&’ Vo= Ve s V@mw)
(510) - E(Tv 50 -\ ¢a Al - v2¢) AQ =V q2q1¢> :

Maximizing — E, which means minimizing E over (r, ¢,v) and using the fact that (£o, A1, A2) €
*,2 d
T,7"P2(R?) we conclude

€ XY, X, Aj0o X, A X xX
lim inf e(U,s,t,a, ) 3500 ;411 © 7220( X )) 20’
(.Y) = (t.X) ls —t|+[|Y — X
which proves (i). B

Definition 5.6. Suppose k > 0. An upper semicontinuous function U : [0,T) x Po(R?) — R is
an intrinsic viscosity subsolution of (T.1)) on the Wasserstein space if U(0,-) < Uy on P2(RY) and

a—n( / Te( A (q))pu(dg) + / Tr(Az(m,qz))u(dm)u(dqz)> (o) + Flu) <0
Rd R2d
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for all (t, 1) € (0,T) x Po(RY) and (a, &y, A1, As) € P>HU(t, ).
A lower semicontinuous function U : [0,T) x P2(R?) — R is an intrinsic viscosity superso-

lution of (T.1]) on the Wasserstein space if U(0,-) > Uy on Pa(R?) and

511 a—r( [ T @)ulda) + [ | TrCAsan (i) n(de) ) + M o) + Fio) 2 0

for all (t,p1) € (0,T) x Po(RY) and (a, &y, A1, As) € P>~U(t, ).
If U is both an intrinsic viscosity subsolution and an intrinsic viscosity supersolution of (|1.1))

on the Wasserstein space, we say it is an intrinsic viscosity solution of (1.1) on the Wasserstein
space.

Theorem 5.7. Let U : [0,T) x Po(R%) — R.

(i) IfU is an L-viscosity subsolution of (1.1)) on the Wasserstein space then it is an intrinsic

viscosity subsolution of (|1.1)).
(i1) IfU is an L-viscosity supersolution of (L.1)) on the Wasserstein space then it is an intrinsic

viscosity supersolution of (L.1]).
(ii3) If U is an L-viscosity solution of (L.1) on the Wasserstein space then it is an intrinsic

viscosity solution of (1.1)).

Proof. Tt suffices to prove (ii). Assume U is an L-viscosity supersolution of on the Wasser-
stein space.

Let € P2(RY) and t € [0,7). Choose X € E such that X;£; = pu. We have U(0, ) =
U0,X) > Uy(X) =Uy(p).

In order to show that U is upper semicontinuous at (t, ), we choose an arbitrary sequence
(ftn)n C P2(R?) converging to u and an arbitrary sequence (t,), C [0,T) converging to t. Let
(Xn)n C E such that X, 4£1 = py, and (X,,), converges to X. We have

li_)m U(tn, tin) = li_}In Ultn, Xn) > U, X) =U(t, p).

Thus, U is lower semicontinuous at (¢, y1).

Let now ¢t > 0 and (a, &, A1, A2) € P3"U(t, ). We would like to show that (5.11)) holds.
Let X € E be such that Xﬁ/;%o 1) = H- By Lemma

(0,60(X), S(a,,12)) € PU(E X).

Since U is an L-viscosity supersolution of (1.1 on the Wasserstein space, we use Proposition
to infer
d

a_m(§:

k=101
This gives (5.11). W
Remark 5.8. Let U : [0,T) x E — R and let U : [0,T) x P2(R%) — R be such that U(t, 1) =

U(t,X) whenever X € E is the law of p. In [43], it was proved that if U is a viscosity solution
of the first order equation

U + H(X,X4L1,DU) + F(X) =0 in (0,T)x E
U0,X)=Up(X) onkFE,
then U is a intrinsic-viscosity solution of the first order equation

(5.13) { U +H(p, p1, Vuh) + F(p) =0 in (0,T) x Po(RY)
' U0, 1) = Uo(p)  on Pa(RI),

Al(X(w))ek-ekdw+/

o1y As(X (w), X(o))ek-ekdwdo> +ﬁ(X, XyL1,&(X))+F(X) > 0.

(5.12)
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according to the definition proposed in [43|. Therefore, Theorem 1s an extension of the results
of [43] from the case k =0 to the case k > 0.

6. FIRsT ORDER CONVEX HJB EQUATIONS AND VALUE FUNCTIONS

In this section we show that if K = 0 and H does not depend on p and is convex in
the gradient variable then the solutions u,, of , which are value functions of optimal control
problems for n-particle systems, converge to the value function of a variational problem in P (R?).
Thus we obtain a representation formula for the solution of .

Hypothesis 6.1. The function H = H(x,p), in addition to satisfying Hypotheses i the x
and p variables, is convex in the p variable and

(6.1) H(z,p) > Cy+ Calp|*  for all z,p € RY
for some constants Cq,Cy, where Cy > 0.
We define L(z,v) to be the Legendre transform of H(x,p), that is

L(z,v) := sup (p-v— H(x,p)), =x,veR
pER4

This implies, by (2.3) and (6.1)),
(6.2) C3 + C’4|v|2 < L(z,v) < C5 + C'6|v|2 for some C3, Cy, Cs, Cg with Cy, Cg > 0.
Given p € P2(RY), € € Li(Rd;Rd), we define

£0,6) = [ | Ll a)nldn) = ().
For 0 <t < T, we define the action
t
A(o,v) = / L(or, v )dT + Uy(00),
0

Let uy : [0,T] x (RH)™ be, as before, the viscosity solution to (1.2), for n =1,....
For p1 € Pa(RY), let
(6.3) Ut,p) == (inf){f((a,v) | ov =},
with the infimum taken over all the pairs (o, v), Whereﬂ o = o0, € AC%(0,t;Pa(RY)), v = v,
is a velocity vector field for o, and oy = p. Here AC2(0,t; P2(R%)) is the space of absolutely

continuous curves in Py(RY) with square-integrable metric derivative, see [3, Definition 1.1.1].
Define

o1&
Ty, (, X) :u@,nzga%), x = (21,...,2,) € (RH)™.
J:

We want to investigate the asymptotic relationship between u,, and u,,.

Set
F(x) = }"(% S 6,), uo(x) = u()(% > a,).
=1 =1
and ! . ’
(6, ¥) = —F(0) + + 3 Lay,vy),
j=1

1We use the subindex notation o, or o(7) interchangeably to mean the value of the path at time 7.
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Define

Cn(t,x) == {z(-) € AC?(0,t; (RH)™) | 2(t) = x}.
With the conditions on H listed in Hypothesis -, 2.1} the solutlon Uy to has the value function
representation

t .
(6.4) unlt) = inf { [ 160, ) + un(€(0)) | €0) € Calt )},
£ 0
Denote by A the functional that is minimized in , ie.,
t .
AEC) = [ 1 (E)E)dr + u(E(0).
Observe that when o, = %2?21 Oz, (r) for z(") € AC?(0,t; (RH)™), then

= Z 1,,maj(r) forae. 7€ (0,) and  A(o,v) = A(x(+)).

We will make use of the following lemma.
Lemma 6.2. Let u € P2(RY), and let 0 € AC?(0,t;P2(R?)) be a path of velocity w such

that oy = p. There exist sequences: {y™}o_i, y™ € (Rd)m {o™}>0_1, o™ € Cp(t,y™) with
corresponding velocity vector fields w™, and {rm,}3°, rm \ 0, such that

(6.5) sup da(07,07") < T,
0<r<t
(6.6) A(o™,v™) < A(o,v) + .
Proof. We are first going to prove the existence of such sequences as in the statement, for which
(6.7) / / (x,w!(x))ol(dx)dr </ / (x, wr(x))or(dz)dT + Ty .
R4 Rd
Step 1. We start with a standard mollification procedure by setting
1 1
n(z) = WGXP(—WQ/‘U, n°(x) == 8777(1‘/5% or =071,
e W07 * 1° 77 (I‘_y)
wy=——", J(z,¥ .
fop ( ) fRd 77 T — )GT(dy)
By Lemma 7.1.10 of [3],
(6.8) &(0%,0)) < e/ oPn(z)dz  YO<r<t.
Rd

Let us now prove that

(6.9) liranj(l)lp /Ot /Rd L(z,w;)os(dx)dr < /Ot /Rd L(z,wi(x))or(dx)dt.

Note for any arbitrary fixed 7,
wi@) = [ w0 g ().

Since for every x € R%, [1,j(z,y)o-(dy) = 1 and L(z,-) is convex, we use Jensen’s in-
equality to infer

610)  Leus) =L, [ )i oo dn) < [ L )i Cporldy) < o0
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We have obtained the finiteness of the expression at the right handside of (6.10) since
ILCowr ()] < CA+fwr(y)f*), 55 € LZ(R™),  w, € L¥(oy).
Observe that the function & — [pq L(z, wr(y))j°(x,y)or(dy) belongs to L' (o). Indeed,

/ Lz, wr ()15 () (dy)o (de) < / C(L + e () )7 (2, 9)o- (dy) o ()
R2 JRE R4

R4
=+ [ ut)P( [ = u)de)ortay
]Rd

< CO+ |lwrlZago,)-
Similarly,

/Rd /Rd L(z,w;(y))j(z, y)or(dy)or(dz) /Rd /Rd x,wr(y))ji(x,y)os(dz)or(dy)

— /Rd /RdL(a;,wT(y))nE(x —y)dzo-(dy).

Thus, integrating (6.10) on both sides with respect to o2, we get

(6.11) | taws@yoitn) < [ L) @ - oo ()

Classic arguments show that

ti [ [ L)@ - y)daor(dy) = [ Lw, ) ().
e—0 R4 JRd R4
From this, together with , it follows that
limsup/ L(z,w)os(dx) §/ L(z,w.(z))o,(dz).
R4 R4

e—0

An application of Fatou’s lemma now yields .
Step 2. Notice that the constructed o2 solve the continuity equation
0-0% +div(wiol) =0 in (0,t) x RY,
because
div(wiol) = div((wro7) xn°) = (div(wro,)) *n° and 0r07 = (0r0.) *1°.
Slnce w0 is smooth, for arbitrary 6 > 0 we can find = Cn(t,yN) for some N € N and
yNV € (Rd) , satisfying

sSup d2( Ors 7E'N) < 6
0<r<t

t
// L(z, wsN ()0 (dx)dr < // (z,wi(z))os(dx)dT + 9.
0 JRd Rd

It is clear that combining the latter inequalities, together with and , gives the desired

sequence r,,, such that inequalities d (6.5)) hold.
6.5

To finish the proof, note that by (6.5)) and the uniform continuity of F, Uy, there exist a
sequence S, \ 0, such that

t t
Up(oT) < Uo(o0) + sm — / Flo™)dr < — / F(om)dr + sm.
0 0

Denoting 7., + 2sy, still by r,,, we obtain .
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Lemma 6.3. For any 0 <t < T, the value function U(t,-) is lower semicontinuous on Pa(R?).

Proof. Let u™ — p be such that
lim U(t, pu™) = liminf U(t, v).

n—00 vV

Let ¢ > 0 and let 0" € AC?(0,t; Po(RY)) be paths of velocity v" such that of = ™ and

t
/lmnwﬁm4¢MMW<UUw@+&
0
It follows from (6.2]) that

t
(6.12) /0 [0 12 gmydr < C

for some C independent of n. Therefore, by Proposition [7.1] in the Appendix, we have the
existence of a subsequence (still denoted by ") and o € AC?(0,t;Po(R?)), with oy = p, such
that for every s € [0,], 07 converges narrowly to os. Denote the product measures on R? x [0, ¢]
by o ds. These converge narrowly to osds. Furthermore, denote by vl'ol'ds the vector measure
whose density with respect to ol'ds is the time-dependent vector field v7 = v™(s, z).

We then obtain from that there exists a subsequence of (¢, v™), still indexed by n,
such that o'ds converge narrowly to osds while v707ds converge narrowly to a vector measure
w on R? x [0,1].

Let p € CL((0,t) x RY). Then

0= lim ( / /R Oup(s,x)ol (dr)ds + / D¢(s,x).ug(x)gg(dx)ds)

(6.13) = /0 /Rd (s, z)os(dx)ds + /[Ot]de Dy(s,x) - w(dx,ds).

By Proposition [7.2]in the Appendix, w < ogds, so there is an L!(osds) vector field v(s,z) such
that w = vsosds, and, by the same proposition,

/ / (x,v:)or(dz)dr < hmmf/ / ol (dx)dr.
Rd n—oo R4

However, by (6.2)) and ( , we actually obtain

t
/O Jvr |2, dr < C

for some constant C' which, together with (6.13]), means that v is a velocity vector field for o.
Therefore, since F is narrowly continuous, it follows that

U(t, 1) < liminfU(t,v).
U=
|

Theorem 6.4. Given i € Po(RY), 0 <t < T, there exists a sequence {x(n)}2;, x(n) € (R,
such that do(% > j=10z;(n), 1) = 0 asn — 0 and

e = tim ot e i+ ) |60 = xm),

n—00£(-)ECn(t,x
1.€.,

lim wuy,(t,x(n)) = U(t, u).

n—o0
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In particular, U =U from Theorem and U is continuous and satisfies the continuity estimate
(4.1).

Proof. Let {0}, v}, be a minimizing sequence of paths and velocities for ¢/(t, 1) such that
(6.14) Alog,vp) <U(t, p) + 1/k.

By Lemma for each k& € N there exists a sequence {0}, v}, with the m-th term in
Cm(t, 0} (t)), such that

(6.15) U (t, o0 (1)) < A(of?) < A(op,v) +1/m  and o} (t) — or(t) = p in ds.
Then, -
U (01" (1)) <U(t, p) +1/k+1/m;
consequently, -
lim sup tn 1, 072(8)) < U (t, ).
m—o0
Hence, since do(0™(t), u) —> 0, this, together with the lower semicontinuity of (¢, -) proved

m—0o0
in Lemma [6.3] gives

Hm wp, (¢, o (t) = U(t, w).
m—0o0
Putting x(n) := o)'(t), n = 1,..., proves the statement. N
7. APPENDIX
Proposition 7.1. Let i € Po(RY) and let (o™,v™)22, be a sequence such that for each n € N,
o™ € AC?(0,t; P2(RY)) and v™ is a velocity vector field for o™. If

t
lim day(of, 1) =0 and / va”%z(an) <C VneN,
0 T

n—oo

then there eists a subsequence (™), and o € AC*(0,t; Po(R?)), with o¢ = p, such that for
a.e. T € [0,t], o — o narrowly.

Proof. Note that if 0 < s1 < s9 < t, by Hélder’s inequality we get
52
(7.1) dy(o™ o™ ) < / 102l 2omydr < VO3 — 1.
S1
In particular, (¢™), is bounded and equicontinuous in Py(R?%). We apply the refined version of
the Ascoli-Arzela theorem in Proposition 3.3.1 of [3] to conclude the proof. W

Proposition 7.2. Let L be as in Section[fl Consider a sequence {v}5° U {v} of finite, positive
Borel measures on [0,T] x R? that converges narrowly to v. Suppose we have a sequence gy :
[0, 7] x R — RY of vector fields such that

(7.2) / |gn(t, ) |Pvp (dt, dz) < oo
[0,T]xR4

and (gnvn)n converges narrowly to a vector-valued Borel measure A on [0, T] x R, Then:

(i) There exists a Borel vector field v : [0,T] x R — RY such that A\ = vv.
(ii)) We have

/ L(z,v(t,z))v(dt,dz) < lim inf/ L(x, gn(t, x))v,(dt, dx).
[0,T]xR4 [0,T]xR4

n—o0
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Proof. We define on [0, T] x R?? the measures f,, by

(7.3) /[O’T]XRM B(t, 2, w) fo (A, du) = / B(t, 2, gn (b, 2))vn (L, d2),

[0,T]xR4

for ® € Cy([0, 7] x R2%).

(i) We use and the fact that (1), is precompact for the narrow convergence topology to
conclude that (fy,), is precompact for the narrow convergence topology. Therefore, without loss
of generality, we may assume that ( f,,), converges narrowly to some Borel measure on [0, 7] x R2d
which we denote by fo. When ® depends only on the (¢, x) variables, passing to the limit in ([7.3)),
we conclude that the first marginal of fo is v. Hence, there exists a Borel map (¢,x) — f&x) of
probability measures (cf. [3] Subsection 5.3) such that we have the disintegration

/ B(t, 2, w) foo (dt, dz, dw) = / ( / O(t, 2, w) féé”(dw))y(dt,daz),
[0,7]xR2d [0,7]xR4 R4

for all ® € Cy([0,T] x R2%).
Let ¢ € C([0,T] x R% R?) be a bounded function. Although (¢,z,w) € [0,T] x R??
o(t,x) - w is not bounded, ([7.2)) allows to assert that (setting z = (¢, x))
/ o(2)wfoo(dz, dw) = lim o(2)wfp(dz,dw) = lim ©(2)-gn(2)vp(d2).
[0,T]xR2d =00 J[o,T]x R2d n=00 J[0,T]x R4

We now use the fact that A is a point of accumulation of (g,v,,) to conclude that

/[OT}XHW (/]Rd o(t, x) -wfégl’)(dw))u(dt,dac) = /[()T}de o(t, ) - Mdt, dz).

We conclude the proof of (i) by setting v(t, ) := [pa wféi’x)(dw).

(ii) Since L is bounded below by the hypotheses, we may suppose without loss of generality
that L > 0. For each r > 0 let ®, € C(R??) be a function which is identically 1 on the ball of
radius 7, is zero outside of the ball of radius 7 4+ 1, but remains between 0 and 1 everywhere. We
have

/ L(z,w)®,(z,w) foo (dt, dz, dw) = lim inf L(z,w)®,(z,w) fr(dt, dz, dw)

[0,T]x R2d

n—=00 Ji0,T]xR2d

< lim inf/ L(z,w) fp(dt, dz, dw)
[0,T]xR2d

n—oo

and so, letting r — oo we conclude

/ L(z,w) foo(dt, dz, dw) < liminf/ L(x,w) fp(dt, dz, dw).
[0,T] xR2d [0,T] xR2d

n—oo

Thus,

/ (/ L(x,w)fg’x)(dw))l/(dt,dm) < lim L(z,w) fn(dt,dz, dw).
[0,T7]xR4 R4

=00 J[o,T]x R2d

Since L(x,-) is convex, we apply Jensen’s inequality and use the fact that féé’x) is a Borel

probability measure to conclude the proof. W

We conclude the appendix with a proof of comparison for viscosity solutions of a class of
equations that includes (|1.3). Let W be a real separable Hilbert space. We assume the following
hypothesis.

Hypothesis 7.3.
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(i) The function H : W x W — R satisfies
(7.4) |H(X,P)— H(X,Q)| < C(1+|P|+|Q))|P—Q| foral P,Q. X €W
and
(7.5) |H(X,P)— H(Y,P)| <o(|X —Y|(1+|P])) forall P,X,Y €W
for some modulus of continuity o.
(ii) The function Uy : W — R is such that
(7.6) Uo(X) —Up(Y)| <my (|IX =Y|) forall X,Y €W
for some modulus of continuity my.
We note that if H(X,P) = H(X,law(X), P) + F(X) and Hypothesis is satisfied then
Hypothesis holds. Thus comparison for viscosity solutions of follows from the more

general theorem below.

Theorem 7.4. Let Hypothesis be satisfied and let Kk > 0. Let u be a viscosity subsolution of
d
Opu — /{Z(D2uek,ek> + H(X,Du)=0 1n (0,7)xW
k=1
u(0,X) =Up(X) onW,
v be a bounded viscosity supersolution of (7.7) and suppose that there exists M > 0 such that
sup u(t,X) < M, sup —v(t, X) < M.
(t,X)€[0,T) x W (£,X)€[0,T) x W
Then v <wv on [0,T) x W.

Proof. The proof is similar to the proof of Theorem The main difference is that we have to
use a Hilbert space version of the maximum principle for semicontinuous functions, Theorem 3.2
of [27], instead of Theorem 8.3 of [26]. For 6 > 0, let ¢4 be the function from Lemma [3.2] applied
to the modulus o1(s) = (1 + T)o(s) +mi(s) + (2M + 1)s. In particular we have

(7.7)

(7.8) ps(1) 2 2M +1,  ps(s) = ma(s).
If uw £ v then there is v > 0 such that
(7.9) sup (u—v) >

(t,X)e0,T)xE
We will show that this leads to a contradiction.

Let {n1,7m2, -} be an orthonormal basis of W. For N = 1,2,---, we denote by Py the
orthogonal projection in W onto span{ni,--- ,nnx}, and we set Qn = I — Py. Denote h(X) :=
(1+ |X|>)Y2. 1f (7.9) is true then for sufficiently small 1,~v,a > 0

1

wp (ulX) —ua(6Y) — sl 41X~ Y + ) — a(h(X) + (V) > 0.
X,Y eW,te[0,T) —t
We also notice that the expression above goes to —oo as | X| 4 |Y| — +oo. Therefore, by the
perturbed optimization result of Ekeland-Lebourg (see for instance [29], Theorem 3.25), for every
n > 1 there exist a, € R, pp, g, € W such that |an| + [pn| + [gn| < 2 and

1
u(t, X) — un(t, ) = s~ 5(( 41X = YY) 41) — a(h(X) +h(Y))
attains a strict maximum at some point (£, X,Y). By the construction of 5 we have 0 < < T
and | X — Y| < 1. It now follows from Theorem 3.2 of [27], together with Remarks 2.3 and 3.1
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there, that for every N > 1 there exist b1,b2 € R, Sy, Ry € S(W) and C > 0 independent
of N, such that Sy = PySyPn,Ry = PyvRyPyn,Sy < Ry and such that, denoting s =
— — 1
(y+1X =YP)2,
X-Y
(™5

1+ 1)+ aDh(X) — pn, Sy + CQn + aD*h(X ))677 u(t, X),

X-Y
(9

(1+¢) —aDh(X ) + pn, Ry — CQnN — aD2h( )) € 73 (L, Y),

— i (F ke
by — by = @5(8) + (T — E)Q Gy,

Using the definition of viscosity subsolution we now have
d —
by — kY ((Sn + CQN + aD*h(X))ey, ex)
k=1

+H<X g()XSYHﬂJraDh( ) — )go

which implies, by ([7.4]),

d i X-v
by —nZ(SNek7ek>+H(X,<p5(s) (141))
(7.10) k=1
1
< oa(55) +os(=) +ou(a)
for some moduli 09, 03, 04. Similarly we have
d — —
X-Y
b2—/€z Ryey,ex) + H(Y, ¢5(3) (1+1))
(7.11) k=1

> 02(%) + 03(%) + o4(a).

Subtracting (7.11]) from (7.10)) and using Sy < Ry, (7.5)), we obtain

02(%) + 0’3(%) + oa(@) = ¢5(5) + ﬁ

716 JETC RESLATEE S 1l ETC R
> ¢5(5) + gy — 0 (S0 +5(3) 1+ 7))

> (Tﬁiﬂ? + ¢5(3) — o1(¢5(5)5 +5) > ;2’

(7.12) (1+3)

where we have used the definition of o; and Lemma [3:2] to justify the last two inequalities.
Inequality ([7.12) yields a contradiction after we send N — 400, then n — 400 and finally
a—0. N1
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