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Abstract

These notes contain a series of lectures given by the first author in the 2008 GNAMPA—-
INDAM School in Pisa. It is based on recent results by both authors who initiated a study
of an infinite dimensional weak KAM theory. While some of the results presented here have
already appeared in their joint work [16], the core of this manuscript, section 3, has never
been submitted for publication anywhere. The current manuscript should be regarded as a
companion to [16].

In [16] it is shown that asymptotic behaviour of a class of Vlasov systems can be studied
via a cell problem (C): H(M,c+ VU) = H(c). (C) is to be satisfied in the sense of viscosity
on what will be referred to as the L?(0,1)-torus (cf. (10)), a quotient space of the Hilbert
space L2(0,1). More importantly, existence of solutions U for (C) and existence of calibrated
curves associated to U are obtained by studying the limit as € tend to zero of Hamilton-Jacobi
equations of the form (HJE).: €V + H(M,c+ VV) = 0. The purpose of these lectures is
to show that if H satisfies appropriate invariance properties, a Galerkin type approximation
method can be used to establish existence of solutions for (HJE),. This result is in contrast
with [8], where it is shown that Galerkin type methods are not expected to provide solutions
for (HJE).. We could have identified the largest class of Hamiltonians for which the results
in these notes hold. We chose not to work in the greatest generality for two reasons: first
of all, our study was motivated by the Vlasov systems appearing in kinetic theory and we
restrict ourselves to Hamiltonians corresponding to these PDEs. Secondly, we tried to keep
the computations as simple as possible to separate the main ideas from technical details.

1 Introduction

To understand the subtlety of the so-called cell problem appearing in the KAM and the Weak
KAM theories, let us start with a very simple Hamiltonian. Consider the one-dimensional
Hamiltonian h(z,p) = |p|> — sin?(7x) for x,p € IR. As done in the KAM theory let us proceed
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with the exercise of searching for real numbers A and functions s € C'(IR) such that s is Z-
periodic and satisfies the equation h(z,s’(z)) = A. Since every function s € C*(IR) such that s’
is Z-periodic can be decomposed as the sum of a Z-periodic function u € C'(IR) and a linear
function x — cx, the problem at hand is to find two reals numbers A, ¢ and a Z-periodic function
u € C*(IR) such that

h(z,c+u'(z)) = A (1)

has a solution. For such a simple Hamiltonian, at a first glance, (1) might look like a simple
problem. It is wrong to think that existence of solutions depends mainly on whether or not
A is in the range of h. If ¢ = 0 or |¢| = 2/7 one readily checks that unless A = 0 there is no
Z-periodic function u € C'(IR) satisfying (1). If 0 < |¢| < 2/7 then (1) has no Z-periodic
solution u € C1(IR). In the Weak KAM theory one seeks for real numbers A and Z-periodic
Lipschitz functions u € C(IR) viscosity solutions of (1). For ¢ € IR prescribed it is well-known
that (1) admits a periodic viscosity solution for exactly one value of A denoted h(c). This is one
way of defining the effective Hamiltonian h which can be explicitly computed as a function of
c [18]. The so-called cell problem (1) plays a central role in understanding the dynamics of the
Hamiltonian flow of h. Especially as we are dealing with a Hamiltonian defined on the cotangent
bundle to a one-dimensional manifold, (1) can be used to identify periodic solutions of the flow
associated h (cfr. [22]).

The purpose of [16] has been to extend techniques of the Weak KAM theory— proven to be
a powerful tool for understanding finite dimensional Hamiltonian systems— to some classes of
PDEs viewed as infinite dimensional Hamiltonian systems. In these notes, we show that the
infinite dimensional analogue of (1) can be obtained by studying finite dimensional Hamiltonian
systems. In order to explain the link between the existing (finite dimensional) Weak KAM
theory and our approach let us fix a Z-periodic function W € C?(IR). For each positive integer
n consider the evolutive system

T; =mnp;
Pi == 25y W (i — ) (2)

z;(0) =2z, pi(0) = p;.

Here, Z,p € IR"™ are prescribed. Clearly, (2) is a Hamiltonian system where the Hamiltonian
and the Lagrangian are defined on IR" x IR" by

n 1 « 1 1 &
i,j=1 1,j=1

t (Z,p) be the initial conditions in (2). The Hamiltonian flow is ¢ defined by ¢:(z,p) =
(t),p(t)). Let G,, be the group of permutations of n letters. For 7 € G,, and k € Z" we define

Le
(x
Pr(z,p) = (27,p"), Ti(z,p) = (x+k,p)

where z,p € IR" and 7 := (z,(1),"** ,T7(n)). Since ho P, = h = ho T}, we have
¢ro Pr= ¢y = ¢ oTy. (4)

Thus, h can be viewed as a function defined on (M,,/G,,) x IR"™ and ¢ can be viewed as a flow on
the cotangent bundle of the n—symmetric product of the circle M,,/G,, known to be a manifold
[23]. Here, M,, is the n—dimensional flat torus and we shall identify the cotangent bundle of
M, /G, with (M,,/G,,) x IR™.



If a probability measure p on the cotangent bundle 7% M,, is invariant under the flow ¢, then

| ue). ohteyduten) = 5 [ o] =0 ©
T* Mo, T* M t=

where f(z,p) = u(x) and u is continuous and Z"-periodic. We write u € C*(M,,). Let F(x,p) =
(x,Vph(z,p)) be the Legendre map associated to h. The push-forward of ;1 by F' is the measure
v := Fupu defined on the tangent bundle T'M,, by

v(B) = u(F~'(B))

for all Borel sets B C T'M,,. Note that (5) reads off

/ (Vu(x),v)dv(z,v) = 0. (6)
TMn

One says that v is weakly invariant under the flow ¢, although the definition in (6) does not
involve h or ¢. Suppose S € C%(IR™) and VS is Z"-periodic. In other words, we are selecting a
closed one—form (z,£) € M,, x IR™ — A, (&) of class C! on M,,. One readily checks existence of
a ¢ € IR™ (characterizing the cohomology class of A) such that

/ (VS (), 0)dv(z, v) = (& R(v)).
M, xIR™

Here,
R(v) := / vdr(z,v)
TMn

and is referred to as the rotation number of v.
In the Weak KAM theory one seeks for Borel measures on the tangent bundle T'M,, that
minimize the action

v A(v) = / ldv.

TMn

The minimization is performed over the set of weakly invariant measures v of prescribed rotation
vector 7 € IR". For a class of Lagrangians including those appearing in (3) such minimal
measures are known to exist and are supported by the subdifferentials of functions x — (¢, x) +
u(z). Here u € C(M,,) is a viscosity solutions of the cell problem

h(z,é+ Vu) = h(e) (7)

and ¢ € IR" is related to . We have denoted by h the effective Hamiltonian of h, defined by the
fact that h(C) is the unique real number \ such that h(x, &+ Vu) = X admits a viscosity solution
u e C(My).

In these notes, not only are we interested in measures v that minimize A,, over the set of
weakly invariant measures of precribed rotation number 7, but we also require these measures
to be invariant under the action of the group G,, : Pryv = v for all 7 € G,,. The latter condition
yields that 7 must be parallel to (1,---,1) € IR". It becomes natural to impose in (7) that ¢
must be parallel to (1,---,1) € IR"™. As a matter of fact, only for these special ¢, were we able
to show that as we let n tend to infinity, the finite dimensional solutions of (7) converge to their
infinite dimensional analogue.

A formal explanation for restricting ourselves to ¢ which are parallel to (1,---,1) € IR" is
based on the link between (2) and the Vlasov systems. The starting point is to view T*M,, as a



subset of Py(IR?), the set of Borel probability measures on IR? of bounded second moments. The
embedding is given by (z,p) — 1/nY 1", d, p,)- Hence, to the path t — (x(t),p(t)) € T*M,,
satisfying (2) we associate the path t — f; € Po(IR?) defined for each t > 0 by

1 n
== i)
=1

Let ¢ be the first marginal of f: o = + Sy 0z,(t) and set Py = o;+ W. The system of equations

n
(2) translates into the so-called Vlasov system

Ouft + 00 ft = 02 Py Oy ft
Pi(w) = [ W (o - 2)dpu(a) @®
fo =5 =30 )

The first equation in (8) must be understood in the sense of distributions. While (8) is a richer
system than (2) in the sense that it encompasses the case n = oo, both systems coincide when
n < oo. In the latter case both systems represents the evolution of n undistinguishable particles
of same mass. The fact that the particles are undistinguishable explains why the rotation vectors
of interest, from the point of view of the Vlasov systems, must be vectors whose components
are equal.

Gangbo [27] has noticed that (8) can be regarded as an infinite-dimensional Hamiltonian
ODE on the space of Borel probability measures on IR? with finite second-order moments (cfr.
also [1] and [14]). Indeed, if

wn= ([ [5+3 [ we-vare]ase.o

then one may regard (8) as

where J is the clockwise rotation matrix of angle 7/2, and V,, is the Wasserstein gradient [1].
In the current manuscript we look for some special solutions, which allow for a connection with
a more conventional way of regarding (8) as Hamiltonian. Assume the initial data is in the set
of probabilities on IR? such that fo = (Mo, No)u1p, where 1y is the Lebesgue measure on (0, 1)
and My, Ng € L?(0,1). This means

1
| ela)dfaen) = [ o(0o(w), No(w)dy for all ¢ € C.(I)
R 0

Let us introduce the initial value problem
1
01z = —/ W'(oyz — oyw)dw, oo=M, o&9g=N. 9)
0

This is an evolutive system on the infinite dimensional manifold L?(0,1), which is a separable
Hilbert space. We denote its inner product by (-,-) and its norm by || - ||. The space L?(0,1) has
a natural differential structure and at each M € L?(0, 1) the tangent space at M is Ty, L%(0,1) =
L?(0,1). Hence, the tangent bundle is 7L?(0,1) := L%(0,1) x L?(0,1) which we identify with
the cotangent bundle.



Let LZ(0,1) be the set of M € L%*(0,1) whose ranges are contained in Z. We define the
LZ(0,1)-torus by
T := L?(0,1)/L2(0,1). (10)
We say that W : L?(0,1) — IR is L%(0,1)-periodic W(M + Z) = W(M) for all M € L*(0,1)
and all Z € L%(I ). We view W as a function defined on the T. If, in addition, W is continuous,
we write W € C(T).
Suppose A is a L2(0,1)-periodic, differentiable, closed one-form on L?(0,1) in the sense
of [16] section 5. Suppose that M — Ap;(M) is Lipschitz and rearrangement invariant and
L%(O, 1)-periodic. Suppose the second moment of +y, a Borel probability on 7 L?(0, 1), is finite:

/ lo(N)dy(M,N) < oo, Io(N) = HNH%Z(O,l)‘
TL2(0,1)

By a rearrangement invariant map U defined on L?(0, 1) we understand a map satisfying U (M) =
U(N) for all M, N € L*(0,1) such that Mgy = N#uvp. Then there exists a real number ¢ and
a Lipschitz function U € C*(T) such that

AM(N) :C—l-dUM(N)

for M, N € L?(0,1). If v is a Borel measure on 7 L?(0,1) invariant under the flow ¥ in the sense
that W, 4y = for all ¢ > 0 we use arguments similar to those appearing in (5) to obtain that

/ Ap(N)dy(M,N) = R(v) ¢,
TL2(0,1)

where .
R(7) ::/ [(N)dy(M,N) I(N) = / Nduy.
TL2(0,1) 0

We refer to R(7) as the rotation number of .

If W € CH(IR), we apply the Cauchy-Lipschitz-Picard Theorem [4] to obtain that for
any initial data (M, N) € L%(0,1) x L?(0,1) the problem (9) admits a unique solution ¢ €
H?2(0,00; L?(0,1)). We define the Eulerian flow

U(t, M,N) = (U'(t, M, N),¥?(t, M, N)) = (01, 51). (11)
We can then easily check that

o= (M(t,-), M(t,))zX(0.1) with fo = (Mo, No)gx(0.1)

satisfies (8). Note that (9) is Hamiltonian and the energy E(t) := H(¥(t, M, N)) is conserved:
E(0) = E(t). Here, the Hamiltonian and the Lagrangian H,L : L%(0,1) x L%(0,1) — IR are
given by

1

H(M,N) = S |N|>+ W(M), LM, N) = S|INJE, - 5W (M) (12)

where

W(M) = W(Mz— Mw)dzdw.
(0,1)2

It is not a loss of generality to assume that W (0) = 0 and W is even. Indeed, we may substitute
W by W — W (0) without altering (9). Also, substituting W by z — [W(z) + W (—2z)]/2 will not
alter W. In order to make some computations simpler, we further assume that

W(z) =W(—2z) <W(0) =0 for all z € IR. (13)



The only restrictive assumption here is that the maximum of W is attained at 0.

Let G be the set of bijections G : [0,1] — [0,1] such that G, G™! are Borel and push v
forward to itself. The group G acts on L%(0,1) : (G, M) € G x L*(I) — M o G. It also acts
on the topological subspace L%(O, 1) and so, induces a natural action on T and on the tangent
bundle L?(0,1) x L?(0,1). Note that L and H are invariant under the action of G.

Our goal is to prove the following result: for each fixed positive integer n, let C,, be the set of
real valued functions M on [0, 1], constant on each subinterval I := ((i—1)/n,i/n),i=1,--- ,n
Let L™ € C%(IR" x IR") and H" € C?(IR" x IR™) be the Lagrangian and Hamiltonian defined in
(25) and (26). We fix ¢ € IR. The standard Hamilton-Jacobi theory provides us with an explicit
way for constructing u"(-; ¢) € C'(IR"), Z™-periodic viscosity solutions of H"(x, Vu"(x;¢)+cy) =
c?/2 in IR™, where ¢, := (c,¢,...,c) € IR". Let us introduce the notation

Lo(M,N) := L(M,N) — c/l Mdaz. (14)
0

Theorem 1.1. There exists a rearrangement invariant U(-; c), Lipschitz continuous in the strong
L?(0,1)-topology satisfying the following properties: for alln > 1 integer and x € IR", u"(z;c) =
U(Z?ﬂ TiX1r; c). Furthermore, U(+;c) is a viscosity solution for

2

H(M,V2U(M;c)+c¢) = —

; (15)

and U(M;c) € C(T). Similarly, there exists a rearrangement invariant Uy (-;c) Lipschitz con-
tinuous in the strong L?(0,1)~topology which satisfies the following conditions: for each non-

decreasing M € L*(0,1) there exists a so-called calibrated curve o° associated to Us(-;c) in the
sense that o¢ € H*(0,00; L%(0,1)), 0§ = M and whenever T > 0,

T
1
Un(05: ¢) = / Le(of, 6)dt + Uu(M; ) + 5T
0
Furthermore, for all o € H?(0,00; L?(0,1)) we have
r 1
Ui (or;c) < / L(o¢,0¢)dt + U (003 ¢) + iczT.
0

It is proven in [16] that the following corollaries are direct consequences of theorem 1.1.

Corollary 1.2. For each ¢ € IR and each M € L*(0,1) which is monotone nondecreasing, there
exists N € L*(I) such that

Lt, M, N)
sup\/_H —c
>0

< 00, lim W2(t, M,N) = c.
0 t—oo
Corollary 1.3. Given c € IR and a Borel probability measure pn on IR of bounded second moment,
there exists a path t — p € ACE (0,00; P2(IR)) and u : (0,00) x IR — IR Borel satisfying the
following properties: uy € L%(p;) for L' ~almost everyt > 0, and po = p. The pair (p,u) satisfies
the Euler system

O (prug) + Oz (prui) = —pi0p Py

atpt + Ox (Ptut) =0 (16)

flR dpt( )

Furthermore,
sup Vt||id/t — ¢||,, < oo, lim [lu; — ¢/, = 0. (17)
t>0 t—00



We have chosen the Vlasov system as a simple model to illustrate the use of the weak KAM
theory for understanding qualitative behavior of PDEs appearing in kinetic theory, for several
reasons. Firstly, they provide a simple link between finite and infinite dimensional systems.
Secondly, they are one of the most frequently used kinetic models in statistical mechanics.
Existence and uniqueness of global solutions for the initial value problem are well understood
[3], [9], [19]. In this paper we have searched for special solutions which allow for a connection
with a more conventional way of regarding (8) as Hamiltonian. We assume the initial data to
be of the form fo = (M, N)4vp where M, N € L?(X) so that the unique solution of (8) retains
the same structure.

2 Effective Hamiltonian

In this section we define the effective Hamiltonian H in our infinite-dimensional setting and
compute H(c). The choice of constant functions as “rotation numbers” in this context is fully
justified in [16].

We begin by recalling some results from [17], adapted to our setting. In [17] we proved
the existence of an infinite-dimensional effective Lagrangian under the following assumption:
suppose L is a Lagrangian on L?(0,1) x L?(0, 1) satisfying the growth conditions

c|N|? < L(M,N) < C(1+ ||N|?), for all (M,N) € [L*(X)]?, (18)
where ¢, C' are given positive constants. Assume L is L2 (0, 1)-periodic in M, i.e.

L(M + Z,N) = L(M,N) for all Z € L%(0,1), M, N € L*(0,1). (19)
Assume further that there exists A > 0 such that

L(M,Ny) = L(M, Ny) < A |N1[*dz (20)
{N1#N2}

for all M, Ny, Ny € L?(0,1). Also, it satisfies, for some continuous, nondecreasing w : IR — IR
such that w(0) = 0,

|L(Mi, N) = L(Ma, N)| < w (£ ({M1 # Mo})) (21)
for all My, Ms, N € L?(0,1). Fix T > 0 and consider H := H'(0,T; L?(0,1)) endowed with
the topology 7 given by

M, = M < | M, — M| 2 ((0,1)x0) — 0 and {M,} is bounded in L?((0,T) x X) (22)

for every Q CC X. By following mostly the techniques in [10], we have proved in [17] (in even

more generality) that
T T /s
/ L(o)dt =T'(7) lim L(—, d) dt
0 0 3

e—0

for

T

L(N) := liminf inf ][ L(tN + ¢(t), N + ¢(t))dt, (23)
T—oo ¢€Ho /g

where I'(7) denotes the I'-convergence with respect to the topology 7. The set Hy represents all

functions in H with null trace. The continuity of the map L with respect to the strong L?(0, 1)

topology was obtained as a consequence of its convexity and local boundedness.



Definition 2.1. The map L is called the effective Lagrangian corresponding to L. Its Legendre
transform defined for ¢ € L*(0,1) by

H()= sup {(£C)r2x) — L(©)}

£€L?(0,1)
is called the effective Hamiltonian associated to H (the Legendre transform of L ).

We proved in [17] that the viscosity solutions (given by the Lax-Oleinik variational formula)
for the evolutionary Hamilton-Jacobi equations with oscillating Hamiltonians H (- /e, ) converge
to the Hopf-Lax solution of the Hamilton-Jacobi equation with the effective H. In the classical
but unpublished paper [18] the authors arrived to the effective Hamiltonian by performing this
homogenization. They showed that for every P € IR" (rotation vector) there exists a unique
A € IR such that the cell problem

H(z,Vu(z)+ P) =\

admits a periodic viscosity solution; then H was defined by A = H(P). E [10] showed that if
H(x,p) is convex in p, then one can use Lax-Oleinik’s representation for the viscosity solutions
to obtain the homogenization result in [18]. Indeed, in his approach, L is obtained first as an
object giving the I'-limit of oscillating integral functionals. Note that in [17] we followed E’s
approach and arrived to the effective Hamiltonian by means of the Legendre transform of the
effective Lagrangian.

We now return to L : L*(0,1) x L?(0,1) — IR given by (12). For ¢ € IR, not only are we able
to compute H (c) explicitly, but we will see in the next section that its discrete counterparts have
precisely the same value. This feature turns out to be crucial for our analysis, as our approach
is of the finite-to-infinite-dimensions kind.

Proposition 2.2. If we identify ¢ € IR with the constant function f = c over (0,1), then
_ 1
L(c)=H(c) = 562 for all c € IR. (24)
Proof: Since W < 0, (12) implies L(M, N) > ||N|[?/2 for all M, N € L?(0,1). From (23) we
deduce L(N) > ||N|?/2, so
1 B 1 1 1 1
c/ Ndz — L(N) < c/ Ndz — 5/ N%dz < 502 for all N € L*(0,1).
0 0 0

Thus, H(c) < ¢%/2 and we now need to prove the opposite inequality. For this we observe that

T T
. 1
inf ][ L{te + 6(t), ¢ + d(8))dt = ][ Lite, o)t — -2
s Jo 0 2

for all T > 0 because W < 0 = W (0) and the infimum is taken over H*(0,T; L?(0,1)) functions
such that ¢(0) = ¢(T') = 0. According to (23), we obtain L(c) = ¢?/2. Therefore, L(c)+ H(c) >
c? yields H(c) > ¢2/2 which concludes the proof. QED.

3 From finite to infinite-dimensions

In this section we introduce the discrete versions of the particle interaction Lagrangian and
Hamiltonian. We study the corresponding cell problems, then we show that the viscosity solu-
tions obtained by a linear perturbation approximation argument are finite-dimensional restric-
tions of a rearrangement invariant, periodic, Lipschitzian functional on L?(0,1).



3.1 Discrete Hamiltonians

We endow IR"™ with the inner product (z,y), = x - y/n, denote by | - |,, the induced norm and
by V, the induced gradient. Let us define L™ : IR" x IR" — IR by

. 1 1 <
L'z, v) = =|v]? — P E Wi(x; — xj). (25)
2 2n
ij=1

Its Legendre transform is, clearly, H" : IR™ x IR"™ — IR defined by

. 1 JR—
H"(z,p) = §|P|3L t5,32 Z Wi — x;). (26)

h,j=1

Note that L"(x,v) = L(M,, N,,), where M, and N,, are piecewise constant M, = z;, N, = v;
on the n-regular partitions of X. One can easily adapt the proof of Proposition 2.2 above to
prove:

Lemma 3.1. If we denote by c" := (c,...,c) € R"
— 1
Hn(c™) = 502 for all integers n > 1 and all ¢ € IR. (27)

We know from the classical, finite-dimensional theory, that (27) implies that ¢?/2 is the
unique real number A for which the equation

H"(x,Vyu(z)+c") = A (28)

admits a Z"-periodic viscosity solution [11], [12] denoted by u"(+;¢). Since these solutions are, in
general, not unique, we choose specific ones, obtained by a standard approximation argument.

Remark 3.2. For a generic Lagrangian | and its associated Hamiltonian h, one can obtain [13],
[5] a periodic viscosity solution for the cell problem (7) the following way: for ¢ € IR"™ define
h(z,p) = h(z,c — p), so that its Legendre transform is [(z,v) = ¢ - v + l(x,—v). Then, for
€ > 0 there exists a unique periodic viscosity solution for ew. + fl(m, —Vwe) = 0 such that the
pair (w, — minwe, —ew,) converges as € | 0 (possibly, up to subsequence) to (w, h(c)) uniformly
on IR"™, where w is a periodic solution for the cell problem. It is known [13] that w. admits the
representation

we(x) = J(i()I)lix/O e “l(o(s),c(s))ds.

This fact will be used below.

We now return to the L™ case and introduce the Lagrangian L7 along with its corresponding
Hamiltonian H} by

LY (z,v) = L"(z,v) — (", V)n, HX(z,p)=H"(z,c" +p). (29)

Note that they are, indeed, Legendre conjugates. Then (28) becomes

H™(&, Voo(x)) = T (™) = %c% (30)

For € > 0 one looks at the unique viscosity solution u}(-;¢) for

ev+ H(z,Vyu(x)) =0 (31)
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and shows [18] that u!(-; ¢) —min ] (+; ¢) converges uniformly to some u"(+; ¢) which is a viscosity
solution for (30) and, thus, for (28). By Remark 3.2, these unique u!(-;¢) have the following
representation formula

ul(z;c) = inf /000 e L"(o(s),6(s))ds (32)

o(0)=z

where o € H'(0, 00; IR") and LM(x,v) = L"(x,v) 4 (¢",V),. Due to the permutation invariance
of L7, we infer that

ul (z;¢) = ul(zr;¢) for any permutation of n letters 7, (33)

where we recall that 27 = (2,(1), ..., Zr(n)). Let us now prove a useful lemma.

Lemma 3.3. For every c € IR, € > 0 and every positive integer n,

62

. — (- —
mréllllglu Mxye) =ul(05¢) = ~%

Proof: According to (32),

n : > —€s L. 2 - on 1 -
ul(x;c) = 1n£/0 e [—|0|n—|—(0,c>n—WZW(0i—Jj)]ds

o(0)=z 2 )
- / [__+_Z|al+c| ——ZW }d.
o(0)=z Jo )
Since W < 0, clearly the minimum with respect to z is attained at = 0 when o;(s) = —cs for
all s > 0. Thus, the conclusion follows. QED.

Next, we prove a “consistency” result.

Lemma 3.4. Let m, n be positive integers. Then

ul™ (2 .t e) = ul(ze), (34)

where x7' == (x;,...,x;) € R™ for 1 < j <mn.

Proof: Without loss of generality, we may assume ¢ = 0 and drop the dependence on c in the
notation. We have

mn o o 2 1
ul(2) = inf /0 ¢ [anZ\ Gl WHQZ;W mn—am]ds, (35)

where 0/,,(0) = zj forall 1 < j <nandall (j —1)m+1 <4i < jm. Now let us consider the
expression on the right hand side under the restriction oil = g2 =: o}, for any 1 < j < n and
every (j — 1)m + 1 <y, is < jm. Then,

2mn2| 2m12n2ZW Tmn Oz'"m): Z| ]|2_—ZWU —0al),
i,j=1 ij=1

which means that if we take the infimum in (35) with respect to x under this restriction we get

un(a al) < ),
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To prove the opposite inequality, denote by Jr = {(k — 1)m + 1,...,km} for 1 < k < n. Since
W <0, after throwing away some nonnegative terms, one has

P =1
m- / Z| mn|2 G YY) Z W mn O'mn):| ds

keJlx XJIn [ 1,j5=1

m~" Z ~ inf /0 e [% Z; loki |2 — 2n2 Z Wi(oyi, — O’mn):| ds

k .
keJ1X...xJn Omn(0)=2;,1<i<n ij=1

v

v

= m~"m"ul(z) = ul(x).
We conclude by taking the infimum in the left hand side. QED.

By Lemma 3.3 we infer

2
ul(+¢) + % — u"(+; ¢) uniformly in IR" as € | 0.

Due to the periodicity of L and the uniqueness of ul(-;¢c), it follows that ul(-;c) is periodic.
Lemma 3.3 and (33) imply that u"(-; ¢) is also Z"-periodic and permutation invariant. Further-
more, Lemma 3.4 implies

;¢) = u"(x;c) for all positive integers m, n. (36)

It is also known that u"(-; ¢) is Lipschitz on IR", so it is differentiable a.e. and the equation (28)
is satisfied pointwise at the points of differentiability. One can easily see then that the Lipschitz
constant x,, satisfies 0 < Kk, < V2 —2inf V =: k.

3.2 An infinite-dimensional extension

Let us now consider partitioning the interval X = (0, 1) into n equal subintervals and denote by
Cp, the set of all real-valued functions defined on (0,1) and constant on each such subinterval.
Any function f € C,, can be identified with a vector r'f € IR™ by its values. We now define

U :Up>1Cp =:C — R by U(f;c) = u™(x 24°; ¢) whenever f € C,. (37)

According to Lemma 3.4, not only is this functional well-defined, but it is also Lipschitz on C
with respect to the strong L?(0,1)-norm. Indeed, let f, g € C. Then f € C, and g € C,, for
some positive integers m, n, so f, g € Cpyn. Thus,

U(fie) = Ulgso) = ™ (@™ 0) =™ (y"™"; )| < Kla™ — y™" |-

But [2™" —y"" |;nn = || f — gll22(0,1)» S0 the claim is proved. Due to the density of C in L?(0,1),
we conclude that U can be uniquely extended by continuity to L2 (0,1). More precisely:

Proposition 3.5. For any c € IR there exists a um’que U(;¢) : L?(0,1) — IR which is Lipschitz
continuous with Lip(U(-;¢)) < k and such that U(- ‘C =u"(:c).

In the next section we will prove that U is the viscosity solution we are looking for. Before
that, let us show that it has some “nice” properties inherited from u".
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Proposition 3.6. For any c € IR the functional U(-;c) is RI and L2(0,1)-periodic.

Proof: We give up the c-dependence to unburden notation. Let M € L?(0,1) and M be its
monotone rearrangement. Take a sequence of maps M,, € C,, converging to M in L?(0,1), denote
by M,, their monotone rearrangements and set pn = Myyuvy, p = Myvg. By one-dimensional
optimal transport [16], we have

1My, — M| = Wa(pn, p) < || My, — M|

which gives M, — M in L?*(0,1). Here, Wy denotes the 2-Wasserstein distance on the real line
(cfr. [2], [15] [27]). Since u™ is permutation invariant, we conclude U(M,) = U(M,) which,
due to the continuity of U, implies U(M) = U(M). Thus, U is rearrangement invariant. To
prove periodicity take Z € L%(O, 1) and a sequence Z, € L%(O, 1) piecewise constant on the
n-equipartition of (0,1) such that Z, — Z in L%(0,1). Then M,, + Z, — M + Z in L*(0,1), so
UM, + Z,) - UM + Z). But the Z™-periodicity of u" yields U(M,, + Z,,) = U(M,,) and the
continuity of U concludes the proof. QED.

Remark 3.7. In the proof we have used the fact that any Z € L%(O, 1) is the L2-limit of
functions that are integer-valued, piecewise constant on the n-equipartition of (0,1). Indeed, to
see that, note that we may first approximate Z by functions taking on only finitely many values.
So it suffices to prove the statement for indicator functions of Borel sets A C 0,1. Since the
Lebesgue measure is Borel reqular, it is enough to consider open sets O C (0,1). Furthermore,
one can reduce these open sets to finite unions of disjoint open subintervals of (0,1). For such
sets, the property is easy to prove.

4 The Weak KAM Theorem

Here we shall prove Theorem 1.1, i.e. we shall show that U(-;¢) constructed in the previous
section provides a viscosity solution for (15).

Definition 4.1. Let V be a real valued proper functional defined on L*(0,1) with values in IRU
{£o0}. Let My € L*(0,1) and € € L?(0,1). We say that & belongs to the (Fréchet) subdifferential
of V- at My and we write £ € 0.V (M) if

V(M) = V(M) > (£, M — Mo) + o(||M — Mol|)

for all M € L{0,1).
We say that £ belongs to the superdifferential of V' at My and we write & € OV (My) if =€ €
9.(=V)(Mo).

Remark 4.2. As expected, when the sets 0.V (My) and OV (My) are both nonempty, then they
coincide and consist of a single element. That element is the L*-gradient of V at My, denoted
by V52V (My).

4.1 Viscosity solutions; solution semigroup

We can now define [6] the notion of viscosity solution for a general Hamilton-Jacobi equation of
the type
F(M,V2U(M))=0. (HJ)
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Definition 4.3. Let V : L?(0,1) — IR be continuous.
(i) We say that V is a viscosity subsolution for (HJ) if

F(M,¢) <0 for all M € L*(0,1) and all ¢ € OV (M). (38)
(ii) We say that V is a viscosity supersolution for (HJ) if
F(M,¢) >0 for all M € L*(0,1) and all ¢ € O.V(M). (39)

(iii) We say that V is a viscosity solution for (HJ) if V' is both a subsolution and a supersolution
for (HJ).

Remark 4.4. If U is a viscosity solution, then, in view of remark 4.2, we deduce that (HJ) is
satisfied at all M € L?(0,1) where 0.U(M) N O U(M) # 0, which are precisely the points where
U 1is differentiable.

Let M € L?(0,1) and V : L%(0,1) — IR be continuous and bounded. For ¢ > 0 define the

operator T, ; on the space of uniformly continuous and bounded functionals BUC(L?(0,1)) by

TL.V (M) = S(i?:fM{V(S(O)) +/0 L(S(7),S(r))dr : S e H(0,t; L*(0, 1))}. (40)

Observe that t — T7; defines a (backward) semigroup on [0,00). Furthermore, U(t, M) =:
Ty, .V (M) yields the unique viscosity solution [6], [7] for the Cauchy problem associated with
the evolutionary Hamilton-Jacobi equation

SU(t, M) + H(M,V 2U(t, M)) =0, U0, M) = V(M).
As a consequence, we have the following:
Proposition 4.5. The map V € BUC is a fized point for {Tp ;}i>0, i-e.
TV =V forallt >0 (41)
if and only if V is a viscosity solution for H(M,V2V(M)) = 0.

Indeed, if we put V (¢, M) := V(M), then according to the above discussion V' solves (in
the viscosity sense) the Cauchy problem with initial data V. Since this V is, in fact, time-
independent, we deduce that it is a viscosity solution for the stationary HJ equation. Similarly,
we obtain that U constructed at the end of the previous section satisfies the requirements of
Theorem 1.1 if it has the following property.

Proposition 4.6. For any c € IR let U(-;¢) be the functional from Proposition 3.5. Then
1
Tr.:U(5¢) =U(55¢) — §c2t for all t >0, (42)

where L. is defined in (14).

The goal of the remainder of this section is proving Proposition 4.6. To achieve this, we
consider the discrete L™ and use it to define (we use 17, instead of 17, , to unburden notation)

T () = inf {U(O‘(O)) +/0 L}(o(7),0(r))dr: o€ Hl(O,t;]R”)}, (43)

o(t)=x
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where L" is defined in (29). Likewise, any viscosity solution of H"(x,V,v(x) + ¢*) = ¢?/2
satisfies the n-dimensional version of (42). We deduce that, in particular, the n-dimensional
approximations (restrictions, rather) u™ of U satisfy

1
Thu" (55 ¢) = u"(5¢) — 5c2t for all ¢ > 0. (44)

c,t
We would like to use this to prove (42) by passing to the limit as n — oo in some sense.

Remark 4.7. Note that if we further simplify notation by setting Ty := Ty, and T} := T,
easy calculations show that (44) becomes

T7 " (v¢) = a" (- ¢) for allt > 0, where 0" (-;¢) :=u"(-;¢) + (-, " ).

Likewise, (42) becomes
- B - 1
T,U(:5¢) =U(+¢) for allt >0, where U(M;c) := U(M;c) —I—C/ Mdzx.
0

4.2 The main result

Again, in this subsection, we consider the case ¢ = 0 without loss of generality. Thus, we can
use the notation from Remark 4.7.

Lemma 4.8. Let U : L?(0,1) — IR be Lipschitz continuous. Then, for any t > 0, TU is
uniformly continuous on L?(0,1).

Proof: Let ¢ > 0 be fixed. Take § > 0 (to be fixed later), M;, My € L?(0,1) such that
| My — Ms|| < 6. By definition, there exists S; € H'(0,t; L?(0,1)) with S1(¢) = M; such that

U(51(0)) + /Ot L(S\(s), S1(s))ds < ToU(My) + 6. (45)
Define
S3(s) = S1(s) ifo<s<t—4¢
v %(M2—M1)+Sl(s), ift—6<s<t,

a path connecting S7(0) and M. Thus,

t t
L(Sl,Sl)ds+/ L(S°,8%)ds

noon) < Uso)+ [ 1S4 s

-5
1 [t . .
< TUGR)+6+C5+5 [ (151~ 18iP)as
t—
1 My — M| [* .
< ) + 05+ i -+ P2 50
t—

1 M.
< TUOML) + 0o+ 2y — P + 12

. WD epieas)

But if we consider the constant path M; in the variational principle we get

TU(n) < vGn) - 4 /X V(M) ~ My(y)dyde,
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so, in view of (45), we obtain
[t .
3 | I8:6)IPds < 8+ Ot + V) = U(S1(0))
0

Now we use 12
t t
HMrﬂWM§/wwﬂmsw(/wwwmQ
0 0

and the fact that U is Lipschitz to infer that fot [|S1(s)||?ds is bounded by some C/(3,t) (increasing

in each variable). So, for § < 1, fot |S1(s)||?ds is bounded (since t is fixed). Thus, for § < 1, one
has

1 C
T,U (M) — T,U (M) < C§ + %HMQ — My|? + %HMQ — M| <C(E+V6) =:¢

whenever || My — M || < 4. One can now interchange the roles of M; and M to conclude. QED.

Since we took ¢ = 0, we denote U(-;0) and u™(+;0) by U and u", respectively. We know that
U(M,) = u"(x) whenever M,, = z; is piecewise constant on the n-regular partition of (0,1).
Therefore, it makes sense to write T;*U(M,,) which is nothing but T}"u"(x).

Lemma 4.9. If U is the one defined in Proposition 3.5, then for anyt > 0 and any M € L*(0,1)
there exists a sequence M, € C, such that

|M,, — M| — 0 and limsup T;*U(M,,) < T,U(M). (46)

n—oo

Proof: Let ¢, | 0. Since U is continuous and C is dense in L?(0,1), for n sufficiently large
we can find M,, € C, such that ||M,, — M| < e,/k. Then |U(M,) — U(M)| < &,. Also, take
vn € HY(0,t; L?(0,1)) such that ,(t) = M and

A(t; ) —en < TRU(M) < U(1(0)) +/0 L(n(s), n(s))ds =: A(t; 1) (47)

Let o, € L%(0,t;C,) such that |, — onllL2((0,6)x(0,1)) < en/(KVt) (see, for example, [17] for the
existence of such o,,). Then place

t
Sn(s,x) = My (z) — / o (1, 2)dT.
Obviously, S, € H'(0,t;C,). We have

Sn(s) —m(s) = M, — M + / (An — op)dr

which implies
2en
|Sn(8) — Yn(s)]] < % for 0 < s <t. (48)

Since Sy, (t) = M, we can write

17U (M,,) < U(Sn(O))—I—/O L(S,(s),0,(s))ds

< U(Sn(0)) = U(7a(0)) + Al 1m) +/0 [L(Sn(s) on(5)) = L(n(s), In(s))]ds

IN

e+ TU) + [ [L(5,(),00(5) = L(s). (o)), (49)
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where we have taken into account the Lipschitz property of U (with Lipschitz constant at most
k) and (47). As for the last term in the right hand side, that is nothing but

1 . 1 t
5 llonlZzoxy = 1Fnllze )] = 5 /0 /(0 . (W (Sn(5,2) = Su(5,9) = W(n(s,2) — (s, 1))],
where X; := (0,t) x (0,1). But (47) implies

L.

5“%“%2()(,5) <TU(M) + e, + tsup |W],

$0 |[4nll12(x;) is bounded and, since [[4n — onllr2(x,) < en/(KV1), llonllr2(x,) is also bounded.
These considerations, along with (48) and the Lipschitz continuity of V', imply

lim [L(Sn(s),0n(s)) — L(n(s),9n(s))]ds = 0.

n—~o0 0

Therefore, (49) yields the second statement in (46). QED.

We have now all the tools to prove Proposition 4.6. Let us remind the reader that we do not
lose generality by considering the case ¢ = 0 only.
Proof of Proposition 4.6: Take M € L2(0,1) and the corresponding sequence M, from
Lemma 4.9. Note that, since M,, € C,, for all n, (44) enables us to write

U (M,) =U(M,,) — U(M) as n — oo,

where the convergence is due to the continuity of U. By using Lemma 4.9 again we pass to
limsup in the left hand side to deduce

T,U(M)>U(M).
To prove the opposite inequality, note that
TyU(M,) <T{'U(M,) foralln > 1, t >0

because the infimum in the definition of the left hand side is taken under fewer restrictions. Now
Lemma 4.8 applies to yield the convergence of T,U(M,,) to T;U(M). But we have already seen
that the right hand side converges to U(M), so we conclude the proof. QED.

4.3 Forward semigroup

Define the (forward) semigroup T 7t on C(T) by

¢
fvin) = sw {vis) - [ 150,50 .
5(0)=M 0
One can modify the proof of Proposition 4.6 to prove:
Proposition 4.10. For any c € IR there exists a Lipschitz continuous, periodic, rearrangement
invariant map U (+;¢) : L*(0,1) — IR such that

~ ~ 1

Tr.:U(¢) =U(s¢) + §c2t for all t > 0. (50)

Furthermore, ﬁ(Mn, ¢) = u"(x;c) whenever M, € C, and x is the corresponding vector in IR",
where 4" (+;¢) is a forward semigroup Weak KAM solution on T", i.e.

~ 1
Tpp 0" (s5¢) = a"(5¢) + iczt for allt > 0. (51)
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_ Indeed, this is, in some sense, the dual of Proposition 4.6 as it uses the forward semigroup
T} instead of the more usual Lax-Oleinik backward semigroup T} to construct viscosity solutions
for (15). The following result yields the second statement of Theorem 1.1.

Proposition 4.11. Let M € M be fizred. Then for every c € IR there exists a global extremal
curve S € H%(0,00; L?(0,1)) such that S(0) = M, S(t) € M for all t >0, and

U(S(t);¢) —U(M;c) = /Ot Le(5(s),S(s))ds + %czt for all t > 0. (52)

Proof: Let M, € C, be nondecreasing and such that M, — M in L2(0, 1). According to
Proposition 4.10, the restriction @" of U to C,, (or, equivalently, IR") is a Weak KAM solution
for (51) on T™. Theorem 4.5.3 in [12] provides a global extremal {(oy,(s),dn(s))}s>0 C IR™ x IR™
such that

t
W (op(t);c) — U (xp;c) = / L (on(8),0n(s))ds + %czt for all ¢ > 0, (53)
0

where z,, is the n-dimensional vector corresponding to M,,. Note that the path s — o,(s) we
consider here is, in fact, a lift of the one from [12] to the universal cover IR". So, if we denote
by Sy (s) the function in C,, corresponding to o,(s) € IR", then we can write

t
U(Sp(t);¢) — U(Mp;c) = / Le(Sn(5), Sn(s))ds + %c2t for all ¢ > 0. (54)
0
We first deduce
t
U(Sp(t);¢) — U(Mp;c) > %/ [1Sn(s) — c||>ds for all t >0 (55)
0

which means S&(s) := S,(s) — cs has functional time derivative bounded in L?(0, co0; L%(0, 1))
uniformly with respect to n. It follows that ¢ — S¢(¢) is uniformly Hélder. In particular, for
each t > 0, S¢(t) is bounded in L?(0, 1), uniformly with respect to n. Note that, since M, is
nondecreasing we may assume [15], [17] that S¢(¢) is nondecreasing for all n and ¢. Therefore,
for any t > 0, there exists a subsequence n, — oo such that Sg (t) — S°(t) in L7 (0,1) for
some S¢(t) € M (see, e.g., [17]). By a standard diagonalization argument, we can use the same
subsequence for all ¢ € [0,00) N Q. Again, by a standard argument, one notices that ¢ — S°(¢)
is Holder continuous on [0,00) N Q, so it can be extended to the whole [0, 00) in a unique way.
Furthermore, after relabeling Sy, (t) by S5 (t), we use the uniform Hélder continuity of Sy, and S¢
(as well as the density of Q in IR) to deduce that S, (t) — S¢(t) + ct =: S(t) in L? (0,1) for all
t > 0. But the uniform bound on S¢ in L2(0, o0; L?(0,1)) and some of the considerations above,
also imply that S € H'(0, 00; L?(0,1)) and, _up to an unrelabeled subsequence, S, — S weakly
in L2(0,00; L?(0,1)). Now let us assume U(-;¢) is continuous with respect to the L? (0,1)-
topology as well (stronger than the already known L?(0, 1)-continuity). If we pass to liminf in
(54) as n — oo, we obtain (due to L. being l.s.c.)

O(S(t);c) — U(M;c) > /0 " L(S(s). §(s))ds + %c% for all ¢ > 0

which, in light of (50) and the definition of Tr. ., turns into the equality (52). To prove the
L? -continuity of U(-;c) let us take Q CC (0, 1), f € L?(0,1) and simply remark that

loc™
U(fxe) — U] = |U(fxa) - U(f |U Fxa) = U(f)]

1/2 .
< Lip(@ ( - |dx) < Lip(T( ¢))£1((0, 1)\Q),
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where we remind the reader that f = f—1f] (here [-] stands for the integer part function). Thus,
the Lipschitz continuity of U(+;¢) with respect to the L2-topology implies its uniform continuity
with respect to the L? -topology. QED.

loc

5 A spatially periodic Vlasov-Poisson system

We claim that Proposition 4.6 holds even if W is not necessarily C2. The need for this regularity
assumption came from the use of Theorem 4.5.3 in [12] to provide us with a global extremal
{(on(s),0n(8))}s>0 C IR™ x IR™ satisfying (53), and it has no bearing on Proposition 4.6. In-
deed, we proved Proposition 4.6 by approximation with finite-dimensional Weak KAM solutions
u™(+; ¢) which were extracted from [5] (therefore, independently of [12]). To further explain, we
refer back to Remark 3.2 (where we indicate how our u"(-;¢) is constructed) and point to the
conditions on the Hamiltonian (1), (2) and (3) in [5]. These conditions will still be satisfied by
H™ defined in (26) if W is only Lipschitz continuous (instead of C?) and Z-periodic. If (13) is
further assumed on W, then the entire construction from Section 3 carries through. Lemmas
4.8 and 4.9 will also hold, so Proposition 4.6 will remain true in this less regular case.

In order to be able to reproduce the proof of Proposition 4.11 in this case, it would suffice
to know that the global extremals {(o(s),d(s))}s>0 C IR" x IR" employed in (53) still exist at
the n-dimensional level. For that, we apply a standard compactness argument in H'(0,t; IR™)
for a maximizing sequence in

u"(x;c) = sup {u"(a(t);c) — /Ot L?(a(s),d(s))ds} - %c2t,

o(0)=z
say it satisfies

W{ai6) = oo 0 (ol0)i0) = [ L2o(). () ds = 5 (56)

The maximizing sequence {o, }, is bounded in H'(0,t; IR"™) (because u™(+; ¢) is bounded in L)
and, since 0,,,(0) = z for all m we infer that, at least up to a subsequence, o, converges to some
o uniformly on [0,¢] (in particular, o(0) = x) while &, converges to ¢ weakly in L?(0,t; IR").
We obtain the desired result by passing to liminf as m — oo in (56). Thus, Theorem 1.1 and
Corollary 1.3 remain true for W only Lipschitz continuous. Not the same can be said about
Corollary 1.2, as W is not regular enough to define the flow W.

A periodic version of the Vlasov-Poisson system is replacing (8) if the C? potential W is

replaced by the less regular
1

Wi(z) = §(|z|%1 — |z|T1). (57)
Indeed, one checks by direct computation that the convolution P := W x p satisfies
1-92,P=> p(-+k). (58)

keZ

Consequently, with the potential (57) the system (8) turns into

Ouft + 00z ft = 0P Oy ft
1= 82,8 =Y cppe(-+k) (59)
Pt = flR frdv.
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Any Borel probability ;* on T! can be represented as the Z-indexed sum of integer translations
of a Borel probability p supported in [0,1). Thus, in light of (58) we deduce that

Pele) = [ W2 = [ W =2 ()

U
satisfies
1= 02, Py = p* for all pu* € P(T).

Furthermore, note that if [0,00) 3 ¢t — f; € P2(IR x IR) satisfies (59) in the sense of distributions,
then so does t — f(- + k,-) for any k € Z. By the linearity in f; of the first equation in (59),
we deduce that

f=3 fil-+ k) € P(T" x R) (60)

keZ

satisfies (in the sense of distributions)

8tft* + Uaxft* — ath avft*
1-0%,.P = p} in T! x IR. (61)
pi = [ fidv

Let c € R and p* € P(T'). We now have all the ingredients for a proof of the following:

Theorem 5.1. There exists a path [0,00) >t — fF € Po(T! x R) satisfying in the distributional
sense the spatially periodic Vlasov-Poisson system (61) with p§ = p* and such that

sup Vilid/t—cly < oot [ [ o cPagie =0
>0 t—oo J11 /R

where p; € P2(IR) is such that

pi=> pi(-+k).

keZ
Proof: Let u € P([0,1)) C P2(IR) such that

pr= u(+k).

keZ

According to Corollary 1.3 and our observations above for less regular potentials, there is a path
t — pr € AC? (0,00; P2(IR)) and u : (0,00) x IR — IR Borel satisfying u; € L?(p;) for £1~almost
every t > 0, and pg = p. Also, (16) is satisfied with the third equation replaced by the second
equation in (59). Set

fe(x,v) = pe(2)0y, () (v) € P2(IR x IR).

This path ¢ — f; satisfies (59) in the sense of distributions, and we have already shown above
that f given by (60) solves (61) in the distributional sense with pj = p*. The asymptotic
statement on the energy of f;" follows from the second equation in (17). QED.
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