
HOMEWORK ASSIGNMENTS

245C, SPRING 2024

WILFRID GANGBO

1. Homework #1; Due Wednesday 17 April

In this homework, (Ω,M, µ) is an outer measure space and f : Ω → [−∞,+∞] is
measurable function which assume finite values µ–almost everywhere.

Exercise 1.1 (∗). Let g ∈ C(Rd) be such that for all a ∈ Rd, there exists p ∈ Rd such that

g(x) ≥ g(a) + (x− a, p) ∀x ∈ Rd.
Show that g is convex.

Exercise 1.2 (∗). Let g ∈ C2(Rd). Show that g is convex if and only if ∇2g ≥ 0. In this
case, show that for all a ∈ Rd we have

g(x) ≥ g(a) + (x− a,∇g(a)) ∀x ∈ Rd.

Exercise 1.3. Let p ∈ [1,+∞).

(i) Let g : Ω→ [−∞,+∞] be measurable functions which assume finite values µ–almost

everywhere. Show that if c ∈ R then [cf ]p = |c|[f ]p, and [f + g]p ≤ 2
(
[f ]pp + [g]pp

)1/p
.

(ii) Deduce that weak(Lp(Ω)) is a vector space.
(iii) Show that the “balls” {g ∈ weak(Lp(Ω)) : [g− f ]p < r}{f∈weak(Lp(Ω)),r>0} generate a

topology on weak(Lp(Ω)) that makes weak(Lp(Ω)) into a topological vector space.

Exercise 1.4 (∗). Let p ∈ [1,+∞).

(i) Show that if f ∈ weak(Lp(Ω)) and µ
(
{x ∈ Ω : f(x) 6= 0}

)
< +∞ then f ∈ Lq(Ω)

for any q ∈ [1, p).
(ii) Show that if f ∈ weak(Lp(Ω)) ∩ L∞(Ω) then f ∈ Lq(Ω) for any q ∈ (p,+∞).

Exercise 1.5 (∗). For A > 0, let E(A) = {|f | > A} and set

hA = fχΩ\E(A) +A sgn(f)χE(A), g = f − hA.
Show that

λgA(α) = λf (α+A), λhA(α) =

{
λf (α) if α < A

0 if α ≥ A

Exercise 1.6 (∗). Let p ∈ [1,+∞). Show that f ∈ Lp(Ω) if and only if
∑+∞

k=−∞ 2pkλf (2k) <
+∞.

Exercise 1.7 (∗). Let p ∈ (0,+∞). Show that if f ∈ Lp(Ω) then limα→0 α
pλf (α) = 0.
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