
HOMEWORK ASSIGNMENTS: MATH 245 A

WILFRID GANGBO

Only the Exercises marked (∗) will be collected and either two or three of them will be
graded from each set of homework assignment. However, we suggest that you work all exercises
of the assignment.

1. Homework #1: Due on Monday 12 October

Exercise 1.1. Let µ be an outer measure on a set X and let {Ak}∞k=1 be a sequence of subsets
of X.

(i) Prove that if µ[A1] = 0, then A1 is µ-measurable.

(ii) Prove that A1 is µ-measurable if and only if its complement Ac1 is µ-measurable.

(iii) Assume in the sequel that {Ak}∞k=1 is a sequence of µ–measurable sets. Prove that if
A1 ⊂ A2 ⊂ · · · ⊂ Ak ⊂ Ak, then µ[A1] + µ[A2 \A1] + · · ·+ µ[Ak \Ak−1] = µ[Ak].

(iv) Prove that if A1 ⊃ A2 ⊃ · · · ⊃ Ak ⊃ Ak · · · and µ[A1] < +∞ then limk→+∞ µ[Ak] =
µ[∩∞k=1Ak]. Given a counter example to this statement when µ[A1] = +∞

(v) Assume that B ⊂ X. Show that if A1 is µ–measurable then A1 is µ|B–measurable.

Exercise 1.2 (∗). Suppose µ is a measure on Z+ := Z ∩ [0,+∞) such that every subset of
Z+ is µ–measurable. Show that there exists a sequence (ωk)

∞
k=0 ⊂ [0,+∞] such that for every

E ⊂ Z+ we have
µ(E) =

∑
k∈E

ωk

Exercise 1.3 (∗). Suppose µ is an outer measure on X such that µ(X) <∞ and suppose S
is the set of µ–measurable subsets. Suppose A ⊂ S is such that for every A ∈ A, µ(A) > 0
and for every A,B ∈ A such that A 6= B then A ∩B = ∅. Show that A is countable.

Exercise 1.4 (∗). Let µ be an outer measure on a set X and let S be the collection of
µ–measurable subsets on X. Show that we cannot have

{µ(E) : E ∈ S} = [0, 1).

Exercise 1.5 (∗). Let µ be a measure on a set X such that µ[X] = 1 and let M be the set of
µ–measurable sets. Suppose that µ[M ] > 0 for each ∅ 6= M ∈M and let

α(x) = inf
M∈M

{µ[M ] : x ∈M} (x ∈ X).

(a) Show that there exists a set Ax ∈M such that x ∈ Ax and µ[Ax] = α(x).
(b) Show that the sets {Ax} are either disjoint or identical.

Exercise 1.6. Let µ be an measure on X such that µ[X] <∞. Show that if {x} is µ−measurable
for every x ∈ X then there are at most countably many x ∈ X such that µ[{x}] > 0.

Exercise 1.7 (∗). Show that S = {∪n∈K(n, n+ 1] : K ⊂ Z} ∪ {∅} is a σ–algebra on R.
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Exercise 1.8 (∗). Prove that σ(C1) = σ(C2) = σ(C3) = B, where B is the Borel σ–algebra
on R. Here,

C1 = {(r, s] : r, s ∈ Q}, C2 = {(r, n] : r ∈ Q, n ∈ Z}, C3 = {[r,+∞) : r ∈ Q}.
Exercise 1.9 (∗). Prove that if B ⊂ Rd is a Borel set, t ∈ R and c ∈ Rd then tB = {tx : x ∈
B} and c+B = {c+ x : x ∈ B are Borel sets, where B is the Borel σ–algebra on R.
Exercise 1.10. Let (X,µ) be an outer measure space and (An)n be a sequence of µ–measurable
subsets of X. Show that if

∑∞
n=1 µ[An] <∞ then µ[A] = 0 if we set

A = ∩∞m=1 ∪∞n=m An

2. Homework #2: Due on Monday 02 November

Exercise 2.1. Let B ⊂ Rd.

(i) Show that if µ is a Borel measure on Rd then µ|B is also a Borel measure on Rd.

(ii) Show that if µ is a Borel regular measure on Rd, if B is µ–measurable and of finite
measure then ν := µ|B is a Radon measure on Rd.
Exercise 2.2 (∗). Suppose µ is an outer measure on X, E1, · · · , En are disjoint subsets of
X and c1, · · · , cn are distinct nonzero real numbers. Prove that c1χE1 + · · · + cnχEn is a
µ–measurable function if and only if E1, · · · , En are µ–measurable sets.

Exercise 2.3 (∗). Suppose X ⊂ R is a Borel set and f : X → R is a function such that
{x ∈ X : f is not continuous at x} is a countable set. Prove that f is a Borel measurable
function.

Exercise 2.4 (∗). Suppose that f : R→ R is differentiable at every element of R. Prove that
f ′ is a Borel measurable function from R to R.
Exercise 2.5 (∗). Let h be a continuous and strictly increasing real valued function on R.
Prove that if B ⊂ R, then h(B) is a Borel set if and only if B is a Borel set.

Exercise 2.6 (∗). Suppose f : B → R is a Borel measurable function. Define g : R → R to
be the function which coincides with f on B and is identically equal to 0 on R \B. Prove that
g is a Borel measurable function.

Exercise 2.7 (∗). Say whether or not every open subset of Rd is a countable union of closed
subsets of Rd. Justify your answer (Your argument should be short, say, half a page).

Exercise 2.8. Let µ be an outer measure on a nonempty set X. Let f, g : X → [−∞,+∞] be
two µ-summable functions. Assume that A,B ⊂ X are two µ-measurable sets. Recall∫

A
fdµ =

∫
X
χAfdµ.

(i) Prove that f is µbA-summable and
∫
X fd(µbA) =

∫
X f · χAdµ.

(ii) Prove that
∫
X(f + g)dµ =

∫
X fdµ+

∫
X gdµ, and

∫
X cfdµ = c

∫
X fdµ, for all c ∈ R.

(iii) Prove that if f ≤ g then
∫
X fdµ ≤

∫
X gdµ.

Exercise 2.9. Let µ be an outer measure on a nonempty set X, let {Ak}∞k=1 be a collection
of pairwise disjoint µ-measurable subsets of X, and let f : X → R be a summable function.
Prove that ∫

A
fdµ =

∞∑
k=1

∫
Ak

fdµ,
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where A = ∪∞k=1Ak.

Exercise 2.10 (∗). Let (Ω, µ) be an outer measure space and suppose fn, gn, f, g ∈ L1(µ).
Suppose

|fn| ≤ gn, fn → f a.e., gn → g a.e., lim
n→∞

∫
Ω
gn(x)µ(dx) =

∫
Ω
g(x)µ(dx).

Show that limn→∞
∫

Ω fn(x)µ(dx) =
∫

Ω f(x)µ(dx).

3. Homework #3: Due on Wednesday 25 November

Exercise 3.1 (∗). Let (Ω, µ) be an outer measure space, suppose un, u ∈ L1(µ) and un → u
a.e. Show the following assertions are equivalent:

(i) limn→∞
∫

Ω |un(x)− u(x)|µ(dx) = 0.

(ii) limn→∞
∫

Ω |un(x)|µ(dx) =
∫

Ω |u(x)|µ(dx).

Exercise 3.2 (∗). Let f : [0, 1]→ [0,+∞) be a L1–measurable function such that
∫ 1

0 f(x)dx <

+∞. Suppose that for all n = 1, 2, · · · ,
∫ 1

0 f
ndL1 =

∫ 1
0 f(x)dL1. Show that f must be equal

almost everywhere to the characteristic function of a set E ⊂ [0, 1].

Exercise 3.3 (∗). Suppose µ is an outer finite measure on X and f1, f2, · · · is a sequence of
µ–measurable function from X to [0,+∞) such that limk→+∞ fk(x) = +∞ for each x ∈ X.
Prove that for every ε > 0 there exists a µ–measurable set E such that µ(X \ E) < ε and
f1, f2, · · · converges uniformly to +∞ on E (meaning for every t > 0 there exists n ∈ N such
that fk(x) > t for all k ≥ n and all x ∈ E.

Exercise 3.4 (∗). Suppose X ⊂ Rd is a compact set and (fn)n ⊂ C(X) is a sequence of
functions such that fn ≤ fn+1 for all natural number n. Assume

f(x) := lim
n→+∞

fn(x) < +∞ ∀x ∈ X.

Show that f is continuous if and only if (fn)n converges uniformly to f.

Exercise 3.5 (∗). Let µ and ν be two outer measures on Ω. We say that ν is absolutely
continuous with respect to µ and we write ν << µ if ν(E) = 0 whenever E ⊂ Ω is ν–
measurable and µ(E) = 0. Assume ν[Ω] <∞. Show that the following are equivalent:

(i) ν << µ

(ii) For every ε > 0 there exists δ > 0 such that ν(E) < ε whenever E is ν-measurable and
µ(E) < δ.

Exercise 3.6 (∗). A collection of function {fα}α∈A ⊂ L1(µ) is called uniformly integrable if
for every ε > 0 there exists δ > 0 such that

∫
E |fα(x)|µ(dx) < ε for all α ∈ A whenever E is

measurable and µ(E) < δ. Show that

(i) any finite subset of L1(µ) is uniformly integrable.

(ii) If {fn}n∈N ⊂ L1(µ) is a sequence that converges to f in L1(µ) then {fn}n∈N is uniformly
integrable.

Exercise 3.7 (∗). Let I = [−1
2 ,

1
2 ]. For each x, y ∈ I we write that x ∼ y if x − y ∈ Q. For

x ∈ I set K(x) = {y ∈ I : y ∼ x}. Let {rk}∞k=0 be an enumeration of [−1, 1] ∩ Q such that
ro = 0.
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(a) Show that ∼ is an equivalence relation.
(b) Let A be a set containing exactly one member of each equivalence class (the axiom of
choice ensures existence of such an A) and set Ak = A+ rk. Show that

I ⊂ ∪∞k=0Ak ⊂
[
−3

2
,
3

2

]
.

(c) Conclude that A is not L1–measurable if L1 is the one-dimensional Lebesgue measure.
(Hint: compare L1[Ak] to L1[A] ).

Exercise 3.8. Suppose µ is an outer measure on X. Prove that the following are equivalent:

(a) The measure µ is σ–finite.
(b) There exists an increasing sequence X1 ⊂ X2 ⊂ · · · of µ–measurable sets such that

X = ∪∞k=1Xk and µ(Xk) <∞ for each k ∈ N.
(c) There exists a disjoint sequence Z1, Z2, · · · of µ–measurable sets such that X = ∪∞k=1Zk

and µ(Zk) <∞ for each k ∈ N.

Exercise 3.9. Let µ be an outer measure on a set X and let ν be an outer measure on a set
Y. Define

Po := {A×B : A is µ−measurable, B is ν −measurable}.

(i) Prove that if A1, A2 ⊂ X and B1, B2 ⊂ Y then

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩A2)× (B1 ∩B2)

and

(A1 ×B1) \ (A2 ×B2) = [(A1 \A2)×B1] ∪ [A1 ∩A2 × (B1 \B2)].

(ii) Deduce that any finite union of elements of Po can be written as a finite union of disjoint
elements of Po.
(iii) Deduce that any countable union of elements of Po can be written as a countable union
of disjoint elements of Po.

Exercise 3.10. Let µ be an outer measure on a set X and let ν be an outer measure on a set
Y. Define Po as in Exercise 3.9 ,

P1 := {∪+∞
i=1Si : Si ∈ Po},

and

P2 := {∩+∞
i=1Si : Si ∈ P1}.

Let F be the collection of all sets S ⊂ X × Y such that the function x → χS(x, y) is µ-
measurable for ν-almost every y ∈ Y , and the function y →

∫
X χ(x, y)dµ(x) is ν-measurable.

Define

ρ[S] :=

∫
Y

[∫
X
χ(x, y)dµ(x)

]
dν(y), (S ∈ F).

Note in fact that if S ⊂ X×Y then there exists R ∈ P2 such that S ⊂ R and µ×ν[S] = ρ[R].
(i) Use that Po ⊂ F to deduce that P1 ⊂ F .
(ii) Prove that if T ⊂ X × Y and µ× ν[T ] = 0 then T ∈ F and ρ[T ] = 0.
(iii) Prove that if S ⊂ X×Y is µ×ν-measurable and µ×ν[S] < +∞ then there exists R ∈ P2

such that ρ[R \ S] = 0 and R \ S ∈ F .
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4. Homework # 4: Not Due

Exercise 4.1 (∗). Let J : R→ R be a convex function. Show that if x0 < x1 < x2 then

J(x1)− J(x0)

x1 − x0
≤ J(x2)− J(x0)

x2 − x0
≤ J(x2)− J(x1)

x2 − x1

Exercise 4.2 (∗). Let J ∈ C1(R).
(i) Show that J is convex if and only if its derivative J ′ is monotone non–decreasing.
(ii) Show that if r ∈ (1,∞) then x→ J(x) := |x|r is convex and J(x) ≥ J(x0)+J ′(x0)(x−x0)
for all x, x0 ∈ (0,∞).

Exercise 4.3 (∗). Let (Ω,Σ, µ) be an outer measure space with µ(Ω) = 1. Let r > 1 and set
ϕ(t) = tr for t ≥ 0. Show that if g : Ω→ [0,∞) is measurable then∫

Ω
gr(x)µ(dx) ≥

(∫
Ω
g(x)µ(dx)

)r
.

Exercise 4.4 (∗). Let (Ω,Σ, µ) be an outer measure space with µ(Ω) <∞. Let f, f1, f2, · · · :
Ω → R be measurable functions on Ω and assume fj(x) → f(x) as j → ∞ for almost every
x. Assume ∫

Ω
f2(x)µ(dx) <∞ and

∫
Ω
f2
j (x)µ(dx) < 1 ∀j ∈ N.

Show that
∫

Ω |fj(x) − f(x)|pµ(dx) → 0 for every p ∈ (0, 2). Construct a counterexample to
show this can fail when p = 2.

Exercise 4.5 (∗). Let µ be an outer measure on X, let f : X → [0,+∞) be µ–measurable.
For t ≥ 0 we define

Sf (t) = {x ∈ X : f(x) > t}, Ff (t) = µ[Sf (t)].

(a) Show that Ff is L1–measurable.
(b) Show that

∫
X fdµ =

∫∞
0 FfdL1 (you could first check the case when f assume finitely

many values).

Exercise 4.6. Let µ be the Lebesgue measure on (0, 1). Show that the parallelogram law fails
on L1(µ).

Exercise 4.7 (∗). Let 1 ≤ q < +∞. Assume that f ∈ Lq(Ω, dµ) ∩ L∞(Ω, dµ). Prove that
f ∈ Lp(Ω, dµ) for all q ≤ p < +∞ and

lim
p→+∞

||f ||p = ||f ||∞.

Exercise 4.8. Let (Ω, µ) and (Γ, ν) be two finite measure spaces and let f ∈ L1(µ× ν). Show
that if f ≥ 0 and 1 ≤ p <∞ then(∫

Ω

(∫
Γ
f(x, y)ν(dy)

)p
µ(dx)

) 1
p

≤
∫

Γ

(∫
Ω
f(x, y)pµ(dx)

) 1
p
ν(dy)

Hint: Set H(x) :=
∫

Γ f(x, y)ν(dy) and check that

‖H‖pLp(µ) =

∫
Γ

(∫
Ω
f(x, y)Hp−1(x)µ(dx)

)
ν(dy)
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Exercise 4.9. Assume that µ is the d-dimensional Lebesgue measure on Rd, 1 ≤ p < +∞
and let f ∈ L∞(Rd, dµ) be such that f ≥ 0 and f vanishes outside a ball BR of radius R > 0.
Let j ∈ L1(Rd, dµ) be such that

∫
Rd jdx = 1. Define,

jε(x) :=
1

εd
j(
x

ε
) and fε = jε ∗ f.

(i) Prove that if p ≥ 2

|fε(x)− f(x)|p ≤ [||f ||∞(1 + ||j||1)]p−2|fε(x)− f(x)|2.
(ii)Use Holder’s inequality to prove that if 1 < p ≤ 2

||fε − f ||p ≤ |BR|
1
p
− 1

2 ||fε − f ||2.
(iii) Deduce that if the approximation by C∞-functions theorem holds in L2(Rd, dµ) then its
holds in Lp(Rd, dµ).
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