HOMEWORK ASSIGNMENTS: MATH 245 A

WILFRID GANGBO

Only the Exercises marked (%) will be collected and either two or three of them will be
graded from each set of homework assignment. However, we suggest that you work all exercises
of the assignment.

1. HOMEWORK #1: DUE ON MONDAY 12 OCTOBER

Exercise 1.1. Let p1 be an outer measure on a set X and let { A}, be a sequence of subsets
of X.

(i) Prove that if u[A1] = 0, then Ay is p-measurable.
1) Prove that A1 is pu-measurable if and only if its complement A§ is p-measurable.
(ii) 1 y [ is

(iii) Assume in the sequel that {AR}32, is a sequence of p—measurable sets. Prove that if
A1 C Ay C - C Ap C Ay, then p[An] + p[A2 \ Ar] + -+ + p[Ap \ Ap—1] = p[Ag].

(iv) Prove that if Ay D Aa D -+ D Ag D Ak -+ and pu[A1] < 400 then limg_, o0 u[Ar] =
p[Ng2, Agl. Given a counter example to this statement when pu[A;] = +oo

(v) Assume that B C X. Show that if Ay is p-measurable then Ay is pp-measurable.

Exercise 1.2 (x). Suppose u is a measure on Z© := Z N [0,+00) such that every subset of
7" is p—measurable. Show that there exists a sequence (wWr)e2o C [0, 400] such that for every

E C ZT we have
WE) = w
keE

Exercise 1.3 (x). Suppose p is an outer measure on X such that u(X) < oo and suppose S
is the set of p—measurable subsets. Suppose A C S is such that for every A € A, u(A) >0
and for every A, B € A such that A # B then AN B = (). Show that A is countable.

Exercise 1.4 (x). Let p be an outer measure on a set X and let S be the collection of
u-measurable subsets on X. Show that we cannot have

(u(B) : EeS}=o,1).
Exercise 1.5 (x). Let u be a measure on a set X such that p[X] =1 and let M be the set of
p—measurable sets. Suppose that u[M] > 0 for each ) # M € M and let
= inf M]: M X).
a(z) = inf {u[M]: z € M} (z € X)

(a) Show that there exists a set Ay € M such that x € A, and p[Az] = a(x).
(b) Show that the sets {A;} are either disjoint or identical.

Exercise 1.6. Let p be an measure on X such that u[X] < co. Show that if {x} is p—measurable
for every x € X then there are at most countably many x € X such that p[{z}] > 0.

Exercise 1.7 (x). Show that S = {Upex(n,n+ 1] : K C Z} U{0} is a o—algebra on R.
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2 W. GANGBO
Exercise 1.8 (x). Prove that o(Cy) = 0(C2) = o(C3) = B, where B is the Borel o—-algebra
on R. Here,

Cr={(r,s]:r,s€Q}, Co={(r,n]:reQmneZ}, Cs={r,+0):recQ}.

Exercise 1.9 (x). Prove that if B C R is a Borel set, t € R and ¢ € R? then tB = {tx : x €
B} and ¢+ B = {c+ x : © € B are Borel sets, where B is the Borel o—algebra on R.

Exercise 1.10. Let (X, ) be an outer measure space and (Ay )y be a sequence of p—measurable
subsets of X. Show that if > 07 p[An] < 0o then p[A] =0 if we set

A= m’?f?zl U?zo:m An
2. HOMEWORK #2: DUE ON MONDAY 02 NOVEMBER

Exercise 2.1. Let B C R,

(i) Show that if ju is a Borel measure on R? then wB s also a Borel measure on RY.

(ii) Show that if u is a Borel reqular measure on R?, if B is p—measurable and of finite
measure then v := g is a Radon measure on R4,

Exercise 2.2 (x). Suppose u is an outer measure on X, Ey,--- | E, are disjoint subsets of
X and cy1,--- ,cn are distinct nonzero real numbers. Prove that cixg, + -+ + chXE, S a
u—measurable function if and only if En,--- , E, are p—measurable sets.

Exercise 2.3 (x). Suppose X C R is a Borel set and f : X — R is a function such that
{x € X : f is not continuous at x} is a countable set. Prove that f is a Borel measurable
function.

Exercise 2.4 (x). Suppose that f : R — R is differentiable at every element of R. Prove that
f' is a Borel measurable function from R to R.

Exercise 2.5 (x). Let h be a continuous and strictly increasing real valued function on R.
Prove that if B C R, then h(B) is a Borel set if and only if B is a Borel set.

Exercise 2.6 (x). Suppose f : B — R is a Borel measurable function. Define g : R — R to
be the function which coincides with f on B and is identically equal to 0 on R\ B. Prove that
g is a Borel measurable function.

Exercise 2.7 (x). Say whether or not every open subset of R% is a countable union of closed
subsets of RY. Justify your answer (Your argument should be short, say, half a page).

Exercise 2.8. Let u be an outer measure on a nonempty set X. Let f,g: X — [—00,+00] be
two p-summable functions. Assume that A, B C X are two p-measurable sets. Recall

/Afdu—/XXAfdu.

(i) Prove that f is p| A-summable and [ fd(ulA) = [y f- xadp.

() Prove that [ (f + g)du = [y fdu+ [y gdp, and [y cfdp = c [y fdu, for all c € R.

(i) Prove that if [ < g then [y fdu < [y gdp.

Exercise 2.9. Let j1 be an outer measure on a nonempty set X, let {Ar}32, be a collection
of pairwise disjoint p-measurable subsets of X, and let f : X — R be a summable function.

Prove that -
fdp = Jdu,
Jira=3 ],
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where A = U2 | Ay.

Exercise 2.10 (). Let (Q,u) be an outer measure space and suppose fn,gn, f,g € L' ().
Suppose

il 0 foo fae gugae tm [ gt = [ @)

Q
Show that limy, o0 [o fu(@)u(dz) = [o f(z)p(dz)

3. HOMEWORK #3: DUE ON WEDNESDAY 25 NOVEMBER

Exercise 3.1 (). Let (2, 1) be an outer measure space, suppose un,u € L'(u) and u, — u
a.e. Show the following assertions are equivalent:

(i) limy 00 [ [tn(x) — u(z)|pu(dz) = 0.
(1) limy, o0 [q [tn(@)|u(dz) = [ [u(z)|p(dz).

Exercise 3.2 (). Let f : [0,1] — [0, 4+00) be a L' -measurable function such that fol (x)dx <

+oo. Suppose that for allm = 1,2,---, fol frdct = fo x)dL'. Show that f must be equal
almost everywhere to the characteristic function of a set E C [0, 1].

Exercise 3.3 (x). Suppose u is an outer finite measure on X and fy, fa,--- is a sequence of
u—measurable function from X to [0,+00) such that limy_, o fr(x) = 400 for each x € X.
Prove that for every e > 0 there exists a pu—measurable set E such that u(X \ E) < € and
f1, fa, -+ converges uniformly to +oo on E (meaning for every t > 0 there exists n € N such
that fr(x) >t for allk >n and all z € E.

Exercise 3.4 (x). Suppose X C R? is a compact set and (f,), C C(X) is a sequence of
functions such that f,, < fny1 for all natural number n. Assume

f(x) = nEI—&I-loo fn(z) < +00 Vo e X.
Show that f is continuous if and only if (fn)n converges uniformly to f.

Exercise 3.5 (x). Let p and v be two outer measures on Q. We say that v is absolutely

continuous with respect to p and we write v << p if v(E) = 0 whenever E C § is v—
measurable and pu(E) = 0. Assume v[QY] < co. Show that the following are equivalent:
(i) v << p

(ii) For every e > 0 there exists 6 > 0 such that v(E) < € whenever E is v-measurable and
w(E) < 6.

Exercise 3.6 (). A collection of function {fa}aca C L'(11) is called uniformly integrable if
for every € > 0 there exists & > 0 such that [ |fa(x)|p(dz) < € for all « € A whenever E is
measurable and u(E) < 0. Show that

(i) any finite subset of L' () is uniformly integrable.

(ii) If { fr}nen C L' (1) is a sequence that converges to f in L' (i) then { fn}nen is uniformly
integrable.

Exercise 3.7 (x). Let I = [—5, 5] For each x,y € I we write that x ~ vy if v —y € Q. For

xelset K(x)={yel: y~x}. Let {rk}kzo be an enumeration of [—1,1] N Q such that
ro = 0.



4 W. GANGBO

(a) Show that ~ is an equivalence relation.
(b) Let A be a set containing exactly one member of each equivalence class (the aziom of
choice ensures existence of such an A) and set A, = A+ 1. Show that

3 3
1 oA —, =1
CUk—O kC|: 2,2:|

(¢c) Conclude that A is not L'-measurable if L' is the one-dimensional Lebesque measure.

(Hint: compare L1[A}] to L1[A] ).
Exercise 3.8. Suppose 1 is an outer measure on X. Prove that the following are equivalent:

(a) The measure u is o—finite.

(b) There exists an increasing sequence X1 C Xo C --- of u—measurable sets such that
X = U2 Xy and p(Xy) < oo for each k € N.
(c) There exists a disjoint sequence Zy, Za, - - - of p—measurable sets such that X = U | Zy,

and p(Zy) < oo for each k € N.
Exercise 3.9. Let u be an outer measure on a set X and let v be an outer measure on a set
Y. Define
P,:={A X B: Aispu— measurable, B is v — measurable}.

(i) Prove that if A1, A2 C X and B1,Bs C Y then
(A1 X Bl) N (AQ X Bg) = (A1 N AQ) X (B1 N Bg)

and
(A1 X Bl) \ (A2 X BQ) = [(Al \AQ) X Bl] U [Al N Ag X (Bl \ BQ)]

(ii) Deduce that any finite union of elements of P, can be written as a finite union of disjoint
elements of P,.

(iii) Deduce that any countable union of elements of P, can be written as a countable union
of disjoint elements of P,.

Exercise 3.10. Let p be an outer measure on a set X and let v be an outer measure on a set
Y. Define P, as in Exercise 3.9 ,

P = {Uj:ofSi 0 S € Py},

and
Py = {ﬂj:‘)sz : S € 731}

Let F be the collection of all sets S C X XY such that the function v — xs(z,y) is p-
measurable for v-almost every y € Y, and the function y — [ x(z,y)du(x) is v-measurable.
Define

pis) = [ [ xemauo)|av), (e,

Note in fact that if S C X XY then there exists R € Py such that S C R and p x v[S] = p[R].
(i) Use that P, C F to deduce that P; C F.

(7i) Prove that if T C X xY and p x v[T] =0 then T € F and p[T] = 0.

(#1i) Prove that if S C X XY is pux v-measurable and p x v[S] < 400 then there exists R € Po
such that plR\ S] =0 and R\ S € F.
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4. HOMEWORK # 4: NoT DUE

Exercise 4.1 (x). Let J: R — R be a convex function. Show that if xy < x; < x2 then
J(@1) = J(xo) _ J(x2) = I(wo) _ J(22) = J(21)
xr1 — Xo - To — Xo - To — I
Exercise 4.2 (). Let J € C'(R).
(i) Show that J is convex if and only if its derivative J' is monotone non—decreasing.
(i1) Show that if r € (1,00) then x — J(x) := |z|" is convex and J(z) > J(xo)+J' (x0)(x —x0)
for all x,zo € (0,00).

Exercise 4.3 (x). Let (0, %, 1) be an outer measure space with p(2) = 1. Let r > 1 and set
o(t) =t" fort > 0. Show that if g : Q — [0,00) is measurable then

[ o @)= ( [ stoutan)

Exercise 4.4 (). Let (Q2,%, p) be an outer measure space with p(2) < co. Let f, fi1, fa,-- - :
Q — R be measurable functions on Q and assume fj(x) — f(x) as j — oo for almost every
x. Assume

/f2 p(dr) < oo and /fj pu(dr) <1 VjeN.

Show that [, |fj(x) — f(x)[Pu(dx) — 0 for every p € (0,2). Construct a counterezample to
show this can fail when p=2.

Exercise 4.5 (x). Let p be an outer measure on X, let f : X — [0,+00) be p—measurable.
Fort > 0 we define

Sp(t) ={z e X: f(x) >}, Fy(t) = p[S;@)]-

(a) Show that Fy is L'-measurable.
(b) Show that [ fdu = fooo Ffdﬁ1 (you could first check the case when f assume finitely
many values).

Exercise 4.6. Let 1 be the Lebesque measure on (0,1). Show that the parallelogram law fails
on L*(p).

Exercise 4.7 (x). Let 1 < q < +oo. Assume that f € LI(Q,du) N L*°(Q,du). Prove that
feLP(Q,du) for all g < p < 400 and

L2 1l = {11l

Exercise 4.8. Let (2, 1) and (T',v) be two finite measure spaces and let f € L*(u x v). Show
that if f >0 and 1 < p < oo then

</ </ f(x’y)y(dy)y“(dx)); §/</ﬂ f(w,y)pu(dx))’l’u(dy)

Hint: Set H(z) := [p f(z,y)v(dy) and check that

11 = [ ([ i@t Jota
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Exercise 4.9. Assume that pu is the d-dimensional Lebesque measure on R%, 1 < p < 400

and let f € L®(R?, dy) be such that f > 0 and f vanishes outside a ball Br of radius R > 0.
Let j € L' (R%,dp) be such that Jga jdz = 1. Define,

]6(55) = eid‘](é) and  fe = jex* [.

(i) Prove that if p > 2
|[fe(@) = F(@)P < [l Flloo (1 + [P 72 fe(@) = f(2)].
(i) Use Holder’s inequality to prove that if 1 < p <2
lfe = fllp < [Brl? 2| fe = fll2-

(iii) Deduce that if the approzimation by C™-functions theorem holds in L*(R%,du) then its
holds in LP(R?, dpu).
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