A VARIATIONAL METHOD FOR CLASS OF PARABOLIC PDES
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ABSTRACT. In this manuscript we extend De Giorgi’s interpolation method to a class of para-
bolic equations which are not gradient flows but possess an entropy functional and an underlying
Lagrangian. The new fact in the study is that not only the Lagrangian may depend on spatial vari-
ables, but it does not induce a metric. Assuming the initial condition to be a density function, not
necessarily smooth, but solely of bounded first moments and finite “entropy”, we use a variational
scheme to discretize the equation in time and construct approximate solutions. Then De Giorgi’s
interpolation method reveals to be a powerful tool for proving convergence of our algorithm. Finally
we show uniqueness and stability in L! of our solutions.

1. INTRODUCTION

In the theory of existence of solutions of ordinary differential equations on a metric space, curves
of maximal slope and minimizing movements play an important role. The minimizing movements in
general are obtained via a discrete scheme. They have the advantage of providing an approximate
solution of the differential equation by discretizing in time while not requiring the initial condition to
be smooth. Then a cleaver interpolation method introduced by De Giorgi [7, 6] ensures compactness
for the family of approximate solutions. Many recent works [3, 14] have used minimizing movement
methods as a powerful tool for proving existence of solution for some classes of partial differential
equations (PDEs). So far, most of these studies concern PDEs which can be interpreted as gradient
flow of an entropy functional with respect to a metric on the space of probability measures. This
paper extends the minimizing movements and De Giorgi’s interpolation method to include PDEs
which are not gradient flows, but possess an entropy functional and an underlying Lagrangian which
may be dependent of the spatial variables.

In the current manuscript X C R? is an open set whose boundary is of zero measure. We denote
by Pa(X) the set of Borel probability measures on R% of bounded a-moments, endowed with the
a-Wasserstein distance W, (cfr. subsection 2.2). Let P2¢(X) be the set of probability densities o
such that o£¢ belongs to P, (X). We consider distributional solutions of a class of PDEs of the
form

(1.1) dror + div(e Vi) =0, in  D'((0,T) x RY)
(this implicitly means that we have imposed Neumann boundary condition), with
oVe = o VpH (2, 'V[P(e)]) on (0,T) x X

and
t o € AC1(0,T; Pie(X)) C C([0,T]; P1(X)).

Date: February 27, 2009.
Key words: mass transfer, Quasilinear Parabolic—Elliptic Equations, Wasserstein metric. AMS code: 35, 49J40,
82C40 and 47J25.

1



2 A. FIGALLI, W. GANGBO, AND T. YOLCU

The space to which the curve ¢ — g, belongs ensures that g; converges to gp in P(X) as ¢ tends
to 0. By abuse of notation, g; will denote at the same time the solution at time ¢ and the function
(t,z) — o¢(x) defined over (0,7) x X. (It will be clear for the context which one we are referring
to.)

We only consider solutions such that V[P (g;)] € L'((0,T) x X), and is absolutely continuous with
respect to g;. If oy satisfies additional conditions which will soon comment on, then t — U(g;) :=
S « U(o¢)dz is absolutely continuous, monotone nonincreasing, and

d

(1.2) LU0 = - /X (VIP(00)], Vi)

We recall that the unknown p; is nonnegative, and can be interpreted as the density of a fluid,
whose pressure is P (o). Here, the data H, U and P satisfy specific properties, which are stated in
subsection 2.1.

Solutions of our equation can be viewed as curves of maximal slope on a metric space contained
in P;1(X). They include the so-called minimizing movements (cfr. [3] for a precised definition)
obtained by many authors in case the Lagrangian does not depend on spatial variables (e.g. [13]
when H(p) = 1/2|p|?, [1, 3] when H(x,p) = H(p)). These studies have been very recently extended
to a special class of Lagrangian depending on spatial variables where the Hamiltonian assume the
form H(x,p) = (A*(z)p,p) [14]. In their pioneering work Alt and Luckhaus [2] consider differential
equations similar to (1.1), imposing some assumptions not very comparable to ours. Their method
of proof is very different from the ones used in the above cited references and is based on a Galerking
type approximation method.

Let us describe the strategy of the proof of our results. The first step is the existence part. Let
L(x,-) be the Legendre transform of H(z,-), to which we refer as a Lagrangian. For a time step
h > 0, let cp(z,y), the cost for moving a unit mass from a point x to a point y, be the minimal
action min,, foh L(o,6)dt. Here, the minimum is performed over the set of all paths (not necessarily
contained in X) such that ¢(0) = x and o(h) = y. The cost ¢, provides a way of defining the
minimal total work Cp(go, ) (cfr. (2.8)) for moving a mass of distribution gy to another mass of
distribution g in X. For measures which are absolutely continuous, the recent papers [4, 8, 9] give
uniqueness of a minimizer in (2.8), which is concentrated on the graph of a function 7}, : R? — R4,
Furthermore, Cp, provides a natural way of interpolating between these measures: there exists a
unique density g5 such that Cp (00, 0n) = Cs(00, 0s) + Ch—s(0s, on) for s € (0, h).

Assume for a moment that X is bounded. For a given initial condition gy € P{¢(X) we inductively
construct {g", },, in the following way: O(n+1)n 1s the unique minimum of Cn(adh,0) + [ v Ulo)dx
over P{¢(X). We refer to this minimization problem as the primal problem. Under the additional
condition that L(x,v) > L(z,0) = 0 for all x,v € R? such that v # 0, one has cp,(z,7) < cp(z,y) for
x # y. As a consequence, under that condition the following maximum principle holds: if g < M
then QZh < M for all n > 0.

We then study a problem, dual to the primal one, which provides us with a characterization and
some important regularity properties of the minimizer g(,41),. These properties would have been
harder to obtain studying only the primal problem. Having determined {QZh}neN, we consider two
interpolating paths. The first one is the path ¢ — g such that

h o h h -k _h h
Cr(onhs> O(ns1yn) = Cs(@nns Onnts) + Chms(@nntsr Oni1)n)s 0<s<h.
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The second path t — Q,’} is defined by

QZh+s = argmin{ tha / Ulo d:C} 0<s<h.

This interpolation was introduced by De Giorgi in the study of curves of maximal slopes when
\/C}, defines a metric. The path {Q } satisfies equation (3.28), which is a discrete analogue of the
differential equation (1.1). Then we write a discrete energy inequality in terms of both paths {g}'}
and {0}, and we prove that up to a subsequence both paths converge (in a sense to be made
precised) to the same path g;. Furthermore, g, satisfies the energy inequality

(1.3) U(go) —U(or) / dt/ z,V;) + H(x,— V[P(@t)])}@tdx,

which thanks to the assumptions on H (cfr. subsection 2.1) implies for instance that V[P(g;)] €
L'((0,T) x X). The above inequality corresponds to what can be considered as one half of the chain
rule:

(@) < /X<Vt,V[P<gt>]>dx.

Here V; is a velocity associated to the path ¢ — g, in the sense that equation (1.1) holds without
yet the knowledge that o;V; := o/ V, H (;C, —0; 1V[P(gt)]). The current state of the art allows us to
establish the reverse inequality yielding to the whole chain rule only if we know that

T
(1.4) |t [ wirads / @t [ 1o VIP(@)]” oo < +o0
0 X

for some a € (1,00), & = a/(a — 1). In that case, we can conclude that
0tVi := 0tVpH (z,—0; 'V[P(01)])

and
Gute) = [ (W.9IP(@)d.

In light of the energy inequality (3.29), a sufficient condition to have the inequality (1.4) is that
L(x,v) ~ |v|* This is what we later impose in this work.

Suppose now that X may be unbounded. As pointed out in remark 3.18, by a simple scaling
argument we can solve equation (1.1) for general nonnegative densities, not necessarily of unit mass.
Lemma 4.1 shows that if we impose the bound (4.1) on the negative part of U, then [ U v Ulo)dz is
well-defined for o € P{¢(X). We assume that the initial condition gy € P{¢(X) and [, \U 00)|dx
is finite, and we start our approximation argument by replacing X by X,, := X N B,,(0) and g
by 0" := 00X B,,(0)- Here, B,,(0) is the open ball of radius m, centered at the origin. The previous
argument provides us with a solution of equation (1.1), starting at of’, for which we show that

7 d —|—/ U(o")|d
o { [ polar s+ [ 0aras

is bounded by a constant independent of m. Using the fact that for each m, ¢ satisfies the en-
ergy inequality (1.3), we obtain that a subsequence of {¢™} converges to a solution of equation
(1.1) starting at gg. Moreover, as we will see, our approximation argument also allows to relax the
regularity assumptions on the Hamiltonian H. This shows a remarkable feature of the existence
scheme described before, as it allows to construct solutions of a highly nonlinear PDE as (1.1) by
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approximating at the same time the initial datum and the Hamiltonian (and the same strategy
could also be applied to relax the assumptions on U, cfr. section 4). This completes the existence
part.

In order to prove uniqueness of solution in equation (1.1) we make several additional assumptions
on P and H. First of all, we assume that L(x,v) > L(z,0) for all z, v € R? such that v # 0 to ensure
that the maximum principle holds. Next, let @) denote the inverse of P and set u(t,-) := P(o).
Then equation (1.1) is equivalent to

(1.5) 9Q(u) = div a(x, Q(u), Vu) in D'((0,T) x X),

which is a quasilinear elliptic-parabolic equation. Here a is given by equation (5.2). The study in [15]
addresses contraction properties of solutions of equation (1.5) even when 9;Q(u) is not a bounded
measure but is merely a distribution, as in our case. Our vector field a does not necessarily satisfy
the assumptions in [15]. (Indeed one can check that it violates drastically the strict monotonicity
condition of [15], for large Q(u).) For this reason, we only study uniqueness of solutions with bounded
initial conditions even if, for this class of solution, a is still not strictly monotone in the sense of [2]
or [15].

The strategy consists first in showing that there exists a Hamiltonian H = H(z, o, m) (cfr. equa-
tion (5.3)) such that for each x, —a(x, 9, —m) is contained in the subdifferential of H(z,-,-) at
(0,m). Then, assuming H(z,-,-) convex and @ Lipschitz, we establish a contraction property for
bounded solutions of (1.1). As a by product we conclude uniqueness of bounded solutions.

The paper is structured as follows: in section 2 we start with some preliminaries and set up
the general framework for our study. The proof of the existence of solutions is then split into
two cases. Section 3 is concerned with the case where X is bounded, and we prove existence of
solutions of equations (1.1) by applying the discrete algorithm described before. In section 4 we
relax the assumption that X is bounded: under the hypotheses that gy € P{¢(X) and [ |U(o)|dx
is finite, we construct by approximation a solution of equation (1.1) as described above. Section 5
is concerned with uniqueness and stability in L' of bounded solutions of equation (1.1) when @ is
Lipschitz. To achieve that goal, we impose the stronger condition (5.5) on the Hamiltonian H. We
avoid repeating known facts as much as possible, while trying to provide all the necessary details
for a complete proof.

2. PRELIMINARIES, NOTATION AND DEFINITIONS

2.1. Main assumptions. We fix a convex superlinear function 6 : [0, +00) — [0, +00) such that
6(0) = 0. The main examples we have in mind is a function # which behaves like t* with o > 1 (for
more general behaviors, like ¢(Int)* or e, cfr. Remark 3.19). We consider a function L : RxR? — R
which we call Lagrangian. We assume that:

(L1) L € C*(R? x RY), and L(z,0) = 0 for all x € R,

(L2) The matrix V,,L(z,v) is strictly positive definite for all z,v € R%.

(L3) There exist constants A*, A,, C* > 0 such that

C*O(|v|) + A* > L(z,v) > 6(|v]) — A, Vz,v e R

Let us remark that the condition L(z,0) = 0 is not restrictive, as we can always replace L by
L — L(x,0), and this would not affect the study of the problem we are going to consider. We also
note that (L1), (L2) and (L3) ensure that L is a so-called Tonelli Lagrangian (cfr. for instance
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[8, Appendix B]). To prove a maximum principle for the solutions of (1.1), we will also need the
assumption:

(L4) L(x,v) > L(z,0) for all z,v € R%.

The global Legendre transform L : R% x R — R% x R? of L is defined by
L(x,v) = (z,VyL(x,v)).
We denote by &% : R? x R? — R? x R? the Lagrangian flow defined by

LIV, L(E(t,2,v))] = Vo L(®E(t,2,0)),
(2.1) { & (O’ZE’(U):(M)?} ( )

Furthermore, we denote by ®F : R? x R? — R? the first component of the flow: ®F := m o &L,
m(z,v) = x.
The Legendre transform of L, called the Hamiltonian of L, is defined by
H(x,p) := sup {{v,p) — L(z,v)}.
veRd
Moreover we define the Legendre transform of 0 as

0*(s) :== igg{st —6(t)}, seR.

It is well-known that L satisfies (L1), (L2) and (L3) if and only if H satisfies the following conditions:

(H1) H € C?*(R% x RY), and H(z,p) > 0 for all z,p € RY,
(H2) The matrix Vp,H (z,p) is strictly positive definite for all ,p € R4,
(H3) 0" : R — [0, +00) is convex, superlinear at +o0o, and we have

A"+ C*0* <|C]i’<) < H(z,p) < 0*(|p|) + A Vaz,v e R
Moreover (L4) is equivalent to:
(H4) V,H(z,0) =0 for all z € RY.

We also introduce some weaker conditions on L, which combined with (L3) make it a weak Tonelli

Lagrangian:

(L1*) L € CY(R? x R%), and L(z,0) = 0 for all x € R,

(L2%) For each x € R?, L(x,-) is strictly convex.
Under (L1"), (L2") and (L3), the global Legendre transform is an homeomorphism, and the Hamil-
tonian associated to L satisfies (H3) and

(H1*) H € CY(R? x RY), and H(z,p) > 0 for all z,p € R4

(H2%) For each x € R H(z,-) is strictly convex.

(Cfr. for instance [8, Appendix BJ.) In this paper we will mainly work assuming (L1), (L2) and

(L3), except in section 4 where we relax to assumptions on L (and correspondingly that on H) to
(L1v), (L2™) and (L3).

Let U : [0, +00) — R be a given function such that
(2.2) U € C*((0,+00)) U C([0, +0)),  U" >0,
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and
(2.3) v =0, 1im 28 -1

t—oo

We set U(t) = 400 for t € (—00,0), so that U remains convex and lower-semicontinuous on the
whole R. We denote by U* the Legendre transform of U :

(2.4) U*(s) :== igﬂg{st -U@)} = igg{st -U(t)}.

When g is a Borel probability density of R? such U~ (p) € L'(R?), we define the internal energy

Ulo) = /R Ulg)d.

If o represents the density of a fluid, one interpretes P(p) as a pressure, where
(2.5) P(s):=U'(s)s — U(s).
Note that P'(s) = sU"(s), so that P is increasing on [0, +00).

2.2. Notation and definitions.

If p is a probability density and « > 0, we write

Mofo)i= [ Il ola)da

for its moment of order a. If X C R? is a Borel set, we denote by P(X) the set of all Borel
probability densities on X. If o € P*(X), we tacitely identify it with its extension defined to be 0
outside X. We denote by P(X) the set of Borel probability measures y on R? that are concentrated
on X: u(X) = 1. Finally, we denote by P2(X) C P(X) the set of p probability density on X
such that M, (o) is finite. When o > 1, this is a metric space when endowed with the Wasserstein
distance W, (cfr. equation (2.10) below).

Let u: X C R? — RU {#o00}. The set of points 2 such that u(z) € R is called the domain of
u and denoted by domu. We denote by 0_u(x) the subdifferential of u at x. Similarly, we denote
by 0T u(x) the superdifferential of v at x. The set of point where u is differentiable is called the
domain of Vu and is denoted by domVu.

Let u: RY — R U {+o0}. Tts Legendre transform is u* : R? — R U {400} defined by

u*(y) = sup{(z,y) —u(z)}.
reX

In case u : X C R? — RU {400}, its Legendre transform is defined by identifying u with its
extension which takes the value +oo outside X.
Finally, for f: (a,b) — R, we set

arf o ft+h) = f(#)
W(t) = h}Ilrisélip -
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Definition 2.1 (c-transform). Let X € R? and let u,v : X — RU {—oc0}. The first c-transform of
u, u®: X - RU{—o00}, and the second c-transform of v, v. : X — RU {—o0}, are defined by

(2.6) w(y) = inf{e(e,y) —u(@)}, o) = inf {e(w,y) - o)}

Definition 2.2 (c-convexity). We say that u : X — R U {—o0} is first c-concave if there exists
v: X — RU{—o0} such that u = v.. Similarly, v : X — RU {—o0} is second c-concave if there
exists u : X — RU{—o0} such that v = u®.

For simplicity we will omit the words “first” and “second” when referring to c-transform and
c-concavity.

For h > 0, we define the action Aj(c) of an absolutely continuous curve o : [0, h] — R? as
h
Anto) = [ L), () dr
0
and the cost function

(2.7) cnlz,y) = igf{Ah(a) .o e WU, h;RY), 0(0) = 2, 0(h) = y}.

For g, jt1 € P(RY), let T'(pg, p11) be the set of probability measures on R? x R? which have o and
11 as marginals. Set

(2.8) Cn(po, 1) == igf{/ﬂmw cn(z,y)dy(z,y) + v € F(uo,m)}
and
(2.9) Wo.n(po, p1) = hifvlf{/Rded 0 <|y—h1’|) dy(w,y) : v € F(MO;UI)}'

We also recall the definition of the a-Wasserstein distance, a > 1:

1/«
(2.10) Wa(po, 1) = inf{/ ly —z|*dy(z,y) : v € F(Mo,ul)} :
v R xRd

It is well-known (cfr. for instance [3]) that W, metrizes the weak® topology of measures on bounded
sets.
The following fact can be checked easily:

(2.11) Ch(po, p2) < Ch—t(pos 1) + Ce(pn, pi2)
for all t € [0, ] and pg, p1, o € P(RY).

2.3. Properties of enthalpy and pressure functionals. In this subsection, we assume that
(2.2) and (2.3) hold.

Lemma 2.3. The following properties hold:
(i) U’ : [0,4+00) — R is strictly increasing, and so invertible. Its inverse is of class C* and
hmt_>+oo U/(t) = +00.
(ii) U* € CY(R) is nonnegative, and (U*)'(s) >0 for all s € R.
(ill) limg— 400 (U*)(8) = +00.
(iv) limg—yoo U*(8)/s = +00.
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(v) P:[0,4+00) — [0,+00) is strictly increasing, bijective, limy_,y P(t) = 400, and its inverse
Q : [0, +00) — [0, +00) satisfies lims_, o0 Q(s) = +00.

Proof: (i) Since U is convex and U(0) = 0, we have U’(t) > U(¢)/t. This and U” > 0 easily imply
the result.

(ii) U* > 0 follows from U(0) = 0. The remaining part is a consequence of (U*)"(U’(t)) = ¢ for
t > 0, together with U*(s) =0 (and so (U*)'(s) = 0) for s < U’'(0").

(iii) Follows from (i) and the identity (U*)"(U’(t)) =t for ¢ > 0.

(iv) Since U* is convex and nonnegative we have U*(s) > 5(U*)' (%), so that the result follows from
(iif).

(v) Observe that P(t) = U*(U'(t)) > 0 by (ii). Since U’ is monotone nondecreasing then for ¢ < 1
we have P(t) < tU'(1) — U(t). We conclude that lim; o+ P(t) = 0. The remaining statements then
follow. 4

Remark 2.4. Let X C R? be a bounded set, and let o € P*(X) be a probability density. Recall that
we extend g outside X by setting its value to be 0 there. If R > 0 is such that X C Bg(0), we have
Jga 0 ]x\ x)dx < O(R). Moreover, since by convexity U(t) > U(1)+U’'(1)(t—1) = at+b for t > 0,
Jra U™ d:v is bounded on P%(X) by |a| + [b|£4(X). Hence, [pq U(0) dx is always well-defined on
Pr(X ) and is finite if and only if Ut (p) € L}(X).

The following lemma is a standard result of the calculus of variations, cfr. for instance [5] (for a
more general result on unbounded domains, cfr. section 4):

Lemma 2.5. Let X C R? and suppose {0"}nen C P%(X) converges weakly to o in L*(X). If
either X is bounded, or X is unbounded and U > 0, then

liminfU(0") > U(p).

2.4. Properties of H and the cost functions.

Lemma 2.6. The following properties hold:
(i) cn(z,2) <0 for all h >0, z € R,
(ii) For all h >0, x,y € R,

C*ho ('x_m) + A > ez, y) > h&('x_m) — A,h > —A,h.

h h
Proof: (i) Set o(t) = x for ¢t € [0, h] and recall that L(z,0) =0 to get cx(x,z) < Ap(o) = 0.
(ii) The first inequality is obtained using (L3), and ¢, (z,y) < Ar(o) with o(t) = (1—t/h)x+(t/h)y,
while the second one follows from Jensen’s inequality. U

The following proposition is classical (cfr. for instance [8, Appendix B]):

Proposition 2.7. Under the assumptions (L1), (L2) and (L3), (2.7) admits a minimizer o, for
any x,y € RY. We have that O,y 15 of class C?([0, h]) and satisfies the Euler-Lagrange equation

(2.12) (02y(T), 6 y(1)) = ®L(7,2,5(0))  Vre€[0,h],

where ®% is the Lagrangian flow defined in equation (2.1). Moreover, for any h,r > 0, there exists
a constant ky(r), depending on h and r only, such that ||ozyllc2(jo,n) < kn(r) if [z, [y] <.
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Remark 2.8. Let o be a minimizer of the problem (2.7), and set
p(7) := VUL(O’(T), d(T)).

(a) The Euler-Lagrange equation (2.12) implies that o and p are of class C! and satisfy the
ordinary differential equation

() = VypH(o(7),p(7)),
(2.13) { p(t) = —VoH(o (1), p()).

(b) The Hamiltonian is constant along the integral curve (o(7),p(7)), i.e. H(o(7),p(7)) =
H(o(0),p(0)) for 7 € [0, h].

The following lemma is standard (cfr. for instance [8, Appendix B]):

Lemma 2.9. Under the assumptions in proposition 2.7, let o be a minimizer of (2.7), and define
pi = VyuL(0o(i),6(i)) fori=0,h. For r,m > 0 there ezists a constant l;,(r,m), depending on h,r, m
only, such that if x,y € B.(0) and w € B,,(0), then:

() cn(@ +w,y) < en(@,y) — (po,w) + 53lu(r,m)|w]?;
(b) en(z,y +w) < cn(,y) + (pr, w) + 50n(r,m)w].

Remark 2.10. This lemma says that —pg € 0% ¢, (-, y)(x), and for y € B,.(0) the restriction of ¢(-,y)
to B,(0) is £ (r, m)-concave. Similarly, py, € 0T cp(z,)(y), and for € B,(0) the restriction of ¢(z, -)
to By (0) is £y (r, m)-concave.

2.5. Total works and their properties. In this subsection, we assume that (2.2) and (2.3) hold.

Remark 2.11. By Remark 2.10 ¢ is continuous. In particular, there always exists a minimizer for
(2.8) (trivial if Cp, is identically +00 on I'(gg, 01)). We denote the set of minimizers by 'y, (00, 01)-
Similarly, there is a minimizer for (2.9), and we denote the set of its minimizers by I'Y (0o, 01).

Lemma 2.12. The following properties hold:
(i) For any pu € P(RY) we have Cp(u, 1) < 0. In particular, for any pu, i € P(R), Cj, (1, 1) <

(ii) For any h >0, u, i € P(RY),

—Axh < —Ash + We,h(ﬂvﬂ) < Ch(ILL7 /1) < C*We,h(#a /1) + A"h.
(iii) For any K > 0 there exists a constant C(K) > 0 such that
1 C(K
(2.14) Wi(u,p) < EWQJL(M? Q) + (f{)h Vh>0, upe P(Rd)

Proof: (i) The first part follows from ¢, (x,z) < 0, while the second statement is a consequence of
the first one and Cy, (i, 1) < Cp(p, ) + Cj_p, (i1, [1).

(ii) It follows directly from Lemma 2.6(iii).

(iii) Thanks to the superlinearity of h, for any K > 0 there exists a constant C'(K) > 0 such that

(2.15) 0(s) > Ks— C(K) Vs >0.
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Let now v € FZ(MOMH)- Then

Wi(u i) < / & — gl dv(z,y)
R x R4

h [z —yl C(K)
K —C(K)| d h
1 |z — y| CK), 1 . CO(K)
< gy — = —‘/‘/ ——N.

Lemma 2.13. Let h > 0. Suppose that { 0" }nen converges weakly to o in L*(R?) and that { M1 (0")}nen
is bounded. Then M (o) is finite, and we have

linnig.}fczh(@a 0") > Can(0; 0) Vo e Pi(X).
Proof: The fact that M;(p) is finite follows from the weak lower-semicontinuity in L'(R%) of M;.
Let now ~" € T'y(p, 0™). Since {M1(0")}nen is bounded

(2.16) sup/ <\$| + \y!)v"(dm,dy) < +o0.
neN JRd

As |z| + |y| is coercive, equation (2.16) implies that {7"},cn admits a cluster point v for the
topology of the narrow convergence. Furthermore, it is easy to see that v € I'(g, 0) and so, since
cop, 18 continuous and bounded below, we get

lim inf Cop (2, 0™) zliminf/d dCQh(w,y) dy"(z,y) >/ con(x,y) dy(x,y) > Con(0, 0)-
Re xR

n—oo n— oo R xRd

3. EXISTENCE OF SOLUTIONS IN A BOUNDED DOMAIN

Throughout this section, we assume that (2.2) and (2.3) hold. We recall that L satisfies (L1),
(L2) and (L3). We also assume that X C R? is an open bounded set whose boundary 9X is
of zero Lebesgue measure, and we denote by X its closure. The goal is to prove existence of
distributional solutions to equation (1.1) by using an approximation by discretization in time. More
precisely, in subsection 3.1 we construct approximate solutions at discrete times {h, 2h, 3h, ...} by an
implicit Euler scheme, which involves the minimization of a functional. Then, in subsection 3.2 we
explicitly characterize the minimizer introducing a dual problem. We then study the properties of
an augmented action functional which allows to prove a priori bounds on the De Giorgi’s variational
and geodesic interpolations (cfr. subsection 3.4). Finally, using these bounds, we can take the limit
as h — 0, and prove existence of distributional solutions to equation (1.1) when 6 behaves at infinity
like t*, a > 1.
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3.1. The discrete variational problem. We fix A > 0 a time step, and for simplicity of notation
we set ¢ = ¢p. We fix gg € P?(X), and we consider the variational problem

3.1 inf  C ,0) +U(o).

(3.1) et n(00, 0) +U(0)

Lemma 3.1. There exists a unique minimizer o, of problem (3.1). Suppose in addition that (L)
holds. If M € (0,00) and o9 < M, then o, < M. In other words, we have a mazximum principle.

Proof: Thanks to (L1) and (L4) one easily gets that cp(z,x) < cp(x,y) for all z,y € X, = # y.
Thanks to this fact, the proof of the maximum principle is a folklore which can be found in [18].
Existence of a minimizer p, follows by classical methods in the calculus of variation, thanks to the
lower-semicontinuity of the functional o — Cp(00, 0) + U(e) in the weak topology of measures and
to the superlinearity of U (which implies that any limit point of a minimizing sequence still belongs
to P*(X)).

To prove uniqueness, let 91 and g2 be two minimizers, and take y1 € T (00, 01), 72 € Tr(00, 02)
(cfr. remark 2.11). Then 2322 € T' (o, 2322), so that

C (Qo, 01 er Q2> < / o y)d <’71 -2F’72> _ Cn(eo,01) ‘;Ch(QOaQQ)'
XxX

Moreover, by strict convexity of U,

01+ 0 U(er) +U(o2)
Z/{<122>S 12 2,

with equality if and only if p; = 2. This implies uniqueness. (|

3.2. Characterization of minimizers via a dual problem. The aim of this paragraph is com-
pletely characterize the minimizer g, provided by Lemma 3.1. We are going to identify a problem,
dual to problem (3.1), and to use it to achieve that goal.

We define £ = &, to be the set of pairs (u,v) € C(X) x C(X) such that u(z) +v(y) < c(z,y) for
all z,y € X, and we write u @ v < ¢. We consider the functional

J(u,v) == /X woo dz — /X U*(—v) da.

To alleviate the notation, we have omitted to display the o9 dependence in J.
We recall some well-known results:

Lemma 3.2. Let u € Cy(X). Then (u.)® > u, (u). > u, ((uc)c)C = U, and ((uc)c)C = uC.
Moreover:
(i) If u=v° for some v € C(X), then:
(a) There exists a constant A = A(c, X), independent of u, such that u is A-Lipschitz and
A-semiconcave.
(b) If z € X is a point of differentiability of u, § € X, and u(Z) + v(y) = c(z,y), then
T is a point of differentiability of c(-,y) and Vu(z) = Vye(Z,y). Furthermore § =
<I>1L (h, z,V,H (57, —Vu(if))), and in particular y is uniquely determined.
(ii) If v = uc for some u € C(X), then:
(a) There exists a constant A = A(c, X), independent of v, such that v is A-Lipschitz and
A-semiconcave.
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(b) If 7 € X, § € X is a point of differentiability of v, and u(Z) + v(y) = c(Z,y), then
y is a point of differentiability of c¢(Z,-) and Vu(y) = Vyc(z,y). Furthermore, T =
<I>f(—h,y, VpH(y, Vv(gj))), and in particular iy is uniquely determined.

In particular, if K C R is bounded, the set {v°:v € C(X), v*(X)N K # 0} is compact in C(X),
and weak* compact in W1 (X).

Proof: Despite the fact that the assertions made in the lemma are now part of the folklore of the
Monge-Kantorovich theory, we sketch the main steps of the proof.

The first part is classical, and can be found in [12, 16, 17].

Regarding (i)-(a), we observe that by remark 2.10 the functions c(-,y) are uniformly semiconcave
for y € X, so that u is semiconcave as the infimum of uniformly semiconcave functions (cfr. for
instance [8, Appendix A]). In particular w is Lipschitz, with a Lipschitz constant bounded by
IVaell oo 1 %)

To prove (i)-(b), we note that d_u(z) C d_c(-,4)(Z). Since by remark 2.10 0% c(-,7)(z) is
nonempty, we conclude that ¢(-, g) is differentiable at z if u is. Hence,

Vu(z) = Vye(2,y) = —=VuL(0(0),5(0))

where o : [0,h] — X is (the unique curve) such that ¢(z,7) = foh L(o,6)dt (cfr. [8, Section 4 and
Appendix BJ). This together with equation (2.12) implies

(3.2) g =®f(h,z,V,H(z,~Vu(z))).
The proof of (ii) is analogous. O

Remark 3.3. By lemma 3.2, if u = v° for some v € Cy(X), we can uniquely define £%a.e. a map
T : domVu — X such that u(x) + v(Tx) = ¢(x, Tz). This map is continuous on domVu, and since
Vu can be extended to a Borel map on X we conclude that T' can be extended to a Borel map on
X, too. Moreover we have Vu(z) = V,c(x, Tx) L%a.e., and T is the unique optimal map pushing
a density o € P(X) forward to ji := Ty (0L?) € P(X) (cfr. for instance [12, 16, 17]).

Lemma 3.4. If (u,v) € £ and ¢ € P*(X), then J(u,v) < Cx(go,0) +U(0).

Proof: Let v € I'(po, 0). Since U(p(z)) + U*(—v(z)) > —o(x)v(z) and (u,v) € &£, we have by
integration

63 [ Ul + U (o)) oz~ [

X

elayole)do > —

cd7+/ oo(x)u(z) dx.
XxX X

Rearranging the expressions in equation (3.3), and optimizing over I'(gp, 0), we obtain the result.
]

Lemma 3.5. There exists (us,vs) € € mazimizing J(u,v) over € and satisfying u§ = v, and
(Vs)e = Us. Furthermore:
(i) us« and v. are Lipschitz with a Lipschitz constant bounded by |[Vel|poo(xx x)-
(ii) We have that o,, := (U*)(—vs) is a probability density on X, and the optimal map T
associated to u, (cfr. remark 3.3) pushes ooL% forward to o,, L%
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Proof: Note that if u§ = v, and (vi). = us, then (i) is a direct consequence of lemma 3.2.
Before proving the first statement of the lemma, let us show that it implies (ii). Let ¢ € C(X)
and set
Ve i = Ux @, Uz i= (Ve)e.
Remark 3.3 says that for £%a.e. = € X, the equation u,(z) + v4(y) = c(z,y) admits a unique
solution T'z. As done in [10] (cfr. also [11]) we have that

L ug(x) —uk(x

e — el < ellploe lim 2 =) oy
e—0 £

for £L%a.e. x € X. Hence by the Lebesgue dominated convergence theorem

(3.4) lim/ Mgo(m) dx = —/ o(Tz)oo(x) du.

X € X

Since (ux,v4) maximizes J over &, by equation (3.4) we obtain

At 2I0es) [ oita)onla) da+ [ (07 (oot de

0 = lim
e—0

Therefore
(3.5) [ e@am@ e = [ @Y (v.@)pte) de

Choosing ¢ = 1 in equation (3.5) and recalling that (U*)" > 0 (cfr. lemma 2.3(ii)), we discover
that g,, := (U*)'(—wvs) is a probability density on X. Moreover equation (3.5) means that T pushes
0oL forward to g,, L. This proves (ii).

We eventually proceed with the proof of the first statement. Observe that the functional J is
linear, and so it is continuous on &, which is a closed subset of C(X) x C'(X). Thus it suffices to show
the existence of a compact set £ C & such that & C {(u,v) : u® = v,v. = u} and supg J = supgs J.

If (u,v) € € then u < v., and so J(u,v) < J(ve,v). But, as pointed out in lemma 3.2, v < (v.)°¢,
and since by lemma 2.3(ii) U* € C*(R) is monotone nondecreasing, we have J(u,v) < J(ve,v) <
J(ve, (vc)€). Set = v, and v = (v.)¢. By lemma 3.2, © = v, and v = @°.

As U* € C'(R) and (U*)" > 0, the functional A — e(\) := [, U*(=v(z) + A) d is differentiable,
and

dON) = /X(U*)'(—@(:ﬂ) N dx >0,

Since by lemma 2.3(iv) U* grows superlinearly at infinity, so does e(\). Hence

. li U v—A)= li U — = —00.
(3.6) Jhm J@+XN\v—N) N . woodxr + A — e(N) 00
Moreover, as U* > 0 (cfr. lemma 2.3(ii)),

(3.7) lim J(u+A\o—X) < lim agodr + A = —o0.

A——00 A——o0 Jx

Since A — J(@+ A, v — A) is differentiable, by equations (3.6) and (3.7) J(u + A, v — ) achieves its
maximum at a certain A which satisfies 1 = €/(\). Therefore we have

(@,9) == (@ + X\, 0 —\) €E, J(u,v) < J(a,0), and /X(U*)’(—f;) dz = 1.
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This last inequality and the fact that (U*)'(—) is continuous on the compact set X ensure the
existence of a point € X such that —o(z) = U’(1/£%(X)). In light of lemma 3.2 and the above
reasoning, we have established that the set

E = {(u,v) : (u,v) € E,u =v,v. = u,v(z) = —U’(l/ﬁd(X)) for some r € X}

satisfies the required conditions. O

Set
¢(0) := Cnl0o,0) +U(0).

Lemma 3.6. Let o, be the unique minimizer of ¢ provided by lemma 3.1, and let (ux,vi) be a
mazimizer of J obtained in lemma 3.5. Then o, = (U*)'(—vy), and

mgmx,] = J(ux, v4) = d(0x) = Prafgi(f)lc) .
Proof: Let T be as in lemma 3.5(ii), and define o,, := (U*)'(—v,). Note that since 7' pushes goL?
forward to g,, L2, we have that (idxT)x(00L?) € T'(00, 0v, ) Therefore, as c(x, Tz) = uy(z)+v.(Tx)
for poL%a.e. x € X,

Culenen) < [ claTomle)ds = [ (un(o) +0.(T0) ol da
(3.8) = /Xu*(x)go(x) dx + /Xv*(x)gv* (x) dx.
Since
Crlen.0) = [ w(@an(e) ot [ 0@ (o) do
trivially holds (as u @ v < ¢), the inequality (3.8) is in fact an equality, and so
69 Glene) +Ule) = [ w@e@)dr+ [ (@@ +Ule.) do

Combining the equality —vi0,, = U(gy,) + U*(—vs) (which follows from g,, = (U*)'(—v.)) with
equation (3.9) we get

Cr(00; 0x) +U(0x) = J (s, vs),
which together with lemma 3.4 gives that g,, minimizes ¢ over P%(X) and supg J = ¢(0y, ). Since
the minimizer of ¢ over P*(X) is unique (cfr. lemma 3.1), this concludes the proof. O

Remark 3.7. Thanks to lemma 3.2, on domVwv, we can uniquely define a map S by u.(Sy) +v.(y) =
c(Sy,y), and we have Vv, (y) = V,c(Sy, y). This map is the inverse of 7" up to a set of zero measure,
it pushes 0,L£? forward to go£?, and

Sy = @1 (=h,y, VoH (y, Vua(y)))-
Moreover, thanks to lemma 3.6, U’(0«) = —wv, is Lipschitz, and

~Vu.(y) = V[U (0] ().
In particular Sy = ®%(—h,y, V,H (y, —V[U'(0.)](¥))).

We observe that the duality method allows to deduce in an easy way the Euler-Lagrange equa-
tion associated to the functional ¢, by-passing many technical problems due to regularity issues.
Moreover it also gives V,c(Sy,y) = —V[U'(0+)](y) L%a.e. in X (and not only g.L%a.e.).
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3.3. Augmented actions. We now introduce the functional

q)(Ta 9079) = C‘/‘(QO,Q)""“(Q) 00,0 € ,PQC(X)a
and we define

- = inf  ®(7, 09, 0).
¢~ (00) et ) (7, 00, 0)

The goal of this subsection is to study the properties of ® and ¢, in the same spirit as in [3, Chapter
3].
In the sequel, we fix g9 € P%(X). Lemma 3.6 provides existence of a unique minimizer of
O (7, 00, 0) over P*(X), which we call o,.

Lemma 3.8. The function T — ¢-(0p) is nonincreasing, and satisfies

¢T1(Q0) - ¢T()(QO) < CTl (907 QTO) - 670(907 QTO)

T — To T — To

(3.10) VO<7 <.

In particular M(T) <0 forallT™>0, % € L} ([0,+0)), and

ar loc
™ d" $r(00)

I (1)dr Vo<1 <.

(3.11) 62, (00) — by (00) < /

T0

Proof: It is an immediate consequence of the definition of ¢, and ¢, that, for all 7y, > 0,

Cr, (00, 075) — Cry (00, 0ry) = &7, (00) — b0 (00)-

This gives equation (3.10), which together with lemma 2.12(i) implies that 7 — ¢,(go) is non-
increasing. The last part of the lemma follows from the general fact that, if f : [a,b] — R is a
d+f d+f d+

d

nonincreasing function, then “7L < 0, - € L'(a,b), and HTfHLl(a b < f(a) — f(b) (cfr. for

instance [18]). O
For h > 0, we denote by T}, the optimal map that pushes 0oL£? forward to g, £? as provided by
the last paragraph. We have
Tha = ®f (h,x, VpH (z, —Vuy(2))),

with (up,vs) a maximizer of (u,v) — [y goudr — [ U*(—v)dz. We recall that (U*)'(—vs) = op
(cfr. lemma 3.6). Moreover, if we define the interpolation map between gy and gp by

(3.12) TPz .= &L (5,2, VpH (z, —Vup(2))), s € [0, hl,
we have
h
(3.13) cn(x, Thr) = / L(o§(s),65(s))ds, with o (s) := Ty .
0
Finally, since v, = —U’(gy), denoting by S} the inverse of T}, we also have
(3.14) Vyen(Suy,y) = —V[U (0n)](y) = Vo L(o§" (h), 55" (h))  for L%a.e. y € X.

Lemma 3.9. We have

[ 1~V ) ) dy < - 2O ),
X
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Proof: For s € [0,h + €] we define

o(s) == P <S_T_€,x,VpH(x,—Vuh(x))> .

Since ¢%(0) = = and o.(h + ¢) = Tjx, by the definition of Cj,1. we get

h+e
(3.15) Chie(00,0n) < /Qo(x)/ L(oZ,6%) dsdx
X 0

h+e¢ U
= /XQO(JL“)/O L(Uo,ih_i_gao)dsdx.

Moreover, since L(zx,-) is convex,
(3.16) L(o5,5§) = L(o} LH) + o (VuL(of LY 5%)
. 0-%0) = O7h+€0 h+e v 07h+5070'
Therefore, recalling that
X h =T =T T h =T X X h T
(Vo8 rrz6) 98) = 1ot o) + o Vb o 2ot))
combining equations (3.15) and (3.16) we obtain

62
< -
Chie(00s0n) < (1 h(h+6)>ch(00>9h)

€ h X X h =
h+€/);'@0(x)/0 H(Uo,vUL(Uo,m00)> dsdx

Hence, as H > 0 by (H1), by Fatou’s lemma we get

— 1 h
(3.17) lim sup Cre(00: €n) = Cnl0: 01) < —h/xgg(x)/o H(Ug,VUL(Ug,d§)>dsdx.

e—0t €

Thanks to the conservation of the Hamiltonian H recalled in remark 2.8(ii), by equations (3.10)
and (3.17) we obtain

d+¢t(@0)

e DR R CIOR TN AT)) IO

and recalling that o (h) = T),x pushes goL? forward to g, £%, the desired result follows from equation
(3.14). O

Remark 3.10. Note that ¢,(00) < P(7,00,00) < U(0p) (since Cr(0o,00) < 0, cfr. lemma 2.6).
Therefore setting ¢o(00) = U(0o) ensures that 7 — ¢, remains monotone nonincreasing on [0, 00),
and we have

U(oo) — U(on) = Po(eo) — ¢n(en) + Cr(oo, on)-
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3.4. De Giorgi’s variational and geodesic interpolations. We fix g9 € P*(X) and a time
step h > 0, and set 96‘ = 0o. We consider g, € P"(X) the (unique) minimizer of ®(7, gy, -) provided
by lemma 3.1, and we interpolate between gg and QZ along paths minimizing the action Ay: thanks
to [8, Theorem 5.1] there exists a the unique solution g € P*(X) of

Cs(o0f, 0%) + Chs(a", o) = Cn (ol o}),
which is also given by

@;‘Ed = (T,f)#goﬁd, 0<s<h.
Moreover [8, Theorem 5.1] ensures that 7}’ is invertible gs-a.e., so that in particular there exists a
unique vector field Vsh defined on the measure theoretical support of g5 such that
VIMTE) = 05T} Os-a.€.

Recall that by lemma 3.5(i) |[Vun||ree(x) < [IVen||po(xxx)- Exploiting equation (3.12) and the

fact that 0,®% maps bounded subsets of R4 x R% onto bounded subsets R? x R?, we obtain that
supg<s<p |[0sT5 || 1o (a,) < +00. Therefore supg< <y, [|V|| 2 (5,) < +00. Finally a direct computation
gives that

(3.18) 050y +div(gi V) =0
in the sense of distribution on (0, h) x R%. Observe that @8 = oo and @Z = gz.

Remark 3.11. Note that although the range of T}, is contained in X, that of T}’ may fail to be in
that set.

We set
0s 1= argmin{Cs(go, 0)+U(p): o€ Pac(X)}, 0<s<h.

In a metric space (S, dist) with sC, = dist?, the interpolation s — g, is due to De Giorgi [6] (cfr.
also [3, 7]).

Theorem 3.12. We have the energy inequality

h h
o) ~ulen) > [ ds [ L@ Voady+ [ s [ 11—V @) 0o

Proof: We combine lemmas 3.8 and 3.9 with remark 3.10 to conclude that

[ @[ a0 e)edr < ooen) - onlen) =Ulen) - Uten)  Caten. )
— Uleo) — Ulen) / dt/ (Ti (@), 0.3 () ool) de

= e -t~ [ @t [ LGV iy

(We remark that the last integral has to be taken on the whole R, as we do not know in general
that the measures g5 are concentrated on X, cfr. remark 3.11). g

We now iterate the argument above: lemma 3.6 ensures existence of a sequence {th}?’:o C
P(X) such that

Q?kJrl)h = argmin{ch(QZha Q) +Z/{(Q) NS Pac(X)}'
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As above, we define

Okns = argmin{Cs(QZh, 0)+Uo) : o€ 7’{”}, 0<s<h.
By the same argument as before applied to (oxn, 0(x+1)n) in place of (0o, 0r), We obtain a unique

map T : X — X such that (id x Thp)«(0xnl?) € Th(okn, 0 . Moreover, for s € (0,h) we
# (k+1)h
define @Zh 4, to be the interpolation along paths minimizing the action Ay, that is ggpis is the

unique solution of
Cs (0kns @ns) + Chs (Bnrs s 1yn) = Ch(Ohns Oks1yn)-
We denote by (uZh e v,’gh ) the solution to the dual problem provided by lemma 3.5, and we define
Vi by Vi (Ts,) = 05T, with Tj3, the interpolation map: (T}5,)4 0%, = 0. s-
Corollary 3.13. For h > 0, for any j < k € N, we have
h h hh h\ =h kh h h
e ~Ule) = [ ds [ L VIedy+ [ ds [ (VU )eh da,
jh Rd jh X

Proof: The proof is a direct consequence of theorem 3.12. O

3.5. Stability property and existence of solutions. We fix T' > 0 and we want to prove
existence of solutions to equation (1.1) on [0,7]. Recall that by lemma 2.12(i) Cs(o, 0) < 0 for any
5 >0, o € Py¢. This, together with the definition of QZh_,’_s, yields

h h h h
Ch (ks Ongs) +U(Cknts) <U(0kn), 0<s<h.
By adding over k£ € N the above inequality, thanks to remark 2.4 we get

(319) Y Culofns dfrny) < U(eh) — liminfu (o) < U(ah) +lal + LX),
k=0

We also recall that v} : X — R is a Lipschitz function (cfr. lemma 3.5(i)) which satisfies v} =
—~U'(o}'), so that setting
B = U* (=) = P(of)
we have
(3.20) o VIU'(6)] = —(U") (=vt) V' = VIU* (—vf)] = VIP(e)] = VB! L-ace.
We start with the following:

Lemma 3.14. We have
(3.21) U(g}') < U(eo) + Ast.
Moreover, for any K > 0 there exists a constant C(K) > 0 such that, for any h € (0, 1],

A, +O(K
(3.22) W(Qt,gt)<f(°+2+ff()h Vit e [0,7],

Ay K
(3.23) Wi(al, o) < =2 Co + JFKC()h Vt e [kh,(k+1)h], k €N,

K
Co A, + C(K)
f+27

(3.24) W (ol o) < =

[(t—s)+ R V0o <s<t,
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o Co A+ C(K)
h -h 0

(325) Wy (Qt ) Qs) < f + T
Here Cy is a positive constant independent of t, K, and h € (0, 1].

Proof: Let ¢ € [kh, (k + 1)h] for some k € N. Then by lemma 2.12(ii) we have
(3.26) U(o}) — Ault — kh) <U(of') + Cirnlof's o) < Ulely)-

In particular U(Q?k+1)h) <U(ol,) + Ash for all k € N, and so adding over k we get
U}) < Ul + Ault — kh) < U(Q](lk—l)h) + Aufh + (t = kh)]
< ... <U(go) + Au[kh + (t — kR)] = U(oo) + Ast.

This proves equation (3.21).
Now, since Cp, < C_pyp, (cfr. lemma 2.12(i)), we have

Chldkn: @) < Uloly) —U(e}) V€ [kh, (k+1)h).
which combined with equation (3.26) and remark 2.4 gives
(3.27) Cr(ofn, o) <U(oo) + Ach + |a] + b|LY(X) Yt € [kh, (k+ 1)h).

Moreover, as th = @Zh for any k € N, using again lemma 2.12(ii) we get

[(t —s)+ A VOo<s<t.

Cr(Qin, Q?k-&-l)h) = Crrn(0fn: 01) + Corrnyn—t (2 Q?}c+1)h>
> Cownloin, 0F) — Ach > Cloiy, 01) — Ash.

Thanks to lemma 2.12(ii)-(iii), for any K > 0 there exists a constant C'(K) > 0 such that
A, +C(K)
K

_ 1 _ A+ C(K
Wilein, 0)) < 2=Cnloin, &) + K()
which combined with the above estimates and the triangle inequality proves equations (3.22) and
(3.23).
Finally, to prove equations (3.24) and (3.25), we observe that equation (3.19) combined with
lemma 2.12(iii) gives

1
Wilein: ) < 2=Cnloin. &) + h,

h,

N—-1
Wi (Q}ﬁrha Q%h) < Wl(g?jﬂ)h’ Q?h)
j=M
N—-1
1 h ny o At CO(K)
< K - Ch(Q(j1)n Qjn) + Th(N— M)
j=M
1 A, +C(K
< L lu(eh) + ol + )] + A CE ),
Combining this estimate with equations (3.22) and (3.23), we obtain the desired result. O

We can now prove the compactness of our discrete solutions.

Proposition 3.15. There exists a sequence h, — 0, a density o € P*([0,T] x X), and a Borel
function V : [0,T] x X — R? such that:
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(i) The measure valued curves t — o' € P*(X) and t — g € P*(RY) converge uniformly
(locally in time) to the curve t — oy := o(t,-), and this curve is uniformly continuous with
respect to the narrow topology. Moreover w*-lim;_,g+ 0t = 00-

(i) The vector-valued measures g (x)Vy"™ (zx)dx dt converge narrowly to oy(x)Vi(z)dx dt, where
Vi =VI(t,-).

(iii) Oyor + div(e:Vi) = 0 holds on (0,T) x X in the sense of distribution.

Proof: Thanks to equations (3.24) and (3.25), as K > 0 is arbitrary it is easy to see that the
curves t +— g,}} and t — @,’} are equicontinuous with respect to the 1-Wasserstein distance. Since
bounded sets with respect to W; are precompact with respect to the narrow topology on R? (cfr.
for instance [3, Chapter 7]), by Ascoli-Arzela Theorem we can find a sequence h,, — 0 such that
t — o e P(X) and t — g € P*(RY) converge uniformly (locally in time) to a narrow-
continuous curve t — iz € P(X) (which is the same for both g™ and @?” thanks to equation (3.22)).
Moreover t — u; is supported in X as so is g?”, and the initial condition w*-lim,_,q+ @?” = pp holds
in the limit.

Concerning the vector-valued measure Vthgf, recalling that H > 0, thanks to corollary 3.13 and
remark 2.4 we have

T
/ dt/ Lz, VMol dx < U(00) + |a] + [b]LY(X).
0 R4

By (L3) this gives
T
/ dt [ 6(VP el dr < U(go) + |a] + BILYUX) + AT =: O
0 Rd

The above inequality, together with the superlinearity of 8 and the uniform convergence of 3" to y,
implies easily that the vector-valued measure Vthéh have a limit point A, which is concentrated on
[0,T] x X. Moreover, the superlinearity and the convexity of € insure that A\ < p, and there exists
a p-measurable vector field V : [0,7] x X — R? such that A = Vy, and

T
/ dt/eam)dut e
0 X

To conclude the proof of (i) and (ii), we have to show that u < £, We observe that thanks to
equation (3.21)
2

T T T
|t [ Utekyde = [ utel) e < Tu(en) + AL
0 X 0

so that by the superlinearity of U any limit point of o™ is absolutely continuous. Hence p = oL,
and (i) and (ii) are proved.
Finally, from equation (3.18) we deduce that

(3.28) Aol + div(g V)Y =0  on (0,T) x X

in the sense of distribution, so that (iii) follows taking the limit as n — +o0. O

Remark 3.16. In the proof of the above lemma we have seen that each curve t +— @?”,t — Q?" €
P*(X) admits a representative which is uniformly continuous on [0, 7] with respect to the weak*
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topology. We will always implicitly refer to such representative, so that in particular @? ™ is well-

defined for every ¢ € [0,T]. Moreover we also obtain that both g, and fo” converge weakly* to o
for every fixed t € [0, 7.

We are now ready to prove the following existence result. To simplify the notation, given two
nonnegative functions f and g, we write f = g if there exists two nonnegative constants cg, ¢ such
that cof + c1 > g. If both 2 and < holds, we write f ~ g.

Theorem 3.17. Let X C R% be an open bounded set whose boundary is of zero Lebesque measure,
and assume that H satisfies (H1), (H2) and (H3). Let o, and Vi be as in proposition 3.15. Then
we have P(g;) € LY (0, T; WHH(X)), V[P(o¢)] is absolutely continuous with respect to oy, and

T
(3.29) Ulen) ~Uler) > [ at [ [L.5) + H (.~ VIP(o) v

Furthermore, if 0(t) ~ t* for some a > 1 and U satisfies the doubling condition
(3.30) Ult+s) <CWU(t)+U(s)+1) Vt, s >0,
then o1 € AC,(0,T;P(X)),

Ts
(3.31) Ulor,) — Ulor,) = - /T dt /X (VIP(o)], Vi) d,

for Th, Ty € [0,T]. In particular
‘/t(:r) = VPH(:I;’ _Q;IV[P(Qt)]) ot-a.c.,

and ¢ is a distributional solution of equation (1.1) starting from gq.
Suppose in addition that (H4) holds. If oo < M for some M > 0, then o < M for everyt € (0,T)
(mazximum principle).

Proof: The maximum principle is a direct consequence of lemma 3.1. We first remark that the
last part of the statement is a simple consequence of equations (3.29) and (3.31) combined with
proposition 3.15(i)-(iii). So it suffices to prove to prove equations (3.29) and (3.31).

We first prove (3.29). Corollary 3.13 implies that, if T € [khy,, (k + 1)h,] for some k € N, since
L>—A, and H > 0 we have

T
Ueh) = Ulelgry,) = [ at [ Ll vid + 1@ -0 @) e de = At

We now consider two continuous functions w,w : [0, 7] X R? — R with compact support. Then

/OT at [ (L viode + =V o] da

Y

[ [ [ nwanads - o] @
+ /OTdt/X[<—V[U/(Q?")],w(t,x))g?" —L(a:,w(t,x))gﬁn} d.
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Thanks to proposition 3.15(i)-(ii) we immediately get

HEIEOO/Tdt/d{ﬂQh”,w(t, o) g — He,a(t,2)g" | de
0 R .
= [ e [ [Wwto)e - He . 0)a] i

so that taking the supremum among all continuous functions @ : [0, 7] x R? — R¢ with compact

support we obtain
T T
liminf/ dt/ Lz, V') g da Z/ dt/ L(x,V;)ot dx.
n—-+4oo 0 Rd 0 R4

Concerning the other term, we observe that, thanks to remark 2.4, as . > — A, we have that

T
/ dt / H(x, ~V[U' (o)) gl dx
0 R4

is uniformly bounded. In particular, since by (H3) H(x,p) > |p| — C; for some constant C7, thanks
to equation (3.20) we get that

/OT |V[ (of )]|dar—/ dt/ V[T (o))l o da

is uniformly bounded. This implies that, up to a subsequence, the vector-valued measures V[P ( ™) dx dt
converges weakly to a measure v of ﬁmte total mass. Therefore we obtain

T
too > liminf/ dt/ H (z, —V[U'(gf™)]) o} dax
0 R4

n—oo

T
> tim [t / (0 (), wit, 2))el — L, w(t, )| da

n—-+o0o

— / dt/ w(t, z),v(dt,dx)) /dt/ (z,w(t,x)) o dx.

By the arbitrariness of w we easily get that the measure v(dt,dz) is absolutely continuous with
respect to g; dx dt, so that v(dt,dz) = e;(x)oi(x) dx dt for some Borel function e : [0, 7] x X — R
We now observe that by Fatou Lemma we also have

T
/<liminf/ |V[P(gf”)]dx> dt < +oo,
0 \n7tee Jrd

(3.32) lim inf / V[P()]|dx < 400 for t € [0,T] \ N,
R4

n—-+o0o

which gives

with £1(N) = 0. This fact easily implies that, for any ¢ € [0,7] \ NV, there exists a subsequence
B 2)
04 such that

liminf/ |V[P(of™)]|dz = lim \V[ (0 "k“))ndx,

n—-+00 k—+o0
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h
and P(p, "’“(”) converges weakly in BV (X) and £%a.e. to a function 3;. As a consequence Df; =
h h
et0 L%, so that By € WH(X). Since Q is continuous, we deduce that g, " = Q(P(o, "k(t)))

hn, .
converges L%-a.e. to Q(3;). Recalling that 04 *® also converges weakly to o;, we obtain Q(5;) = o,

that is B, = P(o¢). Moreover, from the equality V3, = e;or, we get V[P(0:)] = eror. We have
proved that P(g;) € L'(0,T; W (X)) and V[P(g;)] is absolutely continuous with respect to .
Finally Q?]: 1), converges weakly* to o7, and the term U (Qéﬂ”) is lower-semicontinuous under weak*
convergence, and this concludes the proof of equation (3.29).

We now prove equation (3.31). Let us recall that by assumption § ~ t®, which implies that
L(x,v) > |[v|* and H(x,p) = |p|*, where o/ = a/(or —1). Let us observe that, thanks to equation
(3.29), we have

T T

(3.33) +oo>/ dt/ L(:v,Vt)@tde/ [1VillZe (g dt
0 X 0

and
T T ,

(3.34) —|—oo>/ dt/ H(z, —et)gtde/ [lel|Zar (g @t
0 X 0

Since

Oror + diV(QtVt) =0,
equation (3.33) implies that the curve ¢ — p; is absolutely continuous with values in the a-
Wasserstein space P,(X), and we denote by V its velocity of minimal norm (cfr. [3, Chapter
8]). Moreover, thanks to equation (3.34), e; € L% (g;) for a.e. t € (0, 7).

Denoting by |¢’| the metric derivative of the curve t — g; (with respect to the a-Wasserstein
distance, cfr. equation (2.10)), by equation (3.33) and [3, theorem 8.3.1] we have that

(3.35) 12(t) < [IVill oo < IVallzeon < +oo.

Since e;0; = VP(g;) with P(g;) € WH(X) for a.e. t, we can apply [3, Theorem 10.4.6] to conclude
that, for £Ll-a.e. t, U has a finite slope at oL%, |0U|(0;) = lletll ot o,y and e = 0°U(o¢). The last
statement means that e; is the element of minimal norm of the convex set 9U(o;) and so, it belongs
to the closure of {Vy : ¢ € C2°(X)} in L¥ (o). Let A C (0,T) be the set of ¢ such that

(a) OU(or) # 0
(b) U is approximately differentiable at ¢;

(c) (8.4.6) of [3] holds.

We use equations (3.34), (3.35), and the fact that |0U|(o) = [let[ o () for Llae. te (0,7T), to
conclude that

T , 1 [T ' 1 [T
636 [ oulelel0d < 5 [Nl [ IVl < o

By [3, Proposition 9.3.9] U is convex along a-Wasserstein geodesics, and so exploiting equation
(3.36) and invoking [3, Proposition 10.3.18] we obtain that £'((0,7)\ A) = 0 and t — U(o;)
is absolutely continuous. Thus its pointwise, distributional, and approximate derivatives coincide
almost everywhere, and by [3, Proposition 10.3.18] and the fact that e; € OU(o;) we get

(3.37) Do) = /X (er, Vi) .
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Because V and V are velocities for o we have

/ (Vo, Vi — Vt)@tdx =0
X

for all ¢ € C°(X) for L -a.e. t € (0,T), and since e; belongs to the closure of {Vy : ¢ € C°(X)}
in La'(gt), by a density argument we conclude that

/ <€t, Vi — ‘_@Qtdfﬂ =0
X

for £'-a.e. t € (0,T). This, together with equation (3.37), finally yields

Ts _ Ty
(3.38) Ulor) —Ulon) = - / dat / (0, Vi) oude = — / dt / (et Vi) ordl,
T X Ty X

as desired. O

Remark 3.18. If gg is a general nonnegative integrable function on X which does not necessarily have
unit mass, we can still prove existence of solutions to equation (1.1). Indeed, defining ¢ := [ 0o dx,
we consider gf € P*(X) a solution of equation (1.1) for the Hamiltonian H¢(x,p) := cH(x,p/c)
and the internal energy U¢(t) := U(ct), starting from gff := go/c. Then p; := cof solves equation
(1.1). Moreover, using this scaling argument also at a discrete level, we can also construct discrete
solutions starting from gg.

Remark 3.19. We believe that the above existence result could be extend to more general functions
6 by introducing some Orlicz-type spaces as follows: for 6 : [0, +00) — [0, +00) convex, superlinear,
and such that 6#(0) = 0, we define the Orlicz-Wasserstein distance

We (o, pi1) :—inf{/\>0 : inf / 9<|$_y|> dy < 1}.
vEl (pot1) J X x X A

We also define the Orlicz-type norm

T inf{A ~0: [0 ('J;') () < 1}_

It is not difficult to prove that the following dynamical formulation of the Orlicz-Wasserstein distance
holds:

1
(3.39) Wi(pto, ) = int { | Wil = o+ aivGuvy = o} .
0

Now, in order to prove the identity (3.31) of the previous theorem in the case where 6 does not
necessarily behave as a power function, one should extend the results of [3] to a more general setting.
We believe such an extension to be reachable although not straightforward. This kind of effort goes
beyond the scope of this paper.
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4. EXISTENCE OF SOLUTIONS IN UNBOUNDED DOMAINS FOR WEAK TONELLI LAGRANGIANS

The aim of this section is to extend the existence result proved in the previous section to
unbounded domains X, using an approximation argument where we construct our solutions in
X N Byp(0) for smoothed Lagrangians L,,, and then we let m — +o00. In order to be able to pass
to the limit in the estimates and find a solution, we need to impose that there exists ¢ > 0 and
a € (d%l-l’ 1) such that

(4.1) U™ (t) = max{-U(t),0} < ct® Vit > 0.

The above assumption, together with (2.2) and (2.3), are satisfied by positive multiples of the
following functions: tInt, or t* with a > 1. Under this additional assumption, we now prove
some lemmas and proposition which easily allow to construct our solution as a limit of solutions in
bounded domains (cfr. subsection 4.2).

Thanks to assumption (4.1), we can prove that if M (p) is finite, then [, U~ (o) dx is finite, and
50 [pa U(0) dzx is well-defined.

Lemma 4.1. There exists C = C(d,a) such that U (0) < C(M;(p)* + 1). Consequently U(p) is
well defined whenever Mi(o) is finite. Furthermore C' can be chosen so that

/ U™ (o) dz < CM;(p)*R¥M~4=2  VR>0.
Br(0)¢

Proof: We use assumption (4.1) to obtain

1
/ U (0)dx < c/ o%dx = c/ (|zlo)*—dx
Bgr(0)° Bgr(0)° Bgr(0)° |z

C</BR(0)C \$|de)a(/BR(0)c |x|—a/(1—a)d$)1—a

° a 1-a
CMl(Q)a</R r(d_l_l_“)dr> =: c1(d, a) My ()" R~

This proves the second statement of the lemma. Observing that

(4.3) / U (p)dx < c/ 0%dx < c/ (14 0)dx < c([,d(BR(O)) +1) =R +c.
Br(0) Br(0) Bg(0)

IN

IN

(4.2)

We use equations (4.2) and (4.3) conclude the proof. O

We now prove a lower-semicontinuity result.

Proposition 4.2. Suppose that {on}nen C P(RY) converges weakly in L'(RY) to o, and that
sup,eny Mi(0n) < +00. Then o € PE¢(RY), and liminf,, oo U(0n) > U(o).

Proof: The fact that o € Pfc(]Rd) follows from the lower-semicontinuity with respect to the weak
L'-topology of the first moment.

We now suppose without loss of generality that lim inf,, ., U(g,) is finite. Fix & > 0. We have
to prove that liminf, .. U(on) > U(0) — €. By lemma 4.1 we can find R > 0 such that

(4.4) sup/ U (on)dx <e.
neN J Br(0)¢
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By lemma 2.5 and the fact that U and U™ > 0 are convex we get

(4.5)
liminf/ U(gn)dxz/ U(o) dz, liminf/ U+(gn)dx2/ U (o) du,
n—=cc JBr(0) Br(0) n—=00 JBRr(0)¢ Bgr(0)¢

Combining equations (4.4) and (4.5) we obtain liminf, .. U(0,) > U(0) — €. This concludes the
proof. O

We remark that, thanks to the above results, it is easy to see that lemma 3.4 holds assuming
0 € P{¢(RY).

4.1. Properties on moments in the unbounded case. Fix T > 0, and for any h > 0 we
suppose that is given a sequence {0} }o<p<r /n C P{¢ such that

(4.6) Ch(ok, fyr) +U(ely1) < U(eR).

Assume that

(4.7) m*(1) := sup{Ml(gg) —|—/ |U(gg)|dm} < +o00.
h R4

For instance, if off = o for all h > 0, equation (4.7) holds if Mi(0o) and [gu |U(0o)|dz are both
finite.
By equations (2.11) and (4.6)

-1

(4.8) Cin(of o) < Culef afsr) SU(el) +U (o) — U (a]),
k=0

which together with lemma 2.12(ii), implies
(4.9) —Ahl + Won(el, o) + U (ef)) < U(e5) +U (o).
Lemma 4.3. If p,0 € P{¢, then

Mi(0) < [Ax+C()h+Ch(e,0) + Mi(e)  Vh >0,
where C(1) is the constant provided by lemma 2.12(ii).

Proof: We have
yl <y — x| + ||
so that integrating the above inequality with respect to v € T'(g, g) we obtain

(1.10) M@ < [y aldi(e) + Mo

and since v € T'(p, 9) is arbitrary we conclude that
Mi(2) < Wi(o, 0) + Mi(o).
This together with lemma 2.12(ii)-(iii) gives the desired estimate. O

The following proposition shows that Ml(QZ) is uniformly bounded for kh < T, provided that it
is bounded for k£ = 0.
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Proposition 4.4. There exists a constant C, depending on m*(1) and T only, such that the fol-
lowing holds:

Ml(@Z)Jr/RdIU(QZ)Idxgc Yk, h, with kh <T.

Proof: We recall that by assumption QZ € Py for all k, h, so that Ml(gZ) < 4o00.
To alleviate the notation, we drop the superscript h. Suppose kh < T. By lemma 4.3 and by
equation (4.8)

(4.11) Mi(ox) < Crn(oo, 0k) + [Ax + C(1)]hk + Mi(00) < U(00) —U(ok) + [As + C(1)]hk + Mi (o)
Let C be the constant provided by lemma 4.1. We use that lemma and equation (4.11) to obtain
(412)  Milor) + U (or) SUT(o0) + C(1+ Mi(or)) + [A. + CU)Jk + M

Define for ¢t > 0

00)-

f(@t):=sup{m: m—C(m*+1) <t}
m>0
Observe that f(t) > t, and f is nondecreasing. Thus, recalling that M;(g;) < +o00, by equation
(4.12) we get

(4.13) Mi(or) < (U (00) +[As + COIT + Mi(e0)) = fo

and
U (0r) <UH(o0) + C(1+ Mi(er) ) + [ + CQIT + Mi(oo).

By lemma 4.1 and (4.13)

U (o) <C(f§+1) for kh < T,
where C depend on C, T, m*(1), A, and C(1) only. This concludes the proof. O

Remark 4.5. It is easy to check that the estimates proved in this subsection depend on L only
through the function # and the constants A*, A,, C* appearing in (L3). Hence such estimates are
uniform if {L;,}men is a sequence of Lagrangians satisfying (L1), (L2) and (L3) with the same
function # and the same constants A*, A,, C*.

4.2. Existence of solutions. In this paragraph we briefly sketch how to prove existence of solutions
in the case when X is not necessarily bounded and L satisfies (L1%*), (L2%) and (L3), leaving the
details to the interested reader. We remark that our approximation argument could also be used to
relax some of the assumptions on U.

Let X C R? be an open set whose boundary has zero Lebesgue measure. We fix gg € P%¢(X), and
we assume that M (o) and [ |U(go)|dx are both finite. Assuming that L satisfies (L1%), (L2")
and (L3), we consider a sequence of Lagrangians { L, } ,nen converging to L in C'(R% x R?) and which
satisfy (L1), (L2) and (L3) with the same function 0 as for L and constants A*+1, A, +1,C*+1 (we
slightly increase the constants of L to ensure that one can construct such a sequence). We denote
by H,, the Hamiltonians associated to L,,. Consider now the increasing sequence of bounded sets
X,,, defined as

Xm = X N Bp(0),
and observe that, for each m € N, the set X,,, is open and its boundary has zero Lebesgue measure
(since 0X,, C 0X U0B,,(0)). We now apply the variational scheme in X, starting from pf" :=
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00X B, (0) (cfr. remark 3.18) with Lagrangian L,,. In this way we construct approximate discrete

solutions {QZ}lm} on X,, which satisfy the discrete energy inequality

U(pF) = U(p( ) / /Rd (z, V™) g™ + Hy (z, V[U’(Q?’T”)])Q?”’L] dzdt — A.h.

Moreover, thanks to proposition 4.4 (cfr. remark 4.5), we obtain that the measures {g "1 have
uniformly bounded first moments for all k, h,m, with kh < T. This fact, together Wlth lemma,
4.1, implies that also U*(QZ;Zm) is uniformly bounded. Therefore, taking the limit as h — 0 (cfr.
subsection 3.5), we obtain that a family of curves t — o} satisfying the energy bound (3.29) and
such that
sup  {Ma(el) + [ V(eI de} <+
meN, te[0,T] R4
(Indeed U™ (o]") are uniformly bounded, and ¢ — U(p") is bounded too, cfr. equation (3.21).)
Moreover
oo + div(p*V/™") =0 on (0,T) x RY,
with
T

sup / / (V") o] dx: dt < 400

meNJo JRA
(by equation (3.29)), which implies a uniform continuity in time of the curves [0,7] > ¢t — o}
Thanks to these bounds, it is not difficult to take the limit as m — 400 (cfr. the arguments in
subsection 3.5), and to find a uniform continuous curve ¢ — g; which satisfies

dror + div(e Vi) =0  on (0,T) x R?

in the sense of distributions, and

Ulpo) — Ulpr) / /Rd (2. Vor + H (2, ~V[U'(00))) o] du i

(here we used U(p(") — U(po) and proposition 4.2). Once this estimate is established, the proof of
equation (3.31) is the same as in the bounded case. Hence we obtain:

Theorem 4.6. Let X C R? be an open set whose boundary is of zero Lebesque measure, and assume
that H satisfies (HI"), (H2") and (H3). Let g9 € P{¢(X) be such that [ |U(oo)|dx < +oo,
and assume the U satisfies (2.2), (2.3), (4.1). Then there exists a narrowly continuous curve
t — ot € PI(X) on [0,T], starting from oo, such that Mi(o:) is bounded on [0,T] (so that in
particular U~ (pt) is bounded),

Oror +div(o, Vi) =0  on (0,T) x RY

in the sense of distributions, and equation (3.29) holds. We have V[P(p)] € L*(0,T; L' (X)) and
V[P(p)] is absolutely continuous with respect to o.

Furthermore, if 0(t) ~ t* for some o > 1 and U satisfies the doubling condition (3.30) then g and
is a solution of equation (1.1) starting from oo, satisfying equation (1.2). In other words, equation
(3.31) holds and

Vile) = Vol (o, ~0 @ VIP(e@)])  e-ac.
If 00 € Po(X) then o € ACL(0,T;Puo(X)).
Suppose in addition that (H4) holds. If o9 < M for some M > 0, then oo < M for all t € [0,T]
(mazimum principle).
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Remark 4.7. When 0(t) ~ t* with a > 1, it is not difficult to see that if [ |z|*go dz is finite so is
Jx |z|*0¢ dz (here g is any limit curve constructed using the minimizing movement scheme). Hence
one can generalize lemma 4.1 proving that the a-moment of ¢ controls ¢~ (p) assuming only that
condition (4.1) holds for some a € (d%w 1), and the above theorem still holds under this weaker
assumption on U.

Remark 4.8 (Extension to manifolds). The above existence theorem can be easily extended to
Riemannian manifolds. Indeed in the compact case the proof is more or less exactly the same, while
in the noncompact case one has to replace the first moment by [y d(z,z0)o dvol(x), where xg is
any (fixed) point in M, d denotes the Riemannian distance, and vol is the volume measure.

5. UNIQUENESS OF SOLUTIONS

Throughout this section, we assume that H satisfies (H1), (H2"), (H3) and (H4). We assume
that U satisfies (2.2), (2.3). X C R? is an open whose boundary 9X is of zero Lebesgue measure,
and we denote by X its closure. We suppose that either X is bounded or X is unbounded but
condition (4.1) holds. We suppose that 6(¢t) ~ t* for some a > 1 and U satisfies the doubling
condition (3.30). Our goal is to prove uniqueness of distributional solutions of equation (1.1) when
the initial condition gg is bounded. The ellipticity conditions we impose seems to be different from
what is usually imposed in the literature. Our proof of uniqueness of solution follows the same line
as that of [15], except that most of our assumptions are not always comparable with the ones there.
In the sequel

Q:=(0,T)xX, Q:=(0,T)xQ.

5.1. A new Hamiltonian. We consider the density function g; of equation (1.1) provided by
theorem 4.6, which satisfies the property that V[P(g;)] € L'(2) and is absolutely continuous with
respect to o. If we set u(t,) := P(o¢) we have
(5.1) 9Q(u) = div a(z,Q(u), Vu) in D'(Q),
where
[ =VnH(z,5,—m) ifs>0
(5.2) a(z,s,m) = { 0 ifs—0,m =0,
and H : R? x [0, +00) x R? — [0, +00) is defined by
s*H(z,2) ifs>0
(5.3) H(z,s,m) = 0 if s=0,m=0
+o0 ifs=0,m#0

Here, 0 := (0, ... ,0). B

For each z € RY, H(z,-,-) is of class C?((0, +00) x R?), and the gradient of H(z,-,-) at (s, m) is

given by
i 9sH (z, ) — s(V,H(z, ), 2
VH(x,s,m)=< sH(@ szvpﬁ(m?mgx :) s>)

for s > 0 and m € R%. Observe that

G4 VH(z,-) = ( 20 = 2(VpH, %) + (Vi - 2.8) Uyl — Vil -2 >
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Here H,V,H,V,,H are all evaluated at (m, %) Since H(x,-) is convex we have that
(VZH (z,-,-)(0,\), (0, \)) = (Vpp H - X\, \) > 0.

for A € R%. Hence, the matrix in equation (5.4) is nonnegative definite if and only if for every
A€ RY

0< (VQH(.T, 5 ')(17 )‘)a (17 )‘)>

—2H — (V,H, §> 4 (VppH - % %) + 2V H, A — 2V H - % A) + (Vo H - X, )
= 2H = 2(V,H A=) + (V- (A= ) A= ).

Hence H(z,-,-) is convex on (0,00) x R? if and only if
(5.5) 2H — 2(V,H,w) + (Vo -w,w) >0  Ywe R
This is what we assume in the sequel.
Remark 5.1. H(x,p) = |p|" satisfies condition (5.5) if and only if > 2. If A(z) is a symmetric non-
negative definite matrix then H(x,p) = (A(z)p, p) satisfies condition (5.5). Moreover, by linearity,
if Hy and Hs satisfy condition (5.5) so does Hy + Hs.
Remark 5.2. Suppose assumption (5.5) holds.
(a) Since H > 0 we have that (0,0) belongs to the subdifferential of H (
words, —a(z, 0, 6) belongs to the subdifferential of H(x,-,-) at (0, 0
(b) The convexity of H(z,-,-) is equivalent to

(e, s1.m1) = (e, s2.ma),my —ma) > —(s1 —s2){2(s1H (2, =0) = s2H (2.-72))

+(VpH (2, _%)’m1> —(VpH (z, _%)’m2>}

5.2. Additional properties satisfied by bounded solutions. We assume that (5.5) holds. Let
o0t € AC1(0,T;P{¢(X)) be a solution of equation (1.1) satisfying (1.2) such that t — [, U(o¢)dx is
absolutely continuous, monotone nonincreasing, and V[P(g;)] € L(Q) and is absolutely continuous
with respect to g;. Observe that g, satisfies in fact equation (3.29) and the inequality there becomes
an equality. Suppose there exists M > 0 such that g, < M. Because 0(t) ~ t*, (H3) implies that,
for ¢ > 0 sufficiently small,

(o VIP(@I* = 1) < H(z, o7 'VI[P(a1)])
and so, multiplying by both sides of the inequality by o; we have

z,-,-) at (0,0). In other
)

(5.6) o(M' VP - &) < ol (@~ V[P(0)))
Taking ¢ > 0 small enough, (L3) ensures
(5.7) AolVil” — o) < oiL(@ Vi), claVil® < Mooy (c+ L(w, V7).

We use the fact that equality holds in equation (3.29), exploit equations (5.6) and (5.7) to obtain
existence of a constant C);, which depends only on M and 6, such that

T o T T
(5.8) / dat / V1P| dr, / dt / olVil*e; da, / / oVilPoudz < Cy
0 X 0 X 0 X
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where V; := V,H (z, —g;1V[P(gt)]). Also, choosing C)y large enough and using (L3), (H3) and
equation (5.8), we have

T T
—1
(5.9) /0 dt/X Qt}H(L —0; V[P(Qt)])’ dr, /0 dt/X gt’L(L V})’ dr < Cyy.

Remark 5.3. Because oy € AC1(0,T;P{¢(X)), U is strictly convex, and t — [5q U(o;)dx is absolutely
continuous, we obtain that o € C([0, T]; L*(X)).

Observe that, by equation (5.8), u(t, cdot) = P(g;) satisfies Vu € L' (Q), while the last inequality
in (5.8) reads off a(-,Q(u), Vu) € L*(f2). Since p; satisfies equation (1.1), by an approximation
argument and thanks to remark 5.3 we have

(5.10) /Q Q)D€ = /Q (a(z, Q(u), Vu), VE)

for any £ € W' () such that £(t,-) = 0 for ¢ near 0 and 7.
As in [15], for n € C?(R) convex monotone nondecreasing such that " and 1" are bounded, we
define g, s : R? — R by

qn(z,2°%) = / n'(s—2°)Q (s)ds, z,2°€R

o

m(w,2%) = sup{nf (2 — 2°)(w — Q=) + 4y (227}, w, 2" € R,

z€R
Lemma 5.4. Suppose v° € W (X) N L®(X) and v € C2((0,T) x RY) is nonnegative. Then
(5.11) [ =917 + (@l Qu), ), Vi (w = 0°)3)) <0,
Q
Proof: The proof is identical to that of [15, Lemma 1]. O
5.3. Uniqueness of bounded solutions. In this subsection, for i = 1,2, we consider o} €

AC1(0,T;P¢(X)) solutions of equation (1.1) satisfying (1.2) and such that ¢ — [ U(0})dx is
absolutely continuous monotone nonincreasing. We impose that V[P(¢})] € L'(Q2) is absolutely
continuous with respect to ¢f. We further assume existence of an M > 0 such that o} < M. The
goal of the subsection is to show that

t— / lot — 0?|dx is monotone nondecreasing.
X

Once such an estimate is proved, it extends immediately to solutions whose initial datum belongs
to L' and has bounded first moment, and which are constructed by approximation (cfr. section 4)
as a limit of solutions with bounded initial data.

We define uy,us on Q by

uy(ty, ta, ) := P(o"(t1, 1)), ug(ty, ta, ) := P(0*(ta, x)).
If r € R we set r* = max{0,r} and r~ = max{0,r}.
To achieve the main goal of this subsection, we first prove a lemma whose proof is more or less a
repetition of the arguments presented on [15, pages 31-33]. Since a does not satisfy the assumptions
imposed in that paper, we felt the need to show that the arguments there go through.
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Lemma 5.5. If ming P’ > 0 and 7 € C°((0,T)?) is nonnegative, then

(5.12) - [ (@) - Qua) (01,7 + 0,7) <.

Q

Proof: Let f, € C°(R?) be such that 0 < f, <1, fu(x) =1 for |z| < n, fu(z) =0 for |z| > n+2,
and |Vf,| < 1. Let n € C?(R) be a convex nonnegative function such that n(z) = 0 for z < 0,
n(z) =z—1/2 for z > 1. Set

e =m(5), m@=om(-3), @ =q;
so that
(5.13) (05 )/ (2) = =Y (=2).

We fix to and apply lemma 5.4 to
UOZU?('at%') Eu2(t27')a 77:77;-7 7:’?('7t2)fn-

Then, we integrate the subsequent inequality with respect to to over (0,7) to obtain

(5'14) /Q_q;(ubU?)ah ('Nan) + <a($7 Q(Ul)a VU1), V[(U;),(Ul - u2)’7fn]> <0.
Similarly,
(5'15) /Q_qé_ (u27u1)at2 (:an) + <a(x, Q(UQ)a VUQ), V[(ng_),(% - ul):)/fn]> <0.

We exploit equations (5.13), (5.14) and (5.15) to obtain

/ﬁ’?<a(% Q(u1), V) — a(z, Q(uz), Vug), (Vur — Vug) ()" (u1 — uz) fu + (n) (u1 — Uz)an>

S/(Q}(Uhuz)atﬁ*l-q(;(u2aul)3t27)fn
0

This, together with remark 5.2 (b), yields
(5.16

)

[ Ful )" (ur — u2)(Q(u2) — Q(ur)) (B — En) + / R < [<q;<u1, 12)00,7 + g (2, 11)00,7) fo
Q Q Q

Here,

Ry, =3 (a(@,Qur), Vur) — ale, Quz), Vua), () (w1 — )V ).

Ei(t1,ty, x) := o' (t;, ) (2H(x, —e'(ty, x)) + <VpH(ac, —e'(ty, x)),ei(ti,x)>>, 1=1,2,
with o'(t;, z)e'(t;, x) := V[P(0")](t;, x). We observe that, by exploiting equation (5.9), one obtains

Ei, By € L'(Q).
The second inequality (5.8) gives that
V= VpH (2, —(01) T'VI[P(e))]) € L%(ei) © L' (ar)
and so, a(z, Q(u1), Vui) € L*(Q). Similarly, a(x, Q(us2), Vuz) € L'(). Hence
|RBo| < ANV | < AT
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where A' € L'(Q). Because |V f,| — 0 as n — +o0, we use the dominated convergence theorem to
conclude that fQ T! — 0 as n — +o0o. Since u; and uy are bounded, we may apply the Lebesgue
dominated convergence theorem to the first expression at the left hand side of equation (5.16) and
the one at its right hand side, to conclude that

617 - / (15 )" (w1 — u2)|Q(w1) — Q(u2)|| By — Ealy < / (q;(ul,uz)atﬁ + qg(w,ul)@tﬁ).
Q Q

Recall that u1 and ug have their ranges contained in the compact set [0, P(M)]. Because mingg 5s P’ >

0 we conclude that Q is Lipschitz on [0, P(M)]. Let Cj; be its Lipschitz constant there. By equation

(5.17)

(5.18) —Cu / ()" (ur — u2)|ur — ugl| By — Ea|y < / (q;(ul,uz)am + q(s_(Umm)@tg’Y)-
Q Q

Recall that

(5.19) 05 (2,2°)] < (Q(2) — Q(=°)E, |0 ()| < 2T, [2(n))"(2)| < Slelﬂglaﬁ"(a)l

and that, as § — 07,
(5.20) G5 (2,2%) = (Q(2) = Q"))*, (1) (2) = 2%, 2(nf)"(2) — 0.
We can now conclude the proof of the lemma by combining equations (5.18), (5.19) and (5.20). O

Theorem 5.6. Suppose H satisfies (H1), (H2V), (H3) and (H4). Suppose U satisfies (2.2), (2.3)
and the doubling condition (3.30). Assume minjy y P' >0 for any M > 0, X C R? is an open
set whose boundary 0X is of zero Lebesque measure and 6(t) ~ t* with o > 1. Suppose for
i = 1,2 that o} € AC,(0,T;P¥(X)) are solutions of equation (1.1) satisfying (1.2). Assume
further t — [44aU(0})dx is absolutely continuous, monotone nonincreasing, and V[P(0})] € L'()
and is absolutely continuous with respect to gi. If Q(l), 9(2) are bounded, then t — fX lof — o?|dx is
monotone nondecreasing.

Proof: As shown in [15] this theorem is a direct consequence of equation (5.12). U
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