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Introduction and Statement of Results

The determinant equation

det (’”1 m2> =A (1)
] N9

appears in the context of various problems in analytic number theory. One
would like to have, for a fixed integer A £ 0, a good asymptotic formula for
the number of solutions of (1) as the entries vary over general sequences of
integers.

To get a hold on the problem we specify the sizes:

My <my <2M;, Ni<nm < 2N1,

2
M, <my K 2My, Ny <np < 2N, ()

If we make no further restrictions on the entries, this is a problem from the
spectral theory of GLy(Z) automorphic forms. We should like to be able to
treat the case where all four entries are from arbitrary sequences or, what
amounts to the same thing, to evaluate the weighted sum

SAM,NY=>"3"3"%" f(m1)g(ma)an, by, (3)

MmNy — My

with f, ¢, a, b general functions supported in the box (2). In this generality
the problem seems quisquose and would, just for example, have inopinate
immplications to the twin prime problem.

In this paper we are able to treat the case where the lower row has
general weights an,, bn,. For the upper row we require f, g to be smooth
functions supported on [ My, 2M |, [ M, 2M; | with derivatives satisfying

f(j) & an}—j} g(i) & anZ““J', (4)
for all 7 > 0, some 5 > 1, and with the implied constant depending on j.
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The most interesting case 1s when the entries in the lower row are larger
than the smoothed ones in the upper row. In the opposite case an analysis
via known Fourier techniques directly gives the asymptotic formula. Here
we prove:

Theorem 1. Let A # 0, an,, bp, be comples numbers for
N1 <n1S2N1, Ng<n2§2N2

and f, g smooth functions supporied on [My,2M, ], [ M3,2Mz] and with
derivatives satisfying (4). Then

o= TF s, 1= (2) o

(n1,m9)[A

" MiNy | MpNi\ %
+0(n? ol 1 e + 1)

X(NlNz)%(N1 +N2)%(M1M2N1N2)E): (5)

where the implied constant depends only on £, and || || denotes the Lq
norm.

This result should be compared with the trivial bound
Sa(M,N) < |lal| |[Bll(M1 Mz) = (My My N1 N2)*
that follows from Cauchy’s inequality.

In the special case n = 1, My} = My = M, Ny = Ny = N, the theorem
simplifies to

a0 = £ b entn [ 155D ()

(n1,m2}|A

+0(jlall 191N BN ).

Here the error term is smaller than the above trivial bound provided that
M > N47/48.

The main tool in the proof of Theorem 1 is a new estimate [1] for bilin-
ear forms of Kloosterman fractions. The particular variant needed, which
follows quickly from Theorem 2 of that paper, we record here as
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Proposition. Let oy for M < m < 2M and 8, for N < n < 2N be
arbitrary complez numbers, and k # 0 an integer. Then, for any e > 0, we

have ¥
Z}:amﬁne(k— + %)
{m,n}=1
<l 1811+ g ) (bl + 2a8) B+ )

where e(t) = ™! Fm = 1 (mod n), and the implied constant depends only
on £.

We apply Theorem 1 to obtain a mean-value theorem for character sums
and L-functions. The classical mean-value theorem for Dirichlet polynomi-
als asserts that

)

x{modq)

Z )\nx(n

n<N

(pl@+0(N) > P,

nLNV
{mg)=1

where the implied constant is absolute; ¢f. Theorem 6.2 in [3]. The result
is best possible when N < ¢, in which case the error term is superfluous.
In the case N > ¢ the result was improved (2] for sequences of triple con-
volution type A = a * # * f with smooth f and with «, § quite general but
having support specially located. Theorem 1 allows us to remove this last
restriction and treat the convolution A = a x f for a general sequence a.

More precisely, we consider an arbitrary sequence a,, of complex numbers
defined for N < n < 2N, (n,q) = 1, and a smooth function f(m) supported
on M < m < 2M and having derivatives satisfying (4).

Theorem 2. We have

2 |2

Xx#xo(meod g)

<< 7% ¢* (g + NB) Mfal|.

Z anx(n

Here the pomt is that we obtain a non-trivial bound with N as large as
48/95, &nd > 1
Since Dn’zchlet L-functions may be well approximated by sums of the
type occurring in Theorem 2, we may deduce a mean-value theorem for the
former.

Theorem 3. For Res = £ we have

x (mod q)

2
1w . 95
& |s| % ¢ (g + N38)|jal %
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The remaining terms give a contribution

St =g} D w)Y DY DY flma) f(ime) 8, an,

g r#0 ming—many=grji
nhnz)_ Im-}—qr la:
=)y pl) D 43> g b, [f — ) de
Ilq 1<|r|<R M(ag,n2)|r i

19 4z c
+O(n¥ a2 N F () )} ©)
by Theorem 1, where we have put R = 3MN/lg. Here the contribution
to S* from the error term is
< 7% alPMN T

For the main term we write d = (ny,n2), r = ds and sum first over s getting
by Poisson summation

lz + dgs Iz 1+ d
Sor(Ede) < (R0 4y o)
pure 2 2
Hence the contribution to $* from the main term in (6) is

o30S 3 e [ () e

g d (ny,nz)=1
+ O(nlla*¢MN*)

(90(9)) FHOE (Z“n>2+0(nlia|l2qMN€)_

T

Combining the above results, we conclude that -

5= (#)zlf@)lz(;an)? +O(n ¥ ol (g + NEYMNY).

The contribution of the principal character 18
2
( )
n

> K
> om) = 2250+ 0(r(a).

(m,q)=1
(m,q)=1

Subtracting this contribution, we conclude the proof of Theorem 2.
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Proof of Theorem 3

To prove Theorem 3 we first note that the contribution from yq is
bounded by

< (Isir(q)) " Nllal?,

which is admissible, For the non-principal characters we wish to apply
Theorem 2. We approximate

L) = 3 X

m ]

with the aid of a smooth partition of unity getiing sums of the type
1
MY fm)x(m),

where f satisfies {4) with n = |s| and where M < ¢'%. For M > ¢*° a
trivial bound suffices. The number of partial sums is thus < logg and an
application of Theorem 2 to each yields Theorem 3.
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