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nonempty subsets E 1 and E2 of[0, 1] such that K(x, y) = 0 for (x, y) E ( E x E2 ) U 
( E2 x E ) (where E' denotes the complement of E). 

The assumption in Theorem 1 that E1 and E2 have nonempty interiors implies that there 
are continuous functions *i (i = 1, 2) with fi (x) = 0 for x Ei and fo ri (x)dx = 1. 
Then 
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has the required properties. The example in the selected solution is of this type, and the 
calculation given there illustrates the general proof. 
Solved also by J. H. Lindsey II and the proposer. 

Sums of Complex Numbers of Unit Magnitude 

10446 [1995, 359]. Proposed by Hubert Kiechle, Technische Universitat, Munich, Germany. 
Let T = {z: z I = 1} be the unit circle in the complex plane, and let w be a given nonzero 
complex number. 
(a) If |w < 2, show that there are unique zl, Z2 E T such that w = zl + Z2. 
(b) If Iwl > 2, show that w can be written as a sum of [ Iwl 1 elements of T. 
(c) Under what conditions will w be a unique sum of n elements of T? 

Solution by A. N. 't Woord, University of Technology, Eindhoven, The Netherlands. (a) For 
Zi, Z2 E T, zi + Z2 = w if and only if zl and Z2 are the two intersection points of T and the 
circle {z : Iw - zl = 1} (which coincide when Iwl = 2). 
(b)Letz = w/Iwl E T and n = F wl. Thenw - (n - 2)zl = wl- F Iwl 1 +2 < 2, so 
according to part (a) we can find zi, Z2 e T such that w = (n - 2)z + zi + Z2. 
(c) For Zi E T we have iZl + + Zn < Iz I + + lzn I = n with equality if and only if 
arg(zl) = ... = arg(zn). So if IwI > n, w is not a sum of n elements of T, and if Iwl = n, 
w is a unique sum of n elements of T, namely zl = Z2 = * * = Zn = w/ wl. 

Now suppose Iwl < n and n > 3. Let c E T be such that |w - cl < n - 1. Using part 
(a) and induction on n, we may assume that w - c = z + .* * + Zn-I for certain Zi E T. 
Since c can be chosen in infinitely many ways, it follows that w is not a unique sum of n 
elements of T. 

Since the situation for n = 1 is clear, these results prove that w is a unique sum of n 
elements of T if and only if either Iwl = n or n = 2 and Iwl < 2. 

Solved also by G. Bach (Germany), R. Barbara (Lebanon), M. Benedicty, K. L. Bernstein, J. C. Binz (Switzerland), 
R. J. Chapman (U. K.), R. B. Eggleton, S. Eisman, F. J. Flanigan, K. Foltz & N. Rosenberg, D. L. Grant (Canada), 
H. W. Guggenheimer, G. A. Heuer, F. B. Holt, N. Komanda, J. H. Lindsey II, M. D. Meyerson, C. A. Minh & T. V. Ta, 
V. Pambuccian, R. Patenaude, W. Paulsen, A. Pedersen (Denmark), J. Sadek & M. Sand, J. H. Steelman, R. Stong, A. A. 
Tarabay (Lebanon), R. W. W. Taylor, E. Woerner & P. Sun, Anchorage Math Solutions Group, NSA Problems Group, 
and the proposer. 

A Nonnegativity Restriction 

10492 [1995, 930]. Proposed by William Duke, Mathematical Sciences Research Institute, 
Berkeley, CA. Let n be a positive integer. Show that the only integral polynomials of degree 
less than n that are real and nonnegative at all n-th roots of unity and have constant term 1 
are of the form 

1 +xd x+X + .. +xn- 

with din, or 
1 - d + 2d _. . n-d 

with 2din. 
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Solution by Robin J. Chapman, University of Exeter; Exeter, U. K. Set = e2' i n, a primitive 
n-th root of unity. If din, then 

1 + xd + 2d + . . . + Xn- 1- 
1 -xd 

vanishes for n-th roots of unity that are not d-th roots of unity and equals n/d when x is a 
d-th root of unity. If 2d In, then 

xd + 2d xn-d =1 -Xn 
1 +xd 

vanishes when x is an n-th root of unity and xd # -1 and equals n/d when xd = -1. 

Conversely, suppose f(x) = E/ 
- 

ajxj has integer coefficients, ao = 1, and f(Tk) > 0 

for each k. Let bk = f (k) and consider the subscripts on the aj and bk as elements of 
Zn, the set of integers modulo n. An easy computation (essentially the Fourier inversion 
formula) gives 

n-1 

naj = 
Ebk- jk. (1) 
k=O 

In particular, setting j = 0 shows that n = nao = k=0 bk. From the triangle inequality 

applied to (1) and from the assumption that bk > 0, it follows that n [aj | < n for all j. 
Hence each aj = -1, 0, or 1. Unless all nonzero terms on the right of (1) have the same 

argument, n ]aj I < n and so aj = 0. Let S = {k : bk i 0}. Since the aj and bk are real, jk 

is real and hence equals ?1 for k E S. Now aj = 1 if and only if -.ik = 1 for all k e S. 

Similarly, aj = -1 if and only if ( -jk = _1 for all k e S. For a given k, {j : (-jk = 1} 
forms a subgroup of Zn. As the intersection of subgroups is a subgroup, the set of j with 

aj = 1 is a subgroup of Zn, and so it equals {0, d, 2d,..., n - d} for some din. 
The proof is complete if no aj equals - 1. If there are some j with aj = - 1, then the same 

argument shows that {j : aj f 0} forms a subgroup G of Z, say {0, d, 2d,..., n - d}. 
Also the set H = {j : aj = 1} forms a proper subgroup of G. Now I-dk = ?1 for all 
k E S, and so -2dk = 1 for all such k. Hence2d E H, andsoH = {0, 2d, 4d,..., n-2d}. 
Finally, since H is a subgroup of Zn, we have 2d n. 

Solved also by J. E. Dawson (Australia), O. P. Lossers (The Netherlands), GCHQ Problems Group (U. K.), and the pro- 
poser. 

A Complex Combinatorial Identity 

10511 [1996, 267]. Proposed by Bhaskar Bagchi and Gadadhar Misra, Indian Statistical 
Institute, Bangalore, India. Let k and I be nonnegative integers, and let I be an index set of 
size k + 1. Show that, for any k + I distinct real numbers xi, i E I, we have 

rp\ / \- f? ifp=0,1 . -1, 
E (hn )h( i B= 0(_I)kl ifp = k; A,B heB ieAJB ifp;A,jB 

where the sum is over all ordered partitions (A, B) of I into two sets A and B of sizes k 
and I, respectively. 

Solution I by Donald A. Darling, Newport Beach, CA. Extend the problem by letting 
xl ...., xk+ be distinct complex numbers, and let F = F(k, I) be the indicated sum. 
An empty product equals 1, so F = 1 when 1 = 0 and F =- nx when k = 0; thus the 
formula is incorrect when kl = 0 (except when p = k > 0). 

Solution by Robin J. Chapman, University of Exeter; Exeter, U. K. Set = e2' i n, a primitive 
n-th root of unity. If din, then 

1 + xd + 2d + . . . + Xn- 1- 
1 -xd 

vanishes for n-th roots of unity that are not d-th roots of unity and equals n/d when x is a 
d-th root of unity. If 2d In, then 

xd + 2d xn-d =1 -Xn 
1 +xd 

vanishes when x is an n-th root of unity and xd # -1 and equals n/d when xd = -1. 

Conversely, suppose f(x) = E/ 
- 

ajxj has integer coefficients, ao = 1, and f(Tk) > 0 

for each k. Let bk = f (k) and consider the subscripts on the aj and bk as elements of 
Zn, the set of integers modulo n. An easy computation (essentially the Fourier inversion 
formula) gives 

n-1 

naj = 
Ebk- jk. (1) 
k=O 

In particular, setting j = 0 shows that n = nao = k=0 bk. From the triangle inequality 

applied to (1) and from the assumption that bk > 0, it follows that n [aj | < n for all j. 
Hence each aj = -1, 0, or 1. Unless all nonzero terms on the right of (1) have the same 

argument, n ]aj I < n and so aj = 0. Let S = {k : bk i 0}. Since the aj and bk are real, jk 

is real and hence equals ?1 for k E S. Now aj = 1 if and only if -.ik = 1 for all k e S. 

Similarly, aj = -1 if and only if ( -jk = _1 for all k e S. For a given k, {j : (-jk = 1} 
forms a subgroup of Zn. As the intersection of subgroups is a subgroup, the set of j with 

aj = 1 is a subgroup of Zn, and so it equals {0, d, 2d,..., n - d} for some din. 
The proof is complete if no aj equals - 1. If there are some j with aj = - 1, then the same 

argument shows that {j : aj f 0} forms a subgroup G of Z, say {0, d, 2d,..., n - d}. 
Also the set H = {j : aj = 1} forms a proper subgroup of G. Now I-dk = ?1 for all 
k E S, and so -2dk = 1 for all such k. Hence2d E H, andsoH = {0, 2d, 4d,..., n-2d}. 
Finally, since H is a subgroup of Zn, we have 2d n. 

Solved also by J. E. Dawson (Australia), O. P. Lossers (The Netherlands), GCHQ Problems Group (U. K.), and the pro- 
poser. 

A Complex Combinatorial Identity 

10511 [1996, 267]. Proposed by Bhaskar Bagchi and Gadadhar Misra, Indian Statistical 
Institute, Bangalore, India. Let k and I be nonnegative integers, and let I be an index set of 
size k + 1. Show that, for any k + I distinct real numbers xi, i E I, we have 

rp\ / \- f? ifp=0,1 . -1, 
E (hn )h( i B= 0(_I)kl ifp = k; A,B heB ieAJB ifp;A,jB 

where the sum is over all ordered partitions (A, B) of I into two sets A and B of sizes k 
and I, respectively. 

Solution I by Donald A. Darling, Newport Beach, CA. Extend the problem by letting 
xl ...., xk+ be distinct complex numbers, and let F = F(k, I) be the indicated sum. 
An empty product equals 1, so F = 1 when 1 = 0 and F =- nx when k = 0; thus the 
formula is incorrect when kl = 0 (except when p = k > 0). 

PROBLEMS AND SOLUTIONS PROBLEMS AND SOLUTIONS [May [May 470 470 

This content downloaded from 128.97.27.21 on Tue, 4 Nov 2014 01:37:36 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 469
	p. 470

	Issue Table of Contents
	The American Mathematical Monthly, Vol. 105, No. 5 (May, 1998), pp. 401-494
	Front Matter
	The Modeling and Analysis of Financial Time Series [pp. 401-411]
	Merton's Partial Differential Equation and Fixed Point Theory [pp. 412-420]
	"Rational Diameters" and the Discovery of Incommensurability [pp. 421-429]
	Problems from 100 Years Ago in the Monthly... [p. 429]
	Graphs and Marriages [pp. 430-445]
	On the Second Number of Plutarch [p. 446]
	Notes
	Descartes' Rule of Signs Revisited [pp. 447-451]
	A Conjecture of Erdős [pp. 451-453]
	Torricelli's Law: An Ideal Example of an Elementary ODE [pp. 453-455]

	The Evolution of ...
	Does Mathematics Distinguish Certain Dimensions of Spaces? [pp. 456-463]

	Problems and Solutions
	Problems
	10662 [p. 464]
	10663 [p. 464]
	10664 [p. 464]
	10665 [p. 464]
	10666 [p. 464]
	10667 [p. 465]
	10668 [p. 465]

	Solutions
	Stable Figures in Flatland with Gravity: 10379 [p. 465]
	Additional Properties of Wieferich Squares: 10429 [p. 466]
	Comparing Partial Sums with Their Penultimate Terms: 10433 [pp. 466-468]
	A Nonnegative Reflecting Kernel: 10435 [pp. 468-469]
	Sums of Complex Numbers of Unit Magnitude: 10446 [p. 469]
	A Nonnegativity Restriction: 10492 [pp. 469-470]
	A Complex Combinatorial Identity: 10511 [pp. 470-472]
	The Reflecting Bishop on a Rectangular Chessboard: 10515 [p. 472]
	A Natural Bijection from ℕ x ℕ to ℕ: 10520 [pp. 472-473]
	Cyclic Sum Inequalities: 10528 [pp. 473-474]
	Series of Sine Integrals: 10574 [pp. 474-475]
	Angles between Centers: 10602 [p. 476]


	Reviews
	Review: untitled [pp. 477-481]
	Review: untitled [pp. 481-485]
	Review: untitled [pp. 485-488]

	Telegraphic Reviews [pp. 489-493]
	Editor's Endnotes [p. 494]
	Back Matter



