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ESTIMATES FOR COEFFICIENTS OF L-FUNCTIONS. IV

By W. DUKE AND H. IWANIEC

1. Introduction. In this paper we continue to investigate the growth of
coefficients of Dirichlet series satisfying standard functional equations along the
lines of our previous works [1,2,3]. We shall establish the absolute convergence of
the series formed by squaring the coefficients in a half-plane which is wider than
that known before in various important cases. When applied to the Rankin-Selberg
convolution of the symmetric square L-function our Theorem 1 yields a new
estimate for the eighth power-moment of the Hecke eigenvalues A, for a Maass
cusp form. From this we derive (by interpolation) an estimate for the sixth power-
moment of )\, which in turn is utilized to explore the theory of the symmetric cube
L-functions by means of the large sieve inequality with perturbation. Assuming
the holomorphy of the twisted symmetric cube L-functions for sufficiently many
characters we are able to give a new bound for the individual eigenvalue A,,
namely

) Al < nFr(n),
which is sharper than the best known one, namely
@) Aol < pS+p5

due to F. Shahidi [12] (see also [6], [7], [8]). Shahidi’s result is true also for cusp
forms over an arbitrary number field (see [12]).
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208 W. DUKE AND H. IWANIEC

2. The Convergence of 4,-series. Given a sequence A = (a,) of complex
numbers such that the series

3) As) =) awn™*
1

converges absolutely in Res > o1 = 1 we wish to know the abscissa o2 of
absolute convergence of the series

4 Ay(s) =Y ain".
1

Trivially, by the absolute convergence of (3) in Res > 1 it follows that
an < nl*e,
hence (4) converges absolutely in Re s > 2, i.e. we have
oy < 2.

Clearly this is the best that one can claim in full generality. However, we can do
better if the L-functions

A5, x) = anx(myn™*
1

twisted by Dirichlet characters x (mod p) are entire (of finite order) and satisfy
standard functional equations

® 0()AGs, x) = ex0(1 — $)A(L — 5, %)

with |ey| =1 and

gk
(6) o(s) = (%’) Er (5 + ;s;j) , Rek;>0.
The number £ of the gamma factors in 6(s) is called the degree of .A(s). We need
the above properties only for a set of primes of positive density and for each p
from the set we allow a few (bounded number of) exceptions in the sense that we
claim nothing about A(s, x) for the exceptional characters ¥ (mod p). In [1] we
exploited the distribution of the sign €, of the functional equations (by means of
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COEFFICIENTS OF L-FUNCTIONS 209

Deligne’s estimate for generalized Kloosterman sums) to show that
LI
©) ay, L ke,

Consequently the abscissa of absolute convergence of 4;(s) satisfies

k
8 <2
®) 252

In [2] we considered L-functions for degree k = 3 to show that
&) oy <1

under somewhat extended conditions. This, of course, is the best possible result.
In the proof neither the sign €, nor the Kloosterman sums play a role.

Our main result in this paper is the following improvement on (8) for all
k>2.

THEOREM 1. Suppose A(s) has degree k > 2 and that the functional equations (5)
hold true for almost all even characters x to prime moduli p in a set of positive
density (for each p in the set the number of exceptional characters is bounded).
Then the series Ay(s) converges absolutely in Re s > 2";—1, i.e. we have

(10) oy < 2";—1.

Remark. We exploit only even characters for convenience. Among them only
the total number of exceptional characters has to be controlled rather than for
each modulus separately.

Let G, denote the group of even characters x (mod p) and let H), be the

subset of exceptional characters. Thus .A(s, x) is entire (of finite order) for x in
G, but not in H, and it satisfies the functional equation

an Al = 5,%) = £, D(s)Als, X)

with |e, | = 1, where ®(s) is holomorphic in Res = o > % such that

(12) o(s) < (plsh 2

by Stirling’s formula, the implied constant depending on o, k and &; only. We
emphasize that ®(s) depends on p but not on the characters x (mod p).
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210 W. DUKE AND H. IWANIEC

In what follows it is essential to work with finite sums

Ar(x) = ) _ anx(m)f (n)

instead of the infinite series .A(s, x). Here f is a smooth test function supported
in [X,2X] with derivatives bounded by f) < X. For x € G, \ H, we apply
contour integration and the functional equation (11) getting

(13) -Af(X) = ExAg()Z),

where g is the integral transform of f given by

1
(14) 80)=5 / F(s)®(s)y*ds
(o)

and F(s) is the Mellin integral which satisfies
o0
15) F(s) = / fOxSdx < |s|AX17
0

for any o > % with arbitrary A > 0, the implied constant depending on o and A.

In the sequel € will denote an arbitrarily small positive number, not always
the same one in each occurrence. By the absolute convergence of A(s) for Re s >
o1 =1 and by (14) with ¢ = 1 + £ we obtain

Ar(x) < X1e

and

k
-Ag(X) <L p?**

respectively. Hence by (13) we get

> (A0 = 14,001 < [Hpl(P* + XPXE,
x€Gp

where |H,| denotes the cardinality of the exceptional set H,. The left-hand side
is equal to

-1
I’T 3" aman(f(m)f(n) — g(m)g(n)).
mE:(I:n ()rml)d p)
pimn)=
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COEFFICIENTS OF L-FUNCTIONS 211

We sum both sides over primes p in a set P C [P, 2P] getting

DO amanf (m)f mw(m,n) < Y |aman|h(m)h(n)w(m, n) + R(P* + X*)XE,
m n m n
where A is a majorant of |g| which does not depend on p,

-1

wmm= Y BZ-=6,,0+00 logmn),
pEP (pmn)=1
pl(m?—n?)

6mn is the diagonal symbol of Kronecker, Q = 3,cp 21 and R = > pep [Hpl.
Hence

D laf @ < lanh(m)* + Q7' @ + RY(P* + XP)XE.

We assume that Q >> P?~¢ and R < P'*¢. We choose P* = X2 getting
Z lanf(m)|* < Z lanh(n)|? + X255 e
n n
Furthermore, by (12), (14) and (15) we get

g(n) < PO DKnX)"°X = nX° = h(n)

for any o > % We apply this bound with any o > %02 giving
3 laf () < X2 + X2 Fe
n

Hence (10) follows.

3. Power-Moments of Hecke Eigenvalues. We shall apply Theorem 1 to
estimate the sums

A® =3I

n<x

where ), is the eigenvalue of the Hecke operator T, for a Maass cusp form
u(z) for the modular group I = SLy(Z). The eigenvalues )\, are multiplicative;
precisely we have

Amdn =Y Amna=2s
d|(m,n)
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212 W. DUKE AND H. IWANIEC

so the associated L-function has the Euler product
oo
L) =Y dn = = App~s +p7%)7,
1 P

whose local factors have degree 2. They factor further into linear polynomials
L= Xpp ™ +p™% = (1= app™ )1 = Bpp ™)

with o5 + B, = Ap and @8, = 1. The following assertions (known as the Ra-
manujan conjecture) are equivalent: a, = G5, |ap| = 1, [Ay| < 2, || < 7(n),
|An] < n and

(16) Ar(x) < x1*€

for all » > 1. We know that (16) is true for » = 1,2,3,4. The case of r = 4
has been settled by F. Shahidi using analytic properties of symmetric power L-
functions. The m™ symmetric power is defined by the Euler product of degree
m+1 as follows

(17) Lu(s)=[[1]Q - o8p™".

p j=0

For m=1,2,3,4,5 it is known that the twisted L-functions L,,(s, x) have mero-
morphic continuation to the whole complex s-plane and that they satisfy suitable
functional equations (see the surveys in [11] and [12]).

It is conjectured that all of L, (s, x) except for a finite number of primitive
characters are in fact entire. This has been proved for m = 1 and 2. As regards the
symmetric cube L3(s, x), Shahidi showed it may have at most a finite number of
poles in the segment [%, 1). The case m = 4 is even less clear. Shahidi succeeded
in showing that the product

AC(s, x) = Lo(s, x)L2(s, X)La(s, X)

satisfies a functional equation of type (5) with £ = 9. Moreover recent work
of J.-L. Waldspurger (see the appendix of [5]) shows that A(s, x) is entire for
almost all primitive characters. Finally the work of H. Jacquet and J.A. Shalika
[4] implies that the series

A(s) = Lo$)La()La(s) = Y ann™
1
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COEFFICIENTS OF L-FUNCTIONS 213

converges absolutely for Res > 1. Therefore Theorem 1 is applicable giving

Z |an[* <X
n<x

If the Ramanujan conjecture fails at a place p then |a,| < |)\y|* and we have
ap < 1 at all other places. Therefore the above estimate yields

SInP < x5,
p<x

Hence by the multiplicativity of A\, we get
THEOREM 2. We have
(18) Ag(x) € x5,
Remark. One may try to estimate Ag(x) directly by using (16) for r =4 and

estimates for individual eigenvalues ),. But then in order to claim (18) one needs
a bound

e K r%e
which is not yet known. Therefore (18) contains new information.
Applying Cauchy’s inequality Ag < (A4As)? we obtain
CoROLLARY 1. We have
(19) Ag(x) < X1,

In the next section we shall need an estimate for the second moment of the
coefficients of the symmetri¢ cube L-function,

e
(20) Ly(s) =) ban™".
1
Arguing as before we have |b,| < |A,|* at the places where the Ramanujan

conjecture fails and |b,| < 1 at all other places. Hence (19) yields

COROLLARY 2. We have

Q1) 3 |baf? < xR

n<x
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214 W. DUKE AND H. IWANIEC

Furthermore we shall need an estimate for |b,| on average over a short in-
terval.

LemMa. If Xt < y < x we have

@2) S bl <y

x<n<x+y

Proof. We have a, > 0,

Z ap =cx+ O(x§+6),
n<x
where ¢ is a positive constant (see [7]) and
b, € n® Z ag.

dln

Hence

Ebn<<x’3 E a4

x<n<x+y x<dh<x+y

<x52 Z ad+x52ad Z 1

h<§ §<d<T2 d<?y E<p<T
4
y X\5 y

< XEZX (Z-'- (z) )+x€ Zada

h<; d<2y

1
< xf (y+xy 5) < 2yx°.
4. Estimating Individual Hecke Eigenvalues. We proceed as in [3]. We

evaluate the mean-value of the coefficients b, of L3(s) over a short arithmetic
progression. More precisely, we consider the sum

23) b S )

2 n=%x{ (mod p)

where f is a smooth test function supported in [x, x+y] with derivatives bounded

by £ < y~, where x§ < y < x. We sum over primes p in a set P C [P,2P]
getting

D baf(Wwlsn) = baf (n)(6enQ + O(P log £n))
= bef(0)Q + O(Pyx°)
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COEFFICIENTS OF L-FUNCTIONS 215

by Lemma 1. On the other hand (23) is equal to

> XWOBX),

XEGp

where

Br(x) = > bax(m)f (n) < yx°.

This is a trivial bound (following from Lemma 1) which we use only for ex-
ceptional characters x € H,. For all other characters x € G, \ H, we make the
assumption that

(24) L3(s, x) is entire.

In fact Shahidi has proved in [10] (see Corollary 4.2) that the assumption (24)
follows from the conjecture that the Hecke-Jacquet-Langlands L-functions do not
vanish in [%, 1). It is known (without further assumptions) that L3(s, x) satisfies a
functional equation of type (5) with k£ = 4 gamma factors. By contour integration
and by (5) we get

Bf(X) = Eng()Z)a

where g is the corresponding integral transform of f given by (14) and (15).
Combining the above results we get

(25) bf0Q=3Y" 3 e XOBR) + 0Pyx).

pE'P XEGP\HP
We evaluate g as in [2] and [3] by the stationary phase method giving
1 _3
8(m) = p~2y(xm)™ 3 Re ep(v(m))h(m),

where v(m) = 4(xm)‘lt and A(m) is a smooth function satisfying
. CIMN\Y
h(])(m) <m™ (_)
m

for j=0,1 and all v > 0 with M = (PT)*x~! and T = xy~!, the implied constant
depending on v. Hence it follows that 4(m) is extremely small for m > x*M. For
m < x*M, h(m) is bounded. We remove Ai(m) by partial summation at no cost
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216 W. DUKE AND H. IWANIEC

and obtain

5| 3" b Ex(me (£ v(m))| + 1,

m<M,

By(x) < P™yx

where M; < x*M. Inserting this into (25) we get by Cauchy’s inequality that

2

Z bmm_% x(m)e,( £ v(m))| + P2y%xe.

m<M,

bf Q2 < Py iy Y

pE'P XEGP\HP

Then by Theorem 2 of [2] (the large sieve inequality with perturbation) we get

(bef (D0)? < Py*x™1(M; + P*T7 logx) ( > |b,,,|2m-%> iy
m<M,

Next by Corollary 2 we get
(bef () < P73y~ 1(M + PPT2)M% + x*P 2>,
50 65 . .
We choose y = x57 and P = x228 giving
(bef (D < x5,
We may assume that f(£) = 1 by taking x ~ £, so

by K g7t

Hence
NP < 5 |by| < £5%
d|t
and finally
45
(26) g L L767F,

where the implied constant depends on ¢ and the cusp form u(z) only. This
estimate improves itself to give (1) by the multiplicativity property of A,.

Added in Proof (July 7, 1993). Since this work was submitted for publication
the estimate (1) has been improved by D. Bump, J. Hoffstein, and the authors
(An estimate for the Hecke eigenvalues of Maass forms, Inter. Math. Res. Notices

This content downloaded from
128.97.19.136 on Fri, 24 Dec 2021 16:27:40 UTC
All use subject to https://about.jstor.org/terms



COEFFICIENTS OF L-FUNCTIONS 217

No. 4. (1992), in Duke Math. J., 66 p. 75-81). However, the main result of this
paper, Theorem 1, remains unsurpassed.
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