
Estimates for Coefficients of L-Functions. IV 

Author(s): W. Duke and H. Iwaniec 

Source: American Journal of Mathematics , Feb., 1994, Vol. 116, No. 1 (Feb., 1994), pp. 
207-217  

Published by: The Johns Hopkins University Press 

Stable URL: https://www.jstor.org/stable/2374986

 
REFERENCES 
Linked references are available on JSTOR for this article: 
https://www.jstor.org/stable/2374986?seq=1&cid=pdf-
reference#references_tab_contents 
You may need to log in to JSTOR to access the linked references.

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide 
range of content in a trusted digital archive. We use information technology and tools to increase productivity and 
facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org. 
 
Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at 
https://about.jstor.org/terms

The Johns Hopkins University Press  is collaborating with JSTOR to digitize, preserve and 
extend access to American Journal of Mathematics

This content downloaded from 
�������������128.97.19.136 on Fri, 24 Dec 2021 16:27:40 UTC������������� 

All use subject to https://about.jstor.org/terms

https://www.jstor.org/stable/2374986
https://www.jstor.org/stable/2374986?seq=1&cid=pdf-reference#references_tab_contents
https://www.jstor.org/stable/2374986?seq=1&cid=pdf-reference#references_tab_contents


 ESTIMATES FOR COEFFICIENTS OF L-FUNCTIONS. IV

 By W. DUKE AND H. IWANIEC

 1. Introduction. In this paper we continue to investigate the growth of

 coefficients of Dirichlet series satisfying standard functional equations along the

 lines of our previous works [1,2,3]. We shall establish the absolute convergence of

 the series formed by squaring the coefficients in a half-plane which is wider than

 that known before in various important cases. When applied to the Rankin-Selberg

 convolution of the symmetric square L-function our Theorem 1 yields a new

 estimate for the eighth power-moment of the Hecke eigenvalues A, for a Maass
 cusp form. From this we derive (by interpolation) an estimate for the sixth power-

 moment of A, which in turn is utilized to explore the theory of the symmetric cube
 L-functions by means of the large sieve inequality with perturbation. Assuming

 the holomorphy of the twisted symmetric cube L-functions for sufficiently many

 characters we are able to give a new bound for the individual eigenvalue An,

 namely

 (1) lAnl n76T(n),

 which is sharper than the best known one, namely

 (2) I Apl < p5 +p-s

 due to F. Shahidi [12] (see also [6], [7], [8]). Shahidi's result is true also for cusp

 forms over an arbitrary number field (see [12]).

 Acknowledgement. The authors are grateful to Freydoon Shahidi for nu-

 merous remarks on the subject of this work.

 Manuscript received July 3, 1991; revised September 30, 1991.

 Research of both authors supported in part by NSF Grant DMS-8902992.

 Research of the first author supported by the Sloan Foundation.

 American Journal of Mathematics 116 (1994), 207-217.
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 208 W. DUKE AND H. IWANIEC

 2. The Convergence of A2-series. Given a sequence A = (an) of complex

 numbers such that the series

 00

 (3) A(s)= Zann-s

 converges absolutely in Re s > ai = 1 we wish to know the abscissa 92 Of
 absolute convergence of the series

 00

 (4) A2(s)=Z ann.

 Trivially, by the absolute convergence of (3) in Re s > 1 it follows that

 an << n 1+6

 hence (4) converges absolutely in Re s > 2, i.e. we have

 92 < 2.

 Clearly this is the best that one can claim in full generality. However, we can do

 better if the L-functions

 00

 A(s, x) = anX(n)n-s

 twisted by Dirichlet characters X (mod p) are entire (of finite order) and satisfy
 standard functional equations

 (5) 0(s)A(s, X) = EX0(1 - s)A(l -, X)

 with IEx= 1 and

 ks k

 (6) 0(s)= ( H> Ur ( + Kj), Renj>?0.
 j=1 2

 The number k of the gamma factors in 0(s) is called the degree of A(s). We need

 the above properties only for a set of primes of positive density and for each p

 from the set we allow a few (bounded number of) exceptions in the sense that we

 claim nothing about A(s, x) for the exceptional characters X (mod p). In [1] we
 exploited the distribution of the sign Ex of the functional equations (by means of
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 COEFFICIENTS OF L-FUNCTIONS 209

 Deligne's estimate for generalized Kloosterman sums) to show that

 k-i

 (7) an < n TT-i

 Consequently the abscissa of absolute convergence of A2(S) satisfies

 (8) J2<2 k
 -k+ 1F

 In [2] we considered L-functions for degree k = 3 to show that

 (9) 92 < 1

 under somewhat extended conditions. This, of course, is the best possible result.

 In the proof neither the sign &x nor the Kloosterman sums play a role.
 Our main result in this paper is the following improvement on (8) for all

 k > 2.

 THEOREM 1. Suppose A(s) has degree k > 2 and that the functional equations (5)

 hold true for almost all even characters X to prime moduli p in a set of positive
 density (for each p in the set the number of exceptional characters is bounded).

 Then the series A2(s) converges absolutely in Re s > 2kk 1, i.e. we have

 k-i~~~~

 (10) <2 k-2k

 Remark. We exploit only even characters for convenience. Among them only

 the total number of exceptional characters has to be controlled rather than for

 each modulus separately.

 Let Gp denote the group of even characters X (mod p) and let Hp be the
 subset of exceptional characters. Thus A(s, X) is entire (of finite order) for X in

 Gp but not in Hp and it satisfies the functional equation

 (1 1) A(l1 - s, X) = Ex@(DWA(s, X)

 with &I = 1, where CD(s) is holomorphic in Re s = a > 2 such that

 (12) <)~~~~~((S) << (PISI) (C-2 )k (12) 2Ds)<

 by Stirling's formula, the implied constant depending on a, k and ij only. We
 emphasize that @D(s) depends on p but not on the characters X (mod p).
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 210 W. DUKE AND H. IWANIEC

 In what follows it is essential to work with finite sums

 Af(X) = E anX(n)f(n)
 n

 instead of the infinite series A(s, X). Here f is a smooth test function supported

 in [X, 2X] with derivatives bounded by f(J) < X-j. For X E Gp \ Hp we apply
 contour integration and the functional equation (11) getting

 (13) Af(x)= Ex=Ag(O),

 where g is the integral transform of f given by

 (14) g(y) = 2 F(s)4D(s)y-sds
 27r1

 (a)

 and F(s) is the Mellin integral which satisfies

 (15) F(s) = ] f(x)x-sdx <K IsK-AXl-a

 for any a > 2 with arbitrary A > 0, the implied constant depending on a and A.

 In the sequel E will denote an arbitrarily small positive number, not always

 the same one in each occurrence. By the absolute convergence of A(s) for Re s >

 a = 1 and by (14) with a = 1 +F &we obtain

 Af(x) < X1+6

 and

 Ag(X) <p2

 respectively. Hence by (13) we get

 (IAf (X)12 _ I Ag(X)12) <K IHpI(Pk +X2)XE
 xEGp

 where lHp I denotes the cardinality of the exceptional set Hp. The left-hand side
 is equal to

 P 2 E aman(f(m)f(n) - g(m)g(n)).
 m-?n (mod p)

 ( p,mn)=1
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 COEFFICIENTS OF L-FUNCTIONS 211

 We sum both sides over primes p in a set 1P C [P, 2P] getting

 S S amaf(m)f (n)w(m, n) ?< > Z laman Ih(m)h(n)w(m, n) + R(Pk + X2)X%
 m n m n

 where h is a majorant of I gI which does not depend on p,

 w(m, n) = E 2 = bmnQ + O(P log mn),
 pETP,(p,mn)=12
 pl(m2-n2)

 bmn is the diagonal symbol of Kronecker, Q = p E lp and R =Z Epp IHp 1.
 Hence

 S Ianf(n)12 S lanh(n)12 + Q-1(P + R)(Pk + X2)X6.
 n n

 We assume that Q ? p2` and R < Pl+. We choose pk = X2 getting

 S laJ(n)12 <? lanh(n)12 +xk>+e.
 n n

 Furthermore, by (12), (14) and (15) we get

 g(n) P( 2)k(nX)X = n-X = h(n)

 for any a > 1. We apply this bound with any a > 1cT2 giving

 S IaJf(n)12 < X22 + X2 k 1 +e
 n

 Hence (10) follows.

 3. Power-Moments of Hecke Eigenvalues. We shall apply Theorem 1 to

 estimate the sums

 Ar(X) = S lAnlr
 n<x

 where An is the eigenvalue of the Hecke operator Tn for a Maass cusp form
 u(z) for the modular group r = SL2(Z). The eigenvalues An are multiplicative;
 precisely we have

 AmAn = S Amnd-2,
 dl(m,n)
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 212 W. DUKE AND H. IWANIEC

 so the associated L-function has the Euler product

 00

 Li(s) = An-s = J (1 - App-s +p-2S)-l,
 1 p

 whose local factors have degree 2. They factor further into linear polynomials

 1 - A p-s + p-2s = (1 - app-S)(1 - /PPpS)

 with ap + Op = Ap and aOp/1 = 1. The following assertions (known as the Ra-
 manujan conjecture) are equivalent: ae = pp, I = 1, IApI < 2, IAnI < T(n),
 An ? < ne and

 ( 16) ArWx <S XI+

 for all r > 1. We know that (16) is true for r = 1,2,3,4. The case of r = 4

 has been settled by F. Shahidi using analytic properties of symmetric power L-

 functions. The mth symmetric power is defined by the Euler product of degree

 m + 1 as follows

 m

 (17) Lm(s) = IJIJ(1 - apm-I,/Ip-s)-l
 p j=O

 For m = 1, 2,3,4,5 it is known that the twisted L-functions Lm(s, X) have mero-
 morphic continuation to the whole complex s-plane and that they satisfy suitable

 functional equations (see the surveys in [11] and [12]).

 It is conjectured that all of Lm(s, X) except for a finite number of primitive
 characters are in fact entire. This has been proved for m = 1 and 2. As regards the

 symmetric cube L3(s, X), Shahidi showed it may have at most a finite number of
 poles in the segment [2, 1). The case m = 4 is even less clear. Shahidi succeeded

 in showing that the product

 A(s, x) = Lo(s, X)L2(S, X)L4(S, X)

 satisfies a functional equation of type (5) with k = 9. Moreover recent work

 of J.-L. Waldspurger (see the appendix of [5]) shows that A(s, X) is entire for
 almost all primitive characters. Finally the work of H. Jacquet and J.A. Shalika

 [4] implies that the series

 00

 A(s) = Lo(s)L2(s)L4(s) = Ea,n -s
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 COEFFICIENTS OF L-FUNCTIONS 213

 converges absolutely for Re s > 1. Therefore Theorem 1 is applicable giving

 1 An2 16 +6. SEIan 12 x<K
 n<x

 If the Ramanujan conjecture fails at a place p then lapl I IApI and we have
 ap <K 1 at all other places. Therefore the above estimate yields

 S IAPI8 ?2 X9 +.
 p<x

 Hence by the multiplicativity of An we get

 THEOREM 2. We have

 (18) A8(X) < X 9

 Remark. One may try to estimate A8(x) directly by using (16) for r = 4 and
 estimates for individual eigenvalues Ae. But then in order to claim (18) one needs

 a bound

 >t< 36+

 which is not yet known. Therefore (18) contains new information.

 Applying Cauchy's inequality A6 < (A4A8)W we obtain

 COROLLARY 1. We have

 (19) A6(X) < x18

 In the next section we shall need an estimate for the second moment of the

 coefficients of the symmetric cube L-function,

 I 00

 (20) L3(s) = bnn-s.
 1

 Arguing as before we have lbp I AI 13 at the places where the Ramanujan
 conjecture fails and lbpl << 1 at all other places. Hence (19) yields

 COROLLARY 2. We have

 (21) ZIbn 2< X1+e.
 n<x
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 214 W. DUKE AND H. IWANIEC

 Furthermore we shall need an estimate for Ib, on average over a short in-
 terval.

 LEMMA. If X6 < y < x we have

 (22) Ibn I< yx6.
 x<n<x+y

 Proof. We have an > 0,

 5an = cx+ O+
 n<x

 where c is a positive constant (see [7]) and

 bn < nE S ad
 dln

 Hence

 5 bbn < 5 xE ad
 x<n<x+y x<dh<x+y

 < x6E 5 ad+xESad 5

 h<1 Xi<d < x+y d<2y x <h< xdY

 Yh h d d

 < x + + X ISadyj

 ? x6 (y + xyl) < 2yx6.

 4. Estimating Individual Hecke Eigenvalues. We proceed as in [3]. We

 evaluate the mean-value of the coefficients bn of L3(s) over a short arithmetic
 progression. More precisely, we consider the sum

 (23) P 2 : brf(n)
 2 n=-?t (mod p)

 where f is a smooth test function supported in [x, x + y] with derivatives bounded
 5

 by f(i) << yj, where X6 < y < x. We sum over primes p in a set 1P C [P, 2P]
 getting

 E b,f(n)w(QL, n) = E bf(n)(6tnQ + O(P log ?n))
 n n

 = btf (f)Q + O(Pyx'E)
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 COEFFICIENTS OF L-FUNCTIONS 215

 by Lemma 1. On the other hand (23) is equal to

 E -X(f)Bf (X),
 xEGp

 where

 13f(X) = E bnx(n)f(n) < yxe.
 n

 This is a trivial bound (following from Lemma 1) which we use only for ex-

 ceptional characters X E Hp. For all other characters X E Gp \ Hp we make the
 assumption that

 (24) L3(s, X) is entire.

 In fact Shahidi has proved in [10] (see Corollary 4.2) that the assumption (24)

 follows from the conjecture that the Hecke-Jacquet-Langlands L-functions do not

 vanish in [2, 1). It is known (without further assumptions) that L3(s, X) satisfies a
 functional equation of type (5) with k = 4 gamma factors. By contour integration

 and by (5) we get

 13f(X) = Ex Bg(X)

 where g is the corresponding integral transform of f given by (14) and (15).

 Combining the above results we get

 (25) btf(f)Q = E E ExX(f)3g(X) + O(Pyxe).
 pEGP XEGp\Hp

 We evaluate g as in [2] and [3] by the stationary phase method giving

 g(m) = p 2 y(xm) 8 Re ep(v(m))h(m),

 where v(m) = 4(xm)4 and h(m) is a smooth function satisfying

 h(j)(m) << m-i -

 for j = 0, 1 and all v > 0 with M = (PT)4x- and T = xy-1, the implied constant
 depending on v. Hence it follows that h(m) is extremely small for m > x6M. For

 m < x6M, h(m) is bounded. We remove h(m) by partial summation at no cost
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 216 W. DUKE AND H. IWANIEC

 and obtain

 13g(X)<< P 2yX 8E bmm 8 X(m)ep( ? V(m)) + 1,
 m<Ml

 where M1 < xeM. Inserting this into (25) we get by Cauchy's inequality that

 2

 (bef(f)Q)2 ?Py2x4 E E E bm 8 X(m)ep( ? v(m)) +P2y2xe.
 pEP XEGp\Hp m<Mi

 Then by Theorem 2 of [2] (the large sieve inequality with perturbation) we get

 Q)2 23 2 1 /2 3 +p (bef(f)Q)2 < Pyx-4(MI + P T logx) S Ibm 2m 4 x
 m<Ml

 Next by Corollary 2 we get

 (beff))2 ?< xeP-3y2x-(M+p2T)M3 + xEP-2y2.

 50 65

 We choose y = X57 and P = x228 giving

 (befQ?))2 < X456

 We may assume that f(Q) = 1 by taking x X, so

 bt <<f t56.

 Hence

 I1e3 ? f5 IbI 5( I At I : << lEIbdl |< f 4756
 dlt

 and finally

 (26) Ae << 76+

 where the implied constant depends on E and the cusp form u(z) only. This

 estimate improves itself to give (1) by the multiplicativity property of A,.

 Added in Proof (July 7, 1993). Since this work was submitted for publication

 the estimate (1) has been improved by D. Bump, J. Hoffstein, and the authors

 (An estimate for the Hecke eigenvalues of Maass forms, Inter. Math. Res. Notices
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 COEFFICIENTS OF L-FUNCTIONS 217

 No. 4. (1992), in Duke Math. J., 66 p. 75-8 1). However, the main result of this

 paper, Theorem 1, remains unsurpassed.

 DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, NEW BRUNSWICK, NJ 08903 USA
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