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Abstract. Let E be an elliptic curve over Q. A prime N is said to be exceptional for E if the
mod N Galois representation of E is not surjective, i.e. if the Galois group of the
N-th division field of E is not equal to GL (2. N). We show that, in terms of heights,
almost all curves have no exceptional prime.

Courbes elliptiques sur QQ sans nombres premiers
exceptionnels

Résumé.  Soit E une courbe elliptique sur Q et soit N un nombre premier. On dit que N est
exceptionnel pour E si le groupe de Galois des points de N-division de E est distinct
de GL (2, N). Nous montrons que, si l'on range les courbes elliptiques par hauteur
croissante, presque toutes les courbes n’ont aucun nombre premier exceptionnel.

Version francaise abrégée

Soit E une courbe elliptique sur Q et soit N un nombre premier. Le groupe Gal (Q/Q) opére sur
les points de N-division de F, et I’on obtient ainsi un homomorphisme

on : Gal(Q/Q) — GL (2, N).

Disons que N est exceptionnel pour E si ¢y n’est pas surjectif. D’aprés Serre (voir [13]), une courbe
sans multiplication complexe n’a qu'un nombre fini de N exceptionnels.
La courbe £ a un modéle unique de la forme :

y2 =2 +re 4+ S,

avec r, s € Z, et pged (73, s2) non divisible par une 12 &éme puissance > 1. La hauteur « naive »
de E est H(E) = max (|r|*, |s|?). Si X > 0, notons C (X) ’ensemble des E (a isomorphisme prés)
avec H(E) < X5, et notons £ (X) le sous-ensemble de C (X) formé des courbes qui ont au moins
un nombre premier exceptionnel. Le théoréme suivant exprime que « presqu’aucune » courbe n’a de
nombre premier exceptionnel :

THEOREME 1. — limx_ o ER;; = 0.

Note présentée par Jean-Pierre SErrEe.
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De fagon plus précise, on montre que |€ (X)|/|C(X)] < X~'log? X, ol B est une constante
absolue. (La démonstration utilise le théoréme de Siegel-Walfisz : elle n’est pas « effective ».)

La démonstration dépend d’une variante du théoréme de Chebotarev. Soit Ag le discriminant
minimal de E et soit ag (p) la trace de Frobenius pour la réduction de £ modulo p, p t Ag. Pour
de€ Z/NZ,d# 0, ett e Z/NZ, soient

g (X;N,d,t)=|{p< X;ptAp,p=d(modN) et ag(p)=t(modN)},

et 7{X;N,d) = {p < X;p = d{(mod N)}|. Posons :
N+ x (N) . (t? — 4d
6= —5——, ou x(N)=|—%—]
NZ2 -1 N

THEOREME 2. — Il existe une constante absolue C tel que, pour tout X > 1, tout nombre premier
N et tous d, t € Z/NZ, d # 0, on ait :
1
N X ;N,d,t)—ér (X;N,d)? < CX.
CT0)] 2o (e N ) = o (G N ) <

Le théoréme 2 se déduit d’une inégalité du grand crible deux-dimensionnel et de résultats classiques
de Deuring et Hurwitz. Le théoréme 1 est une conséquence du théoréme 2 et d’une borne pour le
plus grand nombre premier exceptionnel en termes de la hauteur d’une courbe elliptique donnée
par Masser et Wiistholz.

Let F be an elliptic curve defined over Q. For a prime N the Galois group Gal (Q/Q) acts on the
N-torsion points of F giving rise to the mod N representation associated to £

én : Gal(Q/Q) — GL(2,N).

Say that N is exceptional for E if ¢y is not surjective. Equivalently, NV is exceptional for £ if
the Galois group G’y of the N-th division field of E, which is the Galois extension of Q obtained
by adjoining to Q the coordinates of the N-torsion points of F, is isomorphic to a proper subgroup
of GL(2,N). If E has CM then every odd N is exceptional. On the other hand, a fundamental
result of Serre (see [13]) says that an E without CM has only finitely many exceptional N. Mazur
showed in [12] that a semistable F has no exceptional N > 11 and that, in general, if £ has an
exceptional N > 19 not equal to 37, 43, 67, or 163, then Gy is contained in the normalizer of a
Cartan subgroup of GL (2, N).

In practice, one observes that most £ have no exceptional primes and one could try to estimate
the density of such curves. However, unless one restricts to semistable curves, it does not appear
to be known whether or not there is a bound past which no prime can be exceptional for any
non-CM curve. The main point of this paper is to show that it is possible to obtain in general some
quantitative information, in spite of this difficulty. It will be shown that almost all elliptic curves have
no exceptional primes when the curves are counted by their height.

The curve FE has a unique model of the form

1) y2=x3+rx+s

with integral r and s such that gcd(r3,s?) is twelfth-power free. The “naive” height of E will be
defined by:

H(E) = max (|rf?, |s|*).
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It is closely related to the modular height of Faltings (see [16]) but it is easier to work with in
this setting. Let C (X) be the set of all (isomorphism classes of) curves E with H(E) < X©. As
shown in [2],
@ IC(X)] =C1X°+0(X?)
with C; = 4/( (10). Let £ (X) be the set of curves in C (X ) with at least one exceptional prime.
Our main result is the following.
THEOREM 1. £(X)|
lim
X2 E(X)]
In fact, we will prove that for some absolute constant B,
I€(X)| < X*log® X

but, since the Siegel-Walfisz theorem is used, the implied constant in < is non-effective. It is easy to
check that the number of CM curves in £ (X) is 2 X3+ O (X?), the main term coming from the curves

=0.

y2:a:3+s.

It may be shown that the number of curves in £ (X) with rational 2-torsion is Cp X® + O (X?),
where C, is a certain explicit positive constant. Thus certainly

EX) > X 3.
It does not seem unreasonable to conjecture that for some C' > 0, we have
€ (X)| ~CX 3,

The proof of Theorem 1 employs a uniform mean-square estimate of the remainder term in a form
of the Chebotarev theorem for the N-th division field of E. Let Ag be the minimal discriminant
of E and for p t Ag, let ag (p) be the trace of the Frobenius for the reduction of £ modulo p.
The discriminant of (1) is given by:

A, o= —16(47° +275%).
Then A, , = e'2 Ag for some e |6, and for p ¥ 3 A, 5, we have ag (p) = a, s (p), where

s ()=~ ) (i+;$—+s)

x (mod p)
For d € Z/NZ with d # 0 and t € Z/NZ, define
g (XN, d,t)={p < X;p 1t Ag,p=d(mod N)and ag (p) =t (mod N)}|.
It is readily verified that
g € GL (2, N);det (g) = dand tr (g) = t}| = N (N + x (N)),

X(N)=<t2;\,4d>

C)) 6:6N,d,t=_’m'—-

where

is the Kronecker symbol. Set
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As a consequence of the Chebotarov theorem (see [1], [3], and [14]), we have that if NV is a fixed
nonexceptional prime for E, then, as X — oo,
e (XN, d,t) ~ ém (X ;N,d),
where 7 (X ; N,d) = {p < X;p = d(mod N)}|. We estimate the remainder term in this asymptotic
in the mean-square over all curves of C (X).
THEOREM 2. — There exists an absolute constant C such that for all X > 1, N prime, and d,
t € Z/NZ with d # 0, we have

clx > (np(X;N,d,t) - é7(X;N,d))* < CX.
CXN péetny

Proof. — The proof of Theorem 2 relies on a version of the large sieve inequality in two dimensions.
Generally, for each prime p, let Q(p) C (Z/pZ)" be an arbitrary set of vector residue classes.
For m € Z" define

) P(X;m)=|{p < X;m(modp) € Q(p)}|
and
©) P(X)=) 2@

p<X

Let B be a box in R"® whose sides are parallel to the coordinate planes which has minimum width
W (B) and volume V (B). The following is a straightforward extension of Lemma A of [8] using
Theorem 1 of [10].

LemMA 1. — If W (B) > X2, then
Y. (P(X;m) - P (X))’ < V(B)P(X),
meBNZ" "
where the implied constant depends only on n.

We apply Lemma 1 with n = 2 and take €2 (p) to be empty unless p > 3 and p = d(mod N),
in which case we define, using (3),

(7) Q) ={(r, s) € (Z/pZ)*; 41> +27s* £ 0 and a, s (p) = t(mod N)}.

The following two Lemmas allow us to estimate |Q2(p)|. Recall the Hurwitz class number H (n),
which is defined for any integer n by H(n) = 0if n <0 orn =1, 2(mod4), H(0) = —1/12, and
otherwise H (n) is the class number of (not necessarily primitive) quadratic forms az? + bxy + cy?®
with discriminant 4> — 4ac = —n except that a form proportional to 22 + y? is counted with
multiplicity 1/2 and one proportional to z? + xy + y? with multiplicity 1/3. We need the following
beautiful outcome of the paper [6] of Deuring (see [4]).

LEMMA 2. — For p > 3 and a € Z, we have that

1
H{(r, 8) € (Z/pZ)*; 4r* + 275> £#0  and  a, . (p) = a}| zi(p—l)H(4p—a2).
The next Lemma is a consequence of an 1885 paper of Hurwitz, [9], taken together with the

Ramanujan bound for the Hecke eigenvalues of weight 2 cusp form (see [7]). Today it is a standard
application of the trace formula for Hecke operators for subgroups of I' (V).
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LEMMA 3. — For p = d(mod N) and § defined in (3),

> H@p—d®)=28p+O(Np'/?)
a=t (mod N)

with an absolute constant.

Proof of Theorem 2. — For p > 3 and p = d (mod N) we have | (p) | = §p> + O (N p*?) by (7),
Lemma 2, and Lemma 3, so it follows from (6) that

(8) P(X)=6ér(X;N,d)+ 0 (XY?).

From (1) and (5) with E € C(X), we have that

) P(X;(r,s)) =ng(X;N,d,t)+ O (log X).

Taking
B={(r,s) € R%|r| < X?|s] <X?},
for which V (B) = 4 X5 and W (B) = 2 X2, we get Theorem 2 from Lemma 1 using (8), (9), and (2).

Proof of Theorem 1. — Let Ex (X) denote the set of £ € C(X) for which N is exceptional.
Our proof of Theorem 1 requires that we estimate individually | (X)| and |E5 (X)|. Well-known
conditions on the discriminant in these cases (see p. 304 of [13]) and standard lattice point counting
arguments lead to the asymptotic formula

1E2(X)] = Co X3 + O (X?%log® X)
and to the inequality
€3 (X)| < X3log® X.
Here Co = (4e7' +4e_ + 6log(ere-))/(3¢(6)) = 3.93471 ... with e, and e_ being the
fundamental units for the cubic fields defined by z° + z — 1.

For N > 3 we apply Theorem 2 to estimate |y (X){. To do this we employ the following Lemma
(see Corollaire on p. 284 of [13] or Lemma 4 of [15]).

LEMMA 4. — Suppose that N > 3 is prime and that G C GL (2, N) is a subgroup. If for each d,
t € Z/NZ,d # 0, there is a g € G with tr(g) =t and det (g) = d, then G = GL (2, N).

This result allows us to use Theorem 2 to pick out curves for which a given N > 3 is exceptional.
LEmMMA 5. — For N > 3 we have
IEn (X)| < X®7(X;N,d)?,
with an absolute implied constant.

Proof. — By Lemma 4, if Gy # GL (2, N) for E, then for some d, t € Z/NZ, d # 0, we must
have g (X;N,d,t) = 0 for all X > 0. By Theorem 2 we conclude that

lEn (X)] < X|C(X)|m (X5 N,d)~,

and the lemma follows from (2).
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To prove Theorem 1 we apply the explicit bound for the largest possible exceptional N given by
Masser and Wiistholz in [11]:

N < log* H(E)

with abolute constants. Thus if E € £y (X), then N < log® X. In this range, by the Siegel-Walfisz
theorem (see p. 133 of [5]), we have that

m(X;N,d) > N~'n(X)

with, since Siegel’s theorem is used, a non-effective constant. Thus from Lemmas 4, 5, and 7 we
conclude that for some absolute B > 0,

I€(X)] < X*log® X,

but where the implied constant is non-effective. Theorem 1 follows.

Acknowledgements. I thank C. David for stimulating discussions and J.-P. Serre for helpful comments on
an earlier version of this paper.
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