ON THE ANALYTIC THEORY OF TERNARY CUBIC FORMS

OLGA BALKANOVA, WILLIAM DUKE, AND DMITRY FROLENKOV

ABSTRACT. The analytic properties of a Dirichlet series whose coefficients count certain
representations of integers by a ternary cubic form are studied. The form is a cubic
number field version of the sum of three cubes. Three main results are proven. The first
gives the analytic continuation of the series to the right half-plane. The second applies
this, together with growth estimates, to give an asymptotic formula for a smoothed
sum of the coeflicients. The third main result refines this asymptotic formula, assuming
greater smoothing, to get a second main term. In some cases the constant in this second
term is given in terms of the arithmetic of an associated sextic number field. The proofs
make use of certain Hecke-type zeta functions for a cubic number field.

1. INTRODUCTION

Consider the integral ternary cubic form,

(1.1) F(z,y,2) = ax® + by® + c2* + 3da*y + 3ex®z + 3fy’x + 3gy*z
+ 3h2*x + 3i2%y + 6jxyz,
where a, b, c, - - € Z. Little is known in general about the number of solutions to
m = F(x,y, z)

with integers m, x, y, z. It can be infinite, so one usually restricts the z, y, z in some natural
way so that this number, say rr(m), is finite. An analytic technique that is sometimes
quite useful is to define the Dirichlet series

(1.2) Yr(s) = Z re(m)m=°
m>1
and relate its properties to rg(m), especially its averages, say
Sp(X) =Y rp(m),
m<X

and various smoothed versions.
This technique is well-known to be powerful in some cases where F' is decomposable
into a product of linear factors. For example, when F(z,y, z) = xyz we have that

re(n) = ds(n),

the generalized divisor function, when one restricts to positive x,y, 2. The associated
Dirichlet series is given by ¥r(s) = ¢3(s). Another paradigm case is when F' is a norm
form for a cubic number field FF, for instance

(1.3) F(z,y,2) = (aax + oy + azz)(ajz + ayy + a52)(afz + ahy + a3 2),

where a1, as, a3 is an integral basis for an integral ideal a in F and where

2)

a=a o =a® " =a®

denote the Galois conjugates of o € F. After Dirichlet /Dedekind, one restricts to counting

integer triples (x, y, z) for which oy z+asy+a3z have a given norm m but are not associated
1
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to one another by a unit of F; rx(m) is then finite. If a is the ring of integers O of F and
F has class number one then g (s) is simply the Dedekind zeta function of F.
At the other extreme is the example

F(z,y,2) =2 +y* + 2°.

Here it is natural to define rg(m) by restricting x,y, z > 0. For this form F', “elementary”
techniques can be applied to study averages of rg(m). In 2020 Vaughan [19] applied
estimates for exponential sums in an ingenious way to show that for F'(z,y, z) = 2®+y3+23
we have

(1.4) Se(X) = 3 re(m) = I¥(4)X — 28 X5 4 0(xXF log? X).

m<X

Here O(X %) represents the “trivial” estimate for the remainder after the main term.
For this problem it likely seems unreasonable to expect that the Dirichlet series ¥g(s)
from (1.2) can be very useful, since there is no known multiplicative structure behind the
counting function for the sum of three cubes.

Thus it might be surprising that for the number field version of the sum of three cubes
it is sometimes possible to adapt the ideas of Dirichlet/Dedekind’s and utilize the units
of the field to study ¥r(s). Suppose that {ay, as, as} is an integral basis for an integral
ideal a in a totally real cubic number field F with discriminant D. Then

(1.5)  F(a,y,2) = (z + sy + a32)’ + (012 + oy + a42)° + (afz + gy + a32)°,

is a ternary cubic form with rational integral coefficients. Define the counting function

(1.6)
re(m) = #{(z,y,2) € Z*; F(x,y,z) = m where oz 4 agj)y + agj)z >0 for j =1,2,3}

and let ¢ r(s) be given by (1.2). It is easy to show by a lattice point count that r(m) is
finite and that the series ¥r(s) is absolutely convergent for Re(s) > 1.
An example is the form

(1.7) F(x,y,z) = 32" —4y>+382° — 32y + 1502 + 1529 + 39y* 2+ 392° 1 — 4827y — 24wy 2,

associated to the Galois extension F = Q(«), where a® + a? — 2a — 1 = 0. Here a is the
ring of integers in F with integral basis {1, @, a?} and discriminant D = 49.
Note that many arguments that apply elementary methods to a form rely on it having a
simple structure, for example being diagonal. This comment applies to Vaughan’s result.
We shall apply Hecke-like zeta functions with Grossencharakteren for F to show that
for F'in (1.5) the Dirichlet series ¥r(s) has an analytic continuation to Re(s) > 0 except
for a simple pole at s = 1. Our approach is inspired by the paper [10] of Hecke.

Theorem 1. For a general totally real cubic number field F and an integral ideal a C T,
the function V¥g(s) has a simple pole at s = 1 with residue

(5N (@)D

but is otherwise holomorphic for Re(s) > 0.

To prove this we express ¥p(s) an an infinite series of terms involving the Hecke zeta
functions multiplied by gamma factors. We will see that it is likely that the imaginary
axis is a natural boundary for ©¥p(s) coming from poles of the gamma factors. After
estimating ¥z (s) in vertical strips to the right of the imaginary axis, we can then deduce
the following asymptotic formula.
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Theorem 2. Fiz F from (1.5). Forr > 2 and any € > 0 we have

S )1 -2y = —2U x4 o(x).

= T
+1)N(a)D?2
lmex (r+1)N(a)

Despite the likely existence of a natural boundary, we are able to truncate the infinite
series effectively and give a second main term in the asymptotic formula of Theorem 2,
provided we require larger values of r. In the proof we apply a well-known result of Baker,
that improves on an earlier result of Gelfond, and gives a lower bound for the difference
between the logarithms of two algebraic numbers.

Theorem 3. Fiz F' from (1.5). There exists constants R, Ky depending on F such that
for r > R we have

4
S rem)(1 -2 = —W X 1 Ky log X + O(1).

1 mex (r+1)N(a)D

The constant K is given explicitly below in terms of the values at s = 0 of certain
completed Hecke zeta functions. If we assume that a is the ring of integers O of F and
that the wide class number of F is one, we can say more. In this case by [1] the narrow
class number of F is either one or two. If it is one then it will be shown that K; = 0. For
the example in (1.7) we have that K; = 0. If the narrow class number of F is two then
has a unique unramified (at the finite places) quadratic extension K and it will be shown
that K7 > 0 is given by

RKhK
1.8 K, =
( ) ! 2wKR]%’

where hy is the class number of K, Rk is its regulator and wg is the number of roots of

unity in K. The formula (1.8) applies, for instance, to those ternary cubics coming from
F with D = 229,257,697, 761, 788,892,985, . ... When D = 229 the form is

F(x,y,2) = 32° + 2422 + 24xy® + 182yz + 96x2% + 3y° + 96y%2 + 60y2* + 13127,

which is associated to the non-Galois extension F determined by 2% —4x — 1 = 0, and the
sextic field K is determined by 2% —2* —23 —224+1 = 0. Here K; = 0.0358081 .. .. It seems
remarkable that representations by these forms should be affected by the arithmetic of
associated sextic number fields.

Remark. It is possible to apply invariant theory to give necessary conditions that our
theorems apply to a given integral ternary cubic form F. There are two fundamental
invariants of F' as in (1.1) (See [16, §220,221] for the complete formulas):

S = abcj — (bede + cafg + abhi) — j(agi + bhe + cdf) + - - -

T = a*b*c® — 6abc(agi + bhe + cdf) — 20abej® + 12(abej(fh +id + eg) + - - .
with the discriminant being of degree twelve in the coefficients: R = T? + 6453. The
Hessian Hy of F':
Hp = det(0;;F),
is the most basic covariant of F'. The necessary conditions are that S = 0, T be the cube

of a positive integer and Hp be irreducible over Q. These conditions can be verified by
direct calculation.



4 O.BALKANOVA, W. DUKE, AND D. FROLENKOV

2. A HECKE-TYPE ZETA FUNCTION

In this section we define and state the basic properties of the Hecke-type zeta function
that we need. Basic references are Hecke’s papers [8],[9]. However, our zeta function does
not seem to immediately reduce to one defined by Hecke and so we will prove all of the
properties we state here in the section following this one.

Let F C R be a totally real cubic number field. Let O be the ring of integers of F, O*
be the group of units, and O be the subgroup of totally positive units.

Let a be a (fractional) ideal in F. Suppose that aq, as, a3 is an integral basis for a. Let
0 be the different and D = N () the discriminant of F. For a,b, ¢ € Z write
(2.1) [ = acy + boy + co

W = aal + baly + cay

p' = aad + bagy + caly.
Here again = uM, 1/ = @, 1’ = 1® are the Galois conjugates of p, ordered in a fixed
way.

Sign Characters. A sign character is defined for ;1 € O and can be expressed uniquely by
the formula

(2.2) v = (sgn® 1) (sgn®u®)(sgn®n®),
where a; € {0,1}. Call (aq, as, as) the signature of v. Note that v(0) = 0 for any v. For
t1, 2 € Fand n € OF we have

v(p)v(pz) = v(ppe) and v(nu) = v(um).

For any function C' summed over a we can restrict to a sum over totally positive p (to be
denoted p > 0) using these characters:

(2.3) >oC =13 (X vmew)

HEa
u=0

where the sum over v is over all eight sign characters.

Grdssencharaktere. Let (n1,12) be a basis for the subgroup O of totally positive units
ordered so that

(2.4) § = logny logny, — logny log ny > 0.

From now on 71 always denotes a totally positive unit, so n = n}"'ny* for some ny,ny € Z.
For
11 1

1 logn: logs ) 1 3 3 3

(2.5) M = | 1 logn} lognj define e;” by M~ = | b b D
1 logn!’ logn4

m ) 6§2) 6;2) e§2)

To evaluate the first row of M ! as well as to show that det M = 3§ we have applied [12,
Lemma, p. 123 | to matrices

logm logn) logny

log n2 logmy logny

v31 V3,2 V3,3

with the last row subsequently being equal to (1,0,0),(0,1,0),(0,0,1). Thus a computa-
tion to eliminate 1y and 7y (since njnin} =1 for j =1,2) gives

(2.6) 356§1) =2log n, + logny 356(21) = —2logny — log s, 3(56%1) = logns — log 1}
2.7) 36e? =—2logn, —logm 365 =2logm +logn,  30eY =logn, —logn:.
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The following relations hold:

(2.8) Z e,(:) =0 forr=1,2,
1<k<3
(2.9) 143 eWlogn? =6, forp,g=1,2,3
1<5<2
(2.10) S el logn® =6, forrs=1,2,
1<k<3

where 0, ; is the Kronecker symbol. For n = (ny,ns) € 72 let
(2.11) A(p) =exp (2w > mi Y e log [u])
1<i<2 1<5<3

be a Grossencharakter for F. Then, for py, puo € F, we have that
(2.12) An (1) An(p12) = An(papiz) and Ap(npa) = An(pa)-

The Hecke-type zeta function. For a a fractional ideal in F let (u), denote a set of repre-
sentatives for strict association classes of 1 € a, where uq, 1o € a are strictly associated if
there is a totally positive unit 7 so that u; = psn. The zeta function with sign character
v and Grossencharakter A, we need is defined for Re(s) > 1 by

(2.13) Ga(s, Auv) = D () Aa() [N ()%
(1)a
If the signature of v is (aq, as, az) let

(2.14) o, =13> aj
j=1
Clearly (4(s, vA,) will vanish identically unless o € {0,1}. More generally, (,(s,v\,) will
vanish identically if there exists a unit ¢ with the property that v(e)A,(e) # 1.
Set for j =1,2,3
(@
(2.15) k= (eS), el?),
0
j
Theorem 4. Let F be a totally real cubic field.

i) The zeta function (4(s,v\,) from (2.13) is entire except for a simple pole at s = 1 when
V)\n = V())\o.

with e;” given in (2.6).

i1) It satisfies the functional equation
€a(5,7An) = Tun (5)Gals, vAn) = (=1)"N(a) ' D72 €2 (1= 5,0\ ), where
0 is the different of F and

(216) FV)\n<S) — W_%F(sgal _ 27Ti’;L-I€1 )F(SJ;Q _ 2wig-ﬁ2)1—\(s+2a3 _ 271’7:21,-/{3)’

with - the usual dot product.

iii) The zeta function has finite order. More precisely, for any A > 1 there is a C > 0
depending only on F and A so that for all s with |s — 1] > 1

a5, vA0)| < CrelI™,
i) We have the evaluation

(2.17) res,_1Ca(s, YoAo) = 86N (a) "D 2.

[
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v) In any fized vertical strip and away from a pole, the function &(s,vA,) is bounded
uniformly in the variables s and n.

vi) The following estimate holds for s = o + it:

3

(2.18) Ca(s,00\) < H(l + |t = 27m(n - 1)))¥), where
j=1
0, if o>1,

(2.19) k(o) =< (1—=0)/24¢€ if 0<0<1,
1/2 — o, if o <O.

The implied constant does not depend on t or n.

3. AN EPSTEIN ZETA FUNCTION

In this section, we will prove Theorem 4. The main reference is Siegel’s book [17].
For convenience and completeness, we have included an Appendix that contains detailed
treatments of various long but somewhat routine calculations needed in the proof of
Proposition 1.

The idea is to deduce the basic analytic properties i)—v) of (,(s,v\,) from an identity
that expresses it in terms of a Fourier coefficient of a certain Epstein zeta function. For
r = (11,29) € R? and j = 1,2,3 we let

(3.1) w;(z) = exp(a logni’ + z2logny) = n" 10"

Define the Epstein zeta function for Re(s) > 2 by

(32 Zulsx) = 3 ] [wi@u?)™ (ei@) + @) + pwi@) ",
o™

where o, is from (2.14).

Proposition 1. The function Z,(s,x) is entire in s unless (ay, az, ag)

=(0,0,0), when it
18 holomorphic except for a simple pole at s = % with residue QWN(a)_lD*%. It has order
at most one. The function

Z3(s,x) =7 °T(s+0,)Zu(s,x)
satisfies the functional equation
7 (s, ) = z'—?@N(a)—lD—%Z% (3 -5, —a).
It is bounded away from a pole in any fixed vertical strip.

Proof. We will apply [17, Thm. 3. p.54] to prove this. Define the positive definite 3 x 3
matrix (g, determined by

(3.3) (a,b,0)Quala,b,0) = p2wl () + i Pud(w) + puwl(x)

with entries a,b,c from (2.1). A calculation (see Lemma 12 in the Appendix) together
with a standard result (see e.g. [11, p.88]) shows that

(3.4) det Q. , = det A> = DN?(a),
where

o] a2 a3
(3.5) A= o ahay )
1 11 1

Qap Qg Qg
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Let
3 3
(3.6) P, .(a,b,c) = H(wj(x)um)aj = H H aoz1 )+ ba + ca3 )
7j=1 7j=1 7j=1
Another calculation (Lemma 13 in the Appendix) now shows
Qaalcpim =0,

where PJ_ is the 3 x 3 matrix of second partials of P, in the variables a, b, c. This means
that P, is a spherical function with respect to Qu. (see [17, p.46]).
In the notation of [17, p.47] we have that

(37) Za(s,az) = C(SaoaOa Qa,xapa,x)-

It is classical that the columns of A7 for A from (3.5) give an integral basis for = (see
[11, §36]). A calculation using this fact (Lemma 14 in the Appendix) shows that

(3.8) e = Q1
The dual polynomial is by definition (see [17, p.50. ])
(3.9) P (a,5,¢) = Poa(QM(a,b.0)").
Using this, still another computation (Lemma 15 in the Appendix) gives that
(3.10) Fl,=Pi_,
Thus from (3.2), (3.8) and (3.10) we have
(3.11) Z (s, —x) =((s,0,0, Qun Pry).

Now using (3.7) and (3.11), all of Proposition 1 except the finite order statement, is a direct
consequence of Theorem 3 of [17]. The finite order statement is a standard application of
the theta function representation of Z¥(s, z) that comes from [17, (60)]. O

In order to prove Theorem 4, we will express our zeta function as part of a Fourier
coefficient of Z,(s,x). The function Z,(s, ) is invariant under x; — z; + 1 and under
g +— x5+ 1. Most of Theorem 4 follows immediately from Proposition 1 and the following
result. The upper bound (2.18) is a consequence of the uniform Phragmén-Lindel6f result
given in [15].

Recall the definition of Z}(s,z) from Proposition 1.

Proposition 2. For n = (ny,ny) € Z? and Re(s) > 1

/ / Z3(3, x)e ™ dry day = 55 Ton, (5)Ga(s, V),
where § is from (2.4) and Ty, (s) is given in (2.16).

The proof of Proposition 2 reduces to that of the following Lemma by the change of

variables s 3—25, after an identification of the Gamma factors is made. Here we use

2”1_% + % = % and similar statements for the other two factors.

Lemma 1. Assumptions as in Proposition 2,

Iya.(s+o,
/ / (5,2)e ™™ dx) dwy = n(s +0v) (%, vN,), where

125T(s+ay) 37
(3.12) [iy (s) =T(5 4 28=2=9 — ik -n)D(§ + 22=8=% — 1ig,y - n)

><F(§+W—7rm3-n).
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Proof. The integral I(n) unfolds into the form

(3.13) I(n) =Y I(u.s),
(W)a

where

s L= [ [ Tlw@u)

x (pPud(a) + pPud(e) + () e ey din,

which is well defined on (u),. For a fixed representative p make the following change of
variables in this integral:

=T — Yy,
where y = (y1, y2) with
(3.15) y1 = e log |u| + €5 log || + €f log "]
(3.16) y2 = e log | + €5 log || + €5 log "],
Using (2.11) we prove that
(3.17)
0o co 3
In(p, 5) = An(u)/ / [(wi(z — y)p@)
NN S

x (Pwi(x —y) + pPwi(@ — y) + pwi(e —y) e P day das.

It follows from (3.1) that
(3.18) wj(z — y)p? = w; (@) exp(—yr logni” — y» logng”).
Using (3.15) and (2.9), we obtain
' . 3 2 ' 1
(319)  yilogni” +yalogny” = log|u®|y e logn? = log || — 5 log| N (u)].
p=1 i=1

Substituting (3.19) to (3.18), we have

() 1/3 pt 1/3 ()
(3.20) wi(z —y)p = w;(z)|N(p)] ]~ w;(z)|[N ()| sgn(pt’).
Substituting (3.20) to (3.17) and using (2.2), (2.14) we show that
(3.21) Lu(p. 5) = v() A ()N ()75 1 (s + 0,),
where

(3.22) I(s) = /_00 /_OO Hw;”(x)(w%(x) + wi(z) + wi(x)) e P day das.

Next we must compute the integral I(s). In view of (3.21) and (3.13), the proof of
Lemma 1 will be complete once we show

(3.23) I(s) = 1F2§—r((ss))
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where I}, (s) is from (3.12). Recall (3.1) and make the change of variables in (3.22) given
for j = 1,2 by u; = w;(x). Solving for z1, z, we have

dz1 =log nyloguy — log ns log us

dz9 = — logny log uy + log 0y log us.
Since wy (z)wy(x)ws(x) = 1 and the Jacobian (see (2.4)) is (dujuz)~! this yields

7 1 > * 2 2 1 S o, Bduidu
(3.24) I(s) = 3/0 /0 (ul + u; + (mw)g) U uy e
where
(3.25) o =2 (nylogn) — nylogny) + a1 — as

p= 2:;” (1 logne — nologmi) + as — as.

We now apply the following double Mellin transform formula.

Lemma 2. For Res > max (Re(a + ), Re(av — 253), Re(f8 — 2a)) one has

s a w1 du (L (s—a—B))T(%(s+2a—B))T(%(s—a42
326 / / u1+U2+ ulu2) U1u§du1322 - Gl AITG 205 (ot B))

3T(s)
Proof. Make the following substitution:
up=yt, up=t(l—y), 0<y<1l 0<t<oo,
getting

1 o0
/ y8+a—1(1 . y)s-‘rﬁ—l/ (1 + t?’y(l . y))*s t25+a+ﬁ_ldtdy.
0 0

To evaluate the t-integral, we apply [5, Sec. 6.2. (30)]. As a result, we obtain for
Re s > max (Re(—a/2 — 3/2), Re(a + f))

1

(% (2s+a+B))T(:(s—a—p s+20— _ s—a _

Gastat G >)/ YU 2B A1 (g Ly (mat2) /31 g
0

Finally, using [14, 5.12.1] we obtain (3.26). * O

To verify (3.23), make the obvious change of variables in (3.24) so we can apply (3.26)

A I'(§(2s—a—B))T(§ (25+2a—f))T(§ (25— at26))
I(s) = ==& 1251 (s)

Then use the next identities, which follow from (3.25) and the formulas for the €’s from
(2.6),(2.7):

(3.27) 2a — B = —6mi(niel") + nyel?) + 2ay — ay — as,
(3.28) 28 — a = —6mi(nied) + nyel?) + 2ay — ay — as,
(3.29) a+fp= 67rz'(nle§,1) + nQegf)) + a; + as — 2as.
This completes the proof of Lemma 1 hence of Proposition 2 and Theorem 4. 0

IWe have for any n > 1 the following elegant formula

(n+ 1T / / (uyg + usg + - +“"+u1 g )7® ?h..ugnm

Up-Un

( (s —ap — ---—an))F(n+1(s+na1—a2 -~-—an))---F(n%H(s—oq—~--+nozn)).
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4. THE DIRICHLET SERIES ¢p(s)

In this section we prove the following result, which includes Theorem 1. When not
specified, the dependence of an implied constant will become clear from the context of
the argument.

Proposition 3. The function ¥ r(s) has a simple pole at s =1 with residue
(3)
N(a)Dz

but is otherwise holomorphic for Re(s) > 0. For any fized 0 < §; < 6y there is A > 0 so
that uniformly in 61 < Re(s) < dy we have

For the ternary cubic form
F(x,y,2) = (qx + agy + a32)® + (oo + ahy + a42)® + (offz + oy + aj2)?,

where {a1, s, a3} is an integral basis for the ideal a, we have the identity

(4.1) vp(s) =Y re(m)ym™ = (1® +p + u") ",

m>1 pea
w0

where rp(m) is defined by (1.6).
By (2.3) we can write

(4.2) Vr(s) = %ZlﬁF(S;V),
where for Re(s) > 1

Vr(siv) = v (e + WP+ ')~

HEQ
Recall (3.1) and define for = (z1,z2) and Re(s) > 1
(4.3) vr(s,asv) = Y v(p) (Jufwi(z) + i Pus(e) + |0 Puje) ™

pea

Observe that this function is invariant in z under translations from Z2. We will analyze
Yr(s;v) by expanding ¢¥r(s, x;v) in a Fourier series and specialize x to be zero. For this
we will follow the basic technique from above. Then we can apply (4.2).

Lemma 3. For n = (ny,ny) € Z* and Re(s) > 1

(s,m;0) / / Yr(s, z;v)e 2™ dry dry = S=T3 (8)Cals, vAn),

where the Gamma factor is

(1.4 () = () 71T (5 = 2215 — 2 ) (5 — 2o,

Proof. The integral Ap(s,n;v) of Lemma 3 unfolds into the form
(4.5) Ap(s,msv) = v(p)Ip(u,s),

(1)a
where

(1:6) D= [ [ (uPut) + Pusa) + 1 Puie) e da da
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which is well defined on (u),. For a fixed representative p again make the change of
variables x +— x — y, where y = (y1, y2) with
1 1 1
Y1 = 65 Mog |u| + €5 log '] + €f” log |1
//|

y2 = ei” log || + 5 log |1'| + €f” log |

Now, similarly to the proof of Lemma 1, we obtain an analogue of (3.21):

(A7) L)

s _

(wi(z) + wi(z) + wi(z)) e ™" dxy du,.

Next, the change of Varlables u; = wj (x), j = 1,2 allows us to prove an analogue of
(3.24):

An () R o s duis
49t =g [ () Tt
where (see (3.25))

(4.9) ap = Z(nglogn) —nylogny),  Bo = 2 (nilogn, — nalogm).

By making another change of variable v; = uj, 7 = 1,2 and applying Lemma 2, we obtain
(4.10)

An(p) 3s —ag — Bo 3s 4+ 2a9 — By 3s — ap + 2059
Trlp5) = waN<wnaP( g )F( g )F( 9 )'

It follows from (2.6), (2.7) that (see also (3.27), (3.28), (3.29))
(4.11) 209 — Py = —67rz'(nle§ )+ nQe§2)), 2By — g = —67rz'(nle§ ) + n26§2))

(4.12) ag+ By = 67m(n16§ "4 n 6(2)).
Substituting (4.11) and (4.12) into (4.10) and then using (4.5) we prove the lemma. [

The first statement of Proposition 3 follows from (4.2) and the next result, after the
residue at s = 1 is computed using iv) of Theorem 4. The second statement also follows
in view of iii) of Theorem 4.

Lemma 4. The series

s 2mink s 2mink s 2mink
(4.13) Vr(siv) = Z oG 1)F(327<5F(?§) el B)Ca<3> VAn).-

nez?

converges uniformly on compact subsets in Re(s) > 0 that do not contain the possible pole
at s = 1.

This follows immediately from Lemma 3, vi) of Theorem 4, Stirling’s formula and the
following crucial lemma. Write ||n|| = y/n? +n3 = /n - n.

Lemma 5. There is a constant C' > 0, depending only on 1, and 1, such that for at least
two of 1 = 1,2,3 we have

(4.14) In - ki| > Cnl|.

Proof. For (i,j) = (1,2), (i,5) = (1,3) and (i,j) = (2,3) we define the binary quadratic
form

(4.15) ¢;(n)=(n- Ki)2 + (n- k) (n - k) + (n- /@»)2 = ai,jnf + b; jning + c@jng.
Using (2.6), (2.7) we obtain
(4.16) 362a172 = log? 1, + log ns log My + log? s,
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(4.17) 30%b1 2 = — log m; logny — 2log 7| logn, — 21og m; log 1o — log 17} log s,

(4.18) 36%c12 = log? n1 + logm logny +log®ny, b7y — daiaciz = —55.

Applying (2.19) and (2.8), we show that k3 = —ko — k1, and thus ¢ 3(n) = ¢3(n) =
¢12(n). Since a;2 > 0 and b%,2 — 4aj2c12 < 0, the quadratic form is positive definite.
Therefore, for some C; > 0, depending only on 7; and 7, for all n # (0, 0)

¢ij(n) = Cilln|]*.
Consequently, for (i,7) = (1,2), (i,7) = (1,3) and (4, 7) = (2, 3) at least one of |n- K|, |n-
K;| satisfies (4.14). Hence, at least two of the three |n - x;| satisfy (4.14). O
Remark. It can be shown (see Lemma 16 in the Appendix) that the set of numbers
{n- K1, K2, nekg; |Inf| < N}

becomes dense in R as N — oo. These points will give rise to singularities of 1r(s) when
the corresponding zeta values are not zero. It seems likely that as a result ¢)p(s) has a
natural boundary on the imaginary axis.

The next result shows that these troublesome poles can only come from zetas with
non-trivial sign characters.

Proposition 4. The function ¥ r(s; ) is reqular for Res > —3.

Proof. 1t follows from Lemma 4 and Theorem 4 (we take each a; = 0) that
(4.19)

735/2 B 2 I'((s — 2min - k;)/3)
o) = gty 2 Sl e = ey

The function I'(z/3)I"~ (z/2) is regular at the points z = —3k when k is a positive even
number, but not if k£ is odd. Thus the poles of H(s,n) are

s(j,m) = =3 —6m+2min-K;, m € Ly,
and so ¥p(s; 1) is regular for Res > —3. O
5. GROWTH IN VERTICAL STRIPS

In this section we prove the following estimate, which is applied in the next sections to
derive Theorems 2 and 3.

Proposition 5. Fiz ¢,6 > 0. Then for § < Re(s) < 1 we have
Yp(s) < (14 [t]) 307
where as usual s = o + it.

Proof. For j =1,2,3 let ¢; = 2w - (n- ;). One has ¢; + c2 + ¢z = 0. Therefore, combining
Lemma 4 and vi) of Theorem 3 with the Stirling formula we obtain for s = o + it with
0 < o <1 the estimate

3
(51) w << Z 1—|—|t| 1/2 7= 5 f(nit) H +|t—C] O’/6+6,
nez? j=1
where
(5.2) fn,t) =t —ci| + |t —co| + |t + 1 + 2] — 3]t].

Without loss of generality, we assume that ¢; < ¢o. Lemma 5 implies that

In|] < max(lei], |e2]) < [n]-
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To analyze f(n,t), it is necessary to study six different cases depending on how the
points 0, ¢, co, —c1 — ¢o are located on the real line. First, there are three cases concerning
the locations of ¢; and ¢o. That is, ¢; < ¢y < 0 (casea), ¢ <0 < ¢y (caseb)or0 < ¢ <
(case ¢). In case b, there are also four possibilities for the point —c; — ¢o. As a result,

Case a: ¢1 < <0< —¢; — 09,

Case bl: ¢; <0< < —¢1 —0,if 0< 20 < —¢4
Case b2: ¢; <0< =1 — a3 < ,if 0< < —¢1 <20¢
Case b3: ¢; < —¢; — <0< eoif 0</2< —1 <
Case b4: —c; — 3 < ¢; <0< eg,if 0< —¢1 < p)/2

Case c: —c; — <0< ¢ <oey.

Since all six cases can be treated in the same way, we give details only for case c. In this
settings, we have

f(n,t) = if t<—c;—co
f(n,t):2t+201+202, if —c—c<t<0
(5.3) f(n,t) = =4t +2c; + 2¢9, if 0<t<¢
f(n,t) = —2t + 2¢9, if ¢ <t<e
(n,t) = if Co <t

First, we should mention f(n,t) > 0. Note that in case ¢ we sum in (5.1) only over n
such that 0 < ¢; < ¢y. However, finally we will expand the sum to the whole Z?. To
estimate (5.1) in case ¢, we divide the sum into two parts: ||n|| > No|t| and [|n]| < Nolt|,
where Ny is a large number depending on C' from Lemma 5 and k4, k3. The idea is to
estimate f(n,t) from below so that e~/ becomes small enough. If |¢t| < ||n||/No, then
‘t’ < CQ/(CN()). Thus

It| < ¢y —log®t —log® ¢y
and
(5.4) f(n,t) > log®t + log?||n||.

Therefore, since for an arbitrary ¢ > 0 and A > 1 one has e ¢"8"t < (1 4+ ¢)~4 the
terms with ||n|| > Ny|t| are negligible and their contribution to 1r(s) can be estimated
O((1 + [t|)=4) for arbitrarily large A.
In the remaining case ||n|| < Ny|t|, the trivial estimate f(n,t) > 0 yields

(5.5) @Z)F(S) < Z (1 + |t|)1/2—a(1+ |t|)—a/2+e < (1+ |t|)5/2—30’/2+6'

Inll <Nolt|

This estimate can be improved by applying the Phragmen-Lindelof principle (see Theorem
2 of [15]). Since for 6 > 0 we have ¢¥p(1 + § +it) < 1, we have

(5.6) Ur(s) < (14 [t)>207T
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6. PROOF OF THEOREM 2
The next lemma is a modification of [6, Lemma on p.105].

Lemma 6. Forr,c,z,T > 0 we have

(6.1) (10 () (1_1>T L [T LA4nTE) oo (I_ min (1 ! ))

v) 2w eir T(1+7+5) T " T'|log z|
where X 1,0)(x) is the characteristic function of the interval (1,00).
Applying Lemma 6, we prove the following statement.

Lemma 7. For any ¢ >1 and T < X we have

et T S c
. 1<Z<X rrlm =R ﬁ e—iT %#)F(S)st o <;LT> .

=3

Proof. Since Y. _ rr(m) < '€ and rp(m) > 0, the series > rp(m)m™* converges

absolutely for Re(s) > 1. Therefore, using (6.1) we have for ¢ > 1 that

e L c+iT I'(1+7r)T(s) . X rp(m) X¢
2 O =R =g | R e X0 2T )

O

If we move the line of integration to Re s = dy, where 9y is an arbitrary small positive
number, we will cross the pole at the point s = 1. Using Propositions 3 and 5, we show
that

ro(m) (1 — ™) — F3(%)X 5 T (1+|t|)5(1—50)/2+6
(6.3) 1§mZ§X p(m)(1—%)" = T DN@D! +O(X /_T AT dt)

1+e€ T5(1—cr)/2+e X1+e
O — X% O )
ro(f[ ) +o ()

0

By estimating these integrals trivially , we prove that the error term in (6.3) is less than

X\ X\ X+
0 5(1—60)/2—r+e€ 3/2—r+e
(6.4)  X° max (1,770 )+ T max ((_T5/2> ) (_T5/2) ) + T

Therefore, choosing T' sufficiently large (say T"= X)), we conclude that for r > 5/2
(34X

(6.5) rp(m)(1— 2y = 3 © 4O (X%F)
1<;<X (r+1)N(a)Dz
thus proving Theorem 2. 0

7. PROOF OF THEOREM 3

In this section, we will improve (6.5), find the second main term in the asymptotic
formula, prove Theorem 3 and (1.8). To this end, we will move the line of integration in
(6.2) to Res = —a with some a > 0. To overcome the difficulty of having a set of poles on
Re s = 0 that becomes dense, we will first truncate the sum in (4.13) at ||n|| = dT', where
d is some large constant such that (5.4) holds, and thus the contribution of terms with



ON THE ANALYTIC THEORY OF TERNARY CUBIC FORMS 15

|n|| > dT is negligible. By doing this and using (4.2) and (4.13), we prove an analogue
of (6.3), namely,

(71) > rem)(1-2) = ()X — -Z > J(nvX,T)

1<m<X ( 1>N D> |n||<dT
1+e T5(1 o)/2+€ i X1+e
+o(/€ L x da)+0< - )
where
1 e+1iT

(7.2) J(n,v, X,T) = / g(n,v, X, s)ds,

2mi T

F(l + T') S—2min-K S—2min-K s—2Tin-K,
(73) g(n7V7X73): F(1+T—|—S)F( 3 1)F< 3 2)F( 3 3)§0(S7V)‘H)X
Now we move the line of integration in (7.2) to Res = —e with some 0 < € < 1, crossing
poles at the points
(7.4) sj(n) =2min-k; for j=1,2,3.
Lemma 8. Forr >5/2+ ¢ and T = X*° one has
34X
(7.5) re(m)(1—%)" = ° + Sres + O(X7°),
1§;§X Y (r+1)N(a)D>

where
(7.6) Sres = Z Z res (n) 9(n, v, X, 5).

||n||<dT

s; (M)I<T

Proof. Since the number of poles (after taking the sum over ||n|| < dT') is finite, it is
possible to change T slightly so that Im s;(n) # 7. To this end, we consider the interval
(T,2T) and divide it into subintervals of length (f7)~! with a huge constant f. As a
result, we have fT? intervals. Since the number of poles is less than 100(dT)?, choosing
f > 2025d2, it is possible to find an interval that does not contain any pole. By choosing
a new T as the center of this interval, we ensure that [T — Ims;(n)| > T—'. With this
new 7" we have

(7.7) J(n,v, X, T) = Z resg (n) 9(n, v, X, 8) + Je(n, v, X, T) + Z Jo(n,v, X, £T),

lsj(n)|<T
1 —e+iT
(7.8) Je(n,v, X, T) = / g(n,v, X, s)ds,
27TZ —e—1iT
1 e+iT
(7.9) Jo(n,v, X, T) = / g(n,v, X, s)ds.
2ri —e+iT
Substituting (7.7) into (7.1), we obtain
3(4)X
T10) Y w1y = 0 s s,

(r+1)N(a)D>

X X1+e
3/2—r+e ye e
—I—O(T Xmax(l, <T5/2>>>+O< T ),

1<m<X
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where S, is defined by (7.6) and

(711)
Z >N Jdn, v, X, £T), Z > ) do(nv, X £T).

HnH<dT + ||nH<dT +

To estimate S., we substitute (7.8) to (7.11), and after that interchange the order of
summation and integration. Next, we increase the summation over n back to the whole
Z? with a negligibly small error term (since all estimates from Proposition 5 still hold).
As a result,

—€+ZT1—\ 1+ F( )
12 _ X°
(7.12) ZQm/E i Fl—l—r—i—s)wF(S ) Xids,

where for Res <0
(T13)  Gp(si0) = e S T8 — 2w (s — Zmims ) (s _ Zninsa)C (5 ),)
2001 (s) 2=,

Arguing as in Proposition 5, one can prove an analogue of (5.5). Note that now it is
required to use k(o) = 1/2 — o from (2.19) instead of k(o) = (1 — 0)/2 + €, as we did in
Proposition 5. Accordingly, for Re s < 0 and far away from possible poles of the Gamma
functions, we obtain the following result

(7.14) Yp(siv) < ) (L )21 )72 < (1 [8])2 %
[l <Nolt|
Estimating (7.12) using (7.14) and assuming that r > 5/2 4 €;, we have
T
(7.15) S. < / (14 |22 Bex—dt < X
-
To estimate Sy from (7.11) we first let (as in Proposition 5)
(7.16) ¢j=2m-(n-k;) for j=1,23.
Note that for ||n|| < dT" we have
(7.17) le;| < |In|| < T

Since ¢; + ¢2 + ¢3 = 0, the product of three Gamma functions with «; from (7.3) with
s = o + 1T is equal to

(7. 18) T (J‘H(Fg—cl) )F ( 0‘+i(§—62) )F ( U+i(T-|3-61+62) ) ]

We divide the sum over n in Sy (see (7.11)) into several parts (for simplicity, we will
continue to denote each part as Sy) depending on whether the imaginary parts of the
arguments of the Gamma functions in (7.18) are small or not. If none of them is small,
that is

(719) |T—Cl‘,|T—02’,|T—|—Cl+CQ‘>>1,

we can argue as before. More precisely, we apply Stirling’s formula to all Gamma func-
tions, change the order of summation over n and integration over o, and apply (7.14). As
a result, we have

+e
(7.20) 8 < / TS+ X7 4o < XTH2TH
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Now, consider the case when at least one of the absolute values in (7.19) is small. Note
that all three of them cannot be small. Suppose that |T" — ¢4| is small and that the other
two are not. Using Stirling’s formula, we deduce from (7.3) that for |o| < €

Ca<0+iT7 V)\n)Xa —E(|IT—c2|+|T+c1+4c2|-3T)

7.21 X
(721) gm0 X 8) L FRE T+ T — )¢

% |T— 62‘0/371/2‘77_'_61 +62|o/371/2.
Since
T —co| +|T+c1+co| =37 >c; — T > —1,

the exponential factor in (7.21) is less than some constant. Applying (2.18) and (2.19),
we show that

TX°
T2 (lo| + 1T = i)

Since we assume that only |7"— ¢;] is small, substituting (7.22) into (7.9) and taking into
account (7.17), we infer that

(7.22) gn,v, X, s) < T — 02|_20/3|T—}- o+ C2|—20/3‘

TX ¢ d TeX®
(7.23) Jo(n,v, X, T) < / i

T | Jol v T —a] & T

Substituting (7.23) into (7.11) and extending the summation over n from |T'— ¢;| < 1 to
the entire ||n|| < T, we prove that

(7.24) So < T3> "(XT)e.

Now suppose that |T' — ¢;|, [T — ¢3| < 1. Using Stirling’s formula, we deduce from (7.3)
that for |o] < e
Ca(O' + lT, V)\n)XU|T +c + 02|‘7/3*1/26—%(|T+C1+02\—3T)

(lo| + |7 — ai)) (o] + |T — co] ) TV/2H

Similarly to the previous case, the exponential factor is bounded by some constant. Since
|T' + ¢1 + co| > T, applying (2.18) and (2.19) we show that

(7.25) gn,v, X, s) <

XUT*1/27T720/3
(lo] +1T = ciD(lo| + T = caf)
Substituting (7.26) into (7.9), we obtain

€ XeT—1/2—7"+ed0. XGT—l/Q—r+e
< .
) max(|T —al,[T = cl)

(7.26) gn,v, X, s) <

7.27) Jo(n,v, X, T <</
(7.27) Al )< el T =ahol + 1T =]

Substituting (7.27) into (7.11), using the fact that we choose T' such that |T' —¢;| > T,
and estimating the sum over n trivially, we infer that

XGT—1/2—T+6
2

< XET5/277'+6'
max(|T — ¢, [T — ¢l)

(7.28) So <
[In|l<T
T | T—c1 || T—c2|<1

Note that with a little more work one can prove an estimate XT%/277+¢ in (7.28). It
follows from (7.10), (7.15), (7.20), (7.24), and (7.28) that for r > 5/2 + €

oy OX
. 13£f“m“ Y DN

+ Sres + E(X,T),
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where the error term is

1+4e€ X
(7.30) E(X,T) < 7+ T3/27 € X max (1, W) + T X
Taking T = X2/ we obtain
(7.31) EX,T)< X5 4+ X <X,
provided that r > 5/2 + €. O

Our next goal is to show that the contribution to (7.5) of the residue at zero point is
Kjlog X +0(1) with some constant K3, and the contribution of all other residues is O(1).
Note that to prove this we have to assume that r is very large. This is the reason why
did not try to move the integration line in Lemma 8 , say, to Re s = —a and optimize the
value of a.

Note that, as in Proposition 4, some poles (7.4) may be canceled by zeros of ((s,vA,).

Lemma 9. All poles of the function g(n,v, X, s) (see (7.3)) are simple, except one at the
point s = 0.

Proof. To prove the lemma, we show that for any fixed n # (0,0) one has
(7.32) n-rk; #n-K; forany ¢,7=1,231#].
Since k3 = —K1 — K2 (see (2.15),(2.8)), it is required to prove that
(7.33) n- (k1 — kKa), n- (261 + Ka), n - (K1 + 2K2) # 0.
Suppose that n- (k3 — ky) = 0 for some n = (ny,n2) # (0,0). Then using (2.15) and (2.6),
(2.7) we have
n1 log(nany) — nalog(mmy) = 0 = (nany)™ = (mm)™ = ()™ = (7)™

Since 1} = 0(n;), where o3 is an embedding, we obtain ay(n;" —7,*) = 0, and therefore
Ny’ = ny?, which contradicts the fact that ny,7s is a basis for the subgroup of totally
positive units. The two remaining statements in (7.33) can be proved in the same way. O

Lemma 10. There exists some R such that for T = X?/° and r > R we have
1 1
(7.34) 3 Z 575 Z ress;(n) 9(n, v, X, s5) < 1.
v |

|n||<dT
0F|s;(n)|<T

Proof. Consider the residues at the points s;(n). Other residues can be treated similarly.
It follows from (7.3) and (7.4) that

Cu(icla V>\n> i(c1—c2) i(c1—c3)
7.35 s1(n v, X, —— (22 (222,
( ) resl()g(nu 8)<<F(1+7’+ch) ( 3 ) ( 3 )
By Lemma 9 we have ¢; # ¢y, ¢1 # c3. Nevertheless, it may happen that either |c;—co| < 1
or [c; — 3] = |2¢1 + ol < 1 or both |¢; — | € 1, |eg — 3] < 1.
Suppose that |c; — co| < 1 and |c;| > 1. In this case, applying Stirling’s formula and
(2.18) we have

Galicr, VA)[261 + 2| % a5y a3

(7.36) ress,m g(n, v, X, s) < 1 = caf - |ea [V ’

2¢1 + col€le —1/2—r c e—1/2—r
20+ ool VT _ e

ler — cof |ﬁ—@V
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since |2¢; + 3| — 3|er] > —1. From Lemma 5 it follows that [|n]| < |ci], |e2] < ||n]].
Consequently, to show (7.34) it is required to prove that

(7.37) Z ||n||—1/2—r+e -1
e 10—l
0<|e1—e2|k1

Fortunately, the quantity |c; — c2| is separated from zero. Using (2.6) and (2.15) we have
[er = ca| > |n - (51 = Ka)| > |nalog(nar) — nalog(mm )| = [na log mg — na log i

Since n{ and 7} are multiplicatively independent, we can apply Baker’s result [2, Theorem
3.1] on linear forms in logarithms, getting

(7.38) ler = ea| > ||n||~¢

with some absolute constant C' depending on 7/, 75 and the field F. There are several
results on a precise value of the constant C' in (7.38), to mention a few: [3], [4], [7], [13].
But even the best known upper bounds on the constant C' are very large. Nevertheless,
an estimate (7.38) allows us to prove (7.37) for » > C' + 2. An interesting question is
whether it is possible to obtain (7.38) with some small value of C' (say, C' = 1/2) using
the fact that we are investigating a linear form in logarithms of totally positive units.

Suppose that |¢; — o] < 1 and |¢1| < 1. Since ¢ + ¢ + ¢3 = 0, we conclude that
les| < 1. Thus |¢; — ¢3] < 1 and ||n|| < 1 by Lemma 5. In this case,

res gn,v, X, s) K ,
s1(n) ( ) |Cl _02| ] |C1 _CS|

and it is left to show that
1

ler — cal - [e1 — csf

<1,
lInll<1

which immediately follows from (7.38). Note that the case |¢; — 2| < 1 and |¢; —¢3) < 1
can be treated in the same way.

From now on, we may assume that [¢; — co| > 1 and |¢; — ¢3] > 1. Accordingly,
applying Stirling’s formula and (2.18) we deduce from (7.35) that

Clicy, PAg)e a8
(1+ |C1|)1/2+”\/|201 + CQ|\/|01 — o
261 + ol ler — ol g,y

I+ a2 © ’

where f12(n) = |c1 — ca| + |2¢1 + 2| — 3|ea|. Since ||, |ca| < [|n]], to complete the proof
of (7.34) it remains to show that

(7.39) ress () g(n,v, X,s) <

<

I e==trz00r

(7.40) Z ress, (n) 9(n, v, X, 5) < Z 0+ e < 1.
nl[<ar lnf[<dT
0#|s; (n)|<T

Suppose that co > 0 (the case co < 0 can be treated similarly). In this case,

f12(n) =0, if ¢ >c
(7 41) fLQ Tl) = 202 — 201, lf O S C1 S Co
: ) =2co +4cqy, if —c/2<c <0
fLQ n) = 0, if C1 S —62/2
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Note that f12(n) > 0. If |¢1] < |ca|/4, then it follows from Lemma 5 and (7.41) that
fi2(n) > |ca| > ||In||, and for some absolute ky > 0

[n||ce /12 [|n]|ce=Follnl
(7.42) > I "« Y <L
/2471 1/2—1—7"
pimar (L Fleal) iz (L leal)
le1|<le2| /4 le1[<ca]/4

If |c2]/4 < |e1| < |eal, then by Lemma 5 we have ||n|| < |e1], \02] & ||n]|. Consequently,

(7.43) >

In||<dT
|ea]/4<]c1]<] 2]

I e==r00/

<
(1+ |eg|)1/2+r | %T In ”1/2+r e

for r > 3/2 + €. If |¢1]| > |cz|, then using Lemma 5 we infer that ||n]| < |c1] < ||n||. As a
result,

—7f1,2(n)/6

]|
(744) Z ( + ’ 1‘ 1/2+r < Z H ”1/2+r €
[[n||<dT In||<dT
e |>]ez]
for r > 3/2+ ¢. Combining (7.42)-(7.44), we show that (7.40) holds, which completes the
proof of the lemma. O

Finally, let us compute the residue of the function (7.3) at the point s = 0. To emphasize
the dependence of the sign character v (defined by (2.2)) on ay,as, a3 we denote it by

Vay,a2,a3-

Lemma 11. The following asymptotic formula holds:

1 1
(7.45) 3 ; 5751€8s=0 g(n,v, X, s) = K;log X + O(1),
where
1
(7.46) K, = (€a(0,11,000) 4+ (0,101 00) + &a(0, 20,11 M0)) -

1670

Proof. The function g(n, v, X, s) has a pole at s = 0 only if n = (0,0). In this case, it is
reduced to

L1+r)Xs
_— o) 3 (£).
T(L+r+ s)CC‘(S’ v2o)l”(5)

Note that (see (2.14)) (o(S, Vay.ap.a500) = 0 if 0, = 1/2 or 0, = 3/2. Hence it is needed to
consider only four cases of v, 4,44, Damely 110, V10,1, Y0,1,1 and .
In the last case, the function g(0, 900, X, s) is regular at s = 0 (see Proposition 4).
Consider the case v = 111 9. By Theorem 4

(7.47) 9(0,v,X,s) =

g(o7 V1,1,07 X7 S) =

where
L(1+r)Xom3/?
(1 +7+s)I2(5H)

f(s) = a5, 1,1,000)

Therefore,

resszgg((), V11,05 X, 3) = I'€Ss=0
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Calculating f’(0), we have

27
(7.48) ress—0g(0, 110, X,8) = 5

™

£a(0,v11,000) log X + O(1).

The cases v = 11971 and v = v lead to formulas analogous to (7.48) with the only
change of v on the right-hand side. Combining them, we prove (7.45). O

Substituting (7.45) into (7.5) and using (7.34), we conclude that there exists some huge
R such that the asymptotic formula

(7.49) > rpm)(1- %) FEX + Kilog X +0(1)
. relm — < = T og
= X (k+1DN()D:
holds for » > R, thus proving theorem 3. 0

Turning finally to the proof of the statements made after Theorem 3, if we assume that
a is the ring of integers O of F and that the wide class number of F is one then by [1,
p.94] we have that #0*/OT = 8 or 4 according to whether the narrow class number of F
is one or two. In the first case it can be checked that the only sign character v for which
v(e) =1 for all e € O* is the trivial one, so K; = 0. In the second case there is a unique
v with o, = 1 for which v(e) =1 for all e. For this v we have that

(7.50) Co(s,v) = 4Lg(s, x),

where Lg(s, x) is the usual Hecke L-function for the narrow class character of F induced
by v. The Dedekind zeta function for K factors as

(7.51) C(s) = Lr(s, x)Cr(s).
Since K/F is ramified at two real places we have that Lg(s, x) has a zero of order 1 at
s = 0. Also by (7.50)
£o0(0,v) = 81 Ly (0, x).
Since 6 = 2Ry it follows from (7.46) and (7.51) that
L3(0, x 1 .. k(s
(7.52) K= FLL(R]F E 1R, SQF((S))'
To evaluate the limit we apply the class number formula formulated at s = 0 (see e.g.

[18, (2) p.71]). Since F is a totally real cubic field and K has two real and two pairs of
complex embeddings, we have

. CF(S)_ hr Ry . CK(S) hy Rx
(7.53) EE% o }glgé 3 e

Note that the number of roots of unity wg is two and the class number hg is one. Therefore,
substituting (7.53) to (7.52), we prove (1.8).

8. APPENDIX
Lemma 12. The following identity holds:
(8.1) det Qq, = det A%,
where matrices Qq, and A are defined by (3.3) and (3.5), respectively.

Proof. Let

aMwi(z) afwi(z) ol wi(z)
(8.2) Ao = | aPws(z) aPwalz) aPwslz) |,

Pwg(z) o ws(z) o ws(x)
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where w;(x) are defined by (3.1). Using the definition of matrix @, (see (3.3)) together
with (2.1) we deduce that
(83) Qu,z = AZ:anyl“
Therefore,
2

NORINORING
(8.4) det Q. = (wy(2)wy()ws(x))? | o ol ol

NORNORINC)

1 2 3
Since n; are units we have n§1)n§2)n§3) = 1, and thus (see (3.1)) wy(z)ws(x)ws(z) = 1.
Therefore, for A defined by (3.5) we have
det Q,,, = det A°.

Let

(8.5) P,.(a,b,c) = H

aal —|—ba +ca(3))

’:]w

]:1
Lemma 13. The following identity holds:
(8.6) tr Qe Pi, =0,

where PJr is the Hessian matriz P, , in the variables a, b, c.

Proof. First, note that the multiple H - w 7(x) does not depend on a, b, ¢, and thus

(87) Hw P(-lrj,ag,CLg? t a:E a:v Hw uipjj,ag,ag)
where PJJ az.a5 18 the Hessian matrix for the polynomlal
3
(8.8) Py asas(a,b,c) = H(aay) + aaé) + aaé )) '
j=1

Note that the Hessian matrix is zero if more than one a; is zero. Also for a; = as =ag =1
the following decomposition takes place:

(8.9) P1T,T1,1 = (aa§3) + aagg) + aa(?’))Pﬁ1 ot (aa?) + aag) + aaéQ))PffO’l—l-
+ (aozgl) + aozél) + aozél))Ponm.

Therefore, if we prove tr(Q, 1P, ..) = 0 in the case of exactly one of a; = 0, we will
prove the same for the case of all a; = 1.
It is sufficient to consider only the case a; = as = 1, a3 = 0 since the remaining cases

can be treated in a similar way. Then

(8.10)
P11 P12 D13 2a( )a(z) ag )ag) + a( )a(l) (1) ( ) 4 CY(Q) é)
P1TT10 = p271 p272 p273 = (1) ( ) + a(2) ( ) 2% (1) ( ) (21) g) N (22) g)
Pay P32 P33 a?)ag” + af@g ) aMa (2) ta ( NG 2000

In view of (8.3), in order to show that tr(Q, 1Plﬂ1 o) = 0 it is required to prove that
(8.11) tr(A L (A TP ) =o0.
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To calculate the inverse of A,, (defined by (8.2)) we will use the cofactor matrix given
by

1
12 A7l = T
(8 ) a,r det Aa,z Ca,z

Therefore, (8.11) is equivalent to
(8.13) tr(CL, Cou Pl 4) = 0.
We have

U}Q(ZE)wg(l’)bLl ’lUQ(ZL‘)wg(ZE)bLQ wg(ZL‘)wg(ZE)bLg
(814) Ca,ac = w1 (m)wg,(x)bm wh (x)wg(ﬁ)bg’g ’wl({L‘)UJg(I)bzg = DIBa,
wy(z)wa ()b wi(x)wa(x)bse wi(x)we(z)bs s

where
ws(x)ws(x) 0 0 bip bip bis
(815) D$ = 0 w1 (l’)wg(l‘) 0 s Ba = bg,l b272 b273
0 0 w1 (x)wg(x) 63,1 b372 b373
Furthermore,
0@ — aPa® a®a® _ oo oPa® _ o)a®
(8.16) B, = ag?’)agl) — agl)a?) agl)oz?) — ags)ozgl) aPal) — oMol
le)aéz) B a§2)a§1) aél)a?) B agl)a:(f) agl)aéz) B agz)ag)
Hence (8.13) is equivalent to
(8.17) tr(BIDB,P{! ;) = 0.

To simplify the notation, we denote the diagonal entries of D? by dy, do, ds, namely

dy = wi()wi(z), do = wi(@)wi(z), ds:=wi(z)wi(r).

Then

dibiy doboy dsbsa
(8.18) BID2= | dibis dabsy dsbso
dlbl,?) d2b2,3 d3b3,3

’

(8.19)
biipi1 +biopa1 +bi3ps1 biipia + biapas +bispse biapis + biopes + bispss
BaplT,Tl,O = | baipig +baopar +baspsys baapia + baopao + baspsa b21Dig 4 boopos + bospss
b3ipig + b3opa1 4+ bsspsi b3ipio + b3opas + bsspsa b3ipig + b3apas + b3 sps3

Using (8.18), (8.19) and the fact that the matrix P1T,T1,o is symmetric we obtain

3
(8.20) tr(BY D2B. Pl g) = diS;,

(8.21) Si = b7 111 + b7 ypog + b7 333 + 2bi1bi2p1 2 + 2bi1b; 3p13 + 2b; 25 3p2 3
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Now to prove that trace (8.20) is zero it is needed to show that S; = 0. Consider the case
i = 1. Using (8.10) and (8.16) we obtain

S
(8.22) 71 = (a§2>a§3) — a(B)a( )) a( )a§2)

)02

@ _ 4@ 0)20000) | (@0 _ (002,00,

+ (045 g 3 1 % 3 Q3

+ (ozé )a§3) ag) (2))( (3 )a:(f) oz( )a(d))(agl)ag) + Oz?)aél))
g) (3) ozg) (2))(oz( ) (3) N 52))(0451)0(;2) + oz(2)ozgl))

+ (ozg )a§2) &( )a(3))( (2 )0453) _ a§3)a§2))(@él)a(2) + 0452)04:()’1))‘

To simplify (8.22), we subsequently group together the terms with a oél), aél), getting

+(04 1 1 1

S
(8.23) 71 = (ag)a:(f) _ 0423)&:(32))20451)51,1 + (ag?))a:(f) _ Oé§2)06(3))04(1)51 ,

(a0 — aflaf? Fofs,,

where
(8.24)
511 = afaf? — ool + (@PP — oPaP)of? + (oPaf? —aPa)alf 0
(8.25)
51— (002 — a0 + (0P — aa?)af? + (oo — aPaf)a = 0
(8.26)
515 aaf? ~ o)l + (0P — o aP)al? + (0 - oPaf)af? 0.
Therefore, S; = 0. In the same way we can verify that So = 0. In this case, we group
together the terms with 04(2), ag), oz:(f) The case of S5 differs slightly from the previous

. . 3) (3 B
two since there is no ag ), ag ), ozé in S3

83 1 2 2 1 1 2
% (@0 — oo o al?

0@ aM)2a0a?

2 1 1
IHCNOBINONCIE

2 1) (2

§)§)+(”()

(1) (2 (2) (D)( é) @ _ W (2))( M2 4 g (1))
(1

+ (o a3’ —ay Qq O "Gy ") Qg "y 1
+ (@0? — aPaD) (0P — aPa®)(@Pa® + a@al)

1 2 2 1 2 2 1
@7l — ool alf? - ool allal? + el

So we group together the terms with oy ), agl), agl), getting

S.
(8.27) —23 = (ozgl)ozé) (2) ( ) 1)S + (oz:(g) (2) ozg ) m)ozé )53,2
+ (agl)ag) — a?)agl))agl)Sg,g,

where

1= (002 — oPalf? + (0f7f?  aflaaf? + (aflaf? ~ of0f)af? =0

5

12 = (008 — aflal?of? + (ofaf? ~ aflaaf? + (afla? — ofl0f)af? =0

)

S5 = (@D — a®Pa)a® + (ool

aVaf 20010 1 (0Pl — a®a@)al® — .

— Q5 1 Q1" — Q03
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Therefore, S3 = 0, and the trace (8.20) is also equal to zero. This concludes the proof. [
Lemma 14. The following identity holds:

(8.28) e = Q1 .

where matrices Qg is defined by (3.3).

Proof. Let (1, B2, B3 be an integral basis for % Then (see Lemma 12 )

(8.29) Qu =B\ Bi_,
where
5?)?1)1(33) 5(1)'“] (9‘7) 5§1)w1($)
(8.30) Bi,=| BPws(x) BPwa(w) B ws(w)
B ws(z) B ws(x) B ws(x)

In accordance with (3.5) we define
Bgl) Bél) ﬁél)
(8.31) B= 3?3252 |.
,853) 653) ﬂéS)
Since the columns of A~ (for A from (3.5)) form an integral basis for = (see [11, §36]),
we infer that
(8.32) BTA =1, or equivalently ABT = I,

where I is the 3 x 3 identity matrix. Let [A]; and [B]; be vectors consisting of the elements
of the i-th row of matrices A and B, respectively. Let (A); and (B); be the column vectors
of A and B. Using this notation, we can rewrite the second equality in (8.32) as

T [A]1-[Bl1 [A]1-[Bl2 [A]1-[Bls 100
(8.33) AB" = [ [Al2[B]: [Al2[Bl2 [A]2[B)s | = (0 1 0) :
[Als[Bl1 [Als[Bl2 [Als[Bls 001
Using (8.2), (8.30), (8.33) and (3.1), we show that

T [A]1-[B]1 [Al2-[Bliwi (—z)w2 () [Als-[Bliwi(—z)ws(z)
(8.34) B _anI = | [A]1-[Blawi(z)wa(—z) [A]l2-[B]2 [Als:[Blawz(—z)ws(z) | = 1.
ao? ' [Al1-[Blzwi (z)ws(—z) [Al2-[B]swz(z)ws(—z) [Al3-[Bls

This immediately implies that B, __A,, = I. Finally, applying (8.3), (8.29), (8.34) we

conclude that

Q%,_m : Qu,:ﬂ - BE o <BL,_$ : Aax) Aa,z - BE _x Au,m - Ia

ad ad’

thus proving (8.28). O
Lemma 15. The following identity holds:
(8.35) Pow="P1 _,,

where Py, and Py, are defined by (3.6) and (3.9), respectively.
Proof. Using (8.28), (8.29) and (8.30), we have

i1 qi12 413
(8.36) e = Bi;,_xB%,_m = ®©1 ®©2 @3 |,

31 432 433
where for 1 <i,5 <3

(8.37) gij = BB wi(—a).
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Applying (3.6), (3.9) and (8.36), we show that

3 a;
<Z CLle +me2 _I_CQm?)) G )>

1

(8.38) Py .(a,b,c)=

3
Jj=1
3
It follows from (8.37) and (8.33) that for 1 <1 <3

3
(8.39) qu,a Zwk 51(“2 504 6)

k=1
Substituting (8.39) to (8.38), applying the relation w;(z)w;(—z) = 1, we have
Py (a,b,c) = ﬁw?j(—x) ﬁ <aﬁ§j) + bﬂéj) + cﬁ:(,,j)>aj = P‘TID’_:E(CE, b,c).
j=1 j=1
This completes the proof of (8.35). O
Lemma 16. The set of numbers
(8.40) {n- ki, n-kKy n-ky; |In|]| < N}

becomes dense in R as N — oo.

Proof. According to (2.15), we have to show that

(8.41) {nlegl) + nge?), nleg ) + n2e§2) nleél) + n26§2) :ny,ng € L}

is dense in R. Tt is known that for o € Q the set {n; + any : ny,ny € Z} is dense in R.
Thus, if we show that at least one of the fractions

651) egn eél)

D @ @
ORNCENC)

(8.42)

e

is not a rational number, we prove (8.41). Assume the opposite: all numbers in (8.42) are

rationals. Then, since egj) = —eéj) — egj) there exist a1, as, a3 € Q such that
(8.43) egl) =a egl) =a egl) i egl) =a
. oy — W1, T oy — W2, T o5y 9y — W3-
632) egz) e§2) + 652)

Note that a; # a; (otherwise the corresponding cofactor of the matrix (2.5) M ~! must be
zero, which is impossible since the matrix M has no zero entries). Thus, it follows from
(8.43) that there exist by 1, b1 2,021 € Q such that

(8.44) egl) =b 16(22), egl) = b172eg2), 6(12) = bmef).
Furthermore, the following equalities hold

(8.45) 35(652) + 26&2)) = 3logmn, —35( ) + 2€§ )) = 3logns.
Consider the trivial equation

(8.46) 35(el? + 22 (M 4 268y — 35(el? + 2e?) (el + 26y = 0.
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Substituting (8.44) and (8.45) into (8.46), we obtain
(8.47) (b1,1 + 2b1,2) log i + (b2,1 + 2) log 7z = 0.

Note that it is impossible that b; 1 4+ 2by 2 = ba; + 2 = 0, since otherwise

which contradicts the fact that the matrix M (2.5) does not have zero entries. Therefore,

8.47) yields the nontrivial relation n{'nd> = 1 with ¢, g» € Z, which is impossible since
172

M, 12 are multiplicatively independent as a basis of a group of totally positive units. Thus,
at least one of the numbers (8.42) is irrational and the set (8.41) is dense in R. O
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