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1 Introduction

The L-functions of Dirichlet, for primitive characters y modulo g, satisfy the
functional equation

(L.1) (%)M r(s ; a)L(s, Q)= gxr“<%>u_s)/2 r(l_”_;j_“>u1 ~57)

b
where a = (x(1) — x(— 1)) and ¢, = t(y)g~*/* with 1(y) = Zb(modq,x(b)e(a> the
Gauss sum, so |¢,| = 1. From this and the Phragmen-Lindeldf convexity principle,
it follows that they satisfy the bound

(1.2) L(s, x) < q**logq

on the line Res = 1, the implied constant depending on s. This classical estimate
resisted improvement for many years until Burgess [B] reduced the exponent from
% to %, many important applications following therefrom. The proof of Burgess
appeals to the Riemann Hypothesis for curves established by Weil.

Another method to break the convexity barrier was given recently in [F-I].
This method, as well as being more elementary, combines well with the methods
developed in the series [D-1,] to allow us here to treat the more difficult auto-
morphic L-functions.
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Although it is clear that the method extends to more general L-functions of
rank one, we restrict here, for the sake of exposition, to those L-functions attached
to an arbitrary holomorphic cusp form of weight k for the full modular group:

1.3) fl2)= i b,m* V2 e(mz) .

m=1

In this Fourier expansion the coefficients have been normalized so that Deligne’s
bound asserts that

(14) by < 1(m)

where the latter is the divisor function.
With y as before, we associate to the cusp form f(z), the automorphic L-function

Lis, )= X baxmm™.
m=1
These were studied by Hecke who proved that they are entire and satisfy the
following functional equation:

¥ k—1 1os k—1
(1.5) <5q7;) r( +T)L,(s D) =i <2‘i> r<1—s+T)L,(1—s,z),

where ¢, is as before, cf. [Sh, p. 93]. By the duplication formula this can also be
written as

a\’ (s+a s+ a
(3 (5 (5% e
1-s
T 1—s5+a 1—s5s+a, s
= gli (T[) F( 3 )F( > )Lf(l S0,

where a; = 4(k — 1) and a, = 3 (k + 1), displaying more clearly its relation to (1.1).
As before it follows by convexity that

(L.6) Ly(s, x) < q'/*(log q)* ,

for Res = 4, the implied constant depending only on s. The factor (log g)? can be
deleted by refining the convexity argument.

The Burgess method is not applicable here to reduce the exponent 4. In the case
that y is real and at the special point s = 4, the exponent was reduced to 2 in [1] and
in [D]. This was obtained by the combination of an estimate for the Fourier
coefficients of half integral weight cusp forms together with Waldspurger’s theorem
and therefore does not apply at other points or for non-real characters.

In this paper we prove

Theorem 1 Let ¥ be a primitive character to modulus q and let Res = 4. Then we
have

a.n L(s, x) <1s1*q°' 2(g)*log g
where the implied constant depends only on f.

We remark that here, and throughout the paper, we have not made any effort to
obtain the best exponent in |s|, in 7(g), or in loggq.
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Combining the above estimate with the Waldspurger theorem (see [K]) we get
the estimate

(1.8) c(q) < ¢°'**(q)logq

for the Fourier coefficient of half integral weight forms on I'(4). The exponent
#%, although larger than the exponent & given in [I], is still strong enough to
provide a simplification of the solution of the Linnik problem for the sphere given
in [D] (see also [Sa]). The technique given here applies also to those L-functions
which are similarly related to the more general ternary Linnik problems treated in
[D] and [D-SP].

2 The delta-symbol

Define

1 ifn=0
@1) 5(")2{0 ifn+0.

Let w(¢) be an even function on R with »(0) = 0 and compactly supported such
that

T o) =1.
k=1
Put
22 S(n) = w(k) — wG) .
We then have
2.3) o(n) = ; du(n) .

Using additive characters this yields

h
=Ykt ¥ e<?n>6,¢(n).
k h(mod k)

Putting

(24) 4.(n) = Z rot Ser(n)

we get, with r = (h, k), a = h/r,c = k/r,

2.5) S=Yc1 Y* e<@) A.(n) .
¢ a{mod ¢) 4

In practice we apply the above identity to integers |n| < ¥, say, with test
function w(t) supported on £ <|t| <K, and whose derivatives satisfy
w'(t) <« K771, Then §,(n) vanishes save for 1 < k < max(K, §) = K by choosing
K = N'/2 Hence 4.(n) vanishes save for 1 £ ¢ < K and 4,(n) < K™%
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3 A mean-value theorem

Let a, be complex numbers for 1 < n < ¥. In this section our aim is to give an
estimate for

2
5= ¥* ,

x{mod g}

Y a,x(n)

n

where star restricts the summation to primitive characters. Expanding each primi-
tive y using Gauss sums and then extending the resulting summation to all
characters mod g, we get by orthogonality,

ree(5)

Next, extending to all residue classes we get

SSol@ Y S,

h = 0(mod q)

Séﬂ(_q_) Z*

q a{mod q)

where

Sh = Z a,,ld,,z .
ny~na=h
For h = 0 we have the diagonal contribution ¢(g)S,, where
3.1 So =72 1a*.
We denote the remaining contribution from & =% 0 by S,,. Given & & 0 we apply
(2.5) to split

Sh=zc~lshca

where
_ ) a
Shc = Z* Z anlan2e<_ (nl —hy — h)>Ac(n1 — Nz — h) .
a(modc) ny,nz 4

Now we specialize the sequence (a,) to be the convolution

=Y Abngm),

‘m=n

where A, are arbitrary complex numbers for 1 £/ < L and g is a 4? function,
supported in [M, 2M] and satisfying

lgVm) €M™ forj=0,1,2.
We then have
Sie= Y. Aede,Ts0,(0),

!1 . {2
where

T,(0) = Z* e(..fl_h.) y bmlﬁmze(g(flml—J’zmz))F(ml,mz)

a{mod ¢) c my,my
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and F (my, my) = glm)G(m3) A ,m; — £,m, — h). Note that (with K = N2 =
2(LM)'2)

(3.2) FOD e K™ YeM/K) 77 for0<i,j<2.

Next we shall transform the sum of the Fourier coefficients b, B,,,z by the following
Poisson-type formula (cf. [D-1,, p. 792]).

Lemma 1 Let F be a smooth and compactly supported function on R*. For any
integers ¢ 2 1 and (a, ¢) = 1 we have

(33) Y bue (“—c"f>F<m) = b,e< - %)F(r) ,

where ad = 1(mod ¢) and F(r) is the Hankel-type transform

F(y) = 2mi*c? T F(x)Jk_1<iC7~T~ \/Sfy> dx ,
0

where J is the usual Bessel function.
Applying Lemma 1 in each variable m,, m, we obtain

(3.4 Ty,l0)= Y * ( ) Y. b.b, (ﬂrl —E—[Zm)F(rl,rz)
¢ P s

a(mod ¢) rL,r2

where ' = ¢, /(£1,0),¢" = £3/(£2,¢), ¢y = ¢/(£y,¢), 3 = ¢/(£3, ¢) and

- 4u? % 4n 47
F(ri,r) = C—_f j.F(xhXZ)Jk ne — X1y [y "C_\/ X7y Jdxdx, .
i€2 0 0 1 2

From the recurrence formula
d v v
a—(z J(2))=2"J,-1(2)
z

and the bound
J(z) <l +2)"Y2

we get, on integrating by parts and combining with (3.2),

. M? cMr 754 cMry\ 3
F(ry, 1+ —— 1
(rs r2)<c,c2K( + ch) + 3K

Hence, using the bound Y, _ . |b,|? < x (which follows from Parseval’s equation),
we infer -

3.5) Y b b F(ri ) <K

ri,12

The sum over a in (3.4) is a Kloosterman sum S(h, *; ¢) to which we apply Weil’s
bound. Together with (3.5) this gives

Ty 00y =Y b, b, Flri,1,)S(h % 0)

ri.82

< (h, )2 22 (e LM)L2,
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Hence

Sne < (1, )2 2 2() LMY (1A ])
Next summing over ¢ < 2(LM)!/? we obtain

Si < t(R)(LM)*/*(log LM)(L|12,1)* .

Summing over h = O(mod g), 0 < |h| £ LM we obtain
(3.6) Sy < T(q)(LM)"*(log LM)* (31 2¢1)* .
For our choice of a, (3.1) gives
3.7 So € M(log M) ; | A2 () .
By combining (3.6) and (3.7) we complete the proof of the following mean-value
theorem. ‘

Theorem 2 Let A,,1 £ ¢ < L be complex numbers. Let g(m) be a function of C* class
supported in [M, 2M7] and such that

gVm) =M™, j=0,1,2.
Let b,,m*™V/2 be the Fourier coefficients of a cusp form f of weight k for the modular
group. Put
2 2
S= Y* .

x(mod q)

Y. by (m)g(m)

m

Y Aex(£)
7

Then we have

2
(38 S< @(q)M(IOgM)E[:MzIZT(/) + 1(g)(LM)""*(log LMY <; Wl) ,

where the implied constant depends only on f.
We shall apply Theorem 2 via the following
Corollary. Let y be a primitive character to modulus q and g(m) as above. We have

(3.9 B, =Y bax(mg(m) < (q""**M""** + M"/®)1(q)*log M .

Proof. Choose A; = j(¢). The contribution to S from y is equal to
[{£ < L:(¢, q) = 1}171B,[* .

The contribution to S from each other character y(mod g) is non-negative and so
we can discard it. Choosing

L=g*"" M7 4 2q1(g)o(g) ™"
the corollary follows from (3.8).

Remark. Our bound (3.9) is trivial for M < ¢7/%,
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4 Proof of Theorem 1

We shall require the following multiplicative version of the Poisson formula (3.3).

Lemma 2 Let F be as in Lemma 1. For any primitive character y to modulus q we
have

(4.1) Y bax(m)F(m) =&} Y. bi(OF (1),
where &, = t(y)q~'/? as before.
Proof. We have

x(m) = () ) X(a)e< )

a(mod ¢q)
and
r(x) a(ﬂéql x(a)e< - ;) =x(—7).

Thus (4.1) follows from (3.3).
Now we are ready to prove Theorem 1. By using a smooth dyadic partition of
unity it suffices to estimate sums of type

H =Y byy(mym *h(m)
for h a smooth function supported on [M, 2M] such that A(m) < M /. If M < q
we apply (3.9) with g(m) = m™*h(m) and get
H < |s]?(q"22 M/ + M*/®)t(g)* logq
Hence the contribution of partial sums with M < g is
4.2) O(lsi*q>* <(g)* logg) .

If M > q we first apply Lemma 2 to replace g by . By partial integration § satisfies
the bound

gir) < [sPMM2q 7 (1 + g2 M4
Making a dyadic subdivision in r we obtain from (3.9)
H < ISIZ(q7/22R7/11 + R7/8)M1/2q—1(1 + q—ZMR)-5/4T(q)210gq R

for some R Zz 1. This is greatest for R = g*M ~! and the resulting bound is greatest
for M = q. Hence the contribution of partial sums with M » ¢ satisfies the same
bound (4.2). This completes the proof of Theorem 1.
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