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1. Solve the following congruences. If there are no solutions, say so, and
give some justification. (You do not need to give a complete proof.) If
there are multiple solutions, be sure to find all of them.

(a) 15x + 10 = 4 in Z20

(b) 15x + 10 = 4 in Z19

(c) 15x + 10 = 4 in Z18



2. (a) Prove that 10n ≡ 1 (mod 9) for all n ≥ 0. (Hint: Induction)

(b) Let x be a positive integer, and let y be the sum of the digits of x
(in base 10). Prove that x ≡ y (mod 9). (Hint: Think about how to
write x in terms of its digits. Use part (a).)

(c) Use part (b) to prove that a positive integer is divisible by 9 if and
only if the sums of its digits is divisible by 9.



3. Let R be a ring, and let a ∈ R. Let

S = {ax | x ∈ R} ,
T = {xa | x ∈ R} .

(a) Show that for all r ∈ R and s ∈ S, sr ∈ S.

(b) Show that for all r ∈ R and t ∈ T , rt ∈ T .

(c) Show that S and T are subrings of R.



4. (a) Let R be a commutative ring with identity, and let a, b ∈ R such
that ab is a unit. Show that a and b are units.

(b) Now let R be a nonzero ring with identity, and assume R has no zero
divisors. (Note: R is not necessarily commutative.) Let a, b ∈ R

such that ab is a unit. Show that a and b are units.


