1. (10 pts) Solve the following congruences. If there are multiple solutions,
be sure to find all of them. If there is no solution, say so, and be sure
to justify your answer.

(a) (5 pts) 8 =11 (mod 30) |
Sw=ll (nd 30) = 30|5x Il = &e-ll=20k Hr ame
& Gu-3k=l| for sme keZ.
But Z/z%c Wk and 2%/// 2 there s v olution.

/AMNAM exf(dﬂm"im:
(430)=2, @d 2tl, 50 Ly Thuren 2.()
/
Here s a0 60/%1‘/}%,

(b) (5 pts) 8z =11 (mod 31)
/23,3[):/, 9 there must be a wu’izw solutio  (wedul 3/)/ naw
x= (- (mm’ 3,)/ 50 we must ampute 87 (wmed 31).

71=¢-3+3
$=71+1 = 1=8-F1=1-(31-53):1=84-3], =
§4=

Y=l (nd 31), 50 8724 (d 31)
x =182 (142 ¥ = 13 (md 31)

(=13 (med 3/)2

—

’




2. (10 pts) Let a = 3X? + X + 2 € Z[X]. Compute the inverse of [a] in

Z7[X]/(p) where p= X3 +4. | ﬁrﬁ&[/\ workig)( .
f’“"(")ﬁ = 01‘(5)(+3)+ (X+S) "3)(27"1@/,; -
orituMm . #5203
P = o)1) + 2 J\ZYTME/
e 2023k +4
Tk s wit, 40
W&’m{ JZM, (71/w ja} X+5
4w pois 1) oy
U/arkf/tj back wards: i/ N+ ];)/((Z :){"'Z
2= a~ (X+5)(3X) | 2
2eacl g
X+9 = f'd(5)(7"3) |
2=a~( = a(51:3))-(3%) N

= a= p(3X)ra(513)33)

= q(X*+2X+1) - p(34)
Now Mu/h'lol)/ b)/ 27'=4 u get

= 2027224 = (e ) (1)) Y= a (400 414) - po1)
S al )= ol 1), /E]'g [W(Z+X+i]j

~




3. (10 pts) Give an example of a field of order 125. Be sure to explain why
your example is a field. (Hint: 125 = 53)

Ir fé Z Iy [/U s an /’//‘ledé/& /@éé//zm,a/ i 17/1% 3/ 774@
ZS[XJ/@) il be o Ll oF oder 57 5 we

Juéf Aew( 1o .7%0, n W“[M"ZQ /ﬂﬁ/ /}M//k/ 07£ a/ ree

3 i L M] /]( duree 3 0[//)5744/’45/ 5 /ﬁ%qu over
4 70?@[! ffﬂ ad m@ 7770 g bé 0 wts i e Fed

fz)(3/)(3+// )(3+2/ X3#3//\’3,+4{ a’m’?f work . . .

= P X works: (0)=]
f) Lr ! /Dm,g Z [X]
;[2)5{ g (/{/31‘/‘/'/‘/)

{0[3 )= i5 Me direct ms wer. |
p4)=4
I 7
ff(z):' 3 (1744+1)
f(ﬁ)’z 15 4/50 a  coect
f4)= | mswer,

Fi .. -

( ”%Pé ae 4 ol F W oot e al pomiale
‘/'f/f tt"L il g f!j ; f : 74 - / /
/ v us€  Jelm  TVls /fﬂiﬁ/@//!, ) ‘



4. (10 pts) Let R be a commutative ring with identity. Prove that R is an
integral domain if and only if the ideal (0) is prime.

() ks R wn integral dovain, WT5 0)#R ad for
any A,Z)ép\/ 4éé(0) -==>Aé(d) o ée[(?).
Since (,ﬁ*ﬂp\/ (#00), % (1) =R,
§uf 05¢ abé(ﬂ). Thes J’// 0 Fince A 5 M Wﬁ@/
}m/‘n/ a=l o 10’/ Thas 6/3‘1&/‘ qé(ﬂ) o Lel),
Hotce (0) s a prime idal.

(&) hsume  0) 5 prime: Wrs | #4 wd F =0 He
@Iﬂl@/‘ a=0 o é;ﬂ |
If I;Q, thn r=rl=r0=0 for d rek, % R =703=(0)
51}4@ (ﬁ) 15 /GN/M/ (17}#/4/ %0 //,\?5[2{.
5»«//0% Jsﬂ, [hen Aéé(ﬂ)/ 59 #nee (ﬂ} 5 prive,
é,fi’k@/\ A€ (ﬂ) or éé/ﬂ)/ 7 @/\7"}2,0/‘ 4:ﬂ o/ é:ﬂ
This R & m f/rfejru/ a’malh,

Al ’rerf\;@ _pr ot ~ -

Let FR—R be the rdatity map: F)=r Vrek.

Theo F is clealy « 5 ur 'aﬁvc/homéwgr bisn, add Ker F)=0)
| o /4 /< Pty 7

7 by e | I5m7h/;</n /Mmr/ A ) =R,

fé/oo;/ 1‘7 TWMM 5/% /3\/(0) 5 an intopal Amai #
15 ,E)NM@/ % R 5 M f/lf’iq/%/ agm/h r# (1) 5 prme




5. (a) (6 pts) Let R be a ring and let I and J be ideals in R. Let
I+J={i+jlic€landjeJ}.

Show that I 4+ J is an ideal in R.

We ~ must izww M IT+g () /M/Ieﬂ/ﬁ/, (2) s é/ﬂd
tA/;Jﬂ/\ j@é’ Flactiol, wd  G) chsorbs /md«d;,

[, De L A/IJ Oéj; %0 O‘ﬂw‘ﬂéz‘h}; 7 Ih/A s M

) let A,ééI‘fI Thes J:L'{-()" OM&/ é:
é./LzeI/

wyﬁ/,

Lt ) for  some

TS 4 ) (i)
because L~ € M‘/J,U’Lel ( L) O; Jz)é L+F
2 IeT i dud ahe pbtictin

D Let aéIv‘J; reR. Tl (=i+) 5 ome 55[/}‘-&/7
o o= (o=t e I] by el g o

r4 = F([#)) = F£+—Fj €« LT becase riel Fed

”w% IR w)agﬁrbﬁ fmclud';, ’
Thretre I+T 5% o ild



(b) (7 pts) Let a,b € Z with a and b not both 0, and let d be the ged of
a and b. Show that

(a) + (b) = (d).
(Note: Here (n) refers to the principal ideal in Z generated by the

integer n, and (a) + (b) refers to the sum of the ideals (a) and (b) as
defined on the previous page.)

5!/@ [4{ Zar f‘eZ} m(j (é}_, fé; 4525
(W)t (b)=Farvhs | rse2]
W will s thet ()4 (b) < /d) wud (4/*/4) ID(J)

C) Lot mela)t(h) Thar x=arths Hor sme rsel.
Since J{d A/J J/[o/ 4[/4!\ MJ J/ég/ 2 0{/”%5
9 Neo Ths xell) How (et
(D)‘ Sirce  the oxist rseZ suh Ha 4= gr4hs

(by T hesrem 3) 4{ (4},»(4,) Now et xeld)

[ hes %/atk far dme keZ. Since ,[5/)%) awj
(4)+{b) 5 A M)&t{/ Ak « [/f(é) %9 xé(}f(é}
Thas — (a)+06) > (4)

Theretwe (4 +(b) =(J),



(c) (7 pts) Let F be a field, and let p and ¢ be relatively prime polyno-
mials in F[X]|. Show that

(p) N (q) = (pg)-

(Note: Here (f) refers to the principal ideal in F'[X] generated by
the polynomial f.)

e il show §)0G) < (g ad (G)0lg) 2.
<C)I Let  aqe (/MQ) ﬂwﬂ 4=/M bor sme Pé/:[XJ/ ad
d—"zis bt some seFIA]  Thus /;/4/ 40 /ﬁ/zﬁ/

an - since (/%)4 , we Must Yave /a/f
Zm aiqﬁ);}’ fr some teFlX], 4 :-szff:%)é/
Thus (f) Ny < (IOZ)'
(D) Let € (pg). Then a=ppt Hr some te FlA] s
f){d mol Zz/ez, [ s fé//o) wzJ 46/14 50
§¢ @)l)@,
Thuy (f)”(%) D%)’
Therefore (f) / [l} = (%)



6. (20 pts) Recall that M2(Z) denotes the ring of 2 x 2 matrices with integer

coefficients. Let
a b
={(5 o)

(a) (5 pts) Show that R is a commutative subring of My(Z).

&/fh/ﬁ a=b=0 6/wwf {oo)éﬁ 0 R s /M/)e/z/}ﬂﬁ/
/é b) (& d/ (f{é b/?/ A . A s c/ﬂfea[ wder 54{4}7%;‘”

a){g &)”'( d%é)fk 2 R s c/ﬁy’@/ wza/% Ma///,wt,,,

a,bEZ}.

A @J‘flzc )
( ))( ) [/éq 4b+d4)) 9 &LM// R i ammdtdtive.
0 ¢ q ca

(b) (5 pts) Define a function f : R — Z by f((&?)) = a. Show that f
is a surjective homomorphlsm

fl(a 8)+(5 2)= 15 fzif)r are =35 e d(5 2)
HG )50 4= ae = f5 2515 2)

o JC freserves wﬂ:m/r dﬁ() M z‘///mﬁm a/tc/ *AW 5 4

}\md)w/\f)h/ﬁm

let aeZ. The 34 é/Q d/%/ Jﬁ[ﬂd)'—d 24
F s 5mf/'%h‘ve,



(c) (3 pts) What is the kernel of f?

Ka3)= (5 D)et | 36 H=03= (6 Yer | 4=03
"1 NR; -1100) bz

(d) (3 pts) Prove that R/Ker(f) = Z.

Jince F 5 a 5u[/'aﬁv& /“/'7 Ama/nﬁ/)ﬂ/ﬁs’f?@ 5/ 7%//
5T 2Mordn | A |
[T Leom /OA;AA ren, R/K@r/f/ = 2.

(e) (4 pts) Is Ker(f) a prime ideal? Is it a maximal ideal? (Justify your
answers.)

Sinee N s 4 commutetive Nhj vith iden z‘/ﬁ/ [te thet
(f) ‘,7 )ep\ ) / Ker(?) s /f/‘me i /%Qf[f/ s ,}#7,;,/ )W,;,/
od  Kelf) s maxival # Akatf) s o Fell
S ice @/Ker/f ] = 7{“ ¢ W‘i{z/ a&/wa/h it 1t a frcé/j
_/”/K'g/‘(f / 5 a /6/‘1'{1{@ /olwé bt s pot /;a;/gafw/

S




