
HOMEWORK 1

Problem 1 (Sharpness of local smoothing). Let d ≥ 1. Show that

sup
f∈S(Rd)\{0}

∫
R
∫
|x|≤1

|eit∆f(x)|2 dx dt

‖〈∇〉− 1
2−εf‖22

=∞

for any ε > 0.

Hint: Compute the LHS for functions of the form f(x) = e−
|x|2
4 +ix·ξ0 .

Problem 2 (Local smoothing in 1D). Let f ∈ S(R). Show that

sup
x∈R
‖|∇| 12 eit∂

2
xf‖L2

t
. ‖f‖L2(R).

Problem 3 (Fraunhofer formula in L2). Let f ∈ L2(Rd). Show that

lim
|t|→∞

∥∥[eit∆f ](x)− (2it)−
d
2 ei

|x|2
4t f̂

(
x
2t

)∥∥
L2

x
= 0.

Using this show that if f ∈ S(Rd), then

‖eit∆f‖Lp
x
∼ |t|−

d
2 + d

p for any 2 ≤ p ≤ ∞,
where the implicit constants are allowed to depend on d, p, and f .

Problem 4 (Pointwise Fraunhofer formula). Let f ∈ S(R). Show that

[eit∆f ](x) = (2it)−
1
2 ei

|x|2
4t f̂

(
x
2t

)
+ t−

1
2−βO(‖〈x〉f‖L2

x
)

for any β < 1
4 .

Hint: Observe that

eit∆ =M(t)D(t)FM(t) =M(t)D(t)F +M(t)D(t)F [M(t)− 1],

where [M(t)f ](x) = ei
|x|2
4t f(x), [D(t)f ](x) = (2it)−

1
2 f
(
x
2t

)
, and F denotes the

Fourier transform.
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