HOMEWORK 1

Problem 1. (a) Fix 2 < p < co. Show that the family of functions
F={f": f€H(R) with | f]> < 1 and [|f'||l» <1}

is precompact in LP(R). Here f* denotes the spherically symmetric (=even) de-
creasing rearrangement of f.

(b) Show that the set
G={feH'R): fiseven with | f]2 <1and|f|. <1}
is not precompact in LP(R).

Problem 2. (Refined Fatou) Fix d > 1 and 1 < p < co. Let {f,} C LP(R?) with
limsup || f|l, < co. If f, — f almost everywhere, then

Lt =16 = 17 =107] @z 0.

In particular, [[fally — [Ifn = FII; = [If1I5-

Problem 3. (Concentration compactness for Gagliardo-Nirenberg) Fix d > 1 and
2<p<xifd=1,20r2<p< % if d > 3. Let f, be a bounded sequence in
H'(R?). Then there exist a subsequence in n, J* € {0,1,2,...} U {oo}, {¢/ 3]:1 -
H' and {x%}jll C R? so that along this subsequence we may write

J
fnlz) = Zqﬁj(ag —a) 4+ rl(x) for all finite 0<.J < J¥,
Jj=1

satisfying the following conditions:

lim sup limsup |||, = 0
J—=J* n—oo
J

sup limsup |l full% = D 116713 — 1 13| = 0
J n—oo j=1

J
sup imsup|[|fulls = 3 16715 — 17| =0
J n—00 i=1
rl(x+2d) =0 weakly in H* for all j < .J
|z —2F| - 0o for each j # k.
Problem 4. For d >3 and f € H'(R?),
11, < T
N TP
with equality if and only if f = aW (A (z — x)) for some a € C, A € (0,00), and
zo € R%. Here W denotes

_d=2
W(x) := (1+ﬁ\x|2) i
1
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which is the unique non-negative radial H* solution to AW + Wits = 0, up to
scaling.



