HOMEWORK 1

Problem 1. Prove Young’s inequality: For 1 < p,q,r < oo,

I % gllr@ey S fllee@allgllporey whenever 141 =24 2.

Show that no inequalities of this type are possible for other exponents.

Problem 2. Let w: R? — [0, 00) given by w(x) = |z|*.
(a) Show that wdz is a doubling measure if and only if o > —d.
(b) Show that w € A, with 1 < p < oo if and only if —d < o < (p — 1)d.

Problem 3. Fix 1 <p < oo and let w € A,,.
(a) Show that M, : L'(wdx) — LY (wdz), where
1
Mof@) =sup— s [ i@l
r>0 W(B(x,7)) /B2
(b) Show that (Mf)? < M, (fP) for all f > 0, where M denotes the Hardy-

Littlewood maximal function.
(c) Conclude that M : LP(wdz) — LP>°(w dx).

Problem 4. The dyadic cubes in R? are sets of the form
ka = [k}lQn, (kl + 1)2n) X X [k}dQn, (kd + 1)2”),

where n ranges over Z and k € Z.

(a) Given a collection of dyadic cubes with bounded maximal diameter, show that
one may find a subcollection which covers the same region of R¢, but with all cubes
disjoint.

(b) Define the dyadic maximal function by

1
(Mo f)(x) = sup /Q £ dy,

where the supremum is taken over all dyadic cubes that contain x. Show Mp is of
weak-type (1,1) and of type (p,p) for all 1 < p < oc.

Problem 5. Let Mp denote the dyadic maximal function defined above and let

Qo == [0,1)4.
(a) For a > 0, show that

o € RY: [Mpfl(z) > a}| < l/ F)ldy
[f>ca

«

for some small constant c.

(b) Deduce that if f is supported on Qg and |f|log[2 + |f|] € L'(Qo), then Mpf €
L (Qo).

(c) Given f € L'(Qo) and a > [, [f(y)|dy, show that

e Qos oAl > el 2 o [

Hint: perform a Calderon—Zygmund style decomposition.
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(d) Deduce that if Mpf € L*(Qo), then |f|log[2 + |f]] € L*(Qo).



