HOMEWORK 2

Problem 1. a) Show that

[fnllp + I f<nlly S N, forall 1 <p<oo.
b) Show that for a Schwartz function f,
(@) + [ fen (@)] S [Mf](2),

where M f denotes the Hardy—Littlewood maximal function of f.
c) For f € L? with 1 < p < oo show that )\ .z fv converges in LP and that the
limit is f.
d) Show that

fwllg + I f<nlly S N# 77| fll, forall 1<p<q< oo
e) Show that

NV fnllp ~ N2 fnll, forall seR and 1<p<oo.
Deduce that

VI f<nlly S N°IIfllp and  (f>nllp S NT2IIVELL

forall s > 0and 1 <p < 0.

Remark. Using the fattened Littlewood—Paley projections Py = Py 2+ PN+ Py,
one can a posteriori strengthen the statement in part (d) above to read

d4_d d4_d
[fnllg S Nv Tl fnll, and [[f<nlly S NP7 a|[fanll, forall 1<p<g<oo.

Problem 2. Show that for f € L'(R?) the sum }_ v,z fv need not converge to
f in L'. However, f<y converges to f in L' as N — oc.

Problem 3 (Schur’s test with weights). Suppose (X, du) and (Y, dv) are measure
spaces and let w(z,y) be a positive measurable function defined on X x Y. Let
K(z,y) : X xY — C satisfy

sup/ w(x,y)%\K(amy)\ dv(y) = Cp < o0, (1)
zeX JY

sup [ wlg) 7 | (o.9)] dula) = 1 < o, @
yeYy J X

for some 1 < p < co. Then the operator defined by

/K,y av(y)

is a bounded operator from LP(Y,dv) to LP(X,du). In particular,

1T fllzex,dn) S Cop' Cf”fHLP(Y,duy

Remark. This is essentially a theorem of Aronszajn. When K > 0, Gagliardo
has shown that the existence of a weight w(z,y) = a(z)b(y) obeying () and (2) is
necessary for the LP? boundedness of T
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Problem 4 (Hardy’s inequality). Let f € S(R?) and 0 < s < d. Show that
H f(z)

|z[*

d
SMVIEfll, forall 1<p< .
P
Hint: Show that there exists g € L? so that f = |V| ®g and then use Problem 3
for the kernel K (z,y) = |o| |z — y[*~9.
Problem 5. Let f € S(R?). Show that
lozs
O0x 0z}
where Af = ¢ f

=L
Jj=1 0z

Hpgp IAf]l, forall 1<p<oco and 1<jk<d,

Problem 6 (Gagliardo—Nirenberg inequality). Fix d > 1 and 0 < p < oo for
d=1,20r0<p< ;% for d > 3. Show that for all f € S(RY),

2 2-E¢ Bd
7155 < I v sl
Problem 7 (Brezis-Wainger inequality). Let f € S(R?). Show that

s\11/2
I Fllpee S Afllen 2 +10g(%)] ? forall s>1.

Recall that for s > 0, the Sobolev space H*(R?) is defined as the completion of
S(R9) under the norm

1 llzze = 1{V)° fll 2
where (z) := (1 + |z|?)/2.
Problem 8. Given a Schwartz vector field F : R? — C3, define vector and scalar
fields A and ¢ via

s 6 F() Ex F(E)
P(&) = orile]® " omileP

Note that ¢ and A are smooth functions, but need not be Schwartz.
(a) Show that

and  A(¢) =

[éllza + [|AllLa S 1o

forl<p<q<ooobeying1+§:%.

(b) Show that F' =V x A+ V¢ and hence that
[E e ~ IV x Al + [[V| Lo

for any 1 < p < oc.
(¢) Show that all (first-order) derivatives of all components of A are under control
(not just the curl):

10k Aille S N1 F | e

for any 1 < p < oo and any &, € {1,2,3}.

Remark. Observe that F' =V x A+ V¢ decomposes F into a divergence-free part
and a curl-free part. Indeed, this (Helmholtz—Hodge) decomposition is orthogonal
under the natural inner product on vector-valued functions. Note however, that
the choice of A is far from unique; consider A — A + V). Our choice corresponds
to the Coulomb gauge: V- A = 0.
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Problem 9. Let f € L*(R?) and fix 0 < a < 1. Show that f is a-Holder
continuous if and only if || P>y fllre S N~ for all N > 1.

Problem 10. Let f,g € S(RY) and 1 < p,q,7 < oo with % =

| > swosn]|,, < 171allgler
Lp

Ne2Z

1,1
st Show that



