HOMEWORK 8
Due on Wednesday, May 27th, in class.

Exercise 1. (10 points) Let a,b € R with a < b and let f : [a,0] — [a,b] be
continuous. Show that there exists zq € [a, b] such that f(z¢) = xo.

Exercise 2. (20 points) Given a metric space (X, dx), let C(X) denote the set of
continuous bounded functions f: X — R. For f,g € C(X), we define

d(f,g9) = Sup |f(x) — g(z)].

a) Prove that (C(X),d) is a metric space.
b) Show that C'(X) is complete, connected, but not compact.

Exercise 3. (10 points) Consider the subset of C([0,1]) defined as follows:
X ={f:[0,1] = R[f(0) =0,[f(z) = f(y)| < |z —yl}.

Prove that X is compact.

Exercise 4. (10 points) For n > 1 let

nr+1
Jn:[0,00) = R, fu(x) = PR

Study the pointwise and uniform convergence of f,, on each of the intervals [0, 00),
(0,00), [1,00).
Exercise 5. (10 points) For n > 1 let f,, : [1,2] — R be defined as follows: for any
x € [1,2],

fl(x):07 fn+1(x): Vx+fn(‘r)7 VnZl

Prove that {f,}n>1 converges uniformly to f(z) = 4+,

Exercise 6. (20 points) Let f,g:[—1,1] — [—1, 1] be defined as follows:

=1, z € [-1,0]
flx) = ¢z — Fsin(Z), z € (0, 3]
z, z€[1,1]
and
=z z € [-1,0]
g(x) = —z — 3sin(Z), z € (0,3]
-, z € [3,1].
Let A = {(z, f(z))|z € [-1,1]} be the graph of f and let B = {(z,g9(x))|z €
[—1,1]} be the graph of g. Prove that A, B are disjoint connected subsets of [—1, 1] x
[—1,1] such that {(—1,-1),(1,1)} € A and {(-1,1),(1,-1)} C B.

Exercise 7. (10 points) Define f : R — R by

0, if zeR\Q
T@ =1 4 o e with (pg) =1
q’ - q pvq e
Prove that f is continuous on R\ Q and discontinuous on Q.
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Exercise 8. (10 points) Let (X, d) be a metric space and let f,g : X — R be two
continuous functions.

a) Prove that the set {z € X| f(z) < g(x)} is open.

b) Prove that if the set {z € X| f(z) < g(z)} is dense in X, then f(x) < g(x) for
all z € X.



