
HOMEWORK 7

Due on Monday, May 18th, in class.

Exercise 1. (10 points) Let f : [0,∞) → [0,∞) be continuous with f(0) = 0.
Show that if

f(t) ≤ 1 + 1
10f(t)2 for all t ∈ [0,∞),

then f is uniformly bounded throughout [0,∞).

Exercise 2. (10 points) Let (X, d) be a metric space and define a binary relation
on X via

x ∼ y ⇐⇒ there is a connected set B ⊆ X with x, y ∈ B.

(a) Show that this is an equivalence relation. The equivalence classes are known as
the connected components of X.
(b) Show that every connected component is closed.

Exercise 3. (10 points) Suppose A and B are compact subsets of a metric space.
Show that A ∩B and A ∪B are also compact.

Exercise 4. (10 points) Let {Ai}i∈I be an infinite family of closed sets with the
finite intersection property. Assuming that one member of this family is compact,
show that ∩i∈IAi 6= ∅.

Exercise 5. (10 points) Let (X, d) be a metric space and let A ⊆ X be a compact
subset. Show that
(a) For any y ∈ X there exists x ∈ A so that d(y, A) = d(y, x).
(b) If B ⊆ X and d(A,B) = 0 then A ∩ B̄ 6= ∅.

Exercise 6. (20 points) Let (X, dX) be a compact metric space.
(a) Verify that

dY (f, g) =
∑
n∈Z

2−|n|dX

(
f(n), g(n)

)
defines a metric on Y = {f : Z → X}.
(b) Show that Y is compact.

Exercise 7. (10 points) Show that the function

H(x, y) = x2 + y2 + |x− y|−1

achieves its global minimum somewhere on the set {(x, y) ∈ R2|x 6= y}.

Exercise 8. (10 points) Define A ⊆ `2 by

A =
{
x ∈ `2|

∑∞
n=1 n|xn|2 ≤ 1

}
.

Show that A is compact.

Exercise 9. (10 points) Let A be a subset of a complete metric space. Assume
that for all ε > 0, there exists a compact set Aε so that

∀x ∈ A, d(x,Aε) < ε.

Show that Ā is compact.
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