HOMEWORK 8

Exercise 1. Assume f : (a,b) — R is a twice differentiable function. Show that
for any x € (a,b), the limit

o L@ D)+ = h) = 2f(@)
h—0 h?

exists and equals f”(x).

Exercise 2. Let f : [a,b] — R be continuous on [a, b] and three times differentiable
on (a,b). If

fla) = f'(a) = f(b) = f'(b) =0,
then there exists ¢ € (a,b) such that f"/(c) = 0.
Exercise 3. Let f : R — R be a twice differentiable function such that
f(x)>0 and f"(z) <0 forall ze€R.
Show that f is constant.
Exercise 4. We say that a function f : [a,b] — R is a convex function if
fllz+ (1 —=t)y) <tf(x)+ 1 —1t)f(y) forall z,y € [a,b] and for all ¢t € [0, 1].
Show that for any = € (a,b) the one-sided limits

i fW —f@) o, fW) — f2)
Y\ y—x y, \x y—x

exist and are finite.

Hint: Show that for all a <z <y < z < b we have

fy) = fl@) _ f(z) = flz) _ f(2) = fly)

Yy—x - Z—T - zZ—1

Exercise 5. Let f : [a,b] — R be a function such that
L) = lim f(a)

is well defined and finite for all z € [a, ] (with one-sided limits at = = a, b).
(a) Show that L is continuous on [a, b].
(b) Show that the set {z € [a,b] : f(z) # L(x)} is at most countable.

Exercise 6. Let (X,d) be a complete metric space and let f : X — X be a
function. Writing f™ for the n-th iterate of f, let

= s @) 1))
" TH£Y d(x7 y) .

Assume anl ¢, < oo. Show that f has a fixed point in X and that this fixed
point is unique.
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Exercise 7. Let f,, : [-1,1] — [0,1] be continuous functions. Assume that for
every x € [—1,1], the sequence {f,(z)},>1 is decreasing and

lim f,(x)=0.

n—oo

For n > 1 and z € [-1,1], let

n

gn(z) = Z (=)™ fmn ().

m=1
(a) Show that {g,(x)}n>1 converges to some g(z) € R for all z € [-1,1].

(b) Show that the function g is continuous on [—1,1].



