HOMEWORK 5

Exercise 1. Prove that a polynomial of degree n is uniformly continuous on R if
and only if n =0 or n = 1.

Exercise 2. Let f : [0,1] — [0, 1] be a continuous function such that f(0) = 0 and
f(1) = 1. Consider the sequence of functions f, : [0,1] — [0, 1] defined as follows:

fi=f and foy1=fof,forn>1.
Prove that if {f, },>1 converges uniformly, then f(x) = z for all z € [0, 1].

Exercise 3. Let
F={feCR): lim f(z)=0}.
|| =00
Show that F is closed in C(R).
Exercise 4. Let f: R = R, f(z) = e~*". Find

(a) an open set D C R such that f(D) is not open;
(b) a closed set F' C R such that f(F') is not closed;

(c) a set A C R such that f(A4) # f(A).

Exercise 5. Let {F,},>1 be a sequence of closed sets such that F,, C F), 14 for all
n>1. Set F =U,>1F, and Fy = (). For n > 1 we define

Ay = [(Fo\ Foe1) \Int(Fy \ F,_1)] U [Int(F, \ Fyo1) N Q).

Let f: R — R given by
27" ifze A,
fz) = .
0 if v ¢ Up>1A4,.
Show that f is discontinuous on F' and continuous on R\ F.

Remark: This exercise shows that given any F, subset of R, there is a function
whose set of discontinuities is precisely that set.

Exercise 6. Let (X, d) be a metric space with at least two points and let 4 C C(X)
be an algebra that is dense in the metric space C(X).

(a) Show that A separates points on X.

(b) Show that A vanishes at no point in X.

See pages 161-162 in Rudin’s textbook for the definitions.

Exercise 7.

(a) Show that given any continuous function f : [0,1] x [0,1] — R and any € > 0
there exist n € N and functions g1, ... gn, h1,...,h, € C([0,1]) such that

‘f(x,y) - ng(x)hk(y)’ <e forall (x,y)€]0,1] x[0,1].
k=1

(b) If f(x,y) = f(y,z) for all (x,y) € [0,1] x [0, 1], can this be done with g = hy
for each 1 < k < n? Justify your answer!
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