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This is separable
and so in

theory we can solve

In the real world growth

usually
bounded lack of

food space etc

Let's assume p dec linearly

and Sine linearly
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AI r 1 E P Logistic
growthmodel

r growth rate

K Carrying capacity

This is autonomous so let's

do qualitative analysis

Equilibrium points r I E P O

K
P K Stable

A P O unstable

0
as
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Note Population shouldn't be

negative so don't
care about

those graphs

We see LI PHI K

which is why it's called
the

carrying capacity
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Ex Suppose we have a pond

that can support 1000 fish

Let's say you
have 100 fish

Initially in the pond Suppose

after 1 year
their 200 fish in the

pond How long to hit

90 capacity

K 1000 Po 100

PL 200

pets
a Éoo
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Harvesting Suppose

we have a pond and

we're trying to
model population

of fish in the pond

Suppose our model is

dig Pll Boo

Let's say
we allow for H

fish t he fished each year

If Pli Foo H



Let's start by investigating

behavior for certain rales

of H

4 32 If PCI too 32

Equilibrium pts
Pll Too 32 0

P 40 160 40 unstable

160 160 stable

40



If P drops below 40 the

population will die off

H 100

da PCI fool 100

Equilibrium pts
Pll Boo 100 0

No real Sol's

Note that PCI E has

maximum value of 50

and so df co

population always
dies

off



H to dfs Pli Boo 50

Equilibrium pts
P 100

100

2

Population good
as long

as P 3100

2



what's going on

If rP 1 Plc H

Equilibrium pts

rPCI PHI H O

RP't PKP KH 0

P FEET
A KE KI
A Lo H 144

no real Sol no equal

pts and 91 co



P at

So population ii doomed

A o Hark two

equilibrium pts

Et TA Stable

E FA Unstable

1 0 H If
I Semi stable

The behavior depend drastically
on the parameter H
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In our case H to 1

special
we call it a

bilatronpoint
because

equal pts changes
from

2 to I to o as we

pass through
ht

In general Ily
depends

y fxly on some

parameter
p x



One parameter family of

ODES

bifurcation at X do

if equilibrium pts charges

Usually analyze
this with

something called
a

bifurcationdiagram

EI y fly g 4yd
The equal solutions are
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We plot y 4g the
0

in the dy plane
For

each choice of X we see



how may equil pts
there

are and if we want

can figure out phase

diagram at each pt

we can see at X 4 we

have bifurcation bk

Change from 2 to 1 to 0

equilibrium pts

Ey y fly yly 25th

Bifurcation diagram
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2 74 0

We have two bifurcation

values How to find

them



The left most bifurcation

will happen
when

Fly 0

Fx ly 3y38y 4 0

4
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I
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315171 0

X 32
27



In general y value where

bifurcation

happens fley o

Plug into equation to

fid bifurcation value X





Secondorder DEs

y flt g y

a Sol is a function yal
that is twice continuously

differentiable

Many problems in physics

give rise to second order

ODES

e.g Éma harmonic
oscillation etc



We're mostly going to focus

on linear 2nd order ODES

y't petty getty gal

if git
o we call such

an equation hegemon

Ref A Incombenaton of

two functions of
and y

is

an expression of the
form

Gg Gye
for G G e IR



Prop If y
and
y
both solve

y t p y't gy
0

Then any
linear combination

of y
and y

will sole

this diff eq

Proof Exercise

Def y
and
ye

are called

linearly dependent
of

Tfr some some

constant K If y
and yz

are not linerly dependent they
are called linearbyindependent



EX g Ctl
t y CH

at

g
t and ya

t are linearly

independent
on IR

y CH
Sitti y CH

45inch

Y CH and yeen
are linearly

dependent

Thing y
and ye are linearly

independent
Sol to

Y py'tg y
o then



the general Sol is

YH Gy CH t Gyz t

for arbitrary G Cz

Note we study linear ODES bk

we can use techniques of

linear algebra The Sol set

to a 2nd order homogenous

defferenhileq forms a 2 dim

vector space
so 2 linearly

independent
vectors yield a

basis

we still have existence

and uniqueness
them
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for 2nd order ODE

y pyirgy
a g

yeol gu

y lol yo

will have unique solution

to IVP on some interval

given it's sufficiently nice

How to tell if two functions

are linearly independent

Def The Workin wly.ge



of guyz is defined by

wly.ge def Y Y
gigi yay

The Wronski in measure

how leverly independent

two functions are

Thia guyz are linearly dependent

on I Then Why.ly 0 on I

Alternatively W 0 on I then

guyz are linearly independent



Proof y Kya

y Ky

wly.me kgiyz yKyzY On

Warning Wo guy linearly

dependent in general

This if guyz are Sol to

y t py'rgy
0 on I

then Wly yz EO on I

guy linearly dependent



Proof

I Always holds
from

above thin

I suppose Whyy
1 0

on I If y
z o on I

then ya
O Y I

linearly dependent
Otherwise

Yz to
0 for some toe I

By continuity yah
0



In some interval Io containing

to Then note

4,1 449 O

Ye Kya for some KEIR

on Io Since y
and Kye

solve the same ODE on Io

by uniqueness they must

agree
on all of I

y
and ye

line rly
dependent on In
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can check that

gilt e collets
are both

Yi Ctl
a sin at

801

W Yuya def
Colt singe
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guyz linearly
independent
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