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5.2.27 Find the QR decomposition of A =
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Solution: Let the columns of A be vy, va,v3. Set ug = v1/||v1| = v1/2 = (1/2,1/2,1/2,1/2).
Then vy = vo—(u1-v2)u; = va—uy = (1/2,—1/2,—1/2,1/2). Since v5 is a unit vector, vy = us.
We then take v = vg — (u1 -v3)us — (ug - v3)us = v3 —ug +2uy = (1/2,1/2,—1/2,—1/2), which
is a unit vector, so uz = U3L. We then have v; = 2uq, v2 = uy + us and vz = uy — 2us + ug, SO
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5.3.27 Let A be an n X m matrix, v € R™ and w € R™. Show that (Av) - w = v - (A'w).

Solution: We have (Av) - w = w!Av. On the other hand, v - (A'w) = (Atw)tv = w! Av.

5.3.29 Show that an orthogonal linear transformation L : R™ — R"™ preserves angles: the angle
between v and w in R™ is the same as that of L(v) and L(w). Conversely, is any linear transformation
that preserves angles orthogonal?

Solution: Let A be the matrix of L. Since L is orthogonal, L(v) - L(w) = (Av) - (Aw) =
w!A* Av = w'v = v - w, since A is an orthogonal matrix. We have v - w = ||v||||w]|| cos(6) where
0 is the angle between v and w. Similarly, L(v) - L(w) = || L(v)||||L(w)|| cos(¢’) where ¢ is the
angle between L(v) and L(w). Since L is orthogonal, we have ||L(v)|| = ||v|| and || L(w)|| = |Jw]|,
so this then says cos(8) = cos(#’). Since 0 < 0,60’ <, this then says 6 = 6’.

The converse is false; take for example, L(x) = 2z, which just scales vectors by a factor of two.
Then L is not orthogonal because it doesn’t preserve length, but it obviously preserves angles.

5.3.31 Are the rows of an orthogonal matrix orthonormal?

Solution: Yes - since A is orthogonal, A~! = A?, which then tells us that A? is also orthogonal.
The columns of A? are then orthonormal, but these are of course just the rows of A.

5.3.69 Find the matrix of Projy;, where W = Span{(1,1,-1,0),(0,1,1,—-1)}.



Solution: An orthonormal basis of W is given by {(1/v/3,1/v/3,—1/+/3,0),(0,1/v/3,1/3/3, —1/\(3)},
1/V3 0
since the given vectors are already orthogonal. Let Q) = —11//\</§§ yg . Then Projy,, =
0 —1/V/3
1/3  1/3 -1/3 0
1/3  2/3 0 -1/3
t_
QL= _1;3 0 2/3 —1/3
0 -1/3 -1/3 1/3

5.4.3 Let V be a subspace of R". Let vy,...,v, be a basis of V and wy, ..., w, be a basis of V.
Are vq,...,vp,w1,. .., W,y a basis of R™?

Solution: Yes - since p+q = dim(V)+dim(V+) = n, we just need to show that v, ..., vy, w1, ... Jw,
are linearly independent. Suppose that civi + ... + cpvp + diwi + ... + dgwg = 0. Then sub-
tracting says cjv1 + ... + ¢pv, = —djw; — ... — dyw,. The right hand side is a vector in V-,

while the left hand side is a vector in V. Since V N V+ = {0}, this says cjv; + ...+ cpv, = 0.
Since the v; are a basis of V, we see all ¢; = 0. From our original equation, we then have
dywy + ... + dqwg = 0, and since w; are a basis of VL, this says all d; = 0. This shows
Vi,...,Up, W1, ..., W, are linearly independent vectors, and therefore a basis of R".

5.4.11 Consider L(z) = Az, a linear transformation from R™ — R where A is an m X n matrix of
rank m. Define the pseudo-inverse of L, Lt, to be the linear transformation Lt : R™ — R" with
L*(y) = {the minimal solution to L(z) = y}.

(a) Show that L™ is linear.

(b) What is L(L*(y))?

(c) What is Lt (L(z))?

(d) Determine im(L*) and ker(L™).

1 00
ind L+ _
(e) Find LT for L(z) = (O 1 0) x.

Solution:

(a) From problem 5.4.10, the minimal solution of L(x) = y is defined as xg, where Az = y,
x = x5, + x0, for z; € ker(L) and zy € ker(L)*. That is, zg = Projyer(z)+ (). Unraveling
the definition here, we have Az = Az =y, and LT (y) = 9. How can we solve for zg in
terms of y? Since ker(L)* = im(L?), we have zg = Proji 1) (%), so 2o = A'a* where x*
is the least squares solution to the system A'z* = x (make sure this is clear, this is the
key step!). We then have x* = (AA")"1Az = (AAY) 1y, so zg = Ala* = AY(AAY) 1y,
This says LT (y) = A'(AA?) "1y, so in particular, L is just multiplication by some matrix
and therefore is a linear transformation.

(b) We have L(L*(5)) = L(A'(AA')y) = A(A(AA)1y) = .
(c) We have Lt (L(z)) = LT (Ax) = AY(AAY) "1 Ax.
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(d) T claim that im(L*) = im(L!) and ker(L*) = ker(L!). If y € im(L'), then y =
AY(AAY) "1z for some z, so y = AY((AAY)lz) € im(L?) says im(LT) C im(L?). If
y € im(L?), then y = A’z for some x. Then y = Alx = AY(AAY)"1(AA'z) = LT (AAl),
so y € im(L™) gives im(L!) = im(L™). The proof that ker(L!) = ker(L™) is similar.

10
(e) LT(z) = AY(AAH) ez =0 1]=.
0 0

5.4.13 Now let L(z) = Ax be a linear transformation from R” — R™ (now with no conditions on
rank(A)). Define the psuedo-inverse of L't to be L™ (y) = {the minimal least squares solution to L(z) =

y}

(a) Show that L™ is linear.

)
(b) What is L™ (L(x))?
(c) What is L(L*(y))?
)

(d) Determine im(L*) and ker(L™).

(e) Find L* for L(z) = (3 X 8)

Solution:

(a) Once more, the hardest part of this question is figuring out what everything means.

The minimal least squares solution to Ax = y is given by xg, where z* = z; + xo for
xp, € ker(A) and zg € ker(A)L, and x* is a least squares solution to Az = y (note: x
is independent of the choice of least squares solution by problem 10). Another way of
saying this is that 2o = Projie,(ay (*). Notice that the definition is analogous to before,
but we must work with z* (since y might not be in im(A4)!).
Unlike before, we won’t be able to get a nice expression for z( in terms of y, so we
must show L7 is linear directly. Suppose L*(y) = zp and LT (y') = z{. Then if z*
a least square solution to Az = y and z*’ is a least squares solution to Az = 7/, then
AtA(z* +a*') = At Az + At Az’ = Aly+ Aly' = Al(y+v'), so z* +2*' is a least squares
solution to Az = y+y'. This says LT (y+y') = Projiey(ays (z* +2*') = Projye,(ays (%) +
Projyey(aye (z*') = L*(y) + L*(y'). Similarly, we can show Lt (ky) = kLT (y), so that
LT is linear.

(b) L*(L(z)) = LT(Az). The least squares solution to the system Az* = Az is simply
z* =1, 50 L1 (Az) = Projiy,ar) (%) = Projiy,arn ().

(c) L(L*(y)) = A(L*(y)). Let z* be the least squares solution to Az = y. Then by
definition, L*(y) is 2o where z* = 5 + o and x;, € ker(A) and z* € ker(A)*. This says
A(L*(y)) = Azg = Az* = Projipma)(y)-

(d) By definition, we have im(L*) C ker(4)* = im(A?). Given zo = im(A?), then by part
b) we have L (Azq) = Projiy, ar)(20) = o, s0 im(A") C im(L*) says im(L*) = im(A").
We also see that LT (y) = 0 if and only if Proj;,,(4¢)(2*) = 0, where z* is the least squares
solution to Ax = y. This is equivalent to saying that x* € im(A?!)* = ker(A), so that
Ax* = 0. However, this is equivalent to saying that Projima) (y) = 0, which happens if
and only if y € im(A)*+ = ker(A*). This shows ker(L*) = ker(A?).
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(e) To compute the matrix of LT : R? — R3, we compute L (e;) and Lt (ez), where e; and
eg are the standard basis vectors of R?. We have L (e1) = Proji,a+) (¢*), where z* is the
least squares solution to Az = e;. We compute that z* = (1/2,0,0), and this is already in

1/2 0
im(A?), so o = (1/2,0,0). We similarly find L™ (e2) = (0,0,0),s0 LT(y)=| 0 0] y.
0 O
1 0 1
5.4.19 Find the least squares solution to Az =b where A= |0 1] andb=|[1
0 0 1

Solution: We need to solve A Azx* = A'b. Since A'A = I, this says z* = A'b = (1,1).

5.4.35 Suppose you have a function g(t) and you want to fit it to the form f(¢) = e¢+psin(t)+q cos(¢)
on the interval [0,27]. The coefficients ¢, p,q can be determined using linear algebra as follows.
First, pick n points (a;, g(a;)) (assume equally spaced, so a; = a; = 27”2) We can find a function
fu(t) = cn + ppsin(t) + gy, cos(t) that “best fits” these data points by solving the relevant least
squares equation. This lets us solve for ¢, py, ¢,. Taking a limit as n — oo will then give ¢, p, q.

} s%n(al) cos(aq) g(a1)
Let A, — | sm(.ag) COSSGQ) and b — g(a2)
1 sin(a,) cos(a,) g(an)

(a) Compute A A, and ALb,.
(b) Compute lim,, oo 2ZA! A,, and limy, o0 2X ALb,,.

(¢) Find lim,— o (¢n, P, ¢n) = (limy, o %A;An)_l lim, oo %AZ?)”.

Solution:

(a) The (i, )-th entry of A% A, is given by the i-th row of Af, dotted by the j-th column of
A,, because of how matrix multiplication works. It’s then not hard to compute A% A, =

n ;-1 8in(a;) > i1 cos(a;)

S sin(a;) S sin?(a;) > sin(a;) cos(a;) | . Similarly, the i-th entry of

>oizicos(a;) Yol sin(a;) cos(a;) > iy cos®(ay)
Z?:1 g(ai)

Al by, is the i-th row of A, dotted with b,. We find ALb, = [ Y7, g(a;)sin(a;)
> iz 9(aq) cos(a;)

(b) Recall the Riemann sum definition of the integral, that f: f(z)dz =lim, 00 Y iy fla+

-b—a\b—a
)R
In our case, we are trying to compute expressions of the form lim,, .o 27” S fla) =
limy, o0 25 0, f(2) = [T f(@) da.
27r027r 1dx f2: sin(z) dz 27!02# cos(z) dx
Therefore, lim, oo AL Ap = | [77 sin(z) d ;7 sin®(z) d Jo " sin(z) cos(z) dx | =
Jy " cos(z) dx fo% sin(z) cos(z) dz fozﬂ cos?(z) dx
2r 0 0 Jo " 9(x) da
0 = O0]. Similarly, we find lim,, Q%Aflbn = f% g(x) sin(z) dzx
0 0 = foﬂg(aj) cos(x) dx
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5= 0 0
27
(c) We have (lim,, o0 ALA,) 1= 0 L 9 , 50 (limy 00 ZZAL A ) 7 limy, o0 2R ALY =
0 0 1
2m
=[5 g(x) dx
L 57 g(x)sin(z) dx
L 157 9(x) cos(z) d

The function ¢ + psin(z) + gcos(x) is called the first order trigonometric polynomial
of g(z). Recall from calculus that a “nice” function f(z) may be written as f(z) =

Yoo %(9&—0)”7 the Taylor series of f(x) expanded around ¢, and that the N-th par-
tial sums of the Taylor series are called N-th order Taylor polynomials. We have another
type of series representation, called a Fourier series for “nice” 2mw-periodic functions f(z),
of the form f(z) = 92 +>"° | an cos(nz)+Y ", by sin(nz). The N-th partial sum of the
Fourier series is called the N-th order trigonometric polynomial of f(zx). The first order
trigonometric polynomial of f(z) is of the form % + a; cos(z) 4 by sin(x). What we just

showed (using linear algebral!) was that ap = 1 027'r flz)dz, a1 = %fo% f (@) cos(x) dzx

and by = 1 fO% f(z)sin(z)dz. In general, we have a, = 1 fo% f(z) cos(nzx) dz and
bn, = % OQW f(z)sin(nx) dz. Fourier series have extremely important applications in both
pure and applied math, computer science, all disciplines of engineering, and any physical
science (or sub-field) you can imagine. For a better idea of how Fourier series are related

to linear algebra, see section 5.5 of the textbook.
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