POWER SERIES

TIM SMITS

These notes are a treatment of the theory of power series as covered in a second semester
calculus course like Math 31B at UCLA. There may be many typos — please let me know if
any are found!

1. INTRODUCTION

Our study of when infinite series converge leads to the following question: when can a
function be written as an infinite series? To motivate why one would even want to do such
a thing, at its heart, calculus is about approzimation. One of the questions calculus tries to
answer is how to find “good” approximations to a function f(x) locally near some point zg.
You are already familiar with one such technique: “linearize” the function by finding the
tangent line L(z) at o, and then for values of = close to xg, L(z) is a “good” approximation
to f(x). L(x) is an approximation to f(z) by a polynomial of degree 1. What if we wanted
an approximation to f(z) by a polynomial of degree 2, or arbitrary degree n?

Since calculus is concerned with limit operations, one might ask if we could make sense
of an “infinite degree” polynomial. If so, it’s then natural to ask whether or not the above
approximations actually become equalities, which is precisely asking when can you write a
function as an infinite series! Our goal is to answer this question, and see the many powerful
application that this knowledge gives us with regards to classical problems in calculus.

2. BASIC DEFINITIONS AND EXAMPLES

Definition 2.1. A power series is an infinite series of the form F(z) = > 7 ja,(x — )"
for variable x, some sequence {a,}, and some real number ¢, called the center of the power
series.

Note that a power series F'(x) is not necessarily a well-defined function: for some values
of z, the resulting series F'(x) may either converge or diverge.

Example 2.2. Let F(z) = ) >° 2", which is a power series centered at ¢ = 0 with constant
coefficients a,, = 1. For each fixed value of x, the resulting infinite series is a geometric series,
and therefore converges if |x| < 1 and diverges if |x| > 1. Therefore we cannot make sense
of F(x) as a function defined on R, but we can make sense of F'(x) as a function defined
on (—1,1): from the formula for the sum of a geometric series, we know that for |z| < 1,
Fla)=30002" = 1.

The first question we must answer then if we wish to make sense of power series, is when
can we determine a domain that makes a power series a well-defined function? Since for
each fixed value of z a power series is just an infinite series, we can answer this using the
theory we’ve already developed. A bit of work will show that power series have the following

behavior:
1
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Theorem 2.3 (Convergence of power series). For a power series F'(x) =Y " a,(z —¢)",
exactly one of the following is true:

e There is a unique non-negative real number R such that F(x) converges absolutely
for |x — ¢| < R and diverges for |x —c| > R.
e ['(x) converges absolutely for all x € R.

Definition 2.4. The radius of convergence R of a power series F'(x) is defined as the
number R in the above theorem. If F(z) converges absolutely for all z, we define R = oc.
The interval of convergence is the set of all values such that F'(z) converges.

How can we find the radius of convergence of a power series? Assuming we can apply the
ratio test to the infinite series >~ a,(x — c)”, we see that the series converges absolutely
S V| = limy o |22 “ntl||z — ¢ > 1.

If L =1lim, | ’;Zl\ is finite and non-zero, this says that the infinite series F'(z) converges
absolutely if L|z—c| < 1 and diverges if L|x—c| > 1, i.e. converges absolutely for |z—c| < 1/L
and diverges if |z — ¢| > 1/L, so that the above theorem says R = 1/L. If L = 0, then
L|z — ¢| = 0 for any value of z, so therefore F'(x) converges absolutely for any such choice of

x, which says R = oco. If L is infinite, then for any value of x # ¢, limy, o |2 ||z — ¢ = o0,
||z — ¢| =0, i.e. F(x) converges only at

An+1
x = ¢, so R =0. We can sum this up in the following:

if limy, o0 | ||z — ¢| < 1, and diverges if lim,, . |

so F'(x) diverges, and for = ¢ we see lim,,_,o |2
n

Theorem 2.5. Assume that L = lim,_, |a"+1| e:m'sts The radius of convergence of the
power series F(x) =Y an(x — c)" is given by R = 1, where this is interpreted as R =0
if L=o0o0 or R=o00 if L =0.

The theorem on the convergence behavior of power series tells us that if R < oo, a power
series must converge in the interval (¢ — R, ¢+ R), and diverges in (—oo,c— R) U (c+ R, 00).
However, the theorem tells us nothing about what happens at the endpoints x = ¢ — R and
x = ¢+ R. To check if a power series converges for these values of x, this must be done
manually using the usual convergence tests for infinite series.

Example 2.6. In the previous example, we determined the power series F(z) = > 7 a"

converges if |z| < 1 and diverges if |x| > 1 using properties of geometric series. In other
words, the radius of convergence is R = 1 and the interval of convergence is (—1,1). We can
also determine this using the ratio test: F(z) converges absolutely if lim,,_,« ]%\ =|z| <1
and diverges if |z| > 1, s0 R = 1. If = 1, then F(1) = > 7 1 diverges, and similarly

o

F(—=1)=>_"",(—1)" also diverges, so the interval of convergence is (-1, 1).

Example 2.7. Set F(z) =) >~ nlz". What is the interval of convergence of F(x)? Using
the ratio test, we find that L = lim,,_, (n:!l)! = lim,,,(n + 1) = oo. This says R = 0, and

so F'(z) converges only at z = 0.

Example 2.8. Set F(z) =) >, @(m —1)". What is the interval of convergence of F(a:)7

1n(n+1) (:E 1) |

Using the ratio test, F'(x) converges absolutely if lim,, . | lim,, oo —r s ln n +1 |z —

(z—1)™
In n)
1| < 1 and diverges if hmn_,Ool n +1)|.91: — 1| > 1. Since lim,,o0 IF(Z)U = 1, this says F(x)

converges absolutely if |z — 1| < 1 and diverges if |z — 1| > 1, i.ie. R = 1. We then see
that F'(x) converges in the interval (0,2). What happens at the endpoints? At x = 0, we

have F(0) = >, m(;n)(_l)n’ which converges by the alternating series test. At z = 2,
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F(1) =3, @ Since In(n) < n for all n, * < —1~ so that S>>

n In(n) n=2 ln (n)
direct comparison. Therefore F'(1) diverges, and the interval of convergence of F(z) is given

by [0,2).

dlverges by a

Example 2.9. Set F(z) = >, % In both of the two previous examples, we could

have computed the radius of convergence by using the previous theorem. However here the

theorem does not apply, because the power series F'(x) has only even powers of x in the
sum. Therefore we need to use the ratio test to determine the radius of convergence. With
b o (_1)71,1,277, bn+1 ( 1 n+1 2n+2 4n n[ . bn+1 o
n - W? | |4n+1((n+1 l)2 : n$2n‘ n+1)2 bn ’ -
. 2

lim,, s 4(7507)2 = 0 for any value of x. This says R = oo and F(x) converges absolutely for

all x.

we have |~ Therefore, lim,,_,« |

3. FUNCTIONS DEFINED BY POWER SERIES

The convergence behavior of power series says that a power series F'(x) determines a well-
defined function on its interval of convergence. One reason why we care about power series
is that doing calculus with them is extremely easy:

Theorem 3.1 (Integration and differentiation of power series). Let F'(z) =D 7 a,(x—c)"
be a power series with radius of convergence R. Then for |x — c| < R, we may differentiate
and integrate the power series F(x) term by term. That is, the following hold:

o F'(z) = ZZOOdCian(x—c) zzolnan(a:—c)”_l

o [Fa)de =3 7" [an(x —c)"dx = C+ 377 25 (x — )"
Furthermore, the radius of convergence remains unchanged, but the interval of convergence
of these new series may differ at the endpoints.

Example 3.2. Let F(z) = >, £~ Then using the theorem for computing the radius of

n=1

convergence, we see that R = 1 and F(x) converges in (—1,1). If 2 =1, F(1) = > 7 %
diverges, and at v = —1, F(=1) =) >, % is a convergent alternating series. Therefore,
F(z) has interval of convergence [—1,1). Taking a derivative says F'(z) = Y o0 42 =

oo ja"t =3 ™. As previously determined, this power series has radius of conver-
gence 1 and interval of convergence (—1,1). If we integrate F(x), we see [ F(z)dzx =

S [ Ede =300 L fande = C+ Y0 n(n1+1) x™t1. This series has radius of conver-
1y

gence R = 1, and so converges in the interval (—1,1). At x = —1, the series C+>_ 7 | n(n+1)

1
n=1 n(niT) Comverges by a

limit comparison with Y~>° | & This says the interval of convergence is [—1, 1].

is a convergent alternating series, and at x = 1 the series C' + > -

The above theorem tells us that functions defined by a power series are very special: they
are not only differentiable, but are infinitely differentiable (the derivative of a power series is
a power series so you can keep applying the theorem!), and they behave nicely with respect
to the operations of differentiation and integration. Naturally then, is the following: give a
function f(x), how can we determine if it can be defined by a power series on some interval?

4. TAYLOR SERIES

Suppose we have a function f(x) defined on some interval I that can be written as a
power series. That is to say, f : [ — R is defined by f(z) =Y a,(z — ¢)" for some power
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series Y s an(z — ¢)". It turns out the coefficients a,, of the power series can very easily
be determined. Plugging in x = ¢, all terms on the right hand side disappear except the
n = 0 term, so f(c) = ag. Since f is represented by a power series, it is differentiable, so
we may write f'(z) = Y 7 na,(z — ¢)" . Plugging in & = ¢, all terms in the right hand
side disappear except the n = 1 term, which says f'(c) = a;. Differentiating again says
f(z) = 307 n(n — ay(z — ¢)" 2. Plugging in z = ¢, all terms in the right hand side

disappear except the n = 2 term, so f”(c) = 2as says as = fu

one finds that a, = f(iz!(c), so that f(z) = >°° I 9 (z — ¢)". This says that if a function

n=0 n!
f(z) can be written as a power series, it necessarily has this special form.

. Continuing this process,

Definition 4.1. Let f(z) be an infinitely differentiable function. The Taylor series of f(z)
centered at ¢, denoted T'(x), is the power series T'(z) = > >0 m(z —¢)". If ¢ =0, the

n=0 n!
power series is sometimes called the MacLaurin series of f(z).

Example 4.2. What’s the Taylor series of f(x) = e* centered at ¢ = 0?7 By definition,

this Taylor series is given by >~ s ).( ) , s0 we need to figure out what an arbitrary n-th
order derivative of f looks like. Luckily, ™ (x) = e® for all n, so f™(0) = 1. This says the

Taylor series centered at 0 of e* is given by Y7 #x”

Example 4.3. We have seen that a valid power series expansion of f(z) = == when |z| < 1.
By the uniqueness of a power series representation, this actually says that the Taylor series
centered at ¢ = 0 of f(x) is given by Y >° (2", valid for [z| < 1. That is, 1= = > -, 2" for

) 1=
lz] < 1.

Example 4.4. What’s the Taylor series centered at ¢ = 0 for f(x) = sin(x)? Derivatives
of sin(z) have a simple pattern: they cycle cos(z), —sin(x), — cos(x), sin(z). If we plug in
x = 0, the pattern goes 1,0, —1,0, i.e. the even order derivatives at 0 are all 0 and the odd
order derivatives at 0 alternate between 1 and —1. Then )" 10 pn > o odd 1) yn.

n! n!
We can loop the sum over all odd integers by writing n = 2k 4+ 1 and then letting k vary

. fM0), n oo fERD©0) opy1 (—D* 2k+1
from 0 to o0, 1.e. Zn odd 1 T = k=0 (2k+1)! Y Zk 0 (2k+1)'x

n!
What we determined at the beginning of the section is that ¢f a function can be written
as a power series centered at some point ¢, that power series must be its Taylor series. We
have not said that a function is equal to its Taylor series. Indeed, this is false:

e Ve x40
0 x=0
lot of (difficult) work, one can show that this function has the following unusual properties:

f is infinitely differentiable, and £ (0) = 0 for all n > 0. The Taylor series of f(z) centered
at ¢ = 0 is then given by T'(xz) = 0, which obviously is not the same as f(z).

Example 4.5. Consider the function f defined by f(z) = . Through quite a

To finish off the section, we give some examples of how one goes about computing Taylor
series. The take away from these examples should all be the same: to compute a Taylor
series, perform operations on known power series to arrive at an answer. Do not try and
work with the definition!

Example 4.6. Let’s compute the Taylor series of f(x) = % centered at ¢ = 0. We start
with the known Taylor series ﬁ = >, x", valid for |z] < 1. If we differentiate once, we
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find ﬁ = >  nz" !, and if we differentiate again we see ﬁ = ZZO ) n(n — 1)a" 2.

This says (+ = 25> ,n(n —1)z"2, so multiplying by 2? says =% S n(n —
Da" 2 =13, n(n — 1)z™. This expansion is still valid for |z| < 1 (dlfferentlatmg doesn’t
change the radius of convergence!). Since we have found a power series representing f(x) in

some interval, this forces it to be the Taylor series of f(z) by uniqueness.

Example 4.7. Similarly, by integrating the Taylor series of ﬁ, we can find the Taylor
series of In(1 — x). We have = = > 2", valid for |z| < 1. Integrating says In(1 — z) =

n+1

C+> 00 5 To figure out C’ plug in # = 0: we then have In(1) = C, so C' = 0. It’s easy
to see we pick up convergence at the end point z = —1, so we have In(1 —z) = >~ %

for x € [—1,1). Since we have found a power series representation for our function, it must
be its Taylor series.

Example 4.8. Let’s compute the Taylor series of f(x) = ﬁ centered at ¢ = 4. We know

that ﬁ = >, u" is a valid power series expansion when |u| < 1. Instead of directly
computing derivatives, we can do a clever trick to find the Taylor series. We know that the
Taylor series of f(z) centered at 4 is of the form > 7 ja,(x —4)" for some coeflicients a,,
so if we can find such a power series, uniqueness forces it to be the Taylor series of f(z). To
do so, we will perform a substitution and use the above formula to make an (x — 4) term

appear in the sum. Write ;— = 1_(;4%) = — (196 D= —%1 - 1_ =0 Set u = —%£=. Then
oo z—4\n 00 n+1 (x—4) z—
the above says = = —3 > ((=%2)" = > (—1) +1(3n+1 , which is valid for | A < 1,

i.e. |x — 4| < 3. Since we have found a power series of f centered at 4, it must be 1ts Taylor
series.

Example 4.9. Let’s find the Taylor series of f(z) = %5-—1= centered at ¢ = 0. Similarly to
1

above, we use the expansion = = > (" for |u| < 1. Writing each term as a power series,
we have 25— 310 = 2300 ((22)" =307 jat = 307 20t =30 ot = 30 (2 - 1)a”,
which is only valid when both series converge. Since the first series convergences only for
|z| < 1/2, we see this power series expansion is only valid for |x| < 1/2. Since we have found
a power series expansion of f that’s valid in some interval around 0, this says it must be the
Taylor series of f.

Example 4.10. Let’s find the Taylor series of f(x f - _1 dt centered at ¢ = 0. Note
that it is not at all possible to compute an anti- derlvatlve of the integrand — the only
method here is to integrate its Taylor series. The Taylor series of €' centered at 0 is given
by el = > 77 ¢ 0 & which is Vahd for all ¢, 50 S S G L o tZ—T This series looks

n=0 n! n=0

like 1+ +5 +..., 50 e —1 =14 5 _u— p t2—7,1, which is a valid expansion for
t2 n o0 n—
all t. Dividing through by ¢ then says €=t = 137 &0 — $~¢ "1 e then have

2n

INE— ’1 dt = [T Bodt =30 [ t% Lt =3, e and further this expression

n
is Vahd for all x. Since we have found a power series representation of f(x), this must be its

Taylor series.

Example 4.11. Let’s find the Taylor series of f(x) = tan™!(z) centered at ¢ = 0. We
know that %tan_l(:c) = ﬁ, so let’s start by finding the Taylor series of this function

: : : : : : 1 0 n 1 X/ 1\n,.2n
instead, which is much easier. Starting with ;= = >_" j2", we have = = >_ " ((—1)"z



6 TIM SMITS

. . . _ 2n+1 .

by replacing z with —z?. Integrating then says tan~'(z) = C' + > 7 ((=1)"%—. Since
2n+1 .

tan~1(0) = 0, we find C' = 0, and so tan~!(z) = Zflozo(—l)"”;n:l . The radius of convergence

is 1 because we did not do any operations to change it from our starting series. Testing

the endpoints, the series converges at both = 1, —1 by the alternating series test, and

so the power series representation is valid on [—1,1]. Since we have found a power series

representation of f(z), this must be its Taylor series.

5. POLYNOMIAL APPROXIMATIONS

Determining when a function is equal to its Taylor series is quite a subtle question. In
fact, it’s also quite hard: in general, there is not much we can say. At the very minimum
however, we can say the following. For each fixed value of x, consider the n-th partial sum

T, (z) of the Taylor series T'(x), that is T,,(z) = > _;_, %(x—c)k. Saying that f(z) = T'(x)
is the same as saying that T,,(z) — f(z) as n — oo. If we set R,(z) = f(x) — T,,(z), this

says that if f(x) = T'(x), if and only if R,(x) — 0 as n — oo.

Theorem 5.1 (Representation by Taylor series). An infinitely differentiable function f(z)
can be written as a power series centered at ¢ if and only if the n-th order remainder term
R.(x) = f(z) — T,(x) satisfies lim,, oo Ry(x) =0 for all xz € 1.

To reiterate for emphasis, this theorem is saying very little: we merely translated the
statement that f(x) = T'(z) into a statement about its partial sums via the definition of
convergence of an infinite series. Explicitly computing the remainder term R, (z) is generally
a hopeless task. Therefore if one wants to check using the above criterion that f(x) can be
represented by a power series, we need to come up with a way of estimating the remainder
term R, (z) if we want to see if it tends to O.

Definition 5.2. The n-th order Taylor polynomial of f(z) centered at c is the n-th partial

sum of its Taylor series, T,,(z) =Y ,_, %(x — o).

Example 5.3. Let’s compute the 4-th order Taylor polynomial of f(z) = ze®* centered at
¢ = 0. By definition, this is given by f(0) + f/(0)x + fHQ(O) 2+ f”;.(o) x3 + f(;)io) x*. One such
approach is to just calculate all the relevant derivatives and plug in x = 0. It’s an easy compu-
tation to check that f'(z) = (202 +1)e”, f"(x) = (423 +62)e*”, f"(x) = (8x* + 2422 +6)e*”
and f®W(z) = (162° 4+ 8023 + 60x)e””. Plugging in 0 then gives Ty(x) = = + 2. An-
other way we could have done this computation is as follows. Ty(x) is the 4-th degree
polynomial that comes from the Taylor series of f(x), so if we compute it’s Taylor se-

ries, we can chop off terms to get the Taylor polynomial. Since e* = )" ‘%, we have

re® =1 > (””T# =5 2 a4 %5 +.... We recover Ty(z) by chopping off the

n=0 n!
sum at the degree 4 term (of which we see there is none), so Ty(z) = = + 23,

This example illustrates several things: using Taylor series to compute Taylor polynomials
is significantly faster, that the n-th degree Taylor polynomial doesn’t even need to have degree
n, and that two Taylor polynomials could be equal (here we have Ts(z) = Ty(z)).

Example 5.4. Let f(z) = ' + 322 — 1. Then the 4-th order Taylor polynomial of f(x)
centered at ¢ = 0 is just 2* 4 2% — 1. This is because f(z) is already a degree 4 polynomial.
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The remainder term R,(x) tells you how far off from f(z) the approximation 7, (x) is.
Determining how “good” of an approximation Taylor polynomials are is one of the major
theorems of calculus!

Theorem 5.5 (Taylor’s Theorem). Let f be a function such that f™+1)(x) exists and is
continuous. Suppose there is a constant K, such that | f"*(2)| < K,y for all z between

x and c. Then |R,(z)| = |f(z) — Tn(x)| < (Iij:ﬂ:v — [,

Taylor’s inequality tells us that the size of the remainder term R, (z) depends on the size
of the (n+ 1)-st derivative of f. This makes it more explicit why it’s hard to show a function
can be written as a power series: computing arbitrary order derivatives is generally not easy.

Example 5.6. Consider the Taylor expansion of e* centered at ¢ = 0. Since dd—ne = e

for all n > 0, Taylor’s theorem says that for any value of x and any n > 0, we have

|R,(x)] < (nefll)! |z|"*! because the maximum value of e” on the interval [—x, z] happens at
whichever endpoint is positive. Taking a limit as n — oo then shows that R, (x) — 0, and
so this means the Taylor series of e* converges to e”, so we get an equality e* = > %x”
Some calculus books give this as the definition of the exponential function. In particular,

we get the numerical identity e =1+ 1 + % + % +....

As a first application, we can handle one simple case of when a function can be written
as a power series: let T'(z) be the Taylor series of f(x) centered at ¢, and suppose that
T(x) has radius of convergence R. If there is some number K such that | (z)| < K
for all n and all  such that |x — ¢| < R, then applying Taylor’s inequality says that
|R,(7)| < (n+1 ool — "t < ﬁR”“. Taking n — oo says that |R,(z)| — 0, so that we
have proved the following:

Theorem 5.7. Let f be an infinitely differentiable function. Let T'(x) be the Taylor series of
f(z) centered at c with radius of convergence R. Suppose there is some constant K such that
|f™)(2)] < K for all n and all  such that |v — c| < R. Then f(x) = T(z) for |v —c| < R.
That is to say, such an f has a power series representation.

Example 5.8. With f(z) = sin(x), we see that |f™(z)| < 1 for all n > 0. The above
theorem says that the Taylor series of sin(z) converges to sin(z), and so from our prior

example we have an actual equality sin(z) = Y ;- (—1)* gzlf:),, valid for all x because the

series has infinite radius of convergence. We can compute the Taylor series of cos( ) by taking
the derivative of the Taylor series of sin(z). Doing so, we find cos(z) = Y - 0 I x% which

is again valid for all z, so we have the equality cos(z) = Zk 0 (QI)k

We now give some examples of how the error bound inequality can be used to quantify
how “good” a polynomial approximation is.

Example 5.9. Suppose f(z) = e™* and we have T3(z) centered at ¢ = 1. How good of
an approximation to f(1.1) is 7T3(1.1)? The error bound formula says |f(1.1) — T3(1.1)| <
B4|1*, where Ky is an upper bound of | f®(xz)| on the interval [1,1.1]. Since |f¥(z)| =
f@(z) = e, K, is just an upper bound of e~ on the interval [1,1.1]. The function e=®
is strictly decreasing on this interval, so it attains it’s maximal value on the interval at the

1

left endpoint x = 1. This says the maximal value is given by %, so we can take Ky = .
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Although this is a perfectly valid choice of Ky, if the point is to do an approximation by
hand, it’s completely useless to choose a value of K, that would involve e, since that’s
another thing we have to approximate. Since e ~ 2.718, in particular we have e > 5 SO
1< 2 We will then instead take K, = g the trade off being the error estimate will be a

little blt worse, but computable by hand. Plugging into the error bound formula, this says

|f(1.1) = T3(1.1)| < 22/45(.1) = 551 A~ .000001. This says if we want to estimate e, that
T3(1.1) is a very good estimate. Indeed we can compute that T3(x ) centered at ¢ = 1 is given
by Ty(z) = s —¢(z—1)+5.(z—1)*— ( 1)?, s0 that T5(1.1) = & — 15+ 555 — G00e = go00e-

If we use the approxnnatlon e~ 2. 718, then T3(1.1) ~ .3329, while f(1.1) ~ .33287 (we
obviously lost a bit more precision by having to approximate e).

Example 5.10. Suppose f(z) = ze®. Barlier, we computed that Ty(z) = x+ 2. How good
of an approximation is this to f(x)? For an arbitrary value > 0, the error bound formula
says |f(z) — T3(z)] < Eiat, where Ky is an upper bound of |f®(2)| on the interval [0, z].
We also computed that g( ) = |fW(2)] = fW(2) = (162° + 80z® + 602)e*". By definition,
K, is an upper bound of this function on the interval [0,2]. The function g(z) is strictly
increasing, because ¢'(z) = (3220 +2402% 4+ 360224 60)e*” > 0 when z is in the interval [0, z].
In particular, this says ¢g(z) attains it’s maximal value at the right endpoint of this interval,
i.e. at z = z. Therefore, we may choose K4 = (16z° + 80x® + 60:10)6‘”2. If we plug this in,

this says |f(x) — Ts(x)| < 16’3°+80gi+60w)e A= (1619+80121+60:1:5)ez

(162948027 +602%)e””

51 . Since

This says at worst, the error grows at the same rate as the function

2
lim, . (16$9+80z21+6035 S (and it goes to 0 quite quickly), for values of z close to 0, the

approximation will be quite good. For example, using a calculator we find |f(.1) — T3(.1)| <
.00002559, so T3(.1) = .101 approximates f(.1) to within 4 decimal places. Indeed, we see
(1629 +80x7+60x )ex’

f(.1) =~ .101005. However, as x — oo, we have = 00, and moreover,
this function is growing extremely qulckly (faster than an exponentlal functlon') This says
for values of x far from 0, the error bound will be terrible. For example, at x = 1, we see
| f(1)—=T5(1)| < ¢ ~ 17.668. This an absolutely useless estimate, because we knew f(1) = e
and T3(1) = 2, so in actuality |f(1) — T5(1)| ~ .718!

Example 5.11. Suppose we want to compute In(1.1) to within 4 decimal places of accuracy.
How can we do this? One such approach using what we have done so far is to figure out how
many terms in the Taylor series of In(1.1) are necessary in order for the N-th Taylor poly-
nomial Ty (z) to approximate to within that level of error by using the error bound formula.
In order for the error bound formula to remain useful, we must make sure that we center
Ty(z) somewhere close to 1.1. One such approach is to center it at c = 1, so that phrased
mathematically, we want to find N such that |f(1.1) — Tx(1.1)] < where f(z) = In(x)
and T (x) is centered at ¢ = 1.

1047

The error bound formula says [f(1.1) — Ty(1.1)] < Iz(v]fﬁ (.1)N*1 so if we make this

smaller than 104, then we're good. In order to do this, we need to figure out how to pick
K1 By definition, Ky, is an upper bound of |f(N+1)( )| on the interval [1,1.1]. First,
we compute an arbitrary order derivative of f(x). We have f(z) = In(z), f'(z) = =7},
f"(x) = =272, f"(z) = 2073, fW(z) = —627*, and so on. Continuing the pattern, we see
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that fNM)(z) = (=1)N*Y(N — 1)z~ so that |[fN*D(z)| = Nla=W™+D_ In particular, this
function is decreasing (because the derivative is always negative), so that it’s maximal value
happens at the left endpoint z = 1. Plugging this in, the maximum value of Nlz=(N+1 ig
just N! so we may take Ky,; = N!. We then need to solve the inequality %W;H < #.
Plugging in our choice of Ky, this is the same thing as solving W < ﬁ, ie.
10* < (N + 1)10V*1. We see that N = 3 is the smallest such choice of N that works, so we
only need to take 3 terms in the Taylor series to get the desired level of accuracy.

If we wanted to then approximate In(1. 1) we can then easily compute T3(z) = (z — 1) —
$(x —1)2 + 3(x — 1), so that T5(1.1) = 55 — 555 + 30550 = 1005 ~ -09533, and indeed, this is
a good approximation to In(1.1) ~ .09531.

6. APPLICATIONS OF TAYLOR SERIES

Taylor series are the ultimate tool of calculus — they can be used to answer almost all
classical calculus problems you might be interested in solving. In particular, we will see how
Taylor series can be used to do the following:

e Compute limits.

e Compute derivatives at a point.

e Compute the value of an infinite series.

e Approximate the value of a definite integral when the integrand does not have an
anti-derivative we can write down.

e Analyze the growth rate of functions, making it easier to apply the limit comparison
test.

Example 6.1. Suppose we want to compute lim,_.o ?u;(x‘l—lw If you try and use L’Hopital’s

rule, you’ll very quickly convince yourself that it will be extremely difficult. How else can

we compute this limit? One approach is replace the numerator with it’s Taylor series, and
2n+1

do the resulting limit computation. We have sin(x) = Zfzﬂ(—l)"m, so sin(zt) =
Zf_o(—l)”% = 2% — 2" + . thus sin(z?) — 2! = Z;’ozl(—l)”% = —zz? +
1 20 h 1 an(m ) —z4 o 1 —%JTIQ-F%OJQO-&-... D d h d
% ..., 80 that lim,_q I T 1m0 R T 1viding the numerator an

112 120 1.1 .8
denominator through by z'2, we find lim,_ % = lim,_o % = -6 =
—216.

Example 6.2. Let f(z) = e**. Suppose we wanted to calculate the 1000-th derivative of
f at 0, f1090)(0). It’s obviously impossible to calculate 1000 derivatives by hand, and no
computer will be able to calculate the derivative explicitly. How can we do this? The easiest
way is to compute the Taylor series of f(x) centered at 0, which encodes information about

all derivatives of f at 0. We have e* = )" T,L, so that e®” = Yo, n! In particular, the

definition of the Taylor series says e” = Yoo I n>(o)x so to recover the value of f(1990)(0),

we need to look at the coefficient of x'°% in the Taylor series of f(z). We see that the

(1000)
coefficient is JE)S()E 0012 801(1]3056' comparing coefficients in these two series we find 500, = %,
which says f(1090)(0) = o0
Example 6.3. The series >~ Zn converges by doing a direct comparison test with a

geometric series. As it turns out, we can actually compute the value of this sum. The way
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we do this is as follows: write - (225 = 5™ (2n + 1)(3)". Then the value of this sum
is f(1/4), where f(z) = >7 (2n + 1)z". If we can find a function whose Taylor series
centered at 0 is equal to f(x), then we can find the exact value of the series. It’s a quick
check to see that f(z) converges for |z| < 1, so we can write f(z) =2> " jna"+> >~ a"
for such values. We know that the second series is the Taylor series of ﬁ What about
the first series? The key observation is that this series is “almost” what you would get if

you differentiated the second series. In fact, the only difference is a factor of z, so we have

S gna =zl 3 an =gl = 757 This tells us that f(x) = (13—2)2 + =, for
|z| < 1. Plugging in o = § then says f(1/4) = > 07 2 = 2.

Example 6.4. At some point in your life, someone has probably mentioned that the function
f(xz) = e does not have an anti-derivative that you can write down. However, functions
that look like this are of fundamental importance in fields relating to mathematics, for exam-
ple, f(x) = \/%e*’“g/ 2 is what is known as the “standard normal distribution” in statistics.
If you have taken such a course before, then you know that computing definite integrals of
this function is extremely important. How can we do it? As an example, we’ll approximate
f_ll \/%6’5”2/ 2dx. A statistical interpretation of this integral is that if you have a population
that is normally distributed, this integral computes the proportion of the population that
lies within 1 standard deviation from the mean.

First, we’ll find a Taylor series of the integrand centered at 0. This is easy to do: we

know e = ZZOO f:, so e /2 = ZZOO( zi,ﬂ = Zn o= )”% Integrating this se-
ries then says [} e de = i [N 300 () gy de = A2 30, [ (1) g da =
\/ﬁ Yo (= )"m In order to approximate the sum, we can use the remalnder es-

timate from the alternating series test. First, let’s pick a desired level of accuracy, say, 4
decimal places. If we let S denote the value of the series, then the alternating series test
says |S — Sy| < CZN+1 Then we would like to find N such that ay,; < 104, that is, solve
(2N+3)2,3+1(N+1)! < 151, which is equivalent to solving 20000 < (2N +3)2V+1(N 4-1)!. We see
that N = 4 is the smallest value of N that works, so we arrive at the desired accuracy by
computing S;. Using a calculator to do so, we then conclude that f_ll \/%76”2/2 dx ~ .6827.

Example 6.5. Suppose we wanted to know if > >°  (1/n—tan~'(1/n)) converges or diverges.
In order to come to a conclusion, we need to understand how the summand grows as n — oo.

The 3rd order Taylor polynomial of tan™"(z) centered at x = 0 is tan™*(z) ~ = — 32%. Since

1/n - 0asn — oo this means that tan™'(1/n) & + + zk5, so as n — oo we see that
1/n — tan~!(1/n) ~ z+5. Therefore, our original sum should converge.

To formally show this, we’ll examine Y >, |1/n — tan~!(1/n)| instead (because showing
the terms in our original sum are positive so we can use a comparison test is rather tricky!).
By Taylor’s theorem, we have tan™'(z) = © — 52° + Ry(z), where |R3(z)| < Ca* for some
constant C. Therefore, tan~'(1/n) = L — 25 + Ry(1/n), with [R3(1/n)| < 5. We have

|1/n—tan—1(1/n)| 1/n—tan"1(1/n) __
S e = L and

1. Similarly, we also see that lim, . > lim, o
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so we conclude that lim,,_, %W = 1. Therefore by the limit comparsion test,

>0 11/n — tan~'(1/n)| converges, and so the original series does too.



