
 

Geometry of Numbers
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a sum of two Squires

Fleche Descent method

2scuss Lattice points

landouth Algebra

Somedefinitions
A lattice in IR is defined as
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The fundamental Parallelogram of
a lattice L is defined as
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A set 5 is called convexe if
for
any

xyes we have
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Our proof will use two
theorems about lattices

Minkowski's Thom Let Se 1122 be

Convex O Symmetric region and L be
a lattice If Area s 4 Area T

then S contains a non zero lattice

point of L
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Picksthmi Let L be a lattice in

112 Let P be a convex polygon

with herHcies on L

AreaCpl CITE B 1 AreaCT

I lattice pts inside P
B tattie pts on boundary of P

Special case done on Hw 8 for L EE
and P a right trough
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Thmi Fermat

PE I mod 4 p x7y2
So are

her age Z Moreau this

representation is unique apt
order of xy and up to sign

Proof's

I Suppose p x7y2 for

Some x y
e z Note that

key to

X7y o mod p
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f t 1 mod p

C f L

p I I mod 4

Now for the hard part

I Assume p L mod 4

Then To L Choose

I E k Ept s.fr KE1modTf

Letts cx.gl x7y22p I
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We will choose a special

lattice and shows

contains a lattice point of
L Define

fL
Cxy y kxmodp

span k FB
What's special about L
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Since f2Fp l by Minkowski
5contains a latke point of L
let's say ca

b is such a latticepoint

a7b up
a't b E O mo d p

a7b2
pNow we just need to show

uniqueness

This amounts
showing there

are 8 pointer on the arm

Xhty p C

aib Ca b C a b C a ob



Lbul lb al l b al l b a

For avg Xy
C C not that one

of Cay and Cxc y
must lie on C.NL

x'ty p X7y o mod p
X Ky mod p WOG

Say X Ky mod p
If both Gy and keys
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mod p

8 0 mod p

Soshownj8inkguptsisTfSame as showing 4 latte posits



Construct a convex polygon P

out of the lattice points ai Cn k

By Pick's theorem
Area P CIT Ez 1 Area T

By def of L the only interior
lathe pt is conga because

all

lattice pts Satisfy thy Eo mod p
So I1M non Zero

This means that all lattice pots are
on boundary of P

Area p a
lattice Pb

e p
lattice Pb p 2 Area CP



Area P L AreaCC Hp

p f lattice pts
L 2 Tp

latheepts 2iT

Final observation

if Cais E Cn L
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Also note C a b t Ch L
so that C b a C Cn L

so laHniepfsdwwbkby4X

lattice pts 4

CT Modify this
argument to prove
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p 1,3 mod 8
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you
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