
 

Problemse

E Prove that the product of
K consecutive integers is divisible by
K

Proof
Let the integers be n n l n 2

n Ge i Their product is

n n 1 no 2 n LK Il

Note that this expression equele
n n

Cn K k Ca icy
F

K K so we're done



E n n is divisible by 6
for all n b c n n na nhn
is the product of 3 consecahie

inkyers

E Prove that Cnn H n H I

Let d god Cnet H n ti

Since d is a common divisor

dlcnnll.tl and dlnl.tl
So d count.tl n ti



K i I l il
4th n n n

So dfn.nl and d n ti

dln.nl.tn and dln.nl

So d n From d n and

dful.rs we see that

dln.cn n n and dlnl.tl

dft D I



E Let a b be integers

with Ca b 1 Prove that

Ca b'I I

Proofi

By Bezant's Iemma there are

integers X and y
such that

art by 1 We want to

Show ah tbh L for

some integers UN

First try Square both sides



j g

axtby I

ah't 2 41
b
y 1

This doesn't help b c of the middle
term

Second try cube both sides

axtby
3 1

11

a
3 3 3 a'x by 3 ax b'y't b

3
1

a ax73x'by b 3axy'tby
3
it

in 9
these are integers



So we'm found u w

dat 54 1 Ca 53 1

dis I

Exi Let a to be integers
Write a pie pice

b
p ft p.tk

a Gfi

Prove that god laid

p
mise t permitee.fi

Karla b pin
Kish p.maxkic.fi



I I

Proofi
Let d be a common divisor

of a and b By unique
factorization wrote D pit pick

for some OE ti

Since dla we know

that ti ee i fo all i

Similarly dlb so ti e fi fo
all i

So ti E moi ei.fi



Note that for any integer
of the form pit put
Wl OE ti e min fei f that
this actually is a droesorof
a and b bk aan multiply
by missing prions

to get
ee ther a ar b as needed

To get largest such
divisor

maximize ti

So god p
mile p.miile.f.is



To get the km let m

be a multiple of a and b

So alm and blm

ma p
s

pics by unique

0 E Si
factorization

since alm ei e si

Hn fi e g
he all

so Sis max ei.fi

Again note that for



ay Sia maxfeistil
that pit pick is a

common multiple so

we get the least common
mudt by minimizing
each exponent

Karla hi pin pin
Kate

E

We can use this result
to give an alternate



g
proof of the previous
problem

a pie peek

b p
f pyfic

OC ei.fi

gcd la b a p p.mwilea.fi

a plea pier
b2 pff pike

gcdfa2bz p
9242

p.mil
aih



and note that minkeitfif
2 min ei.fi a

E Find an integer in such

that Az is square

F is a aisle

Z is a 5th power

SI
z Er Es m F L

for some kind

h 2 K2 h 23hr3 n 5h5



We know that n has to be
divisible by 2,3 5 Let's
construct such an u using only
these primes

n 2 3 58 for some
e Gg 71

Since n 2k e has be odd

Since a 3m e has to be

divisible by 3
Since u e se e Ga b ke

divisible by 5



y
So e has to be an odd

multiple of 15 so can take

e 15

Doing this for f and g
f has to be even

f has to be of the form
3kt l

o f is durable by 5

f to



g
hast be even

g divisible by 3
a g

of the form 5kt

g 6

We can take

h 215 z g
6


