
 

Divisibility

1 For integers a and b we

say a b a dudes b if
there is some KEZ w b a k

Some basic properties of divisibility
a b and ble ale
dfa
a b and ble a b

dlb and ale
a bxacy her any xyGE



Def thegreatestcommond
visor of a and b

wtf gedcab ar Ca b

is the largest integer d

such that olla and dlb

why does this integer exist
it will follow from the

following lemma a

lemmai if afb
theft b

late Ibl

Prooff If a lb then b all



f l lb 1

for some ke R So

Ibl lakl lal IKI Since

a b to then 11431 So

Ibl lat 1147 lal

In particular this says an integer
has infinitely many

divisors so

it's now clear that aged of
two integers exist

Rmki if Cais L we

call aand b caprine



How to compute the

god of two integers
Compute via factoring

Euclidean algorithm

In general factoring is
hard so the first method
is bad unless the integers
are small

Example
A 19088597

b 39083



a It 193 23

b It 17 19

gcd asb It 19 2299

EuclidearAlgorithm

The division algorithmf

For a b 0 there exist
Unique integers g and r with

a bq t r

and OE r c b



Example az 100

b 13

7
3110T 100 13 7 to
as
9

Euclidean Algorithm
Let a b o Repeatedly

carry out division aly
as

follows

a bg tr OE r ab
b 8,92 the Oerzer

r rzgzrr O Erzarz



The sequence of integers
here eventually hits

0

and the last non zero remainder

is the god of a al b

Note the Euclidean Algorithm
is very efficient even for

large integers

Exampki With a 19088597
b 39083

as above



19088597 39083.4881 16093

39083 16093 2 t 6897
16093 6897.2 tf2299
6897 2299.3 t 0

So gcd a b 2299

Example a 3997

b a 2947

3997 2947 I t 1050

2947 1050 2 t 847



1050 847 I t 203

847 203.4 t 35

203 35 5 t 28

35 28 I t 171
28 74 t 0

So god Cais 7

Why is Euclidean

Algorithm useful



Th Bezoat's lemma

For non zero integers a b

there exist integers
X and y such

that
ax by gcdCa b

i e gallab is a linear combination

of a and b

How to find the integers x

and
y in the above

the o em Run Euclidean

Algorithm backwards



Example a 19088597

b 39083

We showed ads 2299

The theorem says there are

x y such that axtby a 2299

19088597 39083.4881 16093

39083 16093 2 t 6897
16093 6897.2 tf2299I

2299 16093 6897 2

6897 39083 16093 2

2299 16093 39083 16093 2 2



1609305 3908302

16093 19088597 39083 488

2299 19088597 39083 488 5 39083 2

19088597.5 3908302442

So X 5

y
2442

Is the solution unique
No

We've found one solution Xoyo
with axotbyo 2299

ax by



alxott t b yo S

axotatt by bs

in particular if at b

this just equals

axotbyo 2299

Can choose tis by funding
least common multiple of a cul
b

t 17
S 8303

So another Sola is

22 107457


