LINEAR TRANSFORMATIONS

TIM SMITS

A general philosophy is that to study algebraic structures, one needs to not just study
the objects but structure preserving maps between these objects as well. There is no simple
explanation for the latter, but historically it has been very productive. When studying how
to solve systems of linear equations in R™, one is naturally led to matrix equations of the
form Az = b. A matrix A defines a function 7' : R"™ — R" given by T'(x) = Az. This func-
tion 7" respects the structure of Euclidean space, in the sense that T'(z +y) = T'(z) + T'(y)
and T'(cx) = ¢T'(z) for all z,y € R™ and ¢ € R. Since vector spaces are nothing more than
abstracted versions of Euclidean space, we should look at abstract analogues of matrices, i.e.
functions that preserve the vector space structure.

Unless otherwise stated, through the handout V' is a finite dimensional vector space of
dimension n over a field F'. The letter T will always denote a linear transformation.

BASIC DEFINITIONS AND EXAMPLES

Definition 0.1. A linear transformation 7" : V — W between vector spaces V and W
over a field F is a function satisfying T'(x + y) = T(z) + T'(y) and T(cx) = ¢T'(x) for all
r,y € Vand ce F. If V=W, we sometimes call 7" a linear operator on V.

Note that necessarily a linear transformation satisfies 7'(0) = 0. We also see by induction
that for any finite collection of vectors vy, ..., v, and scalars ¢1, ..., ¢, € F we have T(cjv; +
vt epvn) =al(v) + ..o+ e, T (o).

Definition 0.2. The kernel ker(T) is defined by ker(7') = {z € V : T(z) = 0}. The image
Im(T) is defined by Im(T") = {T'(z) : = € V}.

The image and kernel of T" are two important subspace of V' and W respectively, and we
can translate set theoretic statements about injectivity and surjectivity into the language of
linear algebra.

Proposition 1. Let T : V — W be linear. Then ker(T) is a subspace of V' and Im(T') is a
subspace of W.

Proof. Since T is linear, we have T(0) = T(0 + 0) = T(0) + T(0), so 0 = T(0) gives
0 € ker(T'). If z,y € ker(T) then T(x +y) = T(x) + T(y) = 0 by linearity. Similarly, if
ce F, T(cx)=cT(x)=0so cx € ker(T') giving ker(T") is a subspace of V. Since T'(0) = 0,
this says 0 € Im(W). If z,y € Im(W) then there are u,v € V such that z = T'(u) and
y=T(v). Thenz+y =T (u)+T(v) =T(u+v) so x+y € Im(T). Finally, if x = T'(u) then
cx = cT'(u) = T(cu) so cx € Im(T') which says Im(7T’) is a subspace of W. O

Proposition 2. Let T : V — W be linear.
(a) T is injective if and only if ker(T') = {0}

(b) T is surjective if and only if Im(T) = W.
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Proof.
(a) Suppose that T is injective. If z € ker(7T'), then T'(z) = T'(0) so injectivity says
z = 0 giving ker(7') = {0}. If ker(T") = {0}, if T'(x) = T'(y) then T(z — y) = 0 says
r—y €ker(T)sox—y=0,ie x=ysoT is injective.
(b) If T is surjective, then for every y € W there is z € V such that T'(z) = w, which is
precisely the same as saying W = Im(7"). On the other hand, if W = Im(7") then for
all w € W there is x € V with w = T'(z), so T is surjective.

O

Example 0.3. For any vector space V', the identity transformation idy : V — V given
by idy (z) = x is linear.

Example 0.4. For any field F' and a € F, the map T : ' — F given by T(z) = ax is a
linear transformation by the field axioms.

Example 0.5. The map T : R? — R? given by T(z,y) = (v + y,y,x — y) is a linear
transformation.

Example 0.6. For any matrix A € M,,x,(F), the map T : '™ — F™ given by T'(z) = Az
is a linear transformation, since A(x 4+ y) = Az + Ay and A(cx) = ¢(Az) by how matrices
work.

Example 0.7. In P(R), the maps D(p)(z) = p/(z) and I(p)(z) = [; p(t)dt are linear
operators on P(R) by calculus. D is not injective, because any constant polynomial has
derivative 0, but D is surjective since D( [ p(t)dt) = p(z) by the fundamental theorem
of calculus. The operator I is injective but not surjective because nothing maps to the
polynomial p(x) = 1.

Example 0.8. The map D : C*([0,1]) — C>°([0,1]) given by D(f)(z) = f(z) — f'(x) is
a linear transformation. Saying f € ker(D) is the same as saying f'(z) = f(x), so ker(D)
is precisely the set of functions that satisfy the differential equation f = f’. From calculus,
we know the only such functions are of the form ce® for ¢ € R, so ker(D) = Span({e”*}) is a
1-dimensional subspace of C'*(]0, 1]).

Example 0.9. The map T : M, (F) — M,(F) given by T(A) = A — A’ is linear. ker(T)
is the set of matrices with A = A’, i.e. ker(T) = Sym,,(F). Any matrix in Im(7) is of the
form A — A for some A, which is skew-symmetric, so Im(7") C Skew, (F). If F does not
have characteristic 2, for any skew-symmetric matrix B, we have T(B) = B — B' = 2B, so

T(%B) = B says Im(T) = Skew,,(F).

2
Example 0.10. Let F*>° be the sequence space of elements of F'. That is, F'* = {(ay,aq,...) :
a; € F}. Define maps R : F*° — F* by R((ay,as,...)) = (az,as,...) and L((ay,as,...)) =
(0,ay, as, ...), the right and left shift operators respectively. Then both R and L are linear
operators on F'*°.

Example 0.11. Let W C V be a subspace. The map 7 : V' — V/W given by T'(v) = v+ W
is a linear transformation, called the quotient map.

Example 0.12. Suppose V =W @ U for some subspaces W, U of V. The projection my of
V onto W along U is defined by 7y () = w where x = w + u for unique w € W and u € U.
Then 7y is linear, and ker(my ) = U and Im(my ) = W. If we assume V is finite dimensional,
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for any subspace W there is U such that V' =W & U. This then says that any subspace W
is the kernel of some linear transformation, namely 7 where U is the complement of W in
V. Similarly, W appears as the image of my.

A natural question is given a linear operator 7' : V' — V and a subspace W of V| when
does T restrict to a linear operator on W7 Necessarily, if T restricts to an operator on W
we must have T(W) C W, and actually this is sufficient: if T(W) C W, then for z,y € W
we have T'(x +y) = T(z) + T'(y) since xz,y € V and T(cz) = ¢T'(z) for ¢ € F. We give such
subspaces a name:

Definition 0.13. Given a linear operator 7' : V. — V, a subspace W C V is called T-
invariant if 7(W) C W. The restriction of T" to W, denoted by T'|w, is the linear transfor-
mation T'|y (z) = T(x) for all z € W.

Example 0.14. Let V = W @ U, and consider 7. Then W is my-invariant, and my|w is
the identity map on W.

Example 0.15. The map T : M,(F) — M,(F) given by T(A) = A — A" is Sym,,(F)-
invariant. The restriction T'|sym (r) is simply the 0 map.

DIMENSION COUNTING

The image and kernel of a linear transformation 7" are extremely important because they
give rise to a powerful dimension counting result. We’ll illustrate how we can use such
counting arguments to get useful results.

Definition 0.16. The rank of a linear transformation 7': V' — W, denoted by rank(7T) is
defined as rank(7") = dim(Im(7")).

Proposition 3. If {vy,...,v,} is a basis of V, then {T(vy),...,T(v,)} is a spanning set of
Im(T). If T is injective then {T(v1),...,T(vn)} is a basis of Im(T'). In particular, if T is
injective then rank(T) = n.

Proof. Lety € Im(T). Then y = T'(z) for some z € V', and we may write z = c1v1+. . .+,
for some ¢; € F. Then y = T(z) = T(civ1 + ... + cyvn) = 1T (v1) + ... + ¢, T(vy), so
y € Span({T'(v1),...,T(v,)}, which says this is a spanning set of Im(7"). If further we
assume that T is injective, if ¢;T(vy) + ... 4+ ¢, T(v,) = 0, then T'(c;v1 + ... 4+ c,v,) =0, so
1+ ...+ cpu, € ker(T). Since T is injective, this says civ; + ... + ¢,v, = 0, and since the
vectors v; are linearly independent this says ¢; = 0, i.e. that {T'(v1),...,T(v,)} is linearly
independent and therefore a basis of Im(7'), so that rank(7") = n. O

Theorem 0.17. (Rank-Nullity) Let W be a vector space. If T : V. — W is linear, then
rank(T) + dim(ker(T")) = n.

Proof. Pick a basis {v,...,vx} of ker(T') and extend this to a basis {vy, ..., v, wq,. .., w}
of V. The above shows that Im(7") = Span({T(w1),...,T(we)}), so {T(wy),...,T(we)}
is a spanning set and therefore it’s sufficient to prove it is a basis of Im(7"). Suppose
aT(w) + ...+ cT(wy)) = 0. Then T(ciwy + ... + cowe) = 0, so cywy + ... + cowy €
ker(7). We may then write cyw; + ... + cowy = ajvy + ... + agvy for some a; € F, so
cqwy + ...+ cowp — a1vy — ... — aiv, = 0. Since the vectors w;, v; are a basis of V, this says
all ¢; =0 and all a; = 0, so that {T(wy),...,T(w,)} is a basis as desired. O
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Sometimes dim(ker(7")) is referred to as the nullity of 7', hence the name of the theorem,
but this terminology is not commonly used outside of linear algebra textbooks. As an
immediate corollary of the rank-nullity theorem, we getting the following analogous result
for functions between finite sets of the same size:

Corollary 0.18. Let V and W be vector spaces of the same dimension. Then T :V — W
18 mnjective <= T is surjective <= T 1is bijective.

Proof. T is injective if and only if ker(7") = {0}, so by rank-nullity this says n = rank(7") 4-0,

ie. Im(T) = W so T is surjective. Similarly if 7" is surjective, rank(7) = n so rank-
nullity says n = n + dim(ker(7")) so dim(ker(7")) = 0 gives ker(T") = {0} and therefore T is
injective. U

We give some examples to illustrate how the rank-nullity theorem is used to compute images
and kernels of linear transformations.

Example 0.19. Let T : R® — R3 be given by T'(z,y, 2) = (v +y+2z, 22 +2y+42,2x+ 3y +

5z). Then T is a linear transformation, and Im(7") = Span({(1,2,2),(1,2,3),(2,4,5)}) =

Span({(1,2,2),(1,2,3)}). The latter set is a basis for Im(T"), so that rank(7) = 2, i.e. Im(T)

is a plane in R3. By rank-nullity the kernel of T is 1-dimensional, so it must be a line. Which
1 1 2

line is it? Representing T" as the matrix A = | 2 2 4 |, one sees that any vector orthogonal
2 35

to the rows of A is contained in the kernel. Taking the cross product of the first and third

rows shows (—1,1,1) € ker(T') so that ker(T") = Span({(—1,1,1)}).

Example 0.20. Let T": M, (F) — F be the trace map T(A) = tr(A). Clearly T is surjective,
so by rank-nullity we have dim(ker(7T")) = n?—1. For A € ker(T), we have a1+ ...+ a,, = 0,
which says a;; = —ags—. .. —a,,. Since the condition on trace has nothing to do with entries
off the diagonals, we see that the matrices E;; with ¢ # j along the matrices —Ey; + E;; with
2 < i < n form a spanning set for ker(7'), and therefore a basis because there are n* — 1 of
them.

Example 0.21. The map T : P(R) — P(R) defined by T'(p) = 5p” + 3p’ is surjective. Let ¢
be a polynomial of degree n. Restricting T" to P,.1(R) defines a map 7" : P,11(R) — P,(R).
with 7"(p) = T'(p). By rank-nullity, rank(7”) + dim(ker(7")) = n + 2. If p € ker(7"”), then
5p” 4+ 3p' = 0 says bp” = —3p’. Since deg(p”) = deg(p’) — 1, this is impossible unless both p/
and p” are 0, i.e. pis a constant. This says ker(7") = Span({1}), so ker(7") is 1-dimensional,
and rank(7”) = n 4 1 says T" is surjective.

Example 0.22. Let F' not be of characteristic 2, and T : M, (F) — M,(F) be given by
T(A) = A — A'. The rank-nullity theorem says that dim(Sym,,(F)) + dim(Skew, (F)) = n?.
One can check (by explicitly finding a basis) that dim(Skew, (F)) = 221 5o dim(Sym,, (F))

2
2 n(n=1) _ n(ntl)
2 - 2 :

n

Example 0.23. Let dim(V') = n and dim(W) = m with n < m. Then there is no surjective
linear transformation 7' from V' to W: by rank-nullity, rank(7") 4+ dim(ker(7)) = n, so
rank(7) = n — dim(ker(7)) < n < m says Im(7T") # W. Similarly, if n > m there is no
injective linear transformation from V' to W. This says if n < m then an m-dimensional
vector space is “larger” than an n-dimensional vector space, which hopefully matches with
your intuition.
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We end with some useful dimension formulas:

Proposition 4. Let W, U C V be subspaces. Then dim(W @& U) = dim(W) + dim(U) and
dim(V/W) = dim(V') — dim(W).

Proof. Define T' : W & U — W by © — xyw, where the element x+ € W @ U is written
uniquely as zw + xy for some zy € W and xy € U. This map is easily see to be linear,
and is surjective since T'(w 4 0) = w for any w € W. We also see that ker(T") = U, so by
rank-nullity, we have dim(W @ U) = dim(U) 4 dim(W) as desired.

For the other statement, define 7" : V' — V/W by T'(v) = v+W. Then T is linear, and T is
clearly surjective by the way it’s defined. We also see that ker(T") = W, so that rank-nullity
says dim(V) = dim(W) 4+ dim(V/W). O

THE VECTOR SPACE Howmpg(V, W)

Definition 0.24. A linear transformation 7" : V' — W is called an isomorphism if T is
bijective. V' and W are called isomorphic if there is an isomorphism between them, and
we write V = W.

Definition 0.25. Let V and W be F-vector spaces. Then we define Homp(V,W) = {T" :
V — W : T is linear}, the set of linear transformations from V to W. If V.= W, we instead
write Endp(V).

Proposition 5. Homp(V,W) is a subspace of F(V,W).

Proof. 1f T,U € Homp(V, W) recall that by definition, we have (T'+ U)(v) = T'(v) + U(v)
and (¢T')(v) = ¢T'(v). To check that Homp(V, W) is a subspace, we need to check that it
is non-empty, and that for 7T, U linear transformations and ¢ € F that T4+ U and T are
linear transformations. Note that the 0 function 7'(z) = 0 for all x € V' is certainly linear.
Ifz,y e Vithen (T+U)(z+y) =T(x+y) +U@x+y) =T(@)+U()+T(y)+Uy) =
(T'+U)(z)+ (T + U)(y). Next, for ¢ € F we have (T + U)(cx) = T(cx) + Ulcx) =
cT(x)+cU(x) =c(T(x) +U(x)) =c(T 4+ U)(x), so T+ U is a linear transformation which
says T+U € Homp(V,W). Forz,y € V, ¢,k € F, we have (¢T')(x+y) = (¢T')(x)+(cT)(y) =
cT'(z) + cT'(y) = (cT)(x) + (¢T)(y), and (T)(kx) = T'(kx) = k(cT(x)) = k(cT)(z). This
says T is a linear transformation, so ¢I' € Hompg(V, W) so that Homg(V, W) is a subspace
of F(V,W). O

In most linear algebra books the space Homp(V, W) is denoted as £(V, W) and Endz (V) as
L(V), but the above notation is more common elsewhere in mathematics. One of the reasons
why finite dimensional vector spaces are so easy to study is that linear transformations
between V' and W are the same things as functions defined on a basis of V. This reduces
much of the study of linear algebra to studying functions defined on a finite set. This is
stated precisely in the following form.

Theorem 0.26. Let V' be finite dimensional, and let B be a basis of V.. Then Homp(V, W) =
F(B,W). In other words, every linear transformation is determined uniquely by what it does
on a basis of V.

Proof. Suppose that T': V' — W is a linear transformation, and let B = {vy,...,v,} be a
basis of V. For z € V, we may uniquely write x = c;v1+...+c,vpn, so T(x) = ;T (v1)+.. .+
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¢, T(vy,) by linearity. This defines a function f : B — W by f(v;) = T(v;). Now suppose
we have a function f : B — W. Define Ty : V. — W by T¢(civ1 + ... + covp) = 1 f(v1) +

.+ cuf(vn). We need to check that Ty is a linear transformation, and that it is the only
transformation that agrees with f on B. Write x = civ1+...4+c¢,v, and y = div1+. .. +d,v,.
Then Ty(z+y) =Tr((c1 +dri)vn+ ...+ (cn +dp)vn) = (c1+dr) f(v1) +. ..+ (cn+vn) f(vp) =
af(n)+...+enf(vn)+dif(n)+.. . +dyf(v,) = Ty(z)+T(y). For c € F, we have Ty(cx) =
Tr((cer)vi+. ..+ (cen)vn) = (ccr) f(vr)+. ..+ (ccn) f(vn) = cler f(v1)+. . .Fenf(vn)) = Ty(x),
which shows that T is linear. Finally, suppose there is some other linear transformation
T : V. — W such that T'(v;) = f(v;). As mentioned above then says for any = € V,
T'x) =T (o1 4 ...+ o) =T/ () +.. .+, T (v,) = i f(vr) +...enfvn) = Te(x), ie
T" =Ty so Ty is the only linear transformation with this property.

Putting this all together, this says the map G : F(B, W) — Homp(V, W) with G(f) = T} is
a bijection: it is injective because if G(f) = G(g), then Ty = T, for all x € V. This then says
Tr(v;) = f(vi) = g(v;) = Ty(v;) for all v;, so that f = g because they agree on all elements
of B. It is surjective because T' € Homp(V, W) defines a map f : B — W by f(v;) = T'(v;)
and by definition we have G(f) = T. It remains to show that G is linear, however this is
clear because G(f + g) = Ty = T¢ + 1, because Tr,(v;) = (f + g)(vi) = f(v;) + g(v;) =
Ty(v;) + Ty(v;) so Tyyy and Ty + T, agree on B and therefore on all of V. Similarly we see
Ty = Ty for c € F, so G is linear and we are done. O

Theorem 0.27. Two finite dimensional vector spaces are isomorphic if and only if they
have the same dimension.

Proof. Suppose that V, W are finite dimensional with V' = WW. Then by definition, there is a
bijective linear transformation 7" : V' — W. By rank-nullity, rank(7") + dim(ker(7")) =
dim(V'), and since T is a bijection this says Im(7) = W so rank(7) = dim(W) and
dim(ker(T")) = 0, i.e. dim(V) = dim(WW). Now Suppose that V' and W are vector spaces
of the same dimension. Let B = {vy,...,v,} be a basis of V and B’ = {wy,...,w,} be
a basis of W. Define f : B — W by f(v;) = w;. The previous theorem gives us a linear
transformation Ty : V. — W. Write x = c;v; + ... + ¢,v,. Then if Ty(x) = 0, this says
al(v) + ...+ e T(v,) = cowy + ... + cow, = 0, so all ¢; = 0 because w; are linearly
independent. This says = 0, so ker(7") = {0}. Thus, T is injective and therefore bijective,
soV=W. Il

THE MATRIX OF A LINEAR TRANSFORMATION

Throughout this section V' and W are finite dimensional F-vector spaces of dimensions n
and m respectively, with bases 8 = {vy,...,v,} and v = {wy, ..., wy,}.

For any vector x € V, we may uniquely write z = cjv; + ... + ¢,v,, so the data of the
vector x is contained entirely in the list of coefficients of the basis vectors. This gives the
following definition.

Definition 0.28. The coordinate representation of a vector xr = c;v1 + ... + ¢,v, with
respect to the basis § = {vy,...,v,} of V is defined by [z]s = (c1,...,¢cn) € F™

Example 0.29. Let z = (1,3) € R? and let 3 = {ej, ez} be the standard basis of R
Then x = e; + 3ey so [z]pg = (1,3). Set v = {(1,1),(1,—1)}. Then z =2(1,1) — (1,-1) so
[z], = (2,—1). With a = {(1,3),(1,0)} we have [z], = (1,0).
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Example 0.30. Let 8 = {1,z,2?} be the standard basis of P,(R). Then with p(z) =
4 —3x+ 3%, we have [p(z)|g = (4,—3,3). If v = {1, z, 22> — 1}, we have [p(z)], = (5, —3,2),
as 5 — 3z +2(32% — 1) = p(x).

Example 0.31. Let = {E1, E12, F21, Ea2} be the standard basis of My(R), and let v =
{F11, E1a+ F91, Es } be a basis of Sym,(R). Let A = (_21 _51 Then viewed as an element
of My(F), we may write [A]z = (2,—1,—1,5), but viewed as an element of Sym,(R) we have

[A]’Y = (27 —1, 5)

Example 0.32. View C as an R-vector space with basis f = {1,i}. Then x = 3 + 5i has
[z]g = (3,5). As a C-vector space, C has basis v = {1}, so [z], =3+ 5¢

Proposition 6. The map Cz : V. — F" given by Cg(x) = [x]g gives an isomorphism
V=,

Proof. Let x,y € V with x = cqv1 + ... + c,v, and y = dyv; + ... + d,v,. Then x +y =
(1 +di)vr + ...+ (cn + dy)vn. We have Ca(z+y) = (e +dyy ..o yen+dp) = (€1, -, 6) +
(dy,...,d,) = Cs(x)+Cp(y). For any k € F, we have kx = kcyvy +. .. + kcpv,, so Cg(kzx) =
(kcyy ..., ken) = k(eq, ..., cn) = kCg(z). This proves that Cj is linear. If Cz(x) = 0, this
says that x = Ov; + ... 4 Ov, = 0. This says ker(Cs) = {0}, so Cj is injective and therefore
bijective giving V = ™. U

Coordinates are one of the best ideas in mathematics, and in linear algebra this is no
different. Coordinates give us a way of viewing a vector in an abstract vector space as a
more concrete n-tuple of elements of F'. In fact, we can do more: using coordinates, we can
associate to every linear transformation 7' : V' — W a matrix [T]; € Myxn(F). This reduces
the study of linear maps from V' to W, and therefore linear algebra as a whole, to studying

M sen (F).

For z € V, write © = cjv; + ... 4+ cuu,, so T(z) = ;T (vy) + ... + ¢, T(v,). Since the
coordinate map C, : W — F™ is a linear transformation, this says [T'(x)], = ¢1[T'(v1)], +

oo+ [T (vn)ly. Set [T(vi)]ly = (a4, .., am;). Written as a matrix equation, [T'(z)], =
aiyp ... Qip C1
Ami - Qmn/ \Cn

Definition 0.33. Let T : V — W be a linear transformation. The matrix of T with
| |

respect to 3 and v is denoted by [T} and is defined by [T]; = [ [T'(v1)], ... [T(va)l,

! !
That is, [T} is the matrix whose columns are given by [T'(v;)],. If T': V — V and 3 = 7,
then we usually just write [T]3.

The definition of the matrix of 7" says that [T'(x)], = [T }[7]s, and so one can then recover
the actual vector T'(x) by setting up the corresponding linear combination of basis vectors
in 7.



8 TIM SMITS

Example 0.34. Let T : R? — R3 with T'(z,y,2) = (v + 32, —x + 2y + 2,2 + y + 2z). With

1 0 3
B = {e1,es,e3}, and v = {(1,-1,1),(0,2,1),(3,1,1)}, we see [T]g = | -1 2 1], and
1 11
1 00
;=10 10
0 01
Example 0.35. Let T : My(F) — My(F) be given by T(A) = A — A", With g =
0O 0 0 O
. 0O 1 —-120
{E11, Era, Ea1, Egy} the standard basis of My(F'), we have [T']g = 0 -1 1 0
0 0 0 0

Example 0.36. Let @« = a + bi € C. View C as an R-vector space with the standard basis
B = {1,i} , and consider the linear transformation 7" : C — C defined by T'(z) = ax, the

Z _ab>. This says any complex number a + b can

multiplication by o map. Then [Tz = (
. (a —=b
be thought of as the matrix N

Example 0.37. Let D : P3(R) — P»(R) be the derivative map, and 8 = {1, z, 2% z*} and

0100
v = {1,2,2%} be the standard bases of P3(R) and P(R). Then [DJ; = |0 0 2 0
000 3
Example 0.38. Set V' = Span({sin(z),cos(z)}) € C*(R) and define T" : V. — V by
T(f) =3f+2f — f". With g = {sin(x),cos(z)}, we see that [T]z = (;l _42) because

T'(sin(z)) = 4sin(z) + 2 cos(x) and T'(cos(z)) = 4sin(x) — 2 cos(z). Using row reduction, one
can check the only solution to [T]gz = 0is = 0. This says no non-trivial linear combination
of sin(z) and cos(x) are solutions the the differential equation 3f + 2f" — f” = 0.

Example 0.39. Let T': V — V be linear and suppose W is a T-invariant subspace. Let U
be the complement of Win V,so V. =W & U. If {wy,...,wx} and {uy,...,us} are bases
of W and U, then {wy,...,wg,u1,...,us} is a basis of V. Since T(W) C W, we may write
T(w;) = cpwy + ... + cpwy, so [T(w;)|g = (criy- -k, 0,...,0). This gives that [T is a
block matrix of the form <é g) , where A is the k x k matrix [¢;;], O is the (n—k) x (n—k)
zero matrix, and B and C are some matrices of size (n — k) x (n — k) and k x k respectively.
Therefore having a T-invariant subspace allows one to decompose the matrix of 7" into an
easier to work with block form.

The results of this section that there is a correspondence between matrices and linear
transformations can be summed up in the below theorem.

Lemma 0.40. Let T,U : V. — W be linear transformations, and ¢ € F. Then [T + U]} =
[T + [Ul} and [T} = [T}
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Proof. By definition, the i-th column of [T+U]} is equal to [(T+U)(v;)], = [T'(vi)+U (vi)],

[T(v;)]y + [U(v;)]y by linearity of the map C.,. However, this is clearly also the i-th column
of the matrix [T} + [U]} so [T + Ul} = [T]} + [U]}. Similarly, the i-th column of the matrix
[cT']} is given by [(cT)(vi)]y = [¢T'(vi)], = ¢[T'(vi)],, which is again the i-th column of the

matrix c[77}. O
Theorem 0.41. Homp(V,W) = M,,«n(F). So in particular, dim(Homg(V,W)) = mn.

Proof. Define F' : Homp(V, W) — My (F) by F(T) = [T]}. Suppose that F(T) = F(U).

Then [T} = [U]3, so in particular the columns of these matrices are the same so [T'(v;)], =

[U(v;)] for all i. Translating back to the actual vectors says T'(v;) = U(v;), i.e. T =U so F
| !

is injective. For a matrix A = | z1 ... x, | € Myxn(F), write x; = (@14, ..., ami). Then
| !

define f : B — W by f(v;) = ajwi + ...+ apmiw,,. This defines a linear transformation

T:V — W with T'(v;) = f(v;) so in coordinates, [T'(v;)], = [f(v;)]y = x;. This then says

[T]g = A, so that F' is surjective, so F' is a bijection. By the above lemma, F' is linear, so F

is an isomorphism as desired. The dimension result then follows immediately. U

INVERTIBILITY

Recall that a function f : X — Y is said to be invertible if there is g : Y — X such that
fog=1idy and go f = idx, and we denote ¢ = f~!. From set theory, f is invertible if
and only if f is a bijection. For linear transformations 7' : V — W and S : W — Z, we
denote the composition SoT by ST, and clearly then 7' is an isomorphism if and only if 7" is
invertible. Since linear transformations correspond to matrices, we make a similar definition.

Definition 0.42. Let A € M, (F). Then A is invertible if there is B € M, (F) such that
AB = BA = I,. If such a matrix exists it’s easy to see that it must be unique, and we then
write B = A7%

Definition 0.43. Let V' be a vector space. We define GL(V') = {T' € Endp(V) : T is invertible}.
Similarly, we set GL,,(F) = {A € M,(F) : A is invertible}.

Proposition 7. Let T : 'V — W and S : W — Z be linear transformations. Then ST :
V — Z is a linear transformation. If T is invertible, then T~ is a linear transformation.

Proof. For z,y € V we have ST (v +y) = S(T(x +y)) = S(T(z) + T(y)) = ST(x) + ST (y),
and for ¢ € F, we also have ST(cx) = S(T(cx)) = S(cT'(x)) = ¢ST(x) since S,T are
linear. Suppose that T is invertible with inverse 7!, For w,w’ € W, T~} (w + w') is the
vector that maps to w +w’ under T'. Since T is linear, (T~ (w) + T~ (w')) = w + w’, so
T Hw+w') =T Yw) + T (w'). Similarly we see for ¢ € F that T~!(cw) = ¢TI (w) so
T is linear.

U

Proposition 8. Let S: W — Z and T : V — W be linear transformations, and let «, 3,
be bases of the finite dimensional vector spaces V, W, Z respectively. Then [STI]}, = [S]}[T]5

[0

Proof. Let a = {vy,...,v,} and § = {wy,...,w,}. By definition, the i-th column of [ST|?
is given by [ST(v;)],- The i-th column of [S] VAERE SV[ (v;)]g, so it’s sufficient to check

67

these expressions are equal. Write T'(v;) = cpywy + ... + ¢cgywy. Then ST(v;) = S(cpwy +
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oo egwy) = ¢ S(wr) + ...+ S (wy). Applying C., then gives [ST'(v;)], = c1:[S(w1)], +
-+ c1x[S(wy)]y, which we then recognize as saying [ST (v;)], = [S]3[T'(vi)]s as desired.
U

Proposition 9. Let T : V — W be a linear transformation, and let B, be bases of the finite

dimensional vector spaces V' and W. Then T is invertible if and only if [T]g 15 1nvertible,

and further ([T]})~" = [T~']5.

Proof. If T is invertible, then 77! : W — V satisfies TT~! = idy and TT~! = idy, so the
above says [T]}[T~')5 = [T~'5[T]} = I, so that ([T]})~" = [T7']5. Conversely, suppose
that [T} is invertible. Then the columns of [T]} are linearly independent: if not, there
are ¢y,...,¢, € F not all 0 such that ¢;[T'(v1)]y + ... + cu[T(v)]y = 0, i.e. there is a
non-trivial solution to [T]jz = 0. However, this is impossible because multiplying by the
inverse of [T]; on the left shows that if the above holds then necessarily x = 0. This says
that the vectors [T'(v;)], in F" are linearly independent, and as the coordinate mapping
is an isomorphism this then implies that the vectors w; = T'(v;) are linearly independent
vectors in W, and therefore are a basis of W. Define a linear transformation S : W — V
by S(w;) = v; and extend linearly. By definition, ST'(v;) = S(w;) = v;, so ST = idy, and
similarly T'S(w;) = T'(v;) = w;, so T'S = idw so that T is invertible as desired.

O

Knowing if a linear transformation is an isomorphism or not is extremely important —
if two vector spaces V' and W are isomorphic, this essentially says that W and V are the
“same” vector space up to relabeling of the elements, because addition of vectors in one
space corresponds uniquely to addition of vectors in the other. This then reduces the study
of vector spaces to studying vector spaces up to isomorphism. If 7" is a linear operator on
some vector space V', knowing that 7' is invertible is very powerful, as will hopefully be
demonstrated in the following examples.

Example 0.44. Let V' = Span({e® sin(bz), e* cos(bx)}) € C*°(R) for a,b # 0, and let
D be the differential operator. Then V is a 2-dimensional D-invariant subspace. With

g = {e™sin(bx),e* cos(bx)}, the matrix [D|y]z is given by [D|v]s = (Z _ab). Since

_a _ _b
det([Dlv]s) = a* +b* # 0, D]y is invertible with inverse A = ( a?+h? “2#2). As
T a0
[ f'(z)dz = f(z)+ C and £ [ f(z)dz = f(z), choosing the choice of constant to be C' = 0
says the inverse of D is the indefinite integral operator. To integrate say, [ e®* sin(bz) dz, we

see Ale" sin(bx)]s = (%5, —ﬁ), so converting back into vectors of V says [ e** sin(bx) dx

et sin(br) — a2ib2 e®” cos(bx) + C' after appending back the arbitrary constant of inte-
gration.

Example 0.45. ASCII is an encoding standard that associates characters to 7-digit binary
strings, which we may think of as elements of (Z/2Z)". Fix a matrix A € GL;(Z/2Z). A
simple encryption method is as follows: given a message M, convert each character ¢ of
M to ASCII and then convert it into a vector z. € (Z/2Z)". Encrypt M character-wise
by computing Az, for all characters, and convert back to text. Since M is invertible, the
message can be decrpyted by again converting text to ASCII and multiplying characters
by A~'. As an example, the message “TEST” corresponds to the block of binary strings
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1110101
0101101
1001 111
“1010100 1000101 1010011 1010100”. With A= 10 1 0 1 0 1 0 |, this gets encrypted
0000101
0010011
1000010
to the message “gS~g”, which can be decrypted if A or A™! is known.

We showed above that checking the invertibility of a linear operator T is the same as
checking the invertibility of its corresponding matrix. We remind the reader of some of
many equivalent conditions for checking the latter:

Theorem 0.46. Let A € M,,(F). Then the following are equivalent:

(a) A is invertible.

(b) The only solution in F" to Az =0 is x = 0.
(¢) The columns of A are linearly independent.
(d) A is row-equivalent to I,,.

(e) det(A) # 0.

G

The augmented matriz [A|I] is row equivalent to [I|B] for some non-zero matriz B.

CHANGE OF BASIS AND SIMILARITY

Given a linear operator 7" on V, the matrix [1]s depends on a choice of basis 5 of V. Pick-
ing a different basis " will produce a different looking matrix [T, but it still represents
the same operator 7. A natural question is given two matrices A, B € M,,(F'), how can one
check if they come from the same linear operator in GL(V')?

Pick bases 3,7 of V', and consider the identity operator idy, along with the corresponding
matrix [idy];. This matrix satisfies [z], = [idy(2)], = [idv]j[z]s for all z € V, or in other
words, multiplication by [idv]gz converts the coordinates of the vector x from the basis 3 to
the basis 7.

Definition 0.47. Let V' be a vector spaces with basis f = {vy,...,v,}, and let v =
{vi,...,v.} be another basis. The change of basis matrix from [ to 7, denoted Sg,

! !
is the matrix [idy]}. Explicitly, S; = | [vily ... [val,
| !

Since idy is invertible, this says S is invertible, and has inverse matrix [idy]5 = S¥.

Theorem 0.48. Let 3,7 be two bases of a finite dimensional vector space V', and let T €
GL(V). Then [T, = S}[T|S2, and [T),S} = S}[T]s. In otherwords, the following diagram
(T
(] — [T(x)]
commutes. lgg lsg

2], s [T()],
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Proof. Since composition of linear transformations corresponds to multiplication by their

corresponding matrices, we see [T], = [idy o T o idy]? = [idy]}[T]g[idy]5 = S3[T]s5%.
Since S} is invertible with inverse SP, multiplication on the left gives SP[T], = [T]SY as
desired. O

Example 0.49. Let 8 = {ej,es} be the standard basis of R? and v = {(1,1),(1,2)} be

another basis. The change of basis matrix Sg is Sf = 1 ;) To compute S}, we take the

2 -1
-1 1
so that (1,0) = 2(1,1) — (1,2).

inverse to find S = . To compute [e],, we see [e1], = Sjler]s = Szer = (2, - 1),

Example 0.50. Let 8 = {1,z,2%} and v = {1,z,22% — 1} be bases of P,(R). Then
10 —3 0 3

sf=101 0 1 0. Let T : P(R) — Py(R) be
00 3 0 2

defined by T'(f)(z) = xf'(x). Then [Tz

, and one can compute S} = (
0
0 | and the change of basis formula says
2

~ ~ oo~ R

o O O
o = O

[T]’Y =

o O O
O = O
N O =

Example 0.51. Let 7' : R?* — R? be given by T'(z,y, 2) = (22, 2:6 +3y+22,—x+3z). Let

B = {e1,e2,e3} be the standard basis of R3, and let 7 ={(2,1,1),(1,0,1) 0, 1,0)} be an-
0 0 2 210 1 0 -1

other basis. Then [T]g = | =2 3 2. Wesee S/ = (1 0 1], and Sy=1-10 2 [,
-1 0 3 110 -1 1 1

so the change of basis formula says [T, = . With respect to the new basis 7,

o O =
o N O
w o o

this says that T acts along each v-direction by scaling. Having a basis where an operator is
diagonal is extremely useful, as it allows one to easily compute values of compositions. For ex-
ample, to compute T"(1,2,3), we compute [T"(1,2,3)], = [T"],[(1,2,3)], = [T]}[(1,2,3)],.
We have [(1,2,3)], = Sg[(l,?,?))]g = (—2,5,4), so [T"(1,2,3)], = [T]:(—2,5,4)T =(-2,5-
2" 4.3"). Thissays T"(1,2,3) = —2(2,1,1)+5-2"(1,0,1)+4-3"(0,1,0) = (=4+5-2", -2+
4.3 —2+4+5-2").

Example 0.52. Consider P3(R), and set 3 = {1, 2,2 23} and v = {(g), . (g)}, where
(‘S) =1 and for £ > 1 we have (x) = 2lezb-ole=htl) ey v is a basis, because each polyno-

k !
10 0 O
01 -1 1
mial in 7 has a different degree. The change of basis matrix S,/f is given by 0 0 12 3,
2 2
00 0 %
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1 000
d heck that S} = 0 L 11 Th 3, = S}[23]3 = (0,1,6,6 3 =
and one can check that Sy = {5 |- en [2°], = S3lz°]s = (0,1,6,6), so 2° =
0 006

(1) +6(5) +6(;). Asan application, 37571 k* = 3307 (1) +6(3) +6(3) = (5) +6(5) +6(3) =

(221)2 which follows from the identity S - (¥) =

? 7 ( L )a easily proven by induction.

r41

The theorem from above leads us to the following definition:

Definition 0.53. For A, B € M, (F'), we say that A and B are similar and write A ~ B if
there exists P € GL,(F) such that A = PBP~!.

Since S = (S3)7", this says that for any choice of bases 8,7 of V' the matrices [T]s and
[T'],, are similar. The following observation is easy to verify:

Proposition 10. Similarly is an equivalence relation on M, (F).

We showed that changing the basis of V' from / to ~ yields similar matrices [Tz and [T,
The converse is true as well:

Theorem 0.54. A ~ B in M,(F) if and only if there are bases B, of V and a linear
transformation T' such that A = [Tz and B = [T'],. That is, similar matrices correspond to
the same linear transformation under potentially different bases.

Proof. Suppose that A ~ B in M, (F), so there is P € GL,(F) such that A = PBP™!,
and let 5 = {vy,...,v,} be any basis of V. We have seen that we may choose T such that
[T]s = A, so it remains to find v such that [T], = B. To do this, we would like to think
of P as some change of basis matrix. Define w; such that [w;]s = Pe;, where e; are the
standard basis vectors of F™. As P is invertible, its columns are linearly independent, and
because the coordinate map Cjp is an isomorphism, w; are also linearly independent so that
v = {wy,...,w,} is a basis of V. Then S7 is the matrix with columns [w;]s = Pe;, so
S = P,and S} = P~'. Since A = PBP™', this says B = P™'AP = S}[T)3S = [T}, as
desired. The backwards direction was proven above.

O

The conjugacy classes of matrices in M,,(F) under similarly correspond to the distinct
linear operators 7' € GL(V'), regardless of choice of basis. Therefore if one cares only about
the different types of operators that arise on V', the importance of studying matrices up to
similarity is self evident. To be able to distinguish between conjugacy classes, it’s helpful to
known some quantities that are invariant under similarity.

Lemma 0.55. Let A, B € M, (F). Then tr(AB) = tr(BA).

Proof. Write A = (a;;) and B = (b;;). Then tr(AB) =>"" (AB)i; =Y 1 > peq Girbgi. On
the other hand, tr(BA) = >0 (BA); = > > r_; biar;. By renaming variables ¢ and k,
we have Y7 D bigagi = D> p_y Yoy britui, and by swapping the order of summation this
equals Y 7 | > aby; as desired. O

Proposition 11. Let A, B € M,(F), with A ~ B. Then tr(A) = tr(B) and det(A) =
det(B).
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Proof. As A ~ B, there is P € M,(F) such that A = PBP~!. By the lemma, tr(A) =
tr(P(BP™1)) = tr((BP~')P) = tr(B). Similarly, we find that det(4) = det(PBP™!) =
det(P) det(B) det(P~1) = det(B) det(P) det(P~!) = det(B) det(I,,) = det(B) by properties
of the determinant. O

Since similarity corresponds to change of basis, this allows us to define these quantities
for a linear operator.

Definition 0.56. Let V' be finite dimensional. For T' € GL(V') we define the trace of T" and
the determinant of 7" to be the quantities tr([T]z) and det([T]s) for any choice of basis /3
of V.

Example 0.57. The matrices A = (113 i) and B = (1) _23> are not similar, because

tr(A) = 5 while tr(B) = —3. However, both det(A) = det(B) = —2.

Recall that the rank of a linear transformation 7" was defined as the dimension of it’s
image. We can also similarly define rank in terms of a matrix representation of 7"

Proposition 12. Let A, B € M,(F) and suppose that A ~ B. Then rank(A) = rank(B).

Proof. Write A = PBP~! for some P. Define T : Im(A) — F™ by T'(x) = P~'z. Then
T is injective because P is invertible, so dim(Im(A)) = dim(Im(7")). We also see that if
y € Im(T), then y = P~ 'z for some x € Im(A). Write z = Az, so y = P 1(Az) =
B(P7'2) € Im(B). This gives rank(A) < rank(B). Similarly with S : Im(B) — F™ defined
by S(z) = Pz, we find rank(B) < rank(A), so that rank(A) = rank(B). O



