DIAGONALIZATION

TIM SMITS

After developing the basic theory of linear transformations, we turn our attention to the
study of linear operators. As we saw, a change of basis of V' from [ to ' corresponds to
conjugation of the matrix [T]z by some invertible change of basis matrix Sgl. A natural
question is if there is a “best” basis § to pick so that [T]z will be as easy to understand
as possible. The best we could hope for in general is that [T is a diagonal matrix, so the
question becomes if it is possible to find a basis 5 of V' such that [T]s is diagonal. Answering
this question will be the primary purpose of this handout.

Throughout this document, V' will denote a vector space over an arbitrary field F' and
T :V — V will denote a linear operator.

BASIC DEFINITIONS AND EXAMPLES

Definition 0.1. An eigenvector of T is a non-zero vector v € V' such that T'(v) = \v for
some A € F'. The number ) is called an eigenvalue of T'. We sometimes refer to the data
(v, A) as an eigenpair.

Our first order of business is to determine what the possible eigenvalues of a linear operator
are. When V is finite dimensional, this is quite easily done using the theory of determinants.
We remind the reader of the following definition:

Definition 0.2. Let V be an n dimensional vector space. The determinant of a linear
operator T': V' — V denoted det(T) is defined as det([T]g) for any basis 5 of V.

Elementary properties of the determinant show that similar matrices have the same de-
terminant, so the above definition actually is independent of a choice of basis and so the
notation makes sense.

Theorem 0.3. Let V be an n dimensional vector space. Then A € F is an eigenvalue of T
if and only if det(\ - Iy —T) = 0. In terms of matrices, X is an eigenvalue of T if and only
if det(\ - I,, — [T)g) = 0 for any basis B of V.

Proof. Pick a basis 5 of V. Suppose that A € F'is an eigenvalue of T with eigenvector v.
Then (A - Iy —T)(v) =0, i.e. the operator A - Iy — T is not invertible, and from the theory
of matrices, this says [\ - Iy — T3 is not invertible. Therefore det([A - Iy — T|3) = 0, so by
definition this says that det(\- Iy —T") = 0. Conversely, if det(\- Iy —T) = 0, then A\- Iy, =T
is not invertible, so there is some vector v in the kernel of X - Iy — T', i.e. a vector v such
that T'(v) = Av so that A is an eigenvalue of T'. O

The above says that checking if A is an eigenvalue of T' is equivalent to finding a root of
the polynomial det(z - Iy — T'). We give this polynomial a name:

Definition 0.4. The polynomial pr(z) = det(z - Iy —T) is called the characteristic poly-

nomial of 7.
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Restated in the new definition, we have the following:

Theorem 0.5. Let V' be ann dimensional vector space. X € F is an eigenvalue of T -V — V
if and only if \ is a root of the characteristic polynomial pr(x).

Notice that since the determinant of a linear operator does not depend on a choice of basis,
the characteristic polynomial is independent of such a choice as well, and so it is well defined.

Before moving on, we make a few remarks: notice that the definition of an eigenvalue
depends on which field we view V as a vector space over. If F' is algebraically closed,
then every linear operator 7' : V' — V has an eigenvalue, because then the characteristic
polynomial of T" necessarily has a root in F. If F'is not algebraically closed, it may be possible
for an operator to not have an eigenvalue. Additionally, the definition of an eigenvalue makes
sense for infinite dimensional vector spaces, even if our criterion for easily finding eigenvalues
only works for finite dimensional vector spaces. Some of the examples below will illustrate
this.

Example 0.6. Let T : R* — R? be given by T'(z,v,2) = (y, —5x+4y+2, —r+y+2). Then

0 10
with 3 the standard basis, we see [T]s = [ =5 4 1]. Then pr(z) = (x — 1)(x — 2)%, 50 T
-1 11

has eigenvalues 1 and 2. One can check T has eigenvectors v; = (1,1,2) and vy = (1,2,1)
corresponding to the eigenvalues 1 and 2 respectively.

Example 0.7. Let T : R? — R? be a counterclockwise rotation by some angle 6 € (0, 27).
Then T has no eigenvectors, because no vector v € R? is scaled along the same direction
by T. Explicitly, with 3 = {e1,es} the standard basis of R?, one can check that [T]; =
cos(f) —sin(0)
sin(f)  cos(0)
and the quadratic formula says this has no real roots.

) . The characteristic polynomial of T'is given by pr(z) = x?—2 cos(f)x+1,

Example 0.8. Write V. = W @ W’ for some subspaces W, W' of V. Let P = my be the
projection onto W, so that P? = P. If (\,v) is an eigenpair for P, then \>v = P?v = Pv =
Av, so that A2 = X says that A = 0, 1 are the only possible eigenvalues of P. For any w € W,
P(w) = w, and for w' € W', P(w') = 0, so w,w" are eigenvectors corresponding to 0,1
respectively.

Example 0.9. Let T : C*°(R) — C*(R) be the derivative map, T'(f) = f’. An eigenvector
of T is a function f such that f' = Af for some A € R. From calculus, we know that such
functions are of the form ce’ for some ¢ € R. This says the exponential functions ce*
are eigenvectors of the derivative operator with eigenvalues A € R. This is of fundamental
importance in the theory of linear differential equations.

Example 0.10. Let L : F>* — F* be the left shift operator, i.e. L((aj,as,...)) =
(a9, as, ...). Aneigenvector of L is a sequence (aq, ag, . . .) such that (ag, as,...) = A(ay, az, . ..)
for some A\ € F. This says as = A\a;, a3 = Aas = A\%a;, and by induction, that a, = \"'a,.
Let 0 = {a,} be a geometric sequence, that is a sequence defined by a, = cr"~! for some
c,r € F. Then we see that an eigenvector of L is a geometric sequence, and any such
geometric sequence o is an eigenvector with eigenvalue r.
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PROPERTIES OF THE CHARACTERISTIC POLYNOMIAL

Before moving on, it will be useful to know some basic properties of the characteristic
polynomial pr(x) of a linear operator 7.

Proposition 1. Let V' be an n dimensional vector space and T : V — V' a linear operator.
Then the characteristic polynomial pr(z) is a monic degree n polynomial.

Proof. Pick a basis 8 of V', so by definition pr(z) = det(x - I,, — [T]3), and write [T']5 = [a;;].
Then z - I,, — [T]s has entries x — a;; along the diagonal and —a;; elsewhere. Expanding
the determinant out using co-factors along the first row, we see that we can write pr(z) =
(x —aq1) - (x — apn) + q(z) where g(x) is a polynomial of degree at most n — 2. It’s then
clear that pr(z) is a monic degree n polynomial. O

Proposition 2. Let V be an n dimensional vector space and T a linear operator with
characteristic polynomial pr(z) = 2" + a,_ 12" ' + ... + ag. Then a,_y = —tr(T) and
ap = (—1)"det(T).

Proof. Write pr(z) = (x — aq1) -+ (x — ann) + q(z) where g(x) has degree at most n — 2 as
above. Then the coefficient of 2"~! comes entirely from the coefficient of z"~! in the product
(x—aq1) ... (x—au,), which is equal to the negative sum of its roots, i.e. —(a;1+...+an,) =
—tr(7T). We also see ag = pr(0) = det(0- [, — T) = det(—T) = (—1)" det(T). O

Example 0.11. A particularly useful special case is when V' is 2 dimensional, so for a linear
operator T we have pr(z) = 2? — tr(T)z + det(T).

The above result says that the characteristic polynomial pr(x) record both the trace and
determinant of 7. Since the roots of py(z) are eigenvalues of T, this gives the following
important relations:

Corollary 0.12. Let V' be an n dimensional vector space and T" a linear operator. Suppose
that the eigenvalues of T' in some algebraic closure F of F are \i,...,\, (counted with
multiplicity). Then tr(T) = A + ...+ X, and det(T) = A --- A,,.

Proof. In F[z], pr(z) factors as (x — A1) --- (z — A,). Expanding out the product then says
the coefficient of "1 is —(A\; + ...+ \,) and the constant term is (—1)"(A; -+ \,). O

DIAGONALIZATION
We now use the theory of eigenvalues to answer our main question.

Definition 0.13. A linear operator 7' is called diagonalizable if there exists a basis § of V
such that [T]z is a diagonal matrix.

A0 .00

0 X ... O
Necessarily, we see that if such a basis § = {vy,...,v,} exists, if [T]g=| . . . .

0 0 ... A\,

that T'(v;) = A\, for all 4, so that § is a basis of eigenvectors. This can be rephrased using
the language of the previous section as such:

Theorem 0.14. A linear operator T is diagonalizable if and only if there is a basis B of V
consisting of eigenvectors of T'.
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In order to determine when such a basis exists, we will utilize the following key result:

Proposition 3. Suppose vy, ..., v, are eigenvectors of T' corresponding to distinct eigenval-
ues Ay, ..., \p. Then {vy,...,v,} is linearly independent.

Proof. We prove this by induction. If n = 1 the statement follows immediately since {v;}
is linearly independent. Assume that the statement is true for any collection of n — 1
eigenvectors that correspond to distinct eigenvalues. Suppose that civ; + ... + c,v, = 0,
so that applying T says ciA vy + ... + ¢, \v, = 0. Multiply the first equation by A, and
subtract to see ¢1(A — A\)vr + ... 4 ¢o1(A1 — A\)vn—1 = 0. By induction hypothesis,

the vectors {vy,...,v,_1} are linearly independent, and since all eigenvalues are distinct this
forces ¢; = 0 for 1 < i < n — 1. This then immediately gives ¢, = 0, so that {vq,...,v,} is
linearly independent. By induction, we are done. 0J

Corollary 0.15. Let V' be an n dimensional vector space and T a linear operator. If T' has
n distinct eigenvalues, then T is diagonalizable. If pr(x) factors into distinct linear factors
in Flx], then T is diagonalizable.

Proof. 1f T has n distinct eigenvalues, then the associated eigenvectors are a set of n linearly
independent vectors in V', hence a basis. Saying that pr(x) splits into distinct linear factors
is the same as saying that T has distinct eigenvalues. 0

Example 0.16. The converse to the above statement is not necessarily true. For example,
the identity operator Iy is diagonalizable, but has characteristic polynomial (z — 1)".

Proposition 4. Let V be an n dimensional vector space and T a linear operator. Then if

T is diagonalizable, pr(x) factors into a product of (not necssesarily distinct) linear factors

Proof. Suppose that T is diagonalizable. Let 8 be a basis of V consisting of eigenvalues

M0 ... 0
0 X ... 0

Ay oo Agof T Then [Tlg=| . . . [, and det(zl, — [T]g) = (x—M1) -+ (z—An)
0 0 ... A\

is a product of linear factors in F'[z]. O

Example 0.17. The converse of the above statement is not necessarily true. Let T : R? —
R? be given by T'(x,y) = (y,0). Then it’s easy to see pr(x) = 2%, so the only eigenvalue of
T is 0. However, T is not diagonalizable: rank-nullity says dim(ker(7")) = 1, so that there is
no possible basis of eigenvectors for 7.

The above examples show that the characteristic polynomial is not strong enough to detect
when an operator is diagonalizable or not, and we saw that what broke was that nothing can
be said when the characteristic polynomial has repeated roots. This leads us to the following
definitions, which will end up giving a test for diagonalizability.

Definition 0.18. Let A be an eigenvalue of T'. The eigenspace of )\, denoted F),, is defined
as F\ = ker(T — X\ - Iy). The algebraic multiplicity of \ is its multiplicity as a root of
pr(z). The geometric multiplicity of A is dim(E)).

Proposition 5. The geometric multiplicity of an eigenvalue X of T is at most its algebraic
multiplicity.
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Proof. Suppose that dim(E)) = k. Pick a basis {vy,..., v} of E) and extend to a basis

AI, A
0 B
where 0 is the m x k zero matrix, and A, B have dimensions k X m and m x m respectively.

Then z - I, — [T]y = ((‘” ML —A ) so pr(z) = det(z - I, — [T]) = det((z — A)-

B =Av,...,v5,wi,...,wy} of V. Then [T]s is a block matrix given by [Tz =

0 x-I,— B
Ii)det(x - I, — B) = (x — \)*¥g(x) where g(x) = det(z - I,, — B). This says (x — \)* divides
pr(x), so the algebraic multiplicity of A is at least k as desired. 0

Theorem 0.19. Let V' be an n dimensional vector space. Let T have distinct eigenvalues
Ay -y Ap with algebraic multiplicities ey, ..., e, so pr(x) = (x — X)) -+ (x — A\p)%, and
e1+...+ex=n. Then T is diagonalizable if and only if V =E\, ® ... D E,,.

Proof. 1f T' is diagonalizable, then V' has a basis of eigenvectors of T, so that V = E\, +...+
E,, . Since eigenvectors from different eigenvalues are linearly independent, if 1 +.. . +x;, =0
with x; € E),, writing x; in terms of basis vectors of F), shows all z; = 0, so that the sum
is direct. Conversely, if V = E\, ®...® E),, then the union of bases for E,, is a basis of V.
Since each vector in E), is an eigenvector of 7', this says V' has a basis of eigenvectors for 7',
i.e. T is diagonalizable. 0

Corollary 0.20. Let T' be as above. Then T is diagonalizable if and only if for each eigen-
value \; of T the algebraic multiplicity and geometric multiplicity of \; are equal.

Proof. 1f the algebraic and geometric multiplicity of A; are equal for all 4, this says dim(E), ®
. BE)=e+...+e,=n,50 E\ &...® E, =V says T is diagonalizable. Conversely
if dim(E),) < e; for some 4, then dim(E), ... ® E),) <n,s0 E), @ ... E,, # V says T
is not diagonalizable. 0

Example 0.21. Let T : R? — R? be given by T'(z,y, 2) = (y, —bx+4y+z, —x+y+2) be the
example from before. Then we saw pr(x) = (x — 1)(x — 2)?, so 1 has algebraic multiplicity
1 and 2 has algebraic multiplicity 2. To check if T is diagonalizable, we need to see if
the eigenspace Fs is 2-dimensional. We see that T" — 2 - I, has matrix representation with

-2 1 0
respect to the standard basis given by | =5 2 1 |. Notice that —2(1,2,1)+ (0,1, —-1) =
-1 1 -1

(—2,—5,—1), so that the first column is a linear combination of the other two. The second
and third columns are obviously linearly independent, so that rank(7 — 2 - Iyy) = 2 says
dim(ker(T — 2 - Iy)) = 1, so that T is not diagonalizable.

Example 0.22. Let T : R* — R3 be given by T(z,y,2) = (=92 + 4y + 4z, —8x + 3y +

4z, —16z + 8y + 7z). With 8 = {ey, ez, e3} the standard basis of R? we have [T]z =
-9 4 4
—8 3 4. One can compute that pr(x) = (x — 3)(z + 1)?, so that T has eigenvalues 3
—-16 8 7

and —1 with algebraic multiplicities 1 and 2 respectively. The operator 1"+ I}, has matrix

-8 4 4
representation | —8 4 4|, so dim(E_;) = 2, so that T is diagonalizable. Using row
—-16 8 8

reduction, a basis of F_; is given by v; = (1,0, 2) and v = (1,2,0). The operator T—3-Iy has
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—12 4 4
matrix representation | —8 0 4 |, and a basis of Ej3 is given by vg = (1,1,2). Then ' =
—16 8 4
{v1,v9,v3} is a basis of R? consisting of eigenvectors for T. The change of basis matrix Sg 5
1 11
is the matrix whose columns are these eigenvectors, i.e. Sg3 = [0 2 1|, with inverse
2 0 2
2 -1 —1/2
Sgwp = 1 0 —1/2]. The change of basis formula says [T|s = S —,5[T] g Sp—p, and
-2 1 1
-1 0 0

we see that [T = | 0 —1 0|, which gives a factorization of [T]s.
0 0 3



