
 

Galois groups of Polynomials

Def fix c TEXT the Galois gp of fact

is GallKIF for k the Saf of f X

ffx has roots r rn

K FC ri ra Any element of

Gal KIF is determined by a chin on ri's

You get an injection

Gal KIF
Sn

by viewing Je Gal KIF as

a permutation of
the roots

Def HEE is called transit if
for all i j there is JEH WI



j

Ci j

Thmi fix EFfx7 Sep of degree in

fired Gal f is a

transitive subgroup of Sn

Pref

I follow from what we know about

splitting fields there is re Galckff

wt ar e rj for any ifj

I fix reducible it factors into

a product of distinct irreducible

let ri be a root of one rj a root of

the other There is no r St

Geri ry
not transitive



Notes every Galois ext is s.fr of
Some irred

Possible Galois groups

nTranxhieSubgps
Z 2422

it

4 7442L 2122 2121 A4,54 Dg

5 1 2452 Dio Asi Ss 2 52 2442



Def fix C FIXT Suppose f

factors in a Sf as

x rel Cx rn The

discriminant of f is defined as

discffs IT Crj ri
Taj

Note discal O s f separable

EI fCx ax7bxtC

af X r x rel

discff rz rife Coitre
2
4hr2

b 4ac
a



So if fCx is mondo this agree w

usual notion of discriminant

By general nonsense disc f is

a symmetric poly
in roots of Fca

Since Symon poy are fixed by action

of Sn discCfl E F

Prep Cha CF 42

Galffle An disc D

in F

Cori fca Effxy Sep irred cubic

Chur Fl 1 2



disc f II Gal f A

diacett a Galff S3

Exi fix x3raxtb

disc ffl 4a3t27b

f x
23 x i disc I 23

Gal ft E S3

fired Sep quarhi Charlet
Z

desc f D Gaffs Ay or 2422 22

disefft I GHAI 554,138,2142

Note Can narrow down further

using resonant cubic but



it's mostly uceless

Actually useful results

Prof fox C 0,1 7 erred of degree p

p prove If f ha exactly two

complex roots
then Gal f Sp

Proof
Qb p pl 1gal I

Gal f has an element oforder p

Galff Esp
contains a

p cycle Having exactly
two

Complex roofs mean Gal f contains

a transposition complex conjugation

GalCfl contains Sp a



EI 115 4 2 C 1 7

Irred by Eisenstein

Can use basic Calculus to show

has 3 real roots Galff Ess

The Dedekind

fCx C REX be monic erred of

degree n For any prime put

pXdiscCH Suppose fix

factors as

fGc f Kl f Cx mod p

di _degCfe Galffl Contai
a permutation of type



d del

Proto Too hard for course

Xt 100 400 tried b c

it's i red mod 3

discCf 88000002

Gal f E As

B 150100 400 I X5t2xt2 mod 3

XI 00 400 I CxtlXXt3XX 376 2

mod 7

Gal f contains a 5 cycle



and a 3 cycle

1511galCf'll

Gal t As

LMFDB

Ask far number feed assoc Is

a polynomial

Operations on extensions



Def F E E F the composite

of F E s's denoted F Fz

is the smallest subfield of F

Containing
F and Fa

Tha KIF Galois 4F is any
ext

Then 141L is Galois and

Gal kik a Gal KHNL

KL

l j Galois
k

G kN



C

F

Proof Leche

Then KIF LIF Galois

KL
Galois

ii i
Galois I Galo's

Knh

Galois

F



kn LIF is Galois

KLIF is Galois

Gal KLIF
Girl CGal x

Gackt

51km _71km

Pref
1 Kakis Sep

b c KIF is Sep

fCx C FEES iii red w a root

in Knt 3 roof in kin

speak ion K h bk both

ran normal spent in Khl

3 normal



2 K is s f of fox our F

L is Sf of good aer F

KL is Sf of squarefree part

of fix gcx1 an F

Galois

3 19 GallKLIF Gal KIF xGaK4f

or Cola ok

Let H Subgp
in the statement

1m41 Z H is dear

4km is Galois for ay



auto of Knc there are

L knit number of ways

to extend it to an automorphism

of L

For any
Of Gal KIF

there are knit ways
to

pick T so that coil C H

IHI legal cklfll.IGaktlknc.lt

1gal KLIF 1

C'check follows from previous
thou

7



Cori KIF LIF Galois Khl F

then

Gall KLIF a GalCKkTxGaK4H

Ex
TQCTz.it q ha degree 8

and Galois group
D8

352 if has degree 6

and Galois gp 53

Composite is 452 i 3R Fs

Oiler i Fs K

this exit has degree 48



g

3
RB il

I

ftp.fsil
f

16

Bird
QPR41

Fsl 3

Q

4rz.ilnqcsrz.ir lQ7
duds 6 and 8



davids 2

equals 1 or 2

if degree is 2 then

Interseehr is a quadratic

ext in QCSE.is By

Galois Corr the only quadratic

Subfield is Cir

4G i nqcfz.ir



girl

Can check that Ciro

401452 i so this mean

that degree
is 1 so

452 i n 3k its IQ

By the corollary

Gal QCRrz.i.FI lQ

y S X D8
n



Closures

offer time want exth

with certain properties

separable normal Galois
etc

Def KIF then Fsep Kek X

is a field by HW and we
Sep our Ff

call Fsep the separable donee of F

in K If K E we just call
it separable

closure K
purely insetIwere seen

Fsep

Ip Sep



Propi if KIF finite there is 4k

S t LIF is normal and

Lik is minimal w.r.in this property

Proof K Fca an f K ITmsn.CH

C FGM Take L If of fCalm

Def The extension Laboue is called

the normal closure of KIF

Note For general KIF algebraic
need 15 use def of normality in terms

of field embeddings



Propi


