Terminal 3-folds that are not Cohen-Macaulay

Burt Totaro

An important ingredient of the minimal model program is that Kawamata log
terminal singularities in characteristic zero are rational, and in particular Cohen-
Macaulay. In the special case of cone singularities, this fact is related to the Kodaira
vanishing theorem restricted to Fano varieties. It turns out that Kodaira vanishing
fails even for Fano varieties, in every characteristic p > 0 [29]. This led to examples
of klt, and even terminal, singularities that are not Cohen-Macaulay [21], 29, [31].
(Terminal singularities are the smallest class of singularities that can be allowed on
minimal models.)

The most notable example was a terminal singularity of dimension 8 that is not
Cohen-Macaulay. Namely, let X be the quotient (A! — 0)3/G over the field Fy,
where the generator o of the group G = Z/2 acts by
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Then X is terminal but not Cohen-Macaulay [29, Theorem 5.1]. This is the low-
est possible dimension, because every terminal (or just normal) surface is Cohen-
Macaulay. Cohen-Macaulayness and stronger properties such as F-regularity help
to construct contractions of varieties. Partly for this reason, the MMP for 3-folds is
known only in characteristics at least 5 [15, 8, 14]. By Arvidsson—Bernasconi—Lacini,
klt singularities in characteristic greater than 5 are Cohen-Macaulay, whereas there
are klt singularities that are not Cohen-Macaulay in characteristics 2, 3, and 5
[4, [6l, 10].

In this paper, we construct terminal 3-fold singularities that are not Cohen-
Macaulay in five new cases: mixed characteristic (0, 2), characteristic 3, mixed char-
acteristic (0, 3), characteristic 5, and mixed characteristic (0, 5) (Theorems
and . This is optimal, in view of the result of Arvidsson—Bernasconi—
Lacini. Indeed, the MMP for schemes of dimension 3 was developed in mixed
characteristic when the residue characteristic is greater than 5 [7, 28]. This raised
the question of whether vanishing theorems for 3-folds hold in mixed characteristic.
Given our counterexample over Fo, one might expect an example of dimension 4,
flat over the 2-adic integers Zs, with fiber over Fo being the 3-fold singularity above.
In fact, each of our examples has dimension 3 as a scheme. For example, over Zo
we have:

Theorem 0.1. Let Y = {(z,y,i) € A%Q cx # 0,y # 0,42 = —1}. Let the group
G=Z/2={1,0} act onY by
o(x,y,i) = (1/x,1/y, —i).

Then the scheme Y/G is terminal, not Cohen-Macaulay, of dimension 3, and flat
over Zs.



Note that an action of a p-group with an isolated fixed point on a positive-
dimensional smooth variety in characteristic p is never formally isomorphic to a
linear action, because a nonzero representation of a p-group G in characteristic p
has nonzero G-fixed subspace. In fact, there are continuous families of inequivalent
actions on smooth varieties in characteristic p, and likewise on regular schemes
of mixed characteristic. For an action of G = Z/p on a regular scheme W of
dimension 3 with an isolated fixed point in characteristic p (as in Theorem , it
is common for W/G not to be Cohen-Macaulay, essentially because the cohomology
of G contributes to the local cohomology of W/G. The difficulty is to construct
an example with W/G terminal. For a more complicated action of G, the quotient
scheme would usually not be terminal or even log canonical. To find the examples
in this paper, the idea was to look for the simplest possible actions of G = Z/p on a
regular 3-dimensional scheme with an isolated fixed point of residue characteristic
.

Our examples build on Artin’s examples of the simplest Z/p-actions on smooth
surfaces in characteristic p with isolated fixed points [3]. Namely, he constructed
a Z/2-action in characteristic 2 with quotient a du Val singularity of type Dy, a
Z/3-action in characteristic 3 with quotient an Eg singularity, and a Z/5-action in
characteristic 5 with quotient an Ejg singularity. These special group actions arise
globally from actions on del Pezzo surfaces, for example Z /5 acting on the quintic
del Pezzo surface (as discussed in section .

To show that our 3-dimensional quotients W/G are terminal, the obvious ap-
proach would be to resolve the singularities of W/G and make a calculation. Re-
solving these singularities is hard, however. We can greatly simplify the work by
stopping at a partial resolution of W/G that has toric singularities (specifically,
fp-quotient singularities, which we call tame quotient singularities); those are easy
to analyze in combinatorial terms. (Recent advances suggest that an efficient sub-
stitute for resolving singularities in any characteristic would be to seek a resolution
by a tame stack, rather than by a regular scheme [2], 23] [1].) Our key technical tool
is Theorem which gives a sufficient condition for a quotient scheme U/G (where
G = Z/p, in positive or mixed characteristic) to have toric singularities.

These examples should lead to other failures of vanishing theorems. In particu-
lar, by Baudin, Bernasconi, and Kawakami, these examples imply that Frobenius-
stable Grauert-Riemenschneider vanishing fails for terminal 3-folds in characteristic
2, 3, or 5 [0, Theorem 1.1].
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1 Notation

We use the notation “z = y + I”, for elements x and y of a ring and an ideal I,
to mean that there is an i € I such that x = y + i. We also use variants of this
notation such as “z = (y+1)(z+J)”. Another variant (modeled on big-O notation
in analysis) is to write “a =y + O(2)” for “z =y + (2)”.

We write R{x1,...,z,} for the free module over a ring R with basis elements
LlyeeesTp.



For a closed point P in a regular scheme U with residue field ki, we say that
f1y--., fn are coordinates for U at P (or a reqular system of parameters) if fi,..., fn
are elements of the maximal ideal m of O(U) (the regular functions vanishing at P)
that map to a basis for the ky-vector space m / m?.

For a group G acting on a scheme X, G acts on the ring of regular functions
O(X) by (g(f))(z) = f(g~'x), or equivalently g(f) = (¢~ 1)*(f). The inverse is
needed because of our convention of writing group actions on the left. Throughout
the paper, we write G = Z/p = (0 : 0P = 1) for the cyclic group of prime order
p. We fix the name 7 = o~ !, because of the inverse that comes up in writing the
G-action on functions. Write I(f) = o(f) — f for a function f on a G-scheme.

See section [5] for the definition of the canonical divisor and terminal singularities
on general schemes, following [20, section 2.1].

For a positive integer 7, let p, be the group scheme (over any base scheme)
of rth roots of unity. The Reid-Tai criterion is the following description of which
cyclic quotient singularities are canonical or terminal [25] Theorem 4.11]. This is
often stated over a field, but it works even in mixed characteristic for u,-quotient
singularities. The point is that Kato’s theory of log regular schemes provides a
mixed-characteristic analog of toric singularities, which includes the case of p,.-
quotient singularities [I7]. For such schemes, resolutions of singularities and the
canonical divisor can be described in purely combinatorial terms. In the following
criterion, for @ an integer and b a positive integer, consider a mod b as an integer in
the set {0,...,b—1}.

Theorem 1.1. For a positive integer r, let pu, act on a reqular scheme X, fixing a
closed point P with mazimal ideal m. Suppose that u, acts on a basis for m /m? by
Clty, ... tn) = (COrty, ..., Cbt,), for some by, ..., b, € Z/r. (The quotient X/, is
said to be a p,.-quotient singularity of type %(bl, ...y bp).) Assume that the action is
well-formed in the sense that ged(r, by, . . ., l;;-, coosbp)=1forallj=1,...,n. Then
X/ is canonical (resp. terminal) near the image of P if and only if

n
Z tbjmod r > 1
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(resp. >r) foralli=1,...,r —1.

We sometimes need the extension of the Reid-Tai criterion that describes when
a toric pair is terminal, as follows. The proof is the same as Reid’s: X/u, has a
toric resolution of singularities, and so it suffices to compute discrepancies for toric
divisors over X/ .

Theorem 1.2. Under the assumptions of Theorem[I.]], let t1,...,t, be coordinates
for X at P that are p,r-eigenfunctions with weights by,...,b,. Fori = 1,...,n,
let D; be the irreducible divisor on X/pu, that is the image of {t; = 0} in X. Let
Ci,...,Cp be real numbers. Then the pair (X/p,, Y ¢;Dj) is terminal near the image
of P if and only if c; <1 for each j, c; + c <1 for each j # k, and

n

Z(l —¢j)(ibj mod r) > r

J=1

foralli=1,...,r—1.



2 Recognizing p,-quotient singularities

Kiraly and Liitkebohmert analyzed when a quotient scheme by Z/p is regular, the
hard case being where the residue characteristic is p [18]. More generally, we now
give a sufficient condition for a quotient by Z/p to be a toric singularity, or in
particular to be a p,-quotient singularity. (Actions of p, are far simpler than
actions of Z/p: they are linearizable near a fixed point, like finite group actions in
characteristic zero, because p, is linearly reductive. Also, p,-quotient singularities
are always Cohen-Macaulay.)

It would be very appealing to find a broader sufficient condition for a quotient
by Z/p to have toric singularities, perhaps necessary and sufficient. Theorem is
adapted to the situation where the fixed point scheme is a Cartier divisor F1 = {e =
0} except on a closed subset of F;. When it applies, the theorem can be described
as a Z/p — pp switch.

Here is Kiraly and Liitkebohmert’s main result [18, Theorem 2]. (See Theorem
for a more detailed statement.)

Theorem 2.1. Let G be a cyclic group of prime order which acts on a reqular
scheme X . If the fized point scheme X is a Cartier divisor in X, then the quotient
space X /G is regular.

Here is our sufficient condition for toric singularities. Recall that I(f) means
o(f)— f, for a function f on a scheme with an action of the group G =Z/p = (o :
ol =1).

Theorem 2.2. Let U be a regular scheme with an action of the group G = Z/p =
(o : o = 1), for a prime number p. Suppose that G fixes a closed point P with
perfect residue field ky of characteristic p. Write m for the maximal ideal in the
local ring Oy, p. Suppose that there are e, s € m —{0} and coordinates x1, ..., xy for
U at P such that

I(s) = es(unit)

and

I(l‘z) S (6)

fori=1,...,n. Suppose that p € eP~'m. (For example, that holds if p =0 on U.)
Then U/G is regular or has a p,-quotient singularity at the image of P.

More precisely, if I(x;)/e is nonzero at P for some i, then U/G is reqular near
P. Otherwise, let o(y) = 1(y)/e, which gives a linear map from m /m? to itself.
Then ¢ is diagonalizable, and after multiplying it by some nonzero scalar, its eigen-
values by, ..., b, are in ¥, C ky. In this case, U/G has a singularity of the form
%(bl, ...y bp). That is, near the image of P, U/G is the quotient of a reqular scheme
by an action of p, with weights b1,...,b, at a fived point.

Theorem is a refinement of Theorem showing that certain divisors in U
can be viewed as toric divisors in U/G.

We will often use the special case of Theorem [2.2) where e = s = 1 for one of the
coordinates x1; in that case, we are assuming that I(z1) = z3(unit) and I(z;) € (1)
for i = 1,...,n. Then the fixed point scheme U® is the regular divisor {z; = 0}
except on a closed subset of Fy. For other applications in this paper, we need the
greater generality of Theorem where (U%),eq may be a singular divisor.
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One might ask whether the assumption that p € e?~'m in Theorem can be
omitted. Fortunately, this assumption is automatic in characteristic p, and it will
be easy to check in our mixed-characteristic examples.

Proof. The assumption that P is fixed by G means that G preserves m = my and
acts as the identity on the residue field ky := Oy p/m, which has characteristic p.
For each regular function f in the local ring Oy p, its norm N(f) := Hf;ol at(f)
is G-invariant, and it maps to f? in ky by triviality of the G-action there. So the
residue field kg C ky at the image of the point P contains k{,. Since we assume
that ky is perfect, kg is equal to ky. In what follows, we replace U by a G-
invariant open neighborhood of P as needed, since we are only trying to describe
U/G near the image of P (which we also call P). In particular, we can assume that
U is affine.

The fixed point scheme U is defined as the closed subscheme of U cut out by
the ideal generated by I(O(U)). The following formulas hold for any action of G
on a commutative ring [I8, Remark 3]:

Lemma 2.3. (1) I(zy) = I(z)o(y) + =1 (y). ‘
(2) Form >0, I(a™) = I(z) > 1", o(x)" g™,

We are given coordinates z1,...,z, for U near P. Under our assumptions (U
regular and ky /g = ki), the ideal generated by I(Op.p) in Oy p is generated by
I(xy),...,I(xy,) [18 Proposition 6]. That is, after shrinking U around P if necessary,
the fixed point scheme U is the closed subscheme defined by I(x1), ..., I(zy).

In particular, if I(z;)/e is a unit for some ¢ = 1,...,n, then the fixed point
scheme UY is the Cartier divisor {e = 0}, and then Theorem [2.1] gives that U/G is
regular. So we can assume from now on that I(x;) is in em for each i. Equivalently,
after shrinking U around P, I(O(U)) is contained in em. In this case, we will show
that U/G has a p,-quotient singularity at P.

The following lemma is implicit in the statement of Theorem

Lemma 2.4. Let U be a reqular scheme with an action of the group G = Z/p =
(o : 0P = 1). Suppose that G fizes a closed point P with perfect residue field ky
of characteristic p. Write m for the mazimal ideal in the local ring Oy p. Let
eem, e#0, such that I :== o — 1 satisfies I(m) C em. Then ¢(y) := I(y)/e is a
well-defined ky-linear map from m /m? to itself.

Proof. Since the local ring Oy p is regular, it is a domain, and so I(y)/e is well-
defined for each element y in m. Since G fixes the point P, G maps m into itself.
Since I(m) C em, Lemma [2.3| gives that I(m?) C em?. Since [ is additive, it follows
that ¢ is a well-defined additive function from m /m? to itself. By Lemma
¢ is linear over the ring of invariants (Oy p)®. Since that ring has residue field
kuia = ku, ¢ is ky-linear. O

We are given a function s € m —{0} such that I(s) = es(unit). After multi-
plying e by a unit, we can assume that I(s) = es; this does not change the other
assumption that I(z;) € (e) fori =1,...,n. Thus, from now on, we have I(s) = es.
This changes the endomorphism ¢ of m /m? (which is defined in terms of e) by a
nonzero scalar. Having made this change, we will show that ¢ is diagonalizable,



with eigenvalues b1, ...,b, in F), C ky, and that U/G has a py-quotient singularity
of the form %(bl, ceaybp).

Let v = o(s)/s. By our assumptions, v is a unit on U, and v = 1 + e. Since
v =0(s)/s, v has norm 1 for the action of G. Write (¢/id)(x) for o(z)/z; this is the
multiplicative action of ¢ — 1 € ZG on a commutative ring. In these terms, define
f = (¢/id)P=%(v). In the group ring ZG, we have (0 —1)P" L =oP L4+ ... + o+ 1
(mod p), and so we can define an element o € ZG by

(c—1)P =0l 4. 4o41—pa (%)

It follows that o(f)/f = N(v)/gP, with g := «a(v) (where a acts multiplicatively).
Since v has norm 1, we have o(f)/f = 1/gP. This formula will be exactly what we
need to construct a p,-torsor W — U with a commuting action of G.

We first analyze the function ¢ in more detail. By equation (*), the sum of the
coefficients of v in ZG is 1. Therefore, g = a(v) is a product of integer powers of
the functions o7 (v) = 1 + (1 4+ m) with total exponent 1, and so g = 1+ e(1 +m).

Lemma 2.5. For any pth root of unity ¢ in O(U), 1 — ( is in em.

Proof. The statement is clear if ( = 1. So assume that ¢ # 1. Since O(U) is a
domain and (1—¢)(1+¢+---+¢P~1) = 1—¢P = 0, we must have 1+ +---+¢P~1 = 0.
That is, we have a homomorphism from the ring of integers Z[(,] in Q(¢,) to O(U),
taking the primitive pth root of unity ¢, to ¢. In Z[(p], pis (1 — ()P~ ! times a unit
[22, section IV.1], and so the same is true in O(U). We are given that p is in e?~' m.
Since U is regular, Oy p is a unique factorization domain, and so 1 — ¢ must be a
multiple of e; write 1 — ( = ea for some a € Oy p. If a is a unit, then p would be
eP~! times a unit, a contradiction. So, as an element of Oyp,1—(isin em. After
shrinking U around P if necessary, this gives the same conclusion in O(U). O

The reason for constructing units f and g with o(f)/f = 1/g¢” is to define a
pp-torsor over U with a commuting action of G. Namely, define a p,-torsor W — U
by w? = f. Here u, acts on W C A! x U by ((w,z) = (Cw, ), for ( € p,. Write
7=0"'in G. Since o(f)/f = 1/gP, W has an action of G that commutes with the
action of pp,, by 7(w,x) = (w/g(z),7(x)). (We check these properties in the next
paragraph.) In particular, o(w) = 7"(w) = w/g, by definition of the G-action on
functions. We will show that the scheme Q := W/G is regular. Then U/G = Q/p,
will be a quotient of a regular scheme by p,, as we want.

lup iup

v—%u/G.

For convenience, we write P for the closed point of interest in each of these schemes.
(There is a unique closed point in W over P in U, and it maps to a closed point
in @ and in U/G = Q/p,.) We have seen that the points P € U and P € U/G
have the same residue field ky;. Since P € W is given by the equations w = 1
and x1 = --- = x, = 0, we see that P € W has the same residue field ky. Since
kuja C kg C kw, P € Q also has the same residue field.

For clarity, let us first check that the formulas above give an action of G
on W that commutes with the action of p,. First, to show that o as above



maps W = {wP = f} into itself, we have to show that if wP? = f(z), then
(w/g(x))P = f(o~(x)), or equivalently that wP/gP = o(f); this follows from the
fact that o(f)/f = 1/¢gP. Next, let us show that o? = 1 on W. By induction,
we have o~ (w,z) = (w/(g9(x)g(c " x)---g(c'"z)), 0 'x) for each natural num-
ber i. Therefore, to show that o? is the identity on W (hence that we have an
action of G), it suffices to show that g has norm 1. But that is true, because
v has norm 1 and g is a product of integer powers of o7 (v) for integers j. So
we have an action of G on W. Finally, to show that G and p, commute on W:
for ¢ € pp, we have (oY w,z) = ((w/g(z),0 " (x)) = ((w/g(x),07(z)) while
o (w,r) = 07 (Cw,z) = (Cw/g(x),c 1 (x)). These are equal as regular functions
on the scheme p, x W. So we have shown that G and p, commute on W.

We need to show that f is not a pth power in O(U). Suppose it is, say f = uP
for a regular function w on U. Since f is a unit, so is u. Then 1/¢? = o(f)/f =
(o(u)/u)P, and so (/g = o(u)/u for some pth root of unity ¢ in O(U). Here ¢ =
14+(¢(—1) = 1+em by Lemmal[2.5, and 1/g = 1—e(14+m), so o(u)/u = 1—e(1+m).
Here o(u)/u =1+ I(u)/u, so I(u) = —ue(l + m) = e(unit). This contradicts our
assumption that I(O(U)) is contained in em. So in fact f is not a pth power.

From there, we can show that the scheme W is integral (after shrinking U around
P, if necessary). Namely, since f is not a pth power in O(U), f is also not a pth
power in the function field k(U), and so k(U)[f/?] is a degree-p field extension of
kE(U). Write a for the p,-torsor W — U. Since W = {wP = f}, there is a nonempty
open subset V C U with a=!(V) integral. Since W — U is finite and flat, W
is Cohen-Macaulay and equidimensional. By equidimensionality, every irreducible
component of W must dominate U. Since a~!(V) is irreducible, it follows that W
is irreducible. Since a~!(V) is reduced, W is reduced in codimension 0; since W is
Cohen-Macaulay, it follows that W is reduced [27, Tag 031R]. Since W is reduced
and irreducible, it is integral.

It is not needed for what follows, but for clarity, let us analyze the singularities
of W in the special case where s = e(1 + m) (for example when s = ¢), so that
I(e) = €?(1 +m). The equation of W is wP = f. Since v = 1 + e, one can show
by induction from the formula for I(e) that f = (o/id)?~2(v) = 1 + eP~!q for some
unit ¢ on U, and so we can rewrite the equation of W as wP = 1+ eP~1q. Let
wy = w — 1, so that wy vanishes at the point P of interest in W. In terms of wy,
the equation of W becomes (1 + wg)? = 1+ eP~1q, that is,

_ P p -1
wp =" <1>w0 (p—1>wg ‘
p

We are given that p is in e?~! m, and so this equation has the form wy = eP~1s for
some unit s on W. If p = 2 and e ¢ m?, it follows that W is regular. However, if
p > 2, then W is not normal. For example, if e € m?, then the singularity of W
looks roughly like the cuspidal curve {w} = 2?7'} times a smooth variety.

We will need the following version of Kiraly and Liitkebohmert’s results.

Theorem 2.6.
(1) Let B be a local domain with residue field kg. Let p be a prime number, and

let G = Z/p act nontrivially on B. Suppose that the ideal B-1(B) that defines
the fixed point scheme in Spec B is generated by one element. Then B is free



of rank p over the ring of invariants BS. More precisely, for any element t
such that 1(t) generates the ideal B - I(B), we have B = A{1,t,... tP71},

(2) In addition to the assumptions of (1), assume that B is reqular. Then B is
regular.

(3) In addition to the assumptions of (1), assume that B is noetherian and the
inclusion kga C kp is an equality. Then there is a minimal set of generators
Yiy---,Yr for mp such that I(y1) generates the ideal B - I(B) and ya, ..., Yy,
are G-invariants.

Proof. Statement (1) is due to Kirdly and Liitkebohmert for B normal, but their
proof works without change for B a domain [I8, Theorem 2 and Proposition 5].
They also prove statement (2). They prove statement (3) when B is regular. We
now extend the proof of (3) for B only a domain.

Since the inclusion kge C kp is an equality, we have B = B® + mp, and so
I(B) = I(mp). Since the ideal B - I(B) is generated by one element, there is an
element y; € mp such that I(y;) generates this ideal. By Lemma we have
I(m%) C mpI(mp). Here I(mpg) is not zero (because the G-action is nontrivial),
and so y; is not in mQB.

Since B is noetherian, the ideal mp is finitely generated. Choose elements
z2,...,%r in mp such that y1,2s,..., 2, form a basis for mp /m2B. By part (1), we
know that B = BE{1,y1,...,4¥'}. For 2 <i < r, let y; be the projection of z;
to BY with respect to this decomposition. Then y; = z; (mod (y1) + m%), and so
Y1, .. . Yr map to a basis for mp /mQB. Thus yy, . .., y, are a minimal set of generators
for mp (by Nakayama’s lemma), and s, ..., ¥y, are G-invariant. O

Let us write out the action of G on W. The maximal ideal of P in W is
generated by wg, z1,...,x,. We have I(wy) = I(w) = w(é -1)=(01+ wg)(é —1).
Since 1/g = 1 4 eu for some unit v on U, we have I(wp) = eu(1l 4+ wp) = e(unit).
We also have I(x;) in the ideal (e) for i = 1,...,n; so the fixed point scheme W& is
defined by the single equation e = 0 in W. As a result, even though W is typically
not normal, Theorem gives that the morphism W — W/G = @ is finite and
faithfully flat of degree p. It follows that @ is noetherian [27, Tag 033E]. (Beware
that for a general noetherian scheme X with an action of a finite group G, X/G need
not be noetherian, and the morphism X — X/G need not be finite [24, Proposition
0.10]. These properties do hold if X is of finite type over a noetherian ring A and
G acts A-linearly [12, Theorem and Corollary 4].)

The action of p, on the affine scheme @ gives a grading of O(Q) by Z/p. For
each j € Z/p, since O(Q) is noetherian, the ideal in O(Q) generated by the jth
graded piece O(Q); is finitely generated, and so O(Q); is a finitely generated module
over O(Q)o = O(Q/pp). So the whole ring O(Q) is finite over O(Q/p,); that is,
Q — Q/p, is finite. Also, O(Q/pp) is a pure subring (because it is a summand)
of the noetherian ring O(Q), so it is noetherian [16, Proposition 6.15]; that is,
Q/pp = U/G is noetherian. Finally, the composition W — Q — Q/p, = U/G is
finite, and O(U) is a sub-O(U/G)-module of O(W), so O(U) is a finitely generated
O(U/G)-module; that is, U — U/G is finite.

Let hi, ..., h, be a minimal set of generators for the maximal ideal at P of O(Q).
(So r is at least the dimension n of Q).)



Lemma 2.7. The ideals (h1,...,h;) and (z1,...,2,) in O(W) are equal. (That is:
the fiber in W over the closed point P € Q) is equal to the fiber in W over the closed
point P € U, as a closed subscheme.)

Proof. We have seen that the degree-p morphism W — W/G = @ is finite and flat.
So the fiber in W over the point P in Q) has degree p over the residue field of P € Q),
which we have seen is k7. As a set, this fiber is one point P € W, with the same
residue field kyy. So the quotient ring O(W)/(hi, ..., h,) is an artinian local ring of
length p.

The ideal (x1,...,2z,) in O(W) defines the fiber in W over the point P in U.
Since W — U is a p,-torsor, this fiber has degree p over the residue field of P € U,
which is the same field k. Again, this fiber is one point P € W as a set, with the
same residue field; so O(W)/(x1,...,xy,) is an artinian local ring of length p. So
if we can show that the ideal (hq,...,h,) in O(W) is contained in (z1,...,z,) in
O(W), then they are equal.

It suffices to show (*) that every function y on W that vanishes at the point P
in W but has nonzero image in O(W)/(x1,...,zy,) has I(y) # 0 (that is, it is not
G-invariant). (Namely, this would imply that the G-invariant functions hy, ..., h,
on W lie in the ideal (x1,...,z,), as we want.) By the formula for the G-action
on W, in particular that o(w) = w/g where g = 1 + e(1 + m), we see that G fixes
the closed subscheme {e = 0} in W. That is, I maps O(W) into the ideal (e) in
O(W). Also, we know that I(z;) € emy = e(xy,...,2n) CO(U) fori=1,...,n.
So ¢(y) := I(y)/e is a well-defined linear map from O(W)/(x1,...,zy,) to itself.
Explicitly, by the equation of W, O(W)/(x1,...,xy) is a ky-vector space with basis

1,w,...,wP~!. Equivalently, in terms of wyg = w — 1 (which vanishes at P in W), a
basis for O(W)/(x1, ..., x,) is given by 1,wy, ..., wh .
The claim (*) will follow if the map ¢ restricted to k{wo, w3, ... ,wg_l} is in-

jective. Since g =1+ e(1 +my), we have 1/g =1 — e(1 + my ), and hence I(wp) =
I(w) = (w/g) —w = —ew(l +my) = —e(1 4+ wp)(1 +my). So p(wy) = —(1 + wy).
By Lemma for m > 0,
I(wg) = I(wo) Y o(wo)~twf' ™
j=1
= —e(L+wo)(1+myy) Y (wo — (1 + wo)e(l + my)) .
j=1

Since ¢ takes values in O(W)/(x1,...,x,) (where e is zero), it follows that ¢(w(") =
—mw(' (1 + wp). It is clear that these elements are linearly independent over kg for
m=1,...,p— 2; to show that they are linearly independent for m =1,...,p — 1,
it will suffice to show that wj is zero in O(W)/(z1,...,z,) = ky{1, w0, ..., wg_l}.
(This comes up because w} appears in our formula for I(wf ").)

Namely, we have wf = (w — 1)?» = w? — 1 plus a multiple of p in O(W). Here
wP—1=f—1=¢eY(1+my), and p is in e my, as we assumed; so wh =
eP~1(1 + my), which is zero in O(W)/(z1,...,7,), as we want. Lemma is
proved. ]

The number r of generators hy,...,h, for the maximal ideal mg in the local
ring Oq p is at least n = dim(@). On the other hand, Lemma implies that the

9



extended ideal (hi,...,h,) in Ow,p can be generated by only n elements, so the
vector space (h1,...,h.) ®oy, » kw has dimension at most n. So this vector space
is spanned by n of the h;’s, which we can assume are hq,...,h,. By Nakayama’s
lemma, it follows that the extended ideal (hq,...,h,) is equal to the extended ideal
(hi,...,hy) in Ow p. Since W — @ is faithfully flat, extending and contracting an
ideal in Og, p gives the same ideal [27, Tag 05CK]. As a result, we have (h1,...,hy) =
(h1,...,hy) in Og p. That is, the maximal ideal m¢ can be generated by n = dim(Q)
elements, which means that @ is regular. (This is somewhat surprising, since W is
typically not regular or even normal.)

It remains to show that the point P in @ is a fixed point for p,, with weights
given by the eigenvalues of ¢. First, let us show that p, fixes the point P in Q.
(This does not seem obvious, since j,, does not fix the point P in W in fact, u, acts
freely on W.) The functions z1, ..., z, on W are pulled back from U, hence fixed by
tp. As a result, the ideal (x1,...,2,) in O(W) is preserved by p,. Equivalently, by
Lemma the ideal (hy,...,hy,) in O(W) is preserved by p,. We have seen that
the morphism W — W/G = @ is faithfully flat. As a result, the ideal (hy,...,hy)
in O(Q) is equal to the intersection of the extended ideal (hi, ..., hy) in O(W) with
O(Q). Since W — @ is pp-equivariant, it follows that the ideal (hq,. .., h,) = mg in
O(Q) is preserved by p,. Also, the residue field of @/, at P maps isomorphically
to the residue field of Q) at P, and so p, acts trivially on the latter field. That is,
p fixes the point P in @, as we want.

We now change our choice of the functions hi, ..., hy,. Since p, is linearly reduc-
tive, we can choose coordinates hi, ..., h, for Q near P that are j,-eigenfunctions.
That is, each h; has some weight b; € Z/p for the action of y,. In these terms,
Q/up = U/G is a toric singularity of type %(bl, ..., bp). It remains to show that the
endomorphism ¢ of my / m2U is diagonalizable, with eigenvalues in F), C ky, and
that these eigenvalues are equal to by, ..., by,.

Consider hy, ..., hy, as G-invariant functions on W. Here W is a p,-torsor over
U defined by w? = f; so O(W) = O(U){1,w,...,wP~'}, and this grading by Z/p
describes the action of p, on O(W). For i = 1,...,n, h; has weight b; for the action
of up, and so we can write h; = giw® for some regular function g; on U. (Here we
think of b; as an integer in {0,...,p—1}.) Clearly the functions g1, ..., g, vanish at
P (using that w is a unit). Also, (g1,...,9n) is equal to (hi,...,h,) as an ideal in
O(W), and we showed that the latter ideal is equal to (z1,...,x,) in O(W). Since
W — U is faithfully flat, it follows that (g1,...,gy) is equal to (z1,...,2,) as an
ideal in O(U). That is, ¢1,. .., g form coordinates on U near P.

For 1 < i < n, we have I(g;) = ep(g;) € e(my/m¥), by definition of the
endomorphism ¢ of my; / m%. We showed above that I(wg) = —e(1 4 wp)(1 +my),
and so I(w) = I(wo) = —ew(1 4+ my). For each b > 0, Lemma [2.3| gives that

m=1

b
I(w®) = I(w) Z o(w)™ Lybm
= —bew(1 +my),
using that e is in my. Since the function g;w® is G-invariant on W, we have
0 = I(gsw®) = o(g;)I(w’) + I(g:)w® = (g; + I(g;))I(w") + I(g;)w®. When we
consider this equality modulo em?, O(W), the term I(g;)I(w”) can be omitted.

10



Namely, we have
0 = e(=bigiw? (1 +m) + @(g)w’) (mod emf; O(W))
= ew” (~bigi + ¢(g:)) (mod emf; O(W)).
Since w is a unit, it follows that 0 = e(—b;g; + ¢(g;)) (mod em? O(W)). Since

W — U is faithfully flat, emy /fem?, — emy O(W)/em? O(W) is injective, and so
0= e(—bigi + ¢(g;)) (mod em?). So ¢(g;) = big; in myy /m, for each i =1,...,n.

Also, g1,...,9, form a basis for my; /sz So ¢ is diagonalizable, its eigenvalues
bi,...,b, are in Fp,, and U/G is a p,-quotient singularity of the form %(bl, ooy bn),
as we want. O

3 Review of ramification theory

We recall here how to compute the ramification behavior of a Z/p-covering in char-
acteristic p or mixed characteristic, following Xiao and Zhukov [30].

Let G = Z/p = (0 : 0P = 1) act nontrivially on a normal noetherian integral
scheme Y. Assume that Y is of finite type over a field or over Z,, so that we can talk
about the canonical class Ky. Write f for the quotient map Y — Y/G. For each
irreducible divisor E in Y that is mapped into itself by G, let I be its image (as an
irreducible divisor) in Y/G. Assume that p = 0 on E. There are several invariants
we want to compute in this situation: the ramification index of the divisor E in
Y (the positive integer e such that f*F = eFE), and the coefficient ¢ of E in the
ramification divisor (meaning that Ky = f*Ky/q + cE near the generic point of
E). Another name for c is the valuation of the different vg(Dyy)/m(v/c)), Where
the valuation vg on the function field £(Y") is the order of vanishing along F. Here
ef = p, where f is the degree of the field extension k(F) over k(F').

An easy case is where G does not fix E (in other words, where G acts nontrivially
on E). We say that f is unramified along E. In this case, f*F = E, and Ky =
J" Ky g near the generic point of E.

Define the Artin ramification number i(E) of Y over Y/G along E to be the
coefficient of E in the fixed point scheme Y¢. Equivalently, in terms of I(a) =
o(a) — a:

i(F) = aénOISE vp(I(a)).

In the ramified case, the field k(E) is purely inseparable over k(F'), with degree
f equal to 1 or p. We can distinguish the two cases as follows. Since ef = p,
either e = p and f = 1 (called wild ramification) or e = 1 and f = p (called fierce
ramification). Let ¢ be a defining function of F, that is, a rational function on
Y with valuation vg(t) = 1. It is clear that vg(I(t)) > i(E). A very convenient
criterion is: Y — Y/G is wildly ramified along E if and only if equality holds [30}
section 2.1]. Otherwise, it is fiercely ramified.

Furthermore, we can compute the relative canonical class (that is, the valuation
of the different) as follows, correcting a typo in [30], section 2.1].

Lemma 3.1. The valuation of the different is (p — 1)i(E). When Y is regular, so
that Y/G is Q-factorial, we can equivalently say that

Ky = f*Ky)g+ (p — 1)[Y°],

11



where Y] denotes the Weil divisor associated to the fived point scheme.

Proof. If G acts nontrivially on E (the unramified case), then i(E) = 0 and the
statement is clear. So assume that G fixes £/. The local ring Oy, is a discrete
valuation ring. The algebra Oy g is generated by one element y as an algebra over
Oy/q,r; one can take y to be a uniformizer in Oy g if F is wildly ramified, and an
element of Oy p whose restriction to k(E) is not in k(F') if E is fiercely ramified
[30} section 2.1]. By Lemma [2.3] we have i(E) = vg(I(y)).

Let u(X) be the minimal polynomial of y over k(Y/G). In this situation of a
monogenic algebra extension, the different Dyy)/i(v/q) is generated by u'(y) [26],

IT1, Corollary 2 to Proposition 11]. But u(X) = [[?Z;(X — 0’ (y)). So

p—1
u'(y) = [[w- o),
j=1
and hence
vE(Dryyk(vyc)) = ve('(y) = (p — 1)i(E),
using that i(F) is unchanged if we replace o by another generator of G. O

4 Toric divisors

In addition to recognizing when a quotient by G = Z/p has a ji,-quotient singularity
(asin T heorem7 Theorem analyzes when a G-invariant divisor is pulled back
from a divisor on the quotient. Using this, we can view certain G-invariant divisors
as toric divisors on the quotient scheme, which will be convenient for applications.

Theorem 4.1.

(1) Let G = Z/p act on a reqular scheme U, with the assumptions of Theorem
(2.2, Assume moreover that the function e is the greatest common divisor of
the functions I(z;) for i = 1,...,n in the local ring Oy p. Then, for each
y € my such that {y = 0} is an irreducible divisor E C U and I(y) € (ey), E
is the pullback of a Weil divisor F in U/G.

(2) If in addition I(z;) € emy fori=1,...,n, so that U/G is the quotient of a
regular scheme @Q by p, (by Theorem , then the pullback of F' to @ is the

divisor {h = 0} for some p,-eigenfunction h on Q.

(8) Continue to assume that I(x;) € emy fori=1,...,n, so that U/G is the quo-
tient of a reqular scheme @Q by pp,. Let y1,...,y, be functions on U, vanishing
at P, that are linearly independent in my /m¥,. Suppose that 1(y;) € (ey;)
for j =1,...,r. Then the corresponding p,-eigenfunctions hy,...,h, on Q
(from (2)) are linearly independent in mg /mé That is, these functions are
part of a toric coordinate system on Q. Finally, if I(s) = es in TheOTem
(as we can assume), then the p,-weight of hj is equal to the eigenvalue of
o(y) :=I(y)/e ony; € my /mZ;, which is in F,.

12



Proof. (1) Let E be the irreducible divisor {y = 0} in U. The assumptions imply
that E is mapped into itself by G, and that there is an ¢ € {1,...,n} such that
ve(I(y)) > ve(I(x;)). By section |3, f: U — U/G is either unramified (if E is not
fixed by G) or fiercely ramified along E. In either case, there is an irreducible divisor
F on U/G such that £ = f*F, as we want. (The divisor F' need not be Cartier,
but the pullback of a Weil divisor is still a Weil divisor (with integer coefficients).
Indeed, F is a Cartier divisor outside a codimension-2 subset of U/G, by normality
of U/G.)

(2) Since @ is regular, the pullback of F' to @ is a Cartier divisor, hence (after
shrinking U and @ around P) of the form {¢ = 0} for some function ¢ € mg —{0}.
Clearly the divisor {t = 0} is pp-invariant. I claim that ¢ times some unit is a
pp-eigenfunction on ). Indeed, in algebraic terms, the action of p, on @ makes
O(Q) a comodule over O(y,), and the ideal (¢) is an sub-O(y,)-comodule. Every
O(pp)-comodule (with no finiteness assumption needed) is the direct sum of its
weight spaces, indexed by Z/p. So we can write t = tg+---+1t,—1 with ¢; € () and
t; of weight i. Since t; € (t), we can write t; = a;t for some a; € O, p. Since Og p
is regular, it is a domain, and hence 1 = ap +--- +ap—1. So at least one a; is not in
mg, hence is a unit. Then h := t; = a;t is a unit times ¢ and also a j,-eigenfunction
(of weight i), as we want.

(3) After multiplying e by a unit, we can assume that I(s) = es, in the termi-
nology of Theorem The assumption that I(y;) € (ey;) for j = 1,...,r implies
that y1,...,y, in my / m%] are eigenvectors of the map ¢. By the proof of Theorem
the corresponding eigenvalues are in F), C ky.

For j = 1,...,r, we know from (1) that the divisor {y; = 0} on U is pulled
back from a divisor Fj on U/G. (Here F; is a Weil divisor, but it is a Cartier
divisor outside a codimension-2 subset of U/G, since U/G is normal.) By (2), F}
pulls back to a divisor {h; = 0} on @ with h; a pp-eigenfunction. It follows that
the Cartier divisors {y; = 0} on U and {h; = 0} on @ have the same pullback
to W; that is, h; = y;(unit) on W. Since h; is a p,-eigenfunction of some weight

b; € {0,...,p— 1}, we have h; = gjwa for some function g; on U, in the notation
of the proof of Theorem Therefore, g; = y;(unit) on U. Since y1,...,y, are
linearly independent in my / mQU, the same is true for gi,...,g.. By the proof of

Theorem the py-weight of h; is equal to the eigenvalue of ¢ on the eigenvector
gj € my / m2U. Since g; € my / m2U is a nonzero multiple of y;, this is the same as
the eigenvalue of ¢ on y;.

The ring Ow,p is faithfully flat over Oy p and over Og p. By Lemma the

maximal ideals my; and mg generate the same ideal in Ow, p. Since ¢1,..., g, are
linearly independent in my / m%,, it follows that hi,...,h, are linearly independent
in mg /my), as we want. O

5 The example over the 2-adic integers

Theorem 5.1. Let Y = {(z,y,i) € A%Q cx # 0,y # 0,32 = —1}. Let the group
G=Z/2={l,0} actonY by

o(x,y,i) = (1/x,1/y, —1i).
Then the scheme Y/G is terminal, not Cohen-Macaulay, of dimension 3, and flat
over Zy. Also, the canonical class of Y /G over Zgy is Cartier.
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Proof. The scheme Y is regular, being an open subset of the affine plane over the
discrete valuation ring Zs[(4] = Z2[i]/(i2 + 1). Since Y is a normal integral affine
scheme of dimension 3, so is Y/G. The ring O(Y/G) of regular functions is a torsion-
free Zy-module, since it is a subring of the torsion-free Zs-module O(Y); so Y/G is
flat over Zy. The fixed point scheme of G on Y is defined by: I(z) = (1 — 2?)/x,
I(y) = (1 —y?)/y, and I(i) = o(i) — i = —2i, hence by {z? = 1,y% = 1,2i = 0}.
Together with the equation i> = —1 on Y, these equations imply set-theoretically
that 2 =0, =1, y = 1, and ¢ = 1; so the fixed point set of GG is a single closed
point P in Y, with residue field Fy. Since Y is regular, it follows that Y/G is regular
outside the image of P, which we also call P.

For Y/G to be Cohen-Macaulay at P would mean that the local cohomol-
ogy HL(Y/G,0) was zero for i < dim(Y/G) = 3. Consider the exact sequence
HYY/G,0) - HY\(Y/G — P,0) — H%(Y/G,0). Since Y/G is affine, we have
HY(Y/G,0) = 0. So Cohen-Macaulayness of Y/G would imply that H'(Y/G —
P,0) =0.

Fogarty showed that for G = Z/p acting with an isolated fixed point on a
normal scheme W over F, of dimension at least 3, W/G is not Cohen-Macaulay
[13, Proposition 4]. When W has mixed characteristic (0, p), he needed dim(W) > 4
to get the same conclusion. Nonetheless, we can build on his ideas to study the 3-
dimensional scheme Y in mixed characteristic.

We first show that H(G, O(Y)) is not zero. This cohomology group is ker(tr)/im(1—
o) on O(Y), where the trace is 1 4+ o. Since tr(i) = 0, i defines an element of
H(G,0(Y)). Note that i restricts to 1 € O(P) = Fy on the fixed point P. There-
fore, i has nonzero image under the restriction map H*(G,0(Y)) — H'(G, O(P)) =
F5. So i is nonzero in HY(G,0(Y)), as we want.

Since G acts freely on Y outside P, we have a spectral sequence (as discussed
in [13]):

EY = HP(G,HY(Y — P,0)) = H"*(Y/G — P,0).

Here H(Y — P,0) = O(Y — P) is equal to O(Y'), since Y is normal and P has codi-
mension 3 in Y (at least 2 would suffice). So H(G, H*(Y —P,0)) = H(G,0(Y)) #
0. The spectral sequence shows that this group injects into H*(Y/G — P, 0), and
so HY(Y/G — P,0) # 0. As discussed above, it follows that Y/G is not Cohen-
Macaulay.

It remains to show that Y/G is terminal. Let us recall the definition. For a
normal quasi-projective scheme X over a regular base scheme S, Hartshorne defined
the canonical sheaf wx/g [20, Definition 1.6]. It is a reflexive sheaf of rank 1, or
equivalently the sheaf associated to a Weil divisor. In this paper, S will be Spec of
the p-adic integers or of a field, and we write Kx for wx/g. Toward the end of the
proof of Theorem [5.1] we compute Kx directly from the definition in our example.

A normal scheme X is terminal if Kx is Q-Cartier and, for every normal scheme
Z with a proper birational morphism 7: Z — X, we have

Kz =7"(Kx)+ ) _a;E
J

with a; > 0 for every exceptional divisor E; of 7. If X has a resolution of singular-
ities, terminality of X is equivalent to positivity of the discrepancies a; on this one
resolution [20), Corollary 2.12].
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Let Yo = Y. To prove that our example Yy /G is terminal, one approach would be
to construct an explicit resolution of singularities. As with the analogous example in
characteristic 2 [29, Theorem 5.1], this can be done by making G-equivariant blow-
ups of Yy along regular closed subschemes. Namely, we can make G-equivariant
blow-ups Y2 — Y7 — Yj such that Y2/G is regular. That resolution of Y;/G has
dual complex a star, with one edge from a vertex Fy to each of seven other vertices
Fy, ... Fr.

However, we can simplify the proof that Y;/G is terminal by stopping with a
partial resolution with toric singularities. Namely, after only one blow-up Y; —
Yy, we can recognize the seven singularities of Y7 /G as ps-quotient singularities of
the form %(17 1,1), thanks to Theorem So Y7 /G is terminal, and it is then
straighforward to compute that Y{/G is terminal. This method would also simplify
the proof of terminality for the example in characteristic 2 that we are imitating
[29]. The simplification is more striking for our more complicated examples in
characteristic 3 or mixed characteristic (0,3) (Theorems and [7.1)), and even
more significant for our even more complicated examples in characteristic 5 or mixed
characteristic (0,5) (Theorems and [9.1).

We now begin to blow up. To simplify the equations, change coordinates by
xo:=x—1, 21 :=y—1, and es := 1+ ¢, so that the G-fixed point is defined by
0 =x9 =11 = e3. Then

Yo = {(z0,z1,e2) € A, : 0 =e€3 —2e2+2, 1+ 29 #0, 1+ 21 # 0},

and G acts by

. —X0 —I1
o(zo,x1,e2) = m> m7 2—e2 ).

The blow-up at the G-fixed point is:
Y1 = {((wo, 21, €2), [0, y1. y2]) € A3, Xz, PZ, 1 €5 —2e +2 =0,
oY1 = T1Y0, TolY2 = €2Y0, T1Y2 = e2y1, 1+ 20 # 0, 1 + 21 # 0}.

The exceptional divisor Ey C Y] is isomorphic to P%\ ,- Here G acts on Y} by

o((wo, x1,€2), [Yo, Y1, y2]) = (( e — 2—62>7[ i M— 2 ,y2(1—€2)]>-

1420 1+21’ 1420 1+ 2

First consider the open subset Uy = {yo = 1} in Y. Then z; = zoy1 and
€2 = TpY2, SO

Uo = {(z0,y1,52) € A3, : 0= (woy2)® — 2(zoy2) + 2,1 + mg # 0,1 + zoy1 # O}
Here Ey = {xo = 0}. The group G = Z/2 acts by

—zg  y1(1+ o)
1+ CC()7 1+ 201

o(wo,y1,Y2) = ( , —y2(1 — zoy2) (1 + xo)_>_

15



The fixed point scheme Y{© is defined by: I(z¢) = o(z0) — m0 = 23(—1 — 2oy3 +
wgy3)/(1+x0), I(y1) = woy1 (1 —y1), and I(y2) = zoy2(—1 — ya + zoy2 + woy3). We
know that ;¥ (as a set) is contained in Ey. To focus on the fixed point scheme near
Ey, we can say (more simply): I(x) = x3(1+O(x0)), I(y1) = xoy1(1+y1+ O(z0)),
and I(y2) = zoy2(1 + yo + O(xg)). We see that the fixed point scheme Y& is
generically the Cartier divisor Ey = {xo = 0}. The bad locus in Ej (where that
fails) is given by removing a factor of xy from the equations and setting z¢ = 0, so
we have: 0 = zg, 0 = y1(1 +y1), and 0 = y2(1 + y2). (Note that zp = 0 implies
2 = 0, by the equation for Uy.) So the fixed point scheme Y,¥ (in this chart) is
Ey as a Cartier divisor except at the 4 points (xg,y1,¥y2) equal to (0,0,0), (0,1,0),
(0,0,1), or (0,1,1).

The open set Uy = {y; = 1} works the same way, by the symmetry switching
xo and x1, hence also switching yo and y;. Together, that gives 6 bad points
in By & P%2 so far, namely [yo,y1, 2] equal to [1,0,0], [1,1,0], [1,0,1], [1,1,1],
[0,1,0], and [0, 1, 1].

Finally, look at the open set Us = {ya = 1} in Y7. Then 2o = eayo, x1 = eayi,
and so

Us = {(yo,y1.€2) € Ay, 13 —2es +2=0,1+yoe2 # 0,1 + yres # 0}.
Here Ey = {ea = 0}. On Uy, G acts by

yo(l —e2) wyi(1l—e2)
(Yo, y1,€2) ( 1+yoez  1+yiex “

We know that Y,¥ is contained as a set in Ey. The fixed point scheme Y% (near
Ep) is defined by: I(yo) = woea(1l + yo + Ofe2)), I(y1) = yiea(1 + y1 + Ofez)),
and I(ez) = e2(1 + O(ez)). We see that the fixed point scheme Y, is generically
Ep = {e2 = 0} as a Cartier divisor. The bad locus on Ej (where this fails) is given
by removing a factor of es from the equations and setting e; = 0, so we have: 0 = eq,
0=wy1(14+w1), and 0 = y2(1 + y2). So there are 4 bad points on Ey = P%Q in this
open set: (yo,y1,e2) equal to (0,0,0), (1,0,0), (0,1,0), or (1,1,0).

We conclude that the fixed point scheme in Y7 is Ey =2 P125‘2 with multiplicity 1
except at the 7 points:

[y07 Y1, y?] = [17 07 0}7 [07 17 0]7 [O) 07 1]7 [1) 17 O]u [1) O) 1]5 [07 1) 1]5 [17 1) 1]

(The same thing happens for the first blow-up of the analogous example in char-
acteristic 2 [29].) By Theorem Y1 /G is regular outside the images of these 7
points.

One further G-equivariant blow-up at each of these 7 points suffices to resolve
Y1/G, but the equations for these blow-ups are a bit messy. Instead, we will use
Theorem to show that the 7 singular points of Y7 /G are all mixed-characteristic
analogs of the singularity A3/jus, the simplest terminal singularity whose canonical
class is not Cartier. More precisely, each of these 7 singular points is of the form
%(1, 1,1), meaning that it can be written as Q/us for some regular scheme @ of
dimension 3 (at an isolated fixed point of pg). As a result, Y7 /G is terminal. With
one last calculation, we will deduce that Yy/G is terminal.

We first consider the singularities of Y;/G in the chart Uy = {yo = 1}, as
above. Here Uy has coordinates (g, y1,y2) with 0 = (zoy2)? + 2(zoy2) — 2, and
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Yo Y1

Figure 1: The fixed point schemes in Y; and in the blow-up Y;. Here £y = P?, which we
view as a toric variety; so the three edges of the triangle denote the coordinate lines in P2
We consider three coordinate charts on Y7, each containing one vertex of the triangle.

Ey = {zo = 0}. We saw that the fixed point scheme U is the Cartier divisor
Ey = {xop = 0} except at the 4 points (xg, y1, y2) equal to (0,0,0), (0,0,1),(0,1,0), or
(0,1,1). At each of these points P, the G-action has the form required for Theorem
with e = s := xg, namely that I(z9) = 23(1 + m) and I(2;) = zo(z; + m?)
for j = 1,2, for some coordinates xg, 21, 20 at P, with m the maximal ideal at P.
Also, since 28y = 2(unit), 2 is in the ideal (z3), hence in z¢m, which is another
assumption in Theorem So the theorem gives that these 4 singular points of
Y1/G are of the form 3(1,1,1).

The calculations are identical in the chart {y; = 1} in Y;. They are slightly
different in the chart {yo = 1}, but the conclusion is the same: the singularities
of Y1/G in this chart are again of the form %(1, 1,1). Namely, this chart has co-
ordinates (yo,y1,e2) with 0 = €3 — 2e5 + 2, and Ey = {e2 = 0}. The fixed point
scheme Y\© is the Cartier divisor Ey except at the 4 points (yo,y1,e2) equal to
(0,0,0),(1,0,0),(0,1,0), or (1,1,0). At each of these points P, the G-action has
the form required for Theorem [2.2| with e = s := ey, namely that I(es) = e2(1 +m)
and I(zj) = ea(z; +m?) for j = 0,1, for some coordinates (2o, 21, e2) at P, where m
is the maximal ideal at P. Also, the equation for es; implies that 2 is in the ideal
(e%), hence in eo m, which is another assumption in Theorem So the theorem
gives that these 4 singular points of Y7 /G are again of the form £(1,1,1).

Thus all 7 singular points of Y;/G are of the form %(1, 1,1). By the Reid-Tai
criterion (Theorem [L.1)), they are terminal. (To check that by hand: each singular
point has a resolution Z — U;/G whose exceptional divisor is E; = P%2 with
normal bundle O(—2). As a result, the singularities of Y1 /G are terminal, with
Kz = 7(Ky, )q) + $Ej near each E;.)

Recall that Yy = Y is the regular scheme of dimension 3 that we started with.
(Thus Y7 is the blow-up of Yj at the G-fixed point.) We now go on to show that
X = Yy/G is terminal. Write Fy for the image in Y1 /G of the exceptional divisor
FEy. Note that although G fixes Fy in Yj, the morphism FEy — Fj is a finite
purely inseparable morphism, not necessarily an isomorphism. (Indeed, G = Z/2
is not linearly reductive over Zy. So if G acts on an affine scheme T preserving a
closed subscheme S, the morphism S/G — T/G need not be a closed immersion.
Equivalently, the G-equivariant surjection O(T') — O(S) need not yield a surjection
O(T)% — 0(5)%))

Write Ky, for the canonical sheaf wy; z,. Since Yj is regular, Ky, is a line
bundle, described as follows [20), Definition 1.6]. First, let R = Z»[i]/(i> + 1). Then
we have an embedding D = Spec R C Ay ; write I for the ideal (i* + 1) C Zali]
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defining this subscheme. Then the adjunction formula Kp = (K 41 + D)|p is made
into a definition:

wR/z2 = QlZQ[i}/ZQ ®Z2m R®R (I/IZ>*

In these terms, one trivializing section of wg/z, is « := % -f, where f: I/I> - R =
Z5[i]/I is the map sending i2 + 1 to 1. (Formally, one could think of this section
of wgr/z, as %%) Next, since 7: Yy — Spec R is smooth of relative dimension
2, we have Ky, = wy,/z, = Q%,O/R ® T*wg/z,. So one trivializing section of Ky,
is B := %’: A d—yy A % - f. I claim that this section is fixed by G. Indeed, if we
extend the action of G on R to AlZ2 by o(i) = —i, then o(f) = f and o(di) = —di,
S0) a(%f) = %f. Also, o(dz/z) = —dz/x and o(dy/y) = —dy/y, from which we
see that o(8) = B as claimed. It follows that the divisor class Ky, ¢ is linearly
equivalent to zero, in particular Cartier. Here Ky, g is the canonical sheaf in the
sense of [20}, Definition 1.6]; Y/G is not Gorenstein, since (as we have shown) it is
not Cohen-Macaulay.
Since Kx is Cartier, we can write

Ky, )¢ =™ Kx + aoFy

for an integer ag. Since Y7 /G is terminal, X is terminal if and only if the discrepancy
ag is positive. Here and below, we write 7 for all the relevant contractions, which
in the formula above means 7: Y1 /G — Yy/G = X.

The analogous formula for Y is easy. Since Y] is the blow-up of the regular
3-dimensional scheme Yy at a closed point,

Kyl = W*KYO + 2FE).

Write f for the quotient map Yy — Yy/G or Y1 — Y7 /G. The ramification of f
along Fy can be computed as follows.

Corollary 5.2. Let U and G be as in Theorem[2.3. So U is a regular scheme with
an action of the group G =Z/p = (o : o = 1), for a prime number p, and assume
that UY is generically a regular divisor By = {x1 = 0} and that I(z1) = 23(unit).
Assume that U is of finite type over a regular base scheme S and that G acts on U
over S. Write Ky and Ky ¢ for the canonical classes over S. Then U — U/G is
fiercely ramified along Ey1. In particular, the image Fy of FEy in U/G is Q-Cartier,
and f: U — U/G satisfies f*I = E1 and Ky = f*Ky/q + (p — 1)E1.

Proof. The norm N (1) is a function on U/G that defines a positive multiple of the
divisor Fy, and so F} is Q-Cartier. Since the fixed point scheme U is generically
the Cartier divisor Ejp, the ramification divisor of f is (p — 1)E; by Lemma
That is, Ky = f*Ky g + (p — 1)E1. Also, the fixed point scheme is generically
E, = {z1 = 0} with coefficient 1, whereas I(z1) vanishes to order 2 along Fj;
so section [3] gives that the ramification of f along Fj is fierce. In particular, the
ramification index e is 1, meaning that f*F; = FEj. O

In particular, returning to our example with p = 2, we have seen that the divisor
FEo has multiplicity 1 in the fixed point scheme (Y7)¢. Also, Corollary gives that
f: Y1 — Y1 /G is fiercely ramified along Ey. So we have

Ky, = f*Ky,)a + Eo
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and f*Fy = Ey. (The same is true for the example in characteristic 2 that we are
imitating [29].)

Since f: Yy — Yp/G is étale in codimension 1, we have Ky, = f*Ky; g. It
follows that

["Ky,)a = Ky, — Eo
= (" Ky, + 2Ey) — Ey
= W*f*KYO/G + Ly
= (" Ky, + Fo).

Therefore,
KYl/G = Tr*KYO/G —+ F().

Because the coefficient of the exceptional divisor Fy is positive, and Y7 /G is terminal
as shown above, X = Y/G is terminal. O

6 Characteristic 3

Theorem 6.1. Let the group G = Z/3 with generator T act on P? over F3 by
7([uo, w1, ua]) = [u1, ug, uo]

and on P! by
T([y07y1]) = [yOa Yo + yl]

Then (P% x P1Y)/G is terminal, not Cohen-Macaulay, and of dimension 3 over Fs.

Proof. We work throughout over k = F3. Write G = Z/3 = (0 : 0% = 1), with
7:=0"' Let Yy = P? x P! and X = Y/G. The only fixed point of G on Yj is
P = ([1,1,1],[0,1]). So X is normal of dimension 3, and X is smooth over k outside
the image of P, which we also call P. Also, 3K x is Cartier. By Fogarty, since P is
an isolated fixed point of G = Z/p on a smooth 3-fold in characteristic p, X is not
Cohen-Macaulay at P [I3, Proposition 4].

It remains to show that X is terminal. One can resolve the singularities of X by
performing G-equivariant blow-ups of Yy. However, as in section [5, we will shorten
the proof by recognizing that, after two G-equivariant blow-ups Y — Y1 — Yj,
the singularities of Y5/G become toric, namely quotients of a regular scheme by
u3. That makes it easy to check that Yy/G is terminal, without having to continue
making G-equivariant blow-ups.

Before this approach, I found a G-equivariant blow-up Yig — --- — Yy with
Y18/G regular, but the construction involved 18 blow-ups along points or curves.
The approach here, looking for toric singularities instead of regularity, saves a lot
of work.

To put the fixed point at the origin, we change coordinates on Yy by: zg =
(ug + w1 +ug)/u1, x1 = (—ug + ug)/u1, and x2 = yo/y1. Then G acts on the open
subset U of Yy given by

UI{(JI(),CEth)EAg:l-i-xQ#O, 1—29#0, 14+ 21 #0, 1—|—:Iio—1171750}.
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The G-action on U is given by

o xr1 + Xo T9
T(x0, 21, x2) = .

1—}-.5617 1+ZL‘17 1+I2

As we blow up, we will not need to keep track of the precise affine open set on which
G acts, since we are only concerned with the action near the fixed point set.

Let Y7 be the blow-up of Yy at the G-fixed point, which is the origin in these
coordinates. Then the open subset of Y] over U C Yj is

{((z0, 21, 72), [Y0, Y1, ¥2]) € U x P? : 20y1 = 7190, Toya = T2Yo, T1Y2 = T2Y1 }-

Clearly the fixed point set Y,© is contained in the exceptional divisor Ey = P2
It turns out to be a curve isomorphic to P'. We need three coordinate charts
to cover Ey. First consider the open subset {yp = 1} in Y;. Here (zg,z1,22) =
(zo, oY1, Toy2), and G acts by

xo 1 Yo (1 + xOyl))

T(.I‘O:ylayQ) = (1-1-3303/1’ Y1, 1+ zoys

By the action on the y; coordinate, there are no fixed points in this open set.
Next, work in the open set {y; = 1} C Y7. Here (z9,x1,22) = (yoz1, z1,Y221),
Ep = {z1 = 0}, and G acts by

T(yo, x1,y2) = ( yo  x1(1+wo) Yo (1 + 1) )
Y IL+y’ 14z " (T+w)(d+zy2)/)

The fixed point scheme Y, is defined by: I(yo) = —%2/(1 + yo), I(x1) = 21(yo +
O(x1)), and I(y2) = y2(—yo + O(x1))/(1 + yo + O(x1)). Since we know that the
fixed point set Y;” is contained in Ey = {1 = 0}, we read off that the fixed point
set is the line {0 = yo = x1} in Ejp.

Finally, consider the open set {yo = 1}. Then (x¢, z1,22) = (z2yo, T2y1, T2), and
G acts by

T(y()ayl,ﬂ@2):<y0(l+x2> (o+uy)(1+z2) a9 >

1—|—y1$2’ 14+ y129 ’ 1+ 29

In these coordinates, the exceptional divisor Eg = P? in Y] is {z3 = 0}. The fixed
point scheme of G is defined by: I(yo) = yoxa(l — y1 + O(z2)), I(y1) = yo + O(z2),
and I(xg) = 23(—1 + O(x2)). We know that the fixed point set is contained in Ej,
and these equations imply that the fixed point set is the line {0 = yo = x2} in Ey,
the same line as in the previous chart. Thus we have shown that the fixed point set
in all of Y] is a curve isomorphic to P*.

Let Y3 be the blow-up of Y] along the (reduced) G-fixed curve, with exceptional
divisor E; C Ys. It is clear that YQG is contained in E; as a set. Write Ey for
the strict transform of Ey C Y7 in Y5. It turns out that the fixed point scheme
YQG is equal to the Cartier divisor Ej except at six points in E7, three over the
point [yo,y1,y2] = [0,1,0] in Ey C Y7 and one each over [yo,y1,y2] equal to [0,1,1],
[0,1,—1], or [0,0,1]. Since E; is a P'-bundle over P!, we will need to look at four
affine charts to see all of it. (See Figure Each affine chart we consider in Y5
contains exactly one of the four vertices of the square.)
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Ey Ey

Yy Y Yo

Figure 2: For j = 0,1,2, G acts freely on Y; outside the shaded or marked loci; Y;/G is
regular outside the marked loci; and Y} /G has toric singularities outside the red loci.

First work over the chart {y; = 1} in ¥;. We wrote out the G-action on this
chart above, with coordinates (yo,21,y2). Here Ey = {xo = 0}. We defined Y> as
the blow-up of Y7 along the G-fixed curve {0 = yo = 1} in Fy. So, over this open
subset of Y7, Y5 is an open subset of

{((yo, 21, 92), [wo, w1]) € A* x P : yowy = @ywo}.
First look at the chart {wg = 1} in Y over {y; = 1} in Y;. (This chart contains

the upper left vertex of E7, in Figure ) Then (yo,x1,y2) = (Yo, Yow1,y2), and
G =7Z/3 acts by

yo  wi(l+yo)? y2(1 + yown) )

T , W1, - ) ’
(Y0, w1,92) <1+y0 1+ yown (1 + yow1y2)(1 + %o)

Here Ey = {w; = 0} and E; = {yo = 0}. The fixed point scheme is defined by:
I(yo) = y3(~1+ O(yo)), I(w1) = yowr(~1 — w1 + O(yo)), and I(y2) = yoy2(—1+
w1 — wiy2 + O(yo)). So the fixed point scheme (near Ei) is Ey with multiplicity 1
except at points with 0 = yo, 0 = wi(wy + 1), and 0 = ya(1 — w1 + wyiy2). Thus
the bad points are (yo, w1, y2) = (0,0,0) in Eg Ey, (0,—1,0), and (0, —1, —1). We
have found three bad points in E7, with the first one in Fy N Ej.

The other chart over {y; = 1} in Y7 is {w; = 1} in Y5 (the chart containing the
upper right vertex of Ey in Figure[2). Then (yo,z1,y2) = (woz1, 21, y2), and G acts
by

T(wo, x1,Y2) = <w0(1+x1) 1 (1 + woxy) y2(1 4 z1) >

(1 + woz1)?’ L+z 7 (T +2y2) (1 +wozr)

Here Ey does not appear, and E; = {x; = 0}. The fixed point scheme is defined
(near Fy) by: I(wo) = wor1 (1 + wo + O(z1)), I(z1) = 23(—1 + wo + O(x1)), and
I(y2) = x1y2(1 —wo —y2 +O(x1)). So Y& is By with multiplicity 1 except at points
where 0 = z1, 0 = wo(1 + wp), and 0 = y2(1 — wp — y2). Thus the bad points in
this chart are (wg, x1,y2) equal to (0,0,0), (0,0,1), (=1,0,0), and (—1,0,—1). The
points with wy # 0 appeared in the previous chart, {wy = 1}. So we have two new
bad points, (wp,x1,¥y2) equal to (0,0,0) or (0,0, 1), for a total of five so far.

To see all of E; in Y, we also need to work over {y2 = 1} C Y;. The coordinates
are (Yo, Y1, r2), and Fy = {x5 = 0}. The corresponding open subset of Y3 is an open
subset of

{((yo, y1, T2), [20, 22]) € A% x PL : yoze = xa20}.
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First consider {zp = 1} in Y2, the chart containing the lower left vertex of E; in
Figure |2l Then (yo,y1,22) = (Y0, Y1, Y022), and G acts by

7(y0,y1,22) = (yo(l + yon) (yO + y1)(1 + yozz) 22(1 + y0y122)>
o L+ yoynze 1+ yoy1 22 " (14 yoz2)?

Here Ey = {z2 = 0} and E; = {yo = 0}. The fixed point scheme Yy is defined
(near E1) by: I(y0) = ypz2(1=y1+O0(%0)), I(y1) = yo(1+y122 —yi 22+ O(yo)), and
I(23) = yo23(1 + y1 + O(yo)). This is equal to E; with multiplicity 1 except at the
point (yo,y1,22) = (0,—1, —1). This appeared in the chart {wy = 1} over {y; = 1}
(as the point (yo,w1,y2) = (0,—1,—1)).

The other chart is {z2 = 1} in Y5, which contains the lower right vertex of E;
in Figure 2| Then (yo,y1,x2) = (2022, Y1, x2), and G acts by

20(1+22)% (v +2022)(1 +22) 29
1+y1z0 1+y122 "14a9 )

T(Zo7y1,9€2) - (

In this open set, Fy does not appear, and F; = {x3 = 0}. The fixed point scheme
Y5 is defined by: I(z0) = z0w2(—1—y1 +O(x2)), I(y1) = wa(20 + y1 — i + O(x2)),
and I(z2) = 23(—1 4 O(z2)). We know that Y5~ is contained in By = {3 = 0} as
a set. We read off that the fixed point scheme Y7 is generically the Cartier divisor
E;. The bad locus (where that fails) is given, in Ej, by: 0 = 2, 0 = z0(1 + y1),
and 0 = zp + y1 — y}. So we see three bad points in Ey: (20,y1,72) = (0,1,0),
(—=1,-1,0), or (0,0,0). The first two points appeared in the chart {w; = 1} in Y
over {y1 =1} in Y7 (as (wo, z1,y2) = (0,0,1) or (—1,0,—1), respectively). On the
other hand, the origin in this chart is new; so we have a total of six bad points.

Thus the fixed point scheme Y2G is £ with multiplicity 1 except at six points
on F;. We will use Theorem to recognize the resulting six singularities of Y5/G
as toric; so we have no further need for G-equivariant blow-ups.

First consider three of the six bad points of E; C Ya, the ones with [y, y1, y2]
equal to [0,0,1], [0,1,1], or [0,1,—1]. In these cases, our calculation of the action
of G shows (by Theorem that the singularity of Y2/G at these points is of
the form %(17 1,2). (For example, for the point [yo,y1,y2] = [0,0, 1], work in the
chart {zo = 1} in Y5 over {yo = 1} in Y;. Here we have coordinates (zo,y1,x2),
(Y2)¢, is {z2 = 0}, and the point we are considering is the origin. As above,
we have I(z9) = zoz2(—1 — y1 + O(x2)), I(y1) = x2(20 + 11 — y3 + O(x2)), and
I(x3) = 23(—1+O(x2)). So Theorem [2.2] applies, with e = s := x5. The linear map
¢ in the theorem is given by: ¢(20) = —z20, ©(y1) = 20 +y1, and p(x3) = —z2. This
map has eigenvalues —1,1, —1 in F'3, and so Theorem gives that the singularity
of Y2/G at this point is of the form #(—1,1,-1) = 1(1,1,2).) By the Reid-Tai
criterion (Theorem , this singularity is terminal.

Next, consider the chart {wy = 1} in Y5 over {y; = 1} in Y;. As shown above,
in coordinates (wg, x1,y2), the points (0,0,0) and (—1,0,0) are bad for the action
of G on Yy, and (Y2);eda = {1 = 0}. Here again, the singularity of Y5/G at these
points is of the form %(1, 1,2). (For example, for the point (wg,z1,y2) = (0,0,0),
we saw that I(wg) = wor1(1 + wo + O(x1)), I(z1) = 23(—1 + wo + O(z1)), and
I(y2) = z1y2(1 — wo — y2 + O(x1)). So Theorem applies with e = s := x1. The
linear map ¢ in the theorem is given by ¢(wp) = wop, ¢(x1) = —z1, and ¢(y2) = ya.
This has eigenvalues 1, —1, 1, and so the theorem gives that the singularity of Yo/G
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at this point is of the form %(1, -1,1) = %(1, 1,2).) In particular, these two points

are terminal. Thus Y5/G is terminal at five of its six singular points.

Finally, we consider the last singular point of Y2/G. In the chart {wy = 1} in Y3
over {y1 = 1} in Y3, the point P is (yo,w1,y2) = (0,0,0), and (Y2)%, = {yo = 0}.
In this case, our calculation of the action of G shows (by Theorem that the
singularity of Y2/G is of the form %(1,1,1). (As above, we have I(yo) = y3(—1+
O(yo)), I(w1) = yow1 (=1 —w1+O(yo)), and I(y2) = yoy2(—1+w1 —wiy2+ O(yo)).
So Theorem applies with e = s := yp. The linear map ¢ in the theorem is given
by ©(y0) = —yo, p(w1) = —w1, and @(y2) = —ya. So Theorem [2.2] gives that the
singularity of Y2/G at this point is of the form %(—1, —1,-1) = §(1,1,1).) By the
Reid-Tai criterion (Theorem , Y5 /G is canonical at this point, but not terminal.

We can now begin the proof that Yy/G is terminal. Write f for any of the
quotient maps Y; — Y;/G. The fixed point scheme Y2G is the Cartier divisor Fj
except at six points on Ey. Clearly 3Ky, /g is Cartier. Write Eo C Y> for the strict
transform of Ey C Y;. For j = 0,1 in Y5, let F} be the image (as an irreducible
divisor) of E; in Y5/G. Since G acts nontrivially on Ey, we have f*Fy = Ey. The
divisor F is fixed by G. By Corollary 5.2} f is fiercely ramified along E;. So the
ramification divisor is p — 1 times Ej, meaning that Ky, = f*(Ky,,g) + 2E1, and
we have f*F| = Ej.

Write 7;; for the birational morphism Y; — Y; or Y;/G — Y;/G (with ¢ > j).
Since maq: Yo — Y is defined by blowing up points and smooth curves on a smooth
3-fold, we have:

Ky, = m1o(Kyy) + 2Eo

and
Ky, = 731 (Kvy) + E1
= W;o(KYO) +2(Ey+ Er) + B4
= 77;0<KY0) + 2Fy + 3E;.
Therefore,
[ 50Ky, /a = ma0f Ky, a
= 7"-§0K*Y0
= Ky, —2Ey — 3E;
= f*(KYg/G) + 2E1 — 2E0 — 3E1
= " (Ky,ja) — 2Eo — Ex
= [ (Kyyq — 2F0 — I1).
So

Ky,/q = m30(Ky, ) + 2Fo + Fi.

Here every exceptional divisor of the birational morphism Y5/G — Y,/G has
positive coefficient. Also, we have shown that Y5/G is terminal outside one point
which is canonical, and that point lies on F;. Therefore, Yy/G is terminal. We
showed earlier that it is not Cohen-Macaulay. Theorem [6.1] is proved. O

Remark 6.2. The divisor class 7" Ky, ;¢ = Ky, g — 2Fp — F1 has some non-integer
discrepancies, for example over the origin in the chart {zo = 1} in Y5 over {y2 = 1}
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in ¥1. As aresult, Ky, is not Cartier (as one can also check directly), in contrast
to our examples in residue characteristic 2 ([29, Theorem 5.1] and Theorem [5.1)).
I expect that there is also a 3-fold X over F3 that is terminal and non-Cohen-
Macaulay with Kx Cartier. Namely, one should replace P! in Theorem by the
“Harbater-Katz-Gabber” curve C' = {0 = y? —y2P~1 —2P~12} in P%\p [9], here with
p = 3, which has a Z/p-action by 7([x,y, z]) = [x,y + z, 2] that preserves a nonzero
1-form near the fixed point [1,0,0]. For p = 3, C is a supersingular elliptic curve.

7 The example over the 3-adic integers

Theorem 7.1. Let G be the group G = Z /3 with generator 7. Let R = Zsle]/(e® —
3e% + 3), which is the ring of integers in a Galois extension of Qg with group G =
Z/3. Let G act on the scheme P% by

7([ug, u1, u2), €) = ([ur, uz, ugl,3 + € — €?).

Then the scheme P%/G is terminal, not Cohen-Macaulay, of dimension 3, and flat
over Zs.

This example behaves much like the example over F3, Theorem Theorem
In particular, Figure[d accurately depicts the blow-ups we make in mized char-
acteristic (0,3), just as in characteristic 3. We can view R as the subring Z3[(o]™
of the cyclotomic ring Z3[Co] fixed by Co — ¢y ', with e = g+ 14y *. Informally, R
is the simplest ramified Z/3-extension of Zs. More broadly, this action of G on P%
was chosen as possibly the simplest action of Z/3 on a 3-fold in mixed characteristic
(0,3) with an isolated fixed point. The simplicity helps to ensure that the quotient
scheme is terminal.

Proof. We write G = Z/3 = (0 : 0® = 1), with 7 := o~!. Let Yy = P% with G
acting diagonally on P? and on R, and let X = Y;/G. Write ey for the generator e
of R, to fit better with our numbering of coordinates on Yj; so we have

0=e} —3e+3.

The only fixed point of G on Yj is the closed point P = Spec F3 given by ([ug, u1,us], e2) =
([1,1,1],0). So X is normal of dimension 3, and X is regular outside the image of
P, which we also call P. Clearly 3K x is Cartier.

It is not automatic from Fogarty’s results [I3], but we can use his methods to
show that X is not Cohen-Macaulay at P. As in the proof of Theorem [5| using that
G has an isolated fixed point on the 3-fold Yy, it suffices to show that H!(G, O(Y))
is not zero. This cohomology group is ker(tr)/im(1 — o) on O(Yp), where the
trace is 1 + o 4+ 02. The equation 0 = e% - 36% + 3 (specifically, the coefficient
of €2) implies that es has trace 3. So tr(1 — e3) = 0, and hence 1 — ey defines
an element of H'(G,0(Yy)). Note that 1 — ey restricts to 1 € O(P) = F3 on
the fixed point P. Therefore, 1 — es has nonzero image under the restriction map
HY(G,0(Yy)) — HYG,0(P)) 2 F3. So HY(G,0(Yp)) is not zero, and hence Yy /G
is not Cohen-Macaulay.

It remains to show that X is terminal. One can resolve the singularities of X by
performing G-equivariant blow-ups of Y. However, as in sections [f] and [6], we will
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shorten the proof by recognizing that, after two G-equivariant blow-ups Yo — Y} —
Yy, the singularities of Y2/G become toric (in Kato’s mixed-characteristic sense),
namely quotients of a regular scheme by 3. That makes it easy to check that Yy /G
is terminal, without having to continue making G-equivariant blow-ups.

To put the fixed point at the origin, we change coordinates on Yy by: zg =
(up + up + ug — 3)/uy and 1 = (—uy + uz)/u;. Then G acts on

U= {(z0,71,€2) € Ay, :0=3—3e3+e5,1+a1 #0,1+29 — 31 #0}

by
o — 333‘1 Tro — 2$1
T(x071'17€2) = 1+ T Ty

In what follows, we will often not need to keep track of the precise open set on
which G acts, because we are only concerned with the G-fixed point scheme.
The blow-up Y7 — Y at the G-fixed point is, over the open set U C Yj:

,3+62—6§>.

{((w0, 21, €2), [0, y1, y2]) € U Xz, Py, : Zoy1 = T1Y0, Toy2 = €230, T1Y2 = €ay1 }-

Clearly the fixed point set YIG is contained in the exceptional divisor Fy = P%S.
It turns out to be a curve isomorphic to P ,- We need three coordinate charts to
cover Fy. First look at the open set Uy = {yo = 1} in Y;. Then (zg,z1,e2) =
(o, Zoy1, Toy2), and so

Uo = {(z0,y1,52) € A3, : 0= xjys — 3zgy3 + 3, 1+ zoy1 # 0, 1+ a0 — zoy1 # 0}

The exceptional divisor Fy is {zg = 0}. Here G acts by

zo(1—3y1) 1—2y1 yo(l+ 2zoy2 — 23y3)(1 + m0y1)>
1+x0y1 71—33/17 1—3y1 ’

T(x(]aylv y2) - <

We know that the fixed point scheme Y{” is contained in Ey = {xg = 0} as a set, and
that 3 = 0 on Ey. The fixed point scheme is defined by: I(zg) = z2y1(—1+ O(x0)),
I(y1) = 14+ O(x0), and I(y2) = zoy2(y1 — y2 + O(x0)). By the second equation, Y,¢
is empty in this open set.

Next, consider the open set U1 = {y; = 1} in Y. Then (xq, z1, e2) = (z1y0, 1, T1Y2),
and G acts on

Ur = {(yo, 1, y2) € A, : 0=3—3aiys + alys, 1+ a1 #0, 1 — z1 + a1y2 # 0}

Namely, G acts by

-3 -2 1 142 — 242
T(y0,$1,y2): <y0 Jfl(y() ) CU2( +IIZ’1)< + T1Y2 $1y2)>.

y0—2’ 1+$1 ’ y0—2

Here Ey = {x1 = 0}. We know that Y% is contained in Ey = {21 = 0}, as a
set (and hence 3 = 0 on (Y7)%,). More precisely, the fixed point scheme Y\ is
defined by: I(yo) = (—y3 + O(x1))/(1 + yo + O(z1)), I(z1) = z1(yo + O(z1)), and
I(y2) = ya(—yo + O(x1))/(1 + yo + O(x1)). So YT is the line {yo = 21 = 0}, as a
set.
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Finally, consider the chart {yo = 1} in Y;. We have coordinates (yo, y1, €2), with
(zo,x1,€2) = (€20, €2y1, €2), and Fy = {ea = 0}. Here G acts on the open set

U; = {(yo,yl,eg) € A%s :0=3— 36% + 6%, 14 eayo # 0, 1+ eayo — e2y1 # 0}.
Namely, G acts by

(yo —3y1)(L+e2 —€3)  (yo — 2uy1)(1 + €2 — €3)
14 ey ’ 14 eoyn

T(y07y1762)=< ,3+eg—e§>.
The fixed point scheme Y, is defined by: I(yo) = e2(yo — yoy1 + O(e2)), I(y1) =
yo+O0(e2), and I(e3) = e2(—1+0(ez)). We know that the fixed point set is contained
in By = {e2 = 0}. We read off that the fixed point set is the line 0 = yp = ez, which
is the same line seen in the previous chart. Thus we have shown that the fixed point
set in all of Y7 is a curve isomorphic to Pll;3 in Ep.

Seeking to make the fixed point set a divisor, we let Yo be the blow-up of Y;
along the (reduced) G-fixed curve, with exceptional divisor Ej C Ys. It is clear that
YZG is contained in F as a set. We will see that the fixed point scheme YQG is equal
to the Cartier divisor £ except at six points on Ej. These correspond exactly to
the six bad points that occur in the example over F3 (Figure . Since Fp is a
Pl-bundle over Pi;s, we will need to look at four affine charts to see all of it.

First work over the open subset {y; = 1} in Y1, with coordinates (yo,z1,y2),
where FEy = {x; = 0}. Since Y3 is the blow-up of Y7 along the G-fixed curve
{0 = yp = x1}, this part of Y is given by

{((y0, z1,y2), [wo,w1]) € A%S X P123 0 =3 —322y3 + 233, yowy = x1wp}.

First consider the open set {wg = 1} C Y2 over {y17 = 1} C Y;. Then

(Y0, 71, ¥2) = (Y0, Yow1,y2), Eo = {w1 = 0}, and E1 = {yo = 0}. Also, ez = yow1ys,
and so 3 = 3y(2)w%y% — yg’wi{’yg’. Here G acts by

Yo — 3 wi (yo — 2)?
Yo — 2" (1 + yowr)(1 — 3yowiys + ywiy3)’
y2(1 + yow1) (1 + 2yowiy2 — y%w%y%))
Yo — 2 '

T(y07 w1, y?) = <

The fixed point scheme Y* (near Ej) is defined by: I(yo) = y2(—1 + O(yo)),
I(wi) = yowr (=1 —wi +O(yop)), and I(y2) = yoya(—1+w1 —wiya+O(yo)). So Y5
is the Cartier divisor E; except where 0 = y2(1 — w; + w1y2) and 0 = wy (1 + wy).
So we have found three bad points, (yo,w1,y2) = (0,0,0) in Ey N Ey and (0,—1,0),
and (0,—1,—1) in Ej.

The other chart over {y; = 1} in Y7 is {w; = 1} in Y5. Then (yo,z1,y2) =
(wox1,1,y2), Eo does not appear, and Ey = {z1 = 0}. Also, e2 = x1y2, and so
3 = 3x%y3 — x3y3. Here G acts by

(wo — 3x1y§ + x%yg’)(l +x1) x1(woxy — 2)
(woacl — 2)2 ’ 1+ 2
Yo (1 + 21) (1 + 22192 — 23y3)
wor1 — 2 '

T(wo, T1,Y2) = <
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So the fixed point scheme Y (near F) is defined by: I(wq) = 21 (wo+wd +O0(z1)),
I(z1) = 23(—1 + wo + O(x1)), and I(y2) = z1y2(1 — wo — y2 + O(x1)). So Y is
the Cartier divisor F; except where 1 = 0 (so 3 = 0), 0 = wo(1l + wp), and
0 = y2(1 —wp —y2). So the bad points are (wy, z1,y2) = (0,0,0), (0,0,1), (—1,0,0),
and (—1,0,—1). The points with wg # 0 appeared in the previous chart, {wy = 1}.
So we have two new bad points, (wg, z1,y2) equal to (0,0,0) or (0,0,1), for a total
of five so far.

To see all of Fy in Y, we also have to work over the open set {y, = 1} C Y7,
with coordinates (yo,y1,x2), where Ey = {x2 = 0}. The corresponding open subset
of Y5 is an open subset of

{((y0,y1,€2), [0, 22]) € A%B X 74 P123 :0=3—3e5+ €3, yoza = eazp}.

First consider the chart {z9p = 1} C Y5. Then (yo,y1,e2) = (yo,y1,%022), Fo =
{20 = 0}, and By = {y; = 0}. Also, e2 = ypz2, and so 0 = 3 — 3y325 + y3235. Here
G acts by

)

(yo — 3y1) (1 + yoz2 — y323)
T(Yo,Y1,22) =
(90-91,22) ( 1 + yoy122
(yo — 2y1) (1 + yoz2 — y323) z2(4+ yoz2 — y323) (1 + yoy122))
1+ yoy1 22 ’ 1 — 3yoy123 + y3y1 25

The fixed point scheme (near FEp) is defined by: I(yo) = y32z2(1 — y1 + O(yo)),
I(y1) = yo(1 + y122 — yiza + O(yo)), and I(z2) = yoz3(1 + y1 + O(yo)). So Y
is the Cartier divisor F; except where yp = 0 (so 3 = 0), 0 = 1 + y129 — y%zz,
and 0 = 22(1 + y1). So we have one bad point in this open set, (yo,v1,22) =
(0,—1,—1). This already appeared in the chart {wy = 1} over {y; = 1} (as the
point (yo,w1,y2) = (0,—1,—1)).

The other chart is {z0 = 1} C Y3 over {yo = 1} in Y7, with coordinates
(z0,y1,€2). Here yo = eaz9, Ep does not appear, and E; = {es = 0}. Here G
acts by

(z0 — 3eay1 + e%yl)(—Q —eg + 2@%)
14 ey

’

7(20,Y1,€2) = <

(e220 — 2y1)(1 + eg — e%)
1+ eoy1

,3+ez—e%>.

We know that the fixed point scheme Y2G is contained in Fj as a set. (Also, 3 =
O(e2) by the equation for Ys.) Explicitly, the fixed point scheme (near Es) is
defined by: I(20) = ea(—20 — zoy1 + O(e2)), I(y1) = e2(z0 + y1 — y7 + Ofe2)), and
I(e3) = e3(—1 4 O(ez)). So Y¥ is the Cartier divisor F; except where ez = 0 (50
3=0),0=2(1+w1), and 0 = 2o + y1 — 5. So we see three bad points in Ej:
(z0,y1,22) = (0,1,0), (—1,—-1,0), or (0,0,0). The first two points appeared in the
chart {w; = 1} in Y5 over {y; = 1} in Y1 (as (wop,x1,y2) = (0,0,1) or (—1,0,—1),
respectively). On the other hand, the origin in this chart is new; so we have a total
of six bad points.

Thus the fixed point scheme Y2G is £ with multiplicity 1 except at six points
on E;. As in Theorem Theorem shows that five of the singular points of
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Y2/G are toric singularities of the form $(1,1,2) (hence terminal), while the sixth is
a toric singularity of the form %(1, 1,1) (hence canonical). In fact, our calculations
of I = o —1 on the coordinates in this section are identical to those in section [6] to
the accuracy we state. We also need to check the assumption in Theorem [2.2] that
p € eP~Im, that is, that 3 € e2m. This is true because 3 = €3(unit) on Ys, and ey
is a multiple of the function e defining F; in each coordinate chart; so 3 is in the
ideal (e®), hence in e?m at each of the bad points. As a result, Theorem gives
the conclusions above about the 6 singular points of Y2/G.

The calculation of the discrepancies of Y;/G is likewise identical to the calcu-
lation in section @ Therefore, Yy/G is terminal. We showed earlier that it is not
Cohen-Macaulay. Theorem is proved. O

Remark 7.2. In Theorem the canonical class of Yp/G is not Cartier. I expect
that there is also a 3-dimensional scheme X, flat over Zg, that is terminal and non-
Cohen-Macaulay with Kx Cartier. Namely, one should replace the p-adic integer
ring R = Z3[¢o]%/? in Theorem [7.1] by S = Zs3[(], with the action of G = Z/3 C
(Z/9)*. The point is that the canonical sheaf of S over Zz has a G-equivariant
trivialization.

8 Characteristic 5

Theorem 8.1. Let the group G = Z/5 with generator T act on the quintic del Pezzo
surface Ss over Fy by an embedding of G into the symmetric group X5 = Aut(Ss),
and let G act on Pt by

7([yo, v1]) = [yo, vo + y1)-

Then (S5 x PY)/G is terminal, not Cohen-Macaulay, and of dimension 3 over Fs.

We define the quintic del Pezzo surface (over any field) as the moduli space My 5
of 5-pointed stable curves of genus 0. That makes it clear that the symmetric group
Y5 acts on this surface.

Proof. We work throughout over k = F5. Write G = Z/5 = (0 : 0° = 1), with
=0t Let Yy = S5 x P! and X = Yy/G. In characteristic 5, G has only one
fixed point in S5, and so G has only one fixed point P in Y. So X is normal of
dimension 3, and X is smooth over k outside the image of P (which we also call P).
Also, 5K x is Cartier. By Fogarty, since P is an isolated fixed point of G = Z/p on
a smooth 3-fold in characteristic p, X is not Cohen-Macaulay at P [13, Proposition
4].

It remains to show that X is terminal. This example is more complicated than
those in characteristics 2 and 3, and it may be impossible to resolve the singularities
of X by performing G-equivariant blow-ups of Yy. (Indeed, in the simpler situation
of actions of G = Z/p in characteristic zero, one cannot always resolve the singu-
larities of a quotient Y/G via G-equivariant blow-ups of Y when p > 5 [19, Claim
2.29.2].) Fortunately, as in earlier sections, we can reach toric singularities after
some G-equivariant blow-ups. It will then be easy to check that Y;/G is terminal.
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The G-action on Sy over k is given on an open subset isomorphic to an open
subset of A? by:

50 — 81+ 83 + 5051 51 — 283 — 25051 >
(1 — 280)(1 — S0 — 81)’ (1 — 230)(1 — S0 — 81)

7(s0,81) = <

Here the fixed point is at the origin. (Section |§| explains where this formula comes
from.) So the G-action on an open subset U C Y is given (on an open neighborhood
of the origin in A3%) by:

S0 — 81+ 83 + s0s1 51 — 283 — 25081 S9 )

(50,51, 82) = ((1 —250)(1 =50 —s1)" (1 —2s0)(1 —s0—51)" 1+ 52

As we blow up, we will not need to keep track of the precise affine open set on which
G acts, since we are only concerned with the action near the fixed point set.

Let Y7 be the blow-up of Yy at the G-fixed point, which is the origin in these
coordinates. Then the open subset of Y7 over U C Y is

{((80,81,82)’ [y07y17y2]) eU x P? S0Y1 = S1Y0, SoY2 = S2Yo, S1Y2 = 82y1}-

The exceptional divisor Ey is isomorphic to P2. It turns out that the fixed point
set of G on Y] is a curve isomorphic to P! in Ej. To check that, first work in the
open subset {yo = 1} in Y;. Here (so, s1, s2) = (S0, Soy1, Soy2), and G acts by

so(1+s0—y1 +soy1) —2s0+y1 — 2501
(1 —250)(1 —s0 —soy1)” 1+ s0—y1+soy1’
y2(1 — 280)(1 — S0 — Soyl) )
(14 soy2)(1 +s0 — y1 +s0y1) )

7(80,Y1,Y2) = (

Here Ey = {so = 0}. The fixed point scheme Y¥ is defined by the vanishing
of: I(s0) = so(—y1 + O(s0)), 1(y1) = (y7 + O(s0))/(1 — y1 + O(s0)), and I(y2) =
y2(y1 + O(s0))/(1 — y1 + O(sg)). We know that Y,¥ is contained (as a set) in F
(since Y is only the origin). So the fixed point set is the line {0 = sy = 1}, in
this chart.

In the chart {y; = 1} in Y7, we have sy = sjyp and sy = $1y2, so we have
coordinates (yo, s1,y2). Here Ey = {s1 = 0}. We can write the action of G in these
coordinates (for example using Magma). We find that the fixed point scheme Y\ is
defined by: I(yo) = —14+0(s1), I(s1) = s3(1+yo—243), and I(y2) = s1y2(—1—yo—
y2+2y2). Since Y\ is contained (as a set) in Ep, the first equation shows that Y,% is
empty, in this chart. In the last chart {y2 = 1} in Y7, we have coordinates (yo, y1, $2),
and Ey = {s2 = 0}. The fixed point scheme is defined by: I(yo) = —y1 + O(s2),
I(y1) = s2(y1 + 4§ +yoy1 — 2y5 + O(s2)), and I(s2) = s3(—1 + O(s2)). Since Y, is
contained (as a set) in Ep, the fixed point set is the line {0 = y; = s2}, the same
line seen in an earlier chart.

Thus (Y%)seq is isomorphic to P!, Our criterion for a quotient by G to have
toric singularities (Theorem requires the G-fixed locus to have codimension 1;
so let Ya be the blow-up of Y; along this Pl Clearly G continues to act on Y5. The
exceptional divisor E; in Y5 is a P'-bundle over P!, and so the natural way to cover
FE by affine charts involves 4 charts, as follows.
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E, | E

Yo Yy Yo
Figure 3: For j =0,1,2, G acts freely on Y; outside the red loci.

Over the open set {yp = 1} in Y3, Y5 is the blow-up along the G-fixed curve
{0 = sop = y1}, so Ya has coordinates ((so,y1,¥y2), [wo, w1]). First take {wy = 1},
so y1 = sowp, and we have coordinates (sg,wi,y2). Here Ey does not appear,
and E; = {so = 0}. The fixed point scheme Y,* is defined by: I(sg) = s2(—1 —
w1 + O(sg)), I(w1) = =24 O(sp), and I(y2) = soy2(1 + w1 — y2 + O(sp)). We
know that the fixed point set is contained in Fj, and so the formula for I(w;)
implies that Y is empty, in this chart. In the other chart {w; = 1} in Y5 over
the same open set in Y7, we have sy = yjwg, and so Ys has coordinates (wq, y1,y2)-
Here Ey = {wop = 0} and Ey = {y1 = 0}. The fixed point scheme is defined
by I(wo) = wo(2wo + O(y1))/(1 — 2wo + O(y1)), I(y1) = y1(—2wo + O(y1)), and
I(y2) = y1y2(1 + wo — woy2 + O(y1)). So Y is the line {0 = wo = y1} = Eo N By,
in this chart.

To see the rest of £y C Y, work over the open set {yo = 1} in Y;. Here
Y5 is the blow-up along the G-fixed curve {0 = y; = s2}, so Ys has coordinates
((yo, y1,82), [r1,72]). First take {r1 = 1} in Y3, so s = 3172, and we have coordinates
(y0,y1,72). Here Ey = {ro = 0} and E; = {y1 = 0}. Here YQG is given by
I(yo) = y1(—=1 +yor2 — ygr2 + O(y1)), I(y1) = y1r2(—2y5 + O(y1)), and I(r2) =
r3(2y2 + O(y1))/ (1 — 2y¢ra + O(y1)). We know that the fixed point set is contained
in Fy, and we read off that it is the union of the two lines {0 = y; = 2} = Eg N E;
and {0 = yo = y1} in E;. The first curve appeared in an earlier chart, and the
second is new. Finally, the other open set is {ro = 1} in Y3, so y1 = s9r1, and
we have coordinates (yo,71,$2). Here Ey does not appear, and E; = {sy = 0}.
Here Y is given by I(yo) = sa(yo — 1 — yg + O(s2)), I(r1) = —2y2 + O(s2),
and I(sg) = s3(—1 + O(s3)). We read off that the fixed point set is the curve
{0 = yo = s2}, which is the second curve in the previous chart.

Thus (Y2)¢ as a set is the union of two P1’s meeting at a point. We are trying
to make the fixed locus have codimension 1, and so our next step is to blow up
one of those curves. Namely, let Y3 be the blow-up of Y5 along the G-fixed curve
FEy N E7. The exceptional divisor Es in Y3 is a P!-bundle over P!, and so we need
to look at four affine charts to see all of it.

First, work over the open set {ry = 1} in Y5 over {y2 = 1} in Y;. Then Y3 is
the blow-up along the curve {0 = y; = r9} = Ep N Eq, and so Y3 has coordinates
(yo,y1,72), [21, 22]. First take {z1 = 1}, so r9 = y129, and we have coordinates
(0,1, 22). Here Ey = {22 = 0}, E; does not appear, and Es = {y; = 0}. The fixed
point scheme Y is defined by: I(yo) = y1(—1+0(y1)), I(y1) = v322(—292+O0(y1)),
and I(z2) = y123(—y2 + O(y1)). These equations are equivalent to y; = 0, near E»;
so the fixed point scheme Y2G is the Cartier divisor Fs, in this chart. (Thus, by
Theorem Y5 /G is smooth over k = F5, in this open set.)
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Figure 4: For j = 3,4, G acts freely on Y, outside the shaded or marked loci; Y;/G is
regular outside the marked loci; and Y} /G has toric singularities outside the red loci.

The other chart is {z2 = 1} in Y3, so y1 = 7221, and we have coordinates
(y0, 21, 72). Here Ey does not appear, E1 = {z; = 0}, and E3 = {ro = 0}. The fixed
point scheme Y is given by I(yo) = z172(—1+0(r2)), I(21) = z172(y2 +0(r2)), and
I(r2) = r3(2y3 + O(r2)). The fixed point scheme is generically Fy with multiplicity
1, together with the other fixed curve we knew from Y3, here given by {0 = yo =
z1} C Ei. In more detail, the “bad locus” where the scheme YéG is not just Fo as
a Cartier divisor is given by removing a factor of ry from these equations, yielding:
0= z1(—=14 0(r2)), 0 = z1(y3 + O(r2)), and 0 = ro(2y3 + O(r2)). We know the
fixed locus away from Fs, so assume that ro = 0; then these equations show that
the bad locus inside Fs is the curve {0 = 23 = ro} = E1 N Es.

Fortunately, Theorem implies that Y3/G has toric singularities at points of
E1 N Ey outside the origin. Namely, let e = r9 and s = z1; then I(s) = es(unit)
near Fy N Ey = {0 = z; = ry} outside the origin. The theorem gives that Y3/G has
singularity %(0, 1,2) at points of E1 N Ey outside the origin.

To see all of Ey, we also have to work over {w; = 1} in Y3, with coordinates
(wo, y1,y2), over {yo = 1} in Y;. Here Y3 is the blow-up along the G-fixed curve
{0 = wo =y} = EpN Eyq, so Y3 has coordinates (wo,y1,y2), [vo,v1]. First take
{vo = 1}, so y1 = wpvi, and we have coordinates (wp,v1,y2) on Y3. Here E
does not appear, E; = {v; = 0}, and Fs = {wp = 0}. The fixed point scheme
is defined by: I(wp) = wi(2 — 2v1 + O(wp)), I(v1) = wov1(1 — 2v1 + O(wyp)), and
I(y2) = wov1y2(14+ O(wp)). In the chart we are working over in Y, the fixed set YQG
is only the curve Fy N E; we are blowing up, and so Y. (in this chart) is contained
in Es as a set. By the equations, Y3G is generically the Cartier divisor Fs, and the
bad locus (where that fails) is given by 0 = wp, 0 = v1(1 — 2v;1), and 0 = v1y2. So
the bad locus is the union of the curve {0 = wy = v;} = E; N Ey and the point
(wo,v1,y2) = (0,—2,0) in Ey. By Theorem (using e = s = wy), Y3/G has
singularity %(2, 1,0) everywhere on the curve F1 N Es (in this chart), in agreement
with an earlier calculation.

To analyze the bad point above, change coordinates temporarily by 1 = v1 + 2;
then the bad point becomes the origin in coordinates (wp,t1,¥y2). In these coordi-
nates, we have I(wg) = w3(1 — 2t1 + O(wy)), I(t1) = I(v1) = (—t1 — 2t3 + O(wyp)),
and I(y2) = woy2(—2+ O(wy)). Theorem [2.2| applies, with s = e = wp, and we read
off that Y3/G has singularity %(1, —1,—2) at this point. That is terminal, by the
Reid-Tai criterion (Theorem [1.1)).
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The last chart we need to consider in Y3 is the other open set {v; = 1} over
the open set above in Y3, {w; = 1} C Y5 over {ygp = 1} C Y7. So wy = y1v9, and
we have coordinates (vo,y1,y2). Here Ey = {vo = 0}, E; does not appear, and
Ey = {y1 = 0}. Here Y is defined by: I(vg) = voy1(2 — vo + O(v1)), I(y1) =
y3(1 — 2v9 + O(11)), and I(y2) = y1y2(1 + O(y1)). As in the previous chart, we
know that Y3G is contained in Fs as a set. By the equations, Y3G is generically
the Cartier divisor Es, and the bad locus (where that fails) is given by 0 = y1,
0 =v0(2 —vp), and 0 = yo. Thus there are two bad points in this chart, (vo, y1,y2)
equal to (2,0,0) € Ey or (0,0,0) € Eg N Ey. The first is the bad point from the
previous chart, but the second one is new. Theorem [2.2] works to analyze the second
point (the origin), with e = s = y;. We read off that Y3/G has singularity %(2, 1,1)
at this point.

That finishes the analysis of Y3. In particular, as a set, Y3G is the union of the
divisor Fs and a curve in Fp. It is tempting to blow up the G-fixed curve next,
but that leads to a large number of blow-ups over one point of the curve, where the
fixed point scheme is especially complicated. We therefore define Yy as the blow-up
at that point, and only later blow up the whole curve. This leads more efficiently
to toric singularities.

Namely, let Y; be the blow-up of Y3 at the origin in the chart {ro =1} in Y3 (un-
changed in Y3), with coordinates (yo, 71, s2). So Yy has coordinates (yo, 71, $2), [q0, 91, ¢2]-
The exceptional divisor Es is isomorphic to P2, and so it is covered by 3 affine charts.
First take {go = 1} in Yy, so 1 = yoq1 and s2 = yoq2, and we have coordinates
(v0,q1,q2). Here By = {g2 = 0} and F3 = {yo = 0}. The fixed point scheme Y,*
is defined by: I(yo) = y5¢2(1 — q1 + O(w0)), I(q1) = yo(—2+ q12 + ¢3 g2 + O(wo)),
and I(q2) = 40g3(—2+q1 + O(yp)). So Y& is generically the Cartier divisor Fs; the
G-fixed curve in E; does not appear in this chart. The bad locus (where the scheme
Y is not just E3) is given by 0 = yo, 0 = —2+q1g2 +¢7q2, and 0 = ¢3(—2+q1). By
the second equation, g2 # 0, and so the third equation gives that ¢ = 2. Then the
second equation gives that 0 = —2+ 2¢2 — g2 = —2+ g9, so g2 = 2. That is, there is
only one bad point in this chart, (yo,q1,¢2) = (0,2,2) € E3. To analyze that point,
change coordinates temporarily by s; = ¢; —2 and ss = g3 —2. In these coordinates,
I(yo) = y5(—2—s1—s2—s152+0(y0)), I(s1) = I(q1) = yo(s2+ 27 + 5752+ O (o)),
and I(s2) = I(q2) = yo(—s1—s152+5155+0(y0)). By Theorem with e = s = g,
Y1/G has a pus-quotient singularity. Explicitly, the linear map ¢ over k in the theo-
rem is ¢(yo) = —2yo, @(s1) = s2, and ¢(s2) = —s1, which has eigenvalues —2,2, —2.
So Y4 /G has singularity %(—2, 2, —2) at this point. This is terminal, by the Reid-Tai
criterion.

Next, take the open set {¢1 = 1} in Y4, so yo = r1qo and s2 = r1¢2, and Y}
has coordinates (qo,71,¢2). Here E1 = {g2 = 0} and E3 = {r; = 0}. The fixed
point scheme Y, is defined by: I(g0) = r1(—q2 — qog2 + 2¢3 + O(r1)), I(r1) =
72(2g2 — 2¢2 + O(r1)), and I(g2) = r1g2(2g2 + 2¢2 + O(r1)). So Y is generically
the Cartier divisor Ej3, together with the G-fixed curve {0 = qp = ¢2} in E;. The
bad locus in Ej is given by 0 = r1, 0 = —g2 — qog2 + 243, and 0 = q2(2g2 + 2¢3).
This yields two bad points, (qo,71,¢2) equal to (=2,0,1) or (0,0,0). The first one
is the bad point from the previous chart, and the second is not surprising, as it is
the intersection point of F3 with the G-fixed curve.

Finally, take the open set {g2 = 1} in Yy, so yo = sago and r1 = s2q1, and
we have coordinates (qo,q1,$2). Here E; does not appear, and F3 = {sy = 0}.
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Figure 5: For j = 5,6, G acts freely on Y, outside the shaded or marked loci; Y;/G is
regular outside the marked loci; and Y} /G has toric singularities outside the red loci.

The fixed point scheme Y% is defined by: I(qo) = s2(290 — q1 + O(s2)), I(q1) =
s2(—2q1 — 22 + O(s2)), and I(s2) = s3(—1 4 O(s2)). So Y€ is generically F3. The
bad locus in FEj3 is given by: 0 = sg, 0 = 2¢9p — q1, and 0 = —2¢; — 2q8. This yields
two bad points, (qo, q1,S2) equal to (—2,1,0) (seen in the previous two charts) or
(0,0,0), which is new. Theorem applies at this new point, with e = s = s5. The
k-linear map ¢ is given by ©(qo) = 290 — ¢1, ¢(q1) = —2¢1, and ¢(s2) = —s2. So
¢ has eigenvalues (2, -2, —1), and hence Y;/G has singularity é(2, —2,—1) at this
point. This is terminal, by the Reid-Tai criterion.

That completes our description of Yy. Next, let Y5 be the blow-up of Y, along
the G-fixed curve in E;. The exceptional divisor E4 in Y5 is a P!-bundle over P!,
and so it is covered by four affine charts. First work over the open set {z2 =1} in Y3
(unchanged in Yj), with coordinates (yo, z1,72); this contains the point where the
G-fixed curve in Ey = {z; = 0} meets Ey = {ro = 0}. Here Yj is the blow-up along
the G-fixed curve {0 = yp = 21}, and so Y5 has coordinates (yo, z1,72), [no, n1]. First
take the open set {nyg = 1} in Y5, so z1 = yon1, and we have coordinates (yo, n1,72).
Here £y = {n; = 0}, By = {ro = 0}, and E4 = {yo = 0}. The fixed point scheme
Y7 is defined by: I(yo) = yonira(—1+ O(yo)), I(n1) = mira(n1 + O(yo))/(1 —
nira + O(yo)), and I(rg) = yor3(—2n1r2 + O(yo)). So Y, as a set, is the union of
the divisor Ey and the curve {0 = yo = n1} = E1 N Ey. (In particular, the fixed
point set is still not all of codimension 1.) We have analyzed the bad locus of Es
in previous steps, but we have to add here that the bad locus of F» is disjoint from
FE> N E4 except for the point where Es meets the G-fixed curve, by the formula for
I(?’Ll)

The other chart is {ny = 1} in Y5, so yo = z1ng, and we have coordinates
(ng, z1,72). Here E; does not appear, Fy = {ro = 0}, and Ey = {21 = 0}. The fixed
point scheme Y. is defined by: I(ng) = r2(—1+0(z1)), I(21) = 22ra(—2r2+0(21)),
and I(ry) = 2173(—2ra + O(21)). These equations reduce to 72 = 0 near E4, and so
Y5G is the Cartier divisor Fo, in this chart.

To finish our description of F4 in Y5, we work over the open set where the
G-fixed curve in Yy meets E3, namely {¢g = 1} in Yj. Here Y has coordinates
(qo0,71,92), E1 = {q2 = 0}, E3 = {r1 = 0}, and the G-fixed curve is {0 = go = ¢2} in
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E;. So the blow-up Y5 along the G-fixed curve has coordinates (qo, 71, ¢2), [uo, u2].
First take {ug = 1} in Y5, so g2 = qousg, and we have coordinates (qg,r1,u2). Here
Ey = {ug = 0}, E5 = {r; = 0}, and E4 = {qo = 0}. The fixed point scheme
Y is defined by: I(q) = qori(—uz2 + O(q)), 1(r1) = qori(2uz + O(qo)), and
I(ug) = riud(1+ O0(qo))/(1 — r1uz + O(qo)). We know the fixed set outside Fy, and
so we read off that the fixed set is the divisor E3 together with the G-fixed curve
F1 N Ey found earlier. We have analyzed the bad set of E3 away from FEj in earlier
blow-ups, and we see from the formula for I(us) that the bad set of E5 near E3NEy
is only the point Fq N E3 N E4 where the G-fixed curve meets Ej3.

The other chart is {ug = 1} in Y5. Here gy = gaug, and so we have coordinates
(ug,7r1,q2). Here Ey does not appear, F3 = {r; = 0}, and E4 = {g2 = 0}. The fixed
point scheme Y is defined by: I(ug) = r1(—1+ O(q2)), I(r1) = rq2(2 + O(q2)),
and I(q2) = r1¢3(2 + O(qz2)). These equations reduce to r; = 0 near Fj, and so the
fixed point scheme Y5G is the Cartier divisor Fj3, in this chart.

That completes our description of Ys. Let Yg be the blow-up of Y5 along the G-
fixed curve 41N E4. The exceptional divisor E5 in Yy is a Pl-bundle over Pl, covered
by four affine charts. First take the open set {ng = 1} in Y5, which contains the
point where the G-fixed curve meets Es. Here Y5 has coordinates (yg,ni,72), with
Ey = {n1 =0}, B2 = {ro = 0}, and E4 = {yo = 0}. Since Y; is the blow-up along
the G-fixed curve {0 = yo = n1} = E1N Ey, Yg has coordinates (yo, n1,r2), [mo, m1].
First take {mg = 1} in Yg, so n; = yomi, and we have coordinates (yg,m1,72).
Here E; = {m; = 0}, E2 = {ro = 0}, E4 does not appear, and E5 = {yo = 0}.
The fixed point scheme Y is defined by: I(yo) = y2mira(—1+ O(yo)), I(m1) =
yomira(2m1 + O(yo)), and I(ra) = y3r3(2 — 2mara + O(yo)). We know the fixed
point set away from Fs, and so we read off that the fixed point scheme is generically
the Cartier divisor Es + E5. (Since Ej is fixed by G, we have finally made the fixed
point set of codimension 1.) Let e = yora. The bad locus (where the scheme Y is
more than the Cartier divisor Fy + F5), on Es, is given by factoring out e from the
equations and setting yo = 0, so we get: 0 = yo and 0 = 2m?. So, as a set, the bad
locus is the curve {0 = yo = m1} = E1 N E5. Theorem [2.2| does not seem to apply
to this curve, and so Ys/G might not have toric singularities there; we will have to
blow up one more time.

For now, look at the other open set, {m; = 1} in Y5. So sy = nymy, and we
have coordinates (mg,ni,r2). Here E; does not appear, By = {ry = 0}, B4 =
{mgo = 0}, and E5 = {n; = 0}. The fixed point scheme Y7 is defined by: I(mg) =
monira(—2 + O(n1)), I(n1) = n3re(1 + O(ny)), and I(re) = mon3rs(2mg — 2re +
O(n1)). Since we know the fixed point set outside Es, we read off that the fixed
point scheme is generically the Cartier divisor Fo + E5. Let e = nyrs. The bad
locus (where the scheme Y is more than the Cartier divisor Ey + E5) is the curve
{0 = mg = n1} = E4N E5. Fortunately, Theorem applies, with s = mg. We
read off that Y5/G has singularity £(—2,1,0) along the whole curve E4 N E5, in this
chart.

To finish describing F5 C Ys, we have to work over the open set {ug = 1}
in Y5, where the G-fixed curve E; N Ey in Y; meets E3. Here Y has coordinates
(qO,Tl,UQ), with Fp = {UQ = 0}, Ey = {7“1 = 0}, and By = {qo = 0}. Then
Y is the blow-up along the G-fixed curve {0 = g9 = ug} = E1 N Ey, so Yy has
coordinates (qo, 71, u2), [to, t2]. First take {tx = 1} in Yg, so ua = gouz and we have
coordinates (qo,71,t2). Here E1 = {to = 0}, E3 = {r; = 0}, E4 does not appear,
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Figure 6: G acts freely on Y7 outside the shaded or marked loci, and Y7/G is regular outside
the marked loci. Here Y7/G has toric singularities.

and E5 = {go = 0}. The fixed point scheme is defined by: 1(go) = ¢3r1(—t2+0(qo)),
I(r1) = @3r3(—=2+ 2ta + O(qo)), and I(t2) = qorita(2ta + O(go)). So the fixed point
scheme is generically F3 4+ F5. Let e = gor;. The bad locus (where the scheme Y6G
is more than the Cartier divisor E3 + Es), in Ej, is given by 0 = go and 0 = 2t3, so
(as a set) it is the curve {0 = go = t2} = E1 N Es5, which we met in an earlier chart.

The other chart is {t = 1} in Y§, so qo = uatp, and we have coordinates
(to,m1,u2). Here E; does not appear, Es = {r; = 0}, E4 = {tp = 0}, and E5 =
{uz = 0}. The fixed point scheme Y7 is defined by: I(to) = toriua(—2 + O(us)),
I(r1) = tor?u3(2 — 2t + O(uz)), and I(ug) = r1u3(1 + O(uz)). So Y is generically
Es + E5. Let e = rjug. The bad locus (where the scheme Y6G is more than the
Cartier divisor F3 + Ej5), in Es, is the curve {0 = ¢ty = ua} = E4 N Es5, which
we met in an earlier chart. Theorem applies, with s = t9. Namely, Y5/G has
singularity %(—2, 0,1) everywhere on the curve F4 N Ej5 in this chart (including the
origin, which did not appear in the earlier chart).

That completes our description of Yg. In particular, the G-fixed locus has codi-
mension 1 in Y5, and Ys/G has toric singularities outside the image of the curve
E1 N E5. Let Y7 be the blow-up of Yg along that curve. The exceptional divisor
Fg in Y7 is a Pl-bundle over Pl7 and so we will cover Eg with four affine charts.
First, work over the open set {mo = 1} in Yy, where the bad curve E; N E5 meets
E,. Here Yg has coordinates (yo,m1,72), with By = {m; = 0}, Fy = {ro = 0}, and
Es = {yo = 0}. Since Y7 is the blow-up along the curve {0 = yo = m1} = Ey N E5,
Y7 has coordinates (yo, m1,72), [jo, j1]-

First take {jo = 1} in Y7, so m; = yoj1, and we have coordinates (yo,j1,72)-
Here Ey = {j1 = 0}, By = {ro = 0}, E5 does not appear, and Eg = {yo = 0}.
The fixed point scheme Y% is defined by: I(yo) = ydjira(—1 + O(wo)), I(j1) =
y2jira(1 — 251 + O(yo)), and I(r2) = y2r2(2 + O(yo)). So Y is generically the
Cartier divisor Fy + 2Fg. Let e = ygTQ. The bad locus (where the scheme Y7G is
more than the Cartier divisor Fo + 2Eg), in Eg, is given by 0 = yo, 0 = j1(1 — 2j1),
and 0 = rq, so it consists of the two points (yo, j1,72) equal to (0,0,0) = E1NE2NEg
or (0,—2,0) € EsNEg. At the first point, Theorem [2.2|applies, with s = ro. We read
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off that Y7 /G has singularity (0, 1, 2) everywhere on the curve E1NE; (including the
origin, which did not appear when we saw E; N Es in an earlier chart). To analyze
the second point, change coordinates temporarily by s; = j1 + 2; then that point
becomes the origin in coordinates (yo, s1,72). We have I(yo) = yar2(2—s1+O0(yo)),
I(s1) = I(j1) = yara(—s1 — 287 + O(yo)), and I(rs) = y3r3(2 + O(yo)). Theorem
applies, with s = ro. We read off that Y7/G has singularity %(2, —1,2) at this
point.

The other open set is {j; = 1} in Y7, so yo = m1jo, and we have coordinates
(jo,m1,72). Here E; does not appear, Fs = {ro = 0}, E5 = {jo = 0}, and Es =
{my = 0}. The fixed point scheme Y% is defined by: I(jo) = jém?r2(2—jo+O0(m1)),
I(m1) = jomira(2 + jo + O(my)), and I(r2) = j2m¥r3(2 + O(my)). So Y& is
generically Fs + E5 + 2Es. Let e = jom3re. The bad locus (where the scheme
Y7G is more than the Cartier divisor Es + E5 + 2Eg), on Eg, is given by: 0 = my,
0 = jo(2 — jo), and 0 = jora. So the bad locus is the union of the curve {0 = jy =
m1} = F5 N Eg and the point (jo,m1,72) = (2,0,0) in E2 N Eg. That point is the
one we analyzed in the previous chart. For the curve, Theorem applies, using
s = jo. We read off that Y7/G has singularity %(2, 2,0) everywhere on the curve
FEs N Eg, in this chart.

Last, work over the open set {ty) = 1} in Y, where the bad curve Ey N Ej
meets F3. Here Yy has coordinates (qo,r1,t2), with By = {to = 0}, E3 = {r; = 0},
and F5 = {go = 0}. We obtain Y7 by blowing up along the curve {0 = ¢g =
ts} = E1 N Es, so Y7 has coordinates (qo,71,t2), [T0,x2]. First take {xg = 1},
so ta = qore, and we have coordinates (qo,71,22). Here Ey = {x9 = 0}, B3 =
{r1 = 0}, E5 does not appear, and Eg = {qo = 0}. The fixed point scheme
Y is defined by: I(qo) = ¢3r1(2 — 22 + O(q)), I(r1) = ¢¢ri(—2 + O(qo)), and
I(zq) = qgrlxg(l — 29 + O(qo)). So Y7G is generically F3 + 2Fg. Let e = qgrl.
The bad locus (where the scheme Y. is more than the Cartier divisor E3 + 2Es),
in Eg, is given by: 0 = qo, 0 = r1, and 0 = x9(1 — 2x9), so it consists of the
two points (qo,r1,x2) equal to (0,0,0) = Ey N E3 N Eg or (0,0,—2) in F3 N Fg.
Since I(r;) = eri(unit), Theorem applies at both points. At the origin, the
theorem gives that Y7/G has singularity é(?, —2,1), which is terminal. For the
other point, change coordinates temporarily by yo = z3 + 2, so that the point
becomes the origin in coordinates (qo, 71, y2). We have I(g0) = ¢gr1(—1—y2+0(qo)),
I(r1) = @3r3(=2+0(q)), and 1(y2) = I(z2) = ¢3r1(—y2—2y3+0(qo)). So Theorem
gives that Y7/G has singularity %(—1, —2,—1) at this point.

The other chart is {z2 = 1} in Y7, so ¢y = texp, and we have coordinates
(zo,7r1,t2). Here Fy does not appear, B3 = {r; = 0}, E5 = {29 = 0}, and Es =
{ta = 0}. The fixed point scheme Y. is defined by: I(xg) = z2r1t2(2 — zo + O(t2)),
I(r1) = 23r?12(—2+0(t2)), and I(t3) = zor1t3(2—230+0(t2)). So Y-¥ is generically
E3+ E5+2Es. Let e = xgr1t3. The bad locus (where Y7G is more than the Cartier
divisor F3+ F5+2Fs), in Fg, is given by: 0 = t9, 0 = x¢(2—x¢), and 0 = xgr1, which
is the union of the curve {0 = xg = t2} = E5NFEg and the point (z9,r1,t2) = (2,0,0)
in F3 N Fg. We analyzed that point in the previous chart. Theorem applies to
the curve, using s = xo. We read off that Y7 /G has singularity %(2, 0,2) everywhere
on the curve E5 N Eg (including the origin, which did not appear in the earlier chart
where we met this curve).

That completes our analysis of Y7; we have shown that Y7/G has toric singular-
ities. It will now be straightforward to show that Yp/G is terminal.
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First, we can compute the canonical class of Y7, since Y7 is obtained from Yj
by a sequence of blow-ups along points and smooth curves. Write E; for the strict
transform of the exceptional divisor in Yj;; to any higher model. Write ;; for the
morphism Y; — Y; (with ¢ > j), and also for the resulting morphism Y;/G — Y;/G.
First, Ky, = mjyKy, + 2Ep, since Y1 — Yj is the blow-up of a smooth 3-fold at a
point. Next, Ky, = w3, Ky, + E1, since Yo — Y7 is the blow-up along a smooth
curve, and we have 73, Ey = Ey+ E; because the curve being blown up is contained
in Ey. Likewise, we have:

Ky, = Ky, + Ba, miyEo = Eo + By, mEy = By + s,
Ky, = mj3Ky, + 2E3, m;3Ey = Ey, mj3F1 = E1 + E3, mj3Es = Ea,
Ky, = n5, Ky, + E4, n5,Ey = Eg,m5,E1 = E1 + Ey, w5, Fs = Es, 75,E3 = Ej,
Ky, = g5 Ky, + Es, mg5E; = Ej for j € {0,...,4} —{1,4},
g5 1 = E1 + Es, mgs By = B4 + Es,
Ky, = Ky, + Eo, 7% E; = E; for j € {0,...,5} — {1,5},
w61 = E1 + Eg, m76Es = E5 + Eg.

Combining these equations gives that
Ky7 = W;OKYO +2Fy+ 3k, +6Fy +5FE3 +4F4 + 8FE5 + 12F4.

Write f for any of the quotient maps Y; — Y;/G. First, Ky, /¢ is Q-Cartier since
Yp is smooth, and Ky, = f*Ky; g because f: Yy — Yo/G is étale in codimension
1. Next, we computed that the fixed point scheme Y7G is the Cartier divisor Fs +
Es3 + E5 + 2E¢ outside a codimension-2 subset of Y7. By section [3] it follows that

Ky, = f*Ky,ja + (p — 1)(B2 + E3 + E5 + 2E¢)
= f*KY7/G +4F, + 4F5 + 4F5 + 8Ej.

For each j € {0,...,7}, let F; be the image of E; in Y7/G, as an irreducible divisor.
For j € {0,1,4}, G acts nontrivially on E; (so f is unramified along Ej;), and hence
E; = f*F;. For the other j’s, in {2, 3, 5, 6}, sectionand our calculations imply that
f is fiercely ramified along F;, and so again we have E; = f*F}. (For example, for
Es, use the first chart where Ey appeared, {z; = 1} in Y3. There Es is the divisor
{yn = 0}, and Y has multiplicity 1 along Es, but I(y1) = y222(—2y2 + O(y1))
vanishes to order 2 > 1 along Fjs; so section [3] gives that f is fiercely ramified along
Es.)

We can combine these results to compute the discrepancies of the morphism
Y7/G — Yy/G. Namely, we have

[ (Ky.ja — 730Ky, 6) = [ Ky, ja — T10f Ky
— Ky, — 4Ey — 4E3 — 4E5 — 8Eg — mi Ky,
=2E) +3E1 +2FEy + B3 +4FE, + 4F5 + 4E;
= f*(2Fy + 3F) + 2F, + F3 + 4Fy + 4F5 + 4F;).

Therefore, KY7/G = W;O(KYO/G) + 2Fy + 3F1 + 2Fy + F3 + 4F, + 4F5 + 4Fg. In
particular, these coefficients are all positive, which is part of showing that Yy/G is
terminal. (That would be all we need if Y7/G were smooth.)
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To show that Y;/G is terminal, it now suffices to show that the pair (Y7/G, D)
is terminal, where D := —2Fy — 3F; — 2F5 — F3 — 4Fy — 4F5 — 4Fs. Because the
coefficients of D are negative (which works to our advantage), this is clear at points
where Y7/G is terminal. There are 6 subvarieties (points or curves) where Y7/G is
not terminal, as we now address.

(1) Along the curve Ey N E», Y7/G has singularity 1(0,1,2), with F} a toric
divisor of weight 1 and F3 a toric divisor of weight 2, using Theorem To show
that (Y7/G,D) = (Y7/G,—3F; — 2F, — ---) is terminal along this curve, we need
to show that 4(i mod 5) 4+ 3(2i mod 5) > 5 for ¢ = 1,...4, by Theorem This is
clear, since the left sideis >4 +4+3 =7 > 5.

(2) At a point in Ey N Es, Y7/G has singularity %(2, 1,1), with Fj of weight 2
and Fy of weight 1. To show that (Y7/G, D) = (Y7/G, —2Fy—2F;—---) is terminal,
we need that 3(2¢ mod 5) + 3(¢ mod 5) + (¢ mod 5) > 5 for i = 1,...4. Indeed, the
left sideis >3+3+1=7>5.

(3) Along the curve E4N Es5, Y7/G has singularity 1(—2,1,0), with E, of weight
—2 and Ej5 of weight 1. To show that (Y7/G,D) = (Y7/G, —4Fy — 4F5 —---) is
terminal, we need that 5(—2i mod 5) + 5(¢ mod 5) > 5 for ¢ = 1,...4. Indeed, the
left side is > 5+ 5 =10 > 5.

(4) At a point in E>N Eg, Y7/G has singularity (2, —1,2), with E> and Eg both
of weight 2. To show that (Y7/G, D) = (Y7/G,—2F, — 4Fg — - --) is terminal, we
need that 3(2¢ mod 5) + 5(2¢ mod 5) + (—i mod 5) > 5 for i = 1,...4. Indeed, the
left sideis >3 +5+1=9 > 5.

(5) Along the curve E5 N Eg, Y7/G has singularity %(2,2,0)7 with F5 and Fg
both of weight 2. To show that (Y7/G, D) = (Y7/G, —4F5 — 4Fs — - - -) is terminal,
we need that 5(2¢ mod 5) + 5(2¢i mod 5) > 5 for ¢ = 1,...4. Indeed, the left side is
>54+5=10>5.

(6) At a point in E3N Eg, Y7/G has singularity %(—1, —2,—1), with Ej3 of weight
—2 and Fj of weight —1. To show that (Y7/G,D) = (Y7/G,—F3 — 4Fs — ---) is
terminal, we need that 2(—2i mod 5)+5(—i mod 5)+(—¢ mod 5) > 5fori=1,...4.
Indeed, the left sideis >2+5+4+1=8 > 5.

That completes the proof that Yy/G is terminal. Theorem [8|is proved. O

Remark 8.2. The divisor class 7" Ky, ¢ = Ky, ;g + D happens to be Cartier on
the loci (1)-(6), above. However, it is not Cartier at the terminal singularity
%(2, —2,—1) in Ej3; one can compute that some discrepancies at divisors over that
point are not integers. As a result, Ky, g is not Cartier (as one can also check
directly). I expect that there is also a 3-fold X over F5 that is terminal and non-
Cohen-Macaulay with Kx Cartier. Namely, one should replace P! in Theorem
by the Harbater-Katz-Gabber curve of Remark now with p = 5.

9 The example over the 5-adic integers

Theorem 9.1. Let the group G = Z/5 act on the quintic del Pezzo surface S
over Zs by an embedding of G into the symmetric group X5 = Aut(S5). Let R =
Zs[e]/(e® — bet 4 25e2 — 25e + 5), which is the ring of integers in a Galois extension
of Qs with group G =Z/5. Let G act on the scheme (S5)r by the diagonal action
on S5 and on R. Then the scheme (S5)r/G is terminal, not Cohen-Macaulay, of
dimension 3, and flat over Zs.
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We define the quintic del Pezzo surface S5 (over any commutative ring) as the
moduli space My 5 of 5-pointed stable curves of genus 0. That makes it clear that
the symmetric group X5 acts on Ss.

This example behaves much like the example over F5, Theorem Bl In par-
ticular, the figures in section [§ accurately depict the blow-ups we make in mized
characteristic (0,5), just as in characteristic 5. We can view R as the subring of
the cyclotomic ring Zs[(25] fixed by the automorphism (o5 +— C275 of order 4, with
e=14+(5+ (2_51 + (3 + C2_57. Informally, R is the simplest ramified Z/5-extension
of Zs. More broadly, this action of G on (S5)r was chosen as possibly the simplest
action of Z/5 on a 3-fold in mixed characteristic (0,5) with an isolated fixed point.
The simplicity helps to ensure that the quotient scheme is terminal.

Proof. We work throughout over Zs. Write G = Z/5 = (0 : 0° = 1), with 7 := 0~ 1.
By de Fernex [I1], the action of G on S5 is conjugate to the birational action of G
on P2 by

T([x’ Y, Z]) = [:C(Z - y)v Z(x - y)’ J:Z]'
The fixed point over F5 is [-2,1,—1]. Let us change variables over Zs to move
that point to [0,0, 1] (although it is only fixed over F5). Namely, let vy = z + 2y,
v1 =z —x —y, and vo = y. In these coordinates, the action of G becomes

T[vo, v1,v2] = [31}8 + 3vgv1 — 12vgve — Svive + 101)%,

— v(% — o1 + Hugua + 3vivg — 503, (vo + v1 — v2)(vg — 3v2)].

Therefore, in affine coordinates (sg, s1) := (vo/v2,v1/v2), G acts by

10 — 1259 — 8s1 + 38% 4+ 35987 —H+ Hsg + 351 — 5(2) - 8081>
(3—=s0)(1 —s0—s1) 7 (3—=50)(1 —s0 — s1) '

This reduces modulo 5 to the formula for the action of GG on S5 over F5 in section

Bl

7(s0,51) = (

Let Yy = (S5) R, with the diagonal action of G on S5 and on R. Write e for the
generator e of R, to fit with our numbering of coordinates on Yy; so we have

0 =€) — 5ej + 25e3 — 25ey + 5.
Then G acts on an affine neighborhood U of the origin by:

10 — 1280 — 881 + 35% + 38081 -5+ 580 + 351 - 8% — S0S1
(3—=s0)(1 —s0—s1) ’ (3—=s0)(1 —s0—s1)

1
?(20 — 53eg + 8e2 4+ 9e3 — 26%)).

7(80,51,€2) = (

(The last expression is a generator of the Galois group of R over Zs, as one can check
via Magma. The denominator 7 occurs because the ring of integers of Q(C25)Z/ 4
is not monogenic, hence not generated over Z by es. This causes no difficulties,
because we are working over Zs.) Note that U is written with three variables over
Zs, but this is a regular scheme of dimension 3 because of the equation satisfied by
€9:

0 = e5 — bej + 25e5 — 25eq + 5.
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We will apply Theorem repeatedly to recognize the singularities of Y;/G,
for various blow-ups Y; of Y. We remark now that the assumption in Theorem
that p € eP~!m will be valid in each case, that is, that 5 € e*m. Indeed, we have
5 = e3(unit) on Yy, hence on each blow-up Y;, and es is a multiple of the function
e defining the Weil divisor [Y;G] in each case, that being the function e we will use
for Theorem So 5 is in the ideal (%), hence in e*m at each of the bad points.

Let X =Y/G. Since G acts freely on Spec R outside its closed point, the only
fixed point of G on Yj is the closed point P 2 Spec F; given by (so, s1,e2) = (0,0,0).
So X is normal of dimension 3, and X is regular outside the image of P, which we
also call P. Also, 5K x is Cartier.

It is not automatic from Fogarty’s results [I3], but we can use his methods to
show that X is not Cohen-Macaulay at P. As in the proof of Theorem [5| using that
G has an isolated fixed point on the 3-fold Yy, it suffices to show that H!(G, O(Y))
is not zero. This cohomology group is ker(tr)/im(1 — o) on O(Yp), where the trace
is 1+ 0+ + o' The equation 0 = €3 — 5ej + 25¢3 — 25e3 + 5 (specifically, the
coefficient of e3) implies that ey has trace 5. So tr(1 — e3) = 0, and hence 1 — ey
defines an element of H!(G,O(Y))). Note that 1 — e restricts to 1 € O(P) = F5 on
the fixed point P. Therefore, 1 — eo has nonzero image under the restriction map
HY(G,0(Yy)) — HY(G,0(P) = F5. So H(G,0(Yy)) is not zero, and hence Yy /G
is not Cohen-Macaulay.

It remains to show that Yp/G is terminal. This example is complicated, and
it may be impossible to resolve the singularities of X by performing G-equivariant
blow-ups of Yy. Fortunately, as in earlier sections, we can make Y7/G have toric
singularities after some G-equivariant blow-ups Y7 — --- — Y}, exactly parallel to
those in the characteristic 5 example (section . In fact, all the formulas we write
for the fixed point loci will look identical to those in the characteristic 5 example,
because we only need to write those formulas modulo suitable error terms. It will
then be easy to check that Yp/G is terminal.

The blow-up Y7 — Y at the G-fixed point is, over the open set U C Yj:

{((wo, 21, €2), [0, Y1, v2]) € U Xz, Py : Zoy1 = T1Y0, Toy2 = €230, T1Y2 = €ay1 }-

We will see that the fixed point set in Y] is a curve isomorphic to Piﬂs. To check
that, first work in the open subset {yo = 1} in Y7, with coordinates (sg, y1,y2); here
(s0, $1,€2) = (S0, Soy1, Soy2). This is an open neighborhood of the origin in

Spec Zs[so, y1, Y]/ ((s0y2)® — 5(soy2)* + 25(s0y2)* — 25(soy2) + 5),

by the equation for es. Since ea = spya, €2 is in the ideal (sg), and hence 5 is also
in (sp) (which lets us simplify formulas written modulo (sp)). It is straightforward
to compute how G acts in this chart, but we do not write it out, for brevity. The
exceptional divisor Ey is {sg = 0}, in this chart (and so Ej is isomorphic to P?
over F5). The fixed point scheme Y,© is defined by the vanishing of: I(sq) =
so(—y1 + O(s0)), I(y1) = (y§ + O(s0))/(1 — y1 + O(s0)), and I(y2) = y2(y1 +
O(s0))/(1 —y1 + O(s0)). We know that Y& is contained (as a set) in Eq (since Y
is only the origin in characteristic 5). So the fixed point set is the line {0 = sy = y1 },
in this chart.

In the chart {y; = 1} in Y7, we have sp = s1yo and ea = s1y2, so we have
coordinates (yo, s1,y2). Here Ey = {s1 = 0}. We can write the action of G in these
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coordinates (for example using Magma). We find that the fixed point scheme Y\ is
defined by the vanishing of: I(yo) = —1+ O(s1), I(s1) = s3(1 + yo — 2y2 + O(s1)),
and I(y2) = s1y2(—1—yo—y2+2y2 +0O(s1)). Since Y€ is contained (as a set) in Ey,
the first equation shows that YlG is empty, in this chart. In the last chart {y2 = 1}
in Y3, we have coordinates (yo, y1,€2), and Ey = {e2 = 0}. The fixed point scheme
is defined by: I(yo) = —y1 + O(e2), I(y1) = e(y1 + yi + yoy1 — 2y5 + O(e2)), and
I(e3) = e3(—1+ O(e)). Since Y€ is contained (as a set) in Fy, the fixed point set
is the line {0 = y; = e2}, the same line seen in an earlier chart.

Thus (Y¥),eq is isomorphic to P%?5- Our criterion for a quotient by G to have
toric singularities (Theorem requires the G-fixed locus to have codimension 1;
so let Y5 be the blow-up of Y; along this P'. Clearly G continues to act on Y. The
exceptional divisor E; in Y is a P'-bundle over Piﬂs, and so the natural way to
cover Fj by affine charts involves 4 charts, as follows. (See Figure [3] which applies
to the current example as well.)

Over the open set {yp = 1} in Y}, Y5 is the blow-up along the G-fixed curve
{0 = s9 = y1}, so Y3 has coordinates ((so,y1,¥2), [wo,w1]). First take {wo = 1}, so
y1 = sowi, and we have coordinates (sg,w1,y2). As in every other chart, there are
three variables over Zs, but this is a regular scheme of dimension 3 because of the
equation satisfied by es. In this case, we have es = spys, and so

0 = (soy2)” — B5(soy2)* + 25(s0y2)* — 25(soy2) + 5.

In this chart, Fy does not appear, and E; = {sp = 0}. The fixed point scheme
Y& is defined by: I(sg) = s2(—1 — w1 + O(s0)), I(w1) = =2+ O(sp), and I(y2) =
soy2(1+ w1 —y2 + O(s0)). We know that the fixed point set is contained in Fj, and
so the formula for I(w;) implies that Y;¥ is empty, in this chart.

In the other chart {w; = 1} in Y5 over the same open set in Yj, we have
so = y1wo, and so Ya has coordinates (wo,y1,y2). Here Ey = {wo = 0}, E1 =
{y1 = 0}. Also, ea = woyiy2. The fixed point scheme is defined by I(wg) =
wo(2wo+O0(y1))/(1=2wo+O(y1)), I(y1) = y1(—2wo+O(y1)), and I(y2) = y1y2(1+
wop — woy2 + O(y1)). So Y& is the line {0 = wy = y1} = Eo N Ey over Fs, in this
chart.

To see the rest of By C Y, work over the open set {yo = 1} in Y;. Here
Y5 is the blow-up along the G-fixed curve {0 = y; = ea}, so Y2 has coordinates
((yo,y1,€2), [r1,m2]). First take {r1 = 1} in Y3, so e = y172, and we have coordinates
(y0,y1,72). Here Ey = {ro = 0} and E; = {y1 = 0}. Here Y2G is given by
I(yo) = y1(=1+yor2 — ygr2 + O(y1)), I(y1) = yir2(—2y5 + O(y1)), and I(ra) =
r3(2y2 + O(y1))/ (1 — 2y¢ra + O(y1)). We know that the fixed point set is contained
in Fy, and we read off that it is the union of the two lines {0 = y; = 2} = Eg N E}
and {0 = yo = y1} in E;. The first curve appeared in an earlier chart, and the
second is new. Finally, the other open set is {ro = 1} in Y3, so y1 = esri, and
we have coordinates (yo,71,e2). Here Ey does not appear, and E; = {es = 0}.
Here Y is given by I(yo) = ea(yo — r1 — yg + Ofe2)), I(r1) = —2y2 + O(ea),
and I(ez) = e3(—1 + O(ez)). We read off that the fixed point set is the curve
{0 = yo = ez}, which is the second curve in the previous chart.

Thus (Y2)¢ as a set is the union of two P1’s over F5 meeting at a point. We
are trying to make the fixed locus have codimension 1, and so our next step is to
blow up one of those curves. Namely, let Y3 be the blow-up of Y5 along the G-fixed
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curve Ey N E;. The exceptional divisor Fsy in Y3 is a P'-bundle over P%s, and so
we need to look at four affine charts to see all of it. (See Figure |4 which applies to
the current example as well.)

First, work over the open set {r; = 1} in Y5 over {yo = 1} in Y;. Then Y3 is
the blow-up along the curve {0 = y; = r2} = Ep N E1, and so Y3 has coordinates
(Y0,y1,72), [21,22]. First take {21 = 1}, so r2 = w122, and we have coordinates
(0, Y1, 22). As in every other chart, there are three variables over Zs, but this is a
regular scheme of dimension 3 because of the equation satisfied by ey. In this case,
we have ey = y%zz, and so

0= (yiz2)” — 5(yizo)* + 25(yi22)® — 25(yi22) + 5.

In this chart, Ey = {z2 = 0}, Ey does not appear, and Es = {y; = 0}. The fixed
point scheme Y is defined by: I(yo) = y1(—1+0(y1)), I(y1) = y322(—252+O0(y1)),
and I(22) = y125(—y2 + O(y1)). These equations are equivalent to y; = 0, near Fy;
so the fixed point scheme Y2G is the Cartier divisor Fy, in this chart. (Thus, by
Theorem Y2/G is regular, in this open set.)

The other chart is {z3 = 1} in Y3, so y1 = 7221, and we have coordinates
(Yo, z1,72). Here Ey does not appear, E; = {21 = 0}, and Ey = {rs = 0}. Also,
ez = z172. The fixed point scheme Y is given by I(yo) = z17m2(—1 + O(r2)),
I(z1) = z1m2(y3 + O(r2)), and I(re) = r3(2y32 + O(r2)). The fixed point scheme
is generically Fo with multiplicity 1, together with the other fixed curve we knew
from Yo, here given by {0 = yp = 21} C E;. In more detail, the “bad locus”
where the scheme Y3G is not just Ey as a Cartier divisor is given by removing a
factor of 79 from these equations, yielding: 0 = 21(—1+ O(r2)), 0 = 21 (¥2 + O(r2)),
and 0 = r2(2y3 + O(r2)). We know the fixed locus away from FEs, so assume
that ro = 0; then these equations show that the bad locus inside E5 is the curve
{0221 :TQ}ZElﬂEQ.

Fortunately, Theorem implies that Y3/G has toric singularities at points of
E1 N E5 outside the origin. Namely, let e = 79 and s = z1; then I(s) = es(unit)
near 1 N Ey = {0 = 21 = ro} outside the origin. The theorem gives that Y3/G has
singularity %(0, 1,2) at points of Ej N Ey outside the origin.

To see all of Fy C Y3, we also have to work over {w; = 1} in Y5, with coordinates
(wo,y1,y2), over {yo = 1} in Y;. Here Y3 is the blow-up along the G-fixed curve
{0 = wyp = y1} = Eo N Ey, so Y3 has coordinates (wo, y1,¥y2), [vo, v1]. First take
{vo = 1}, so y1 = woyvy, and we have coordinates (wg,v1,y2) on Y3. Here Ey does
not appear, By = {v; = 0}, and Fy = {wg = 0}. Also, e = wiv1y2. The fixed point
scheme is defined by: I(wp) = w(2 —2v1 + O(wy)), I(v1) = wovi (1 — 2v1 + O(wyp)),
and I(y2) = wov1y2(1 + O(wyp)). In the chart we are working over in Y, the fixed
set Y5 is only the curve Ey N E; we are blowing up, and so Y (in this chart) is
contained in Fs as a set. By the equations, YgG is generically the Cartier divisor
E,, and the bad locus (where that fails) is given by 0 = wp, 0 = v;(1 — 2v;), and
0 = v1y2. So the bad locus is the union of the curve {0 = wg = v1} = E1 N E»
and the point (wo,v1,y2) = (0, —2,0) in Ey. By Theorem (using e = s = wo),
Y3/G has singularity %(2, 1,0) everywhere on the curve Ey N FEo (in this chart), in
agreement with an earlier calculation.

To analyze the bad point above, change coordinates temporarily by t; = v; + 2;
then the bad point becomes the origin in coordinates (wy,t1,y2). In these coordi-
nates, we have I(wg) = w3(1 — 2t1 + O(wy)), I(t1) = I(v1) = (—t1 — 2t3 + O(wyp)),
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and I(y2) = woy2(—2+ O(wy)). Theorem [2.2| applies, with s = e = wp, and we read
off that Y3/G has singularity %(1, —1,—2) at this point. That is terminal, by the
Reid-Tai criterion (Theorem [1.1)).

The last chart we need to consider in Y3 is the other open set {v; = 1} over the
open set above in Ys, {w; = 1} C Y2 over {yo = 1} C Y1. So wo = y1v9, and we
have coordinates (vo,y1,y2). Here Ey = {vg = 0}, E; does not appear, and Fy =
{y1 = 0}. Also, ez = voydys. Here YT is defined by: I(vg) = voy1(2 — vo + O(w1)),
I(y1) = ¥2(1 —2v0+ O(y1)), and I(y2) = y1y2(1+ O(y1)). As in the previous chart,
we know that Y3G is contained in Fs as a set. By the equations, Y3G is generically
the Cartier divisor Fs, and the bad locus (where that fails) is given by 0 = yi,
0 =v0(2 — 1), and 0 = yo. Thus there are two bad points in this chart, (vo, y1, y2)
equal to (2,0,0) € Ey or (0,0,0) € Ep N Ey. The first is the bad point from the
previous chart, but the second one is new. Theorem [2.2] works to analyze the second
point (the origin), with e = s = y;. We read off that Y3/G has singularity %(2, 1,1)
at this point.

That finishes the analysis of Y3. In particular, as a set, Y3G is the union of the
divisor Fo and a curve in Fy. It is tempting to blow up the G-fixed curve next,
but that leads to a large number of blow-ups over one point of the curve, where the
fixed point scheme is especially complicated. We therefore define Y, as the blow-up
at that point, and only later blow up the whole curve. This leads more efficiently
to toric singularities.

Namely, let Yy be the blow-up of Y3 at the origin in the chart {ro = 1} in Y5 (un-
changed in Y3), with coordinates (yo, 71, e2). So Yy has coordinates (yo, 1, €2), [0, g1,
The exceptional divisor Fj3 is isomorphic to P]2_;‘5, and so it is covered by 3 affine
charts. First take {qo = 1} in Yy, so r1 = yoq1 and ea = yoge, and we have coor-
dinates (yo0,q1,¢2). As in every other chart, there are three variables over Zs, but
this is a regular scheme of dimension 3 because of the equation satisfied by es. In
this case, we have ey = y9g2, and so

0= (y0g2)® — 5(y0q2)* + 25(10g2)? — 25(yog2) + 5.

Here By = {qg2 = 0} and E3 = {yo = 0}. The fixed point scheme Y is
defined by: I(yo) = yga2(1 — ¢1 + O(w0)), I(a1) = (=2 + q1g2 + ¢ia2 + O(wo)),
and I(g2) = y0g3(—2+q1 + O(yo)). So Y, is generically the Cartier divisor Fs; the
G-fixed curve in E; does not appear in this chart. The bad locus (where the scheme
Y is not just E3) is given by 0 = yg, 0 = —2+q1q2 + ¢2q2, and 0 = ¢2(—2+q1). By
the second equation, gs # 0, and so the third equation gives that g = 2. Then the
second equation gives that 0 = —242g2 — g2 = —2+ g2, so g2 = 2. That is, there is
only one bad point in this chart, (yo,q1,q2) = (0,2,2) € E3. To analyze that point,
change coordinates temporarily by s; = ¢1 —2 and s2 = g2 — 2. In these coordinates,
I(yo) = yg(—2—s1—s2—5152+0(10)), I(51) = I(q1) = yo(s2+25]+5752+0(y)), and
I(s2) = I(q2) = yo(—s1 — s182 + s155 + O(y0)). By Theorem with e = s = yo,
Y1/G has a ps-quotient singularity. Explicitly, the linear map ¢ over Fy in the
theorem is o(yo) = —2yo, w(s1) = s2, and ¢(s2) = —s1, which has eigenvalues
—2,2,—2. So Y, /G has singularity é(—2, 2,—2) at this point. This is terminal, by
the Reid-Tai criterion.

Next, take the open set {g1 = 1} in Yy, so yo = r1qo and ey = ri1qe, and Yy
has coordinates (qo,71,q2). Here E1 = {¢g2 = 0} and E3 = {r; = 0}. The fixed
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point scheme Y, is defined by: I(q) = r1(—q2 — qog2 + 2¢3 + O(r1)), I(r1) =
72(2q2 — 2¢2 + O(r1)), and I(g2) = r1¢2(2g2 + 2¢2 + O(r1)). So Y& is generically
the Cartier divisor Ej3, together with the G-fixed curve {0 = gy = g2} in E;. The
bad locus in Fs3 is given by 0 = r1, 0 = —g2 — qog2 + 2q8’, and 0 = ¢2(2¢2 + 2q(2)).
This yields two bad points, (go,71,¢2) equal to (—=2,0,1) or (0,0,0). The first one
is the bad point from the previous chart, and the second is not surprising, as it is
the intersection point of F3 with the G-fixed curve.

Finally, take the open set {go = 1} in Yy, so yo = eaqo and 1 = e2q1, and
we have coordinates (qo,q1,e2). Here E; does not appear, and F3 = {ey = 0}.
The fixed point scheme Y7 is defined by: I(qo) = e(2g0 — q1 + O(e2)), I(q1) =
e(—2q1 — 2¢2 + O(e3)), and I(e2) = €3(—1 + O(eq)). So Y is generically E3. The
bad locus in FEj3 is given by: 0 = ez, 0 = 2qgp — q1, and 0 = —2¢; — 2q(2). This yields
two bad points, (qo, q1,e2) equal to (—2,1,0) (seen in the previous two charts) or
(0,0,0), which is new. Theorem applies at this new point, with e = s := es.
The Fs-linear map ¢ is given by ¢(q0) = 290 — q1, ¢(q1) = —2q1, and @(ez) = —ea.
So ¢ has eigenvalues (2, —2,—1), and hence Y;/G has singularity %(2, —2,—1) at
this point. This is terminal, by the Reid-Tai criterion.

That completes our description of Yy. Next, let Y5 be the blow-up of Y along
the G-fixed curve in E;. The exceptional divisor E, in Y3 is a P'-bundle over Pll;s,
and so it is covered by four affine charts. First work over the open set {z2 = 1} in Y3
(unchanged in Yj), with coordinates (yo, 21,72); this contains the point where the
G-fixed curve in 1 = {z; = 0} meets Ey = {ro = 0}. Here Yj is the blow-up along
the G-fixed curve {0 = yp = 21}, and so Y5 has coordinates (yo, 21, 72), [ro, n1]-
First take the open set {ng = 1} in Ys, so 23 = yoni, and we have coordinates
(yo,n1,72). As in every other chart, there are three variables over Zs, but this is a
regular scheme of dimension 3 because of the equation satisfied by es. In this case,
we have eg = yonlrg, and so

0 = (yonar3)° — 5(yorar3)* + 25(yon1r3)® — 25(yonar3) + 5.

In this chart, By = {n1 = 0}, By = {rp = 0}, and Ey = {yo = 0}. The fixed
point scheme Y% is defined by: I(yo) = yonira(—1 + O(w)), I(n1) = nira(ng +
O(y0))/(1 = nira + O(yo)), and I(r2) = yora(—2n1r2 + O(yp)). So Y, as a set, is
the union of the divisor Ey and the curve {0 = yp = n1} = E1 N Ey. (In particular,
the fixed point set is still not all of codimension 1.) We have analyzed the bad locus
of E5 in previous steps, but we have to add here that the bad locus of F» is disjoint
from E»sN Ey except for the point where Eo meets the G-fixed curve, by the formula
for I(n1). (See Figure [p| which applies to the current example as well.)

The other chart is {ny = 1} in Y5, so yo = zi1ng, and we have coordinates
(ng, z1,72). Here E; does not appear, E; = {ro = 0}, and E4y = {z; = 0}. Also,
ez = z17r3. The fixed point scheme Y is defined by: I(ng) = ra(—1 + O(z1)),
I(z1) = 23r9(=2r9 + O(21)), and I(re) = 2173(—2r9 + O(z1)). These equations
reduce to ro = 0 near F4, and so Y5G is the Cartier divisor Es, in this chart.

To finish our description of F4 in Y5, we work over the open set where the
G-fixed curve in Yy meets E3, namely {¢; = 1} in Yj. Here Y has coordinates
(qo,71,492), E1 = {q2 = 0}, E3 = {r1 = 0}, and the G-fixed curve is {0 = go = ¢2} in
Ej. So the blow-up Y5 along the G-fixed curve has coordinates (qo,71,q2), [uo, u2).
First take {ug = 1} in Y5, so g2 = qoug, and we have coordinates (qo, 71, u2). Here
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Ey = {us =0}, E3 = {r; =0}, and E4 = {qo = 0}. Also, ea = goriuz. The fixed
point scheme Y:& is defined by: 1(go) = qor1(—u2+0(q0)), I(r1) = qor?(2us+0(qo)),
and I(uz) = riu3(1+ O(qo))/(1 — riug + O(qo)). We know the fixed set outside
FE,, and so we read off that the fixed set is the divisor F3 together with the G-fixed
curve Fq1 N Ey found earlier. We have analyzed the bad set of F3 away from Ej4 in
earlier blow-ups, and we see from the formula for I(ug) that the bad set of E3 near
FE3 N Ey is only the point F1 N F3 N Ey where the G-fixed curve meets Ej3.

The other chart is {ug = 1} in Y5. Here gy = gaug, and so we have coordinates
(ug,r1,q2). Here Ej does not appear, F5 = {r; = 0}, and E; = {g2 = 0}. Also,
ez = r1q2. The fixed point scheme Y¥ is defined by: I(ug) = ri(—1+ O(ga)),
I(r1) = 72¢2(2 + O(q2)), and I(q2) = 71¢3(2 + O(g2)). These equations reduce to
r1 = 0 near Fy, and so the fixed point scheme Y5G is the Cartier divisor F3, in this
chart.

That completes our description of Y5. Let Y be the blow-up of Y5 along the
G-fixed curve E; N Ey4. The exceptional divisor E5 in Yg is a P'-bundle over P%‘5,
covered by four affine charts. First take the open set {ny = 1} in Y5, which contains
the point where the G-fixed curve meets FEy. Here Y5 has coordinates (yo,n1,72),
with By = {n1 = 0}, Ey = {ro = 0}, and B4 = {yo = 0}. Since Y is the
blow-up along the G-fixed curve {0 = yo = n1} = E; N E4, Ys has coordinates
(yo,n1,72), [mo, mq]. First take {my = 1} in Y5, so n; = yomq, and we have
coordinates (yo,m1,72). As in every other chart, there are three variables over Zs,
but this is a regular scheme of dimension 3 because of the equation satisfied by es.
In this case, we have es = y2m173, and so

0 = (ygmar3)° — 5(ygmary)* + 25(ygmar3)® — 25(ygmars) + 5.

In this chart, £y = {m; = 0}, Ey = {ro = 0}, E4 does not appear, and E5 =
{yo = 0}. The fixed point scheme Y is defined by: I(y) = ydmira(—1+ O(yo)),
I(m1) = yomira(2my + O(yo)), and I(ra) = y3r3(2 — 2myre + O(yo)). We know
the fixed point set away from Ej5, and so we read off that the fixed point scheme
is generically the Cartier divisor E2 + E5. (Since Ej is fixed by G, we have finally
made the fixed point set of codimension 1.) Let e = yora. The bad locus (where the
scheme YGG is more than the Cartier divisor E2 + Es5), on Es, is given by factoring
out e from the equations and setting yo = 0, so we get: 0 = yo and 0 = 2m2. So, as
a set, the bad locus is the curve {0 = y9 = m1} = E1 N E5. Theorem does not
seem to apply to this curve, and so Ys/G might not have toric singularities there;
we will have to blow up one more time.

For now, look at the other open set, {m; = 1} in Y5. So sy = nimg, and we
have coordinates (mg,ni,72). Here E; does not appear, By = {ry = 0}, E; =
{mg = 0}, and E5 = {n; = 0}. Also, e = yom3r3. The fixed point scheme
Y& is defined by: I(mg) = monira(—2 + O(n1)), I(n1) = n3ra(1 + O(ny)), and
I(ry) = mon3r3(2mg — 2ra + O(ny)). Since we know the fixed point set outside Ej,
we read off that the fixed point scheme is generically the Cartier divisor Ey + FEj5.
Let e = nyre. The bad locus (where the scheme YGG is more than the Cartier divisor
Es + Es) is the curve {0 = mg = n1} = E4N E5. Fortunately, Theorem applies,
with s = mgy. We read off that Ys/G has singularity %(—2, 1,0) along the whole
curve E4 N Es, in this chart.

To finish describing F5 C Y, we have to work over the open set {ug = 1}
in Y5, where the G-fixed curve E1 N Ey in Ys meets E3. Here Y5 has coordinates
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(qO,Tl,UQ), with By = {UQ = 0}, Ey = {7“1 = 0}, and By = {qg = 0}. Then
Y is the blow-up along the G-fixed curve {0 = g9 = ug} = E1 N Ey, so Yy has
coordinates (qo, 71, u2), [to, t2]. First take {txc = 1} in Yg, so ug = gouz and we have
coordinates (qo,71,t2). Here E1 = {to = 0}, E5 = {r; = 0}, E4 does not appear,
and E5 = {qo = 0}. Also, ez = g3r1t2. The fixed point scheme is defined by: I(qo) =
@ér1(—t2+ O(qo)), I(r1) = ¢@gri(—2+ 2t + O(qo)), and I(t2) = qorita(2t2 + O(qo))-
So the fixed point scheme is generically F3 + E5. Let e = ¢ori. The bad locus
(where the scheme Y6G is more than the Cartier divisor E3 + E5), in Fs, is given by
0 = qo and 0 = 23, so (as a set) it is the curve {0 = qo = t2} = E1 N Es5, which we
met in an earlier chart.

The other chart is {ta = 1} in Yg, so qo = uatp, and we have coordinates
(to,m1,u2). Here Ej does not appear, Es = {r; = 0}, E4 = {tp = 0}, and E5 =
{ug = 0}. Also, ey = qgrltg. The fixed point scheme YGG is defined by: I(tg) =
toriuz(—2 + O(u2)), I(r1) = tor?u3(2 — 2ty + O(u2)), and I(uz) = r1u3(1+ O(ug)).
So YGG is generically F3+ E5. Let e = ryug. The bad locus (where the scheme Y6G is
more than the Cartier divisor E3+ Ej5), in Es, is the curve {0 = tg = ua} = E4N Es,
which we met in an earlier chart. Theorem applies, with s = ty. Namely, Ys/G
has singularity %(—2, 0,1) everywhere on the curve E4 N Es5 in this chart (including
the origin, which did not appear in the earlier chart).

That completes our description of Yg. In particular, the G-fixed locus has codi-
mension 1 in Yg, and Ys/G has toric singularities outside the image of the curve
E1 N E5. Let Y7 be the blow-up of Yg along that curve. The exceptional divisor
FEs in Y~ is a P'-bundle over Ph, and so we will cover Eg with four affine charts.
First, work over the open set {mo = 1} in Yy, where the bad curve E; N E5 meets
E,. Here Yg has coordinates (yo,m1,72), with By = {m; = 0}, Ey = {ro = 0}, and
Es = {yo = 0}. Since Y7 is the blow-up along the curve {0 = yo =m1} = Ey N E5,
Y7 has coordinates (yo,m1,72), [jo, j1]. (See Figure [6] which applies to the current
example as well.)

First take {jo = 1} in Y7, so m; = yoj1, and we have coordinates (yo,j1,72).
As in every other chart, there are three variables over Zs, but this is a regular
scheme of dimension 3 because of the equation satisfied by es. In this case, we have
e2 = yajir3, and so

0= (yo1r3)” — 5(yosirs)* + 25(y5i1r3)* — 25(yij1r3) + 5.

In this chart, Fy = {j1 = 0}, Ey = {ro = 0}, E5 does not appear, and Fg =
{yo = 0}. The fixed point scheme Y% is defined by: I(yo) = ydjira(—1 + O(w0)),
I(j1) = y2j1r2(1 — 241 + O(yo)), and I(r2) = y2r3(2 + O(yo)). So Y is generically
the Cartier divisor Fy +2Fg. Let e = y%rg. The bad locus (where the scheme Y7G is
more than the Cartier divisor o + 2Eg), in Eg, is given by 0 = yo, 0 = j1(1 — 2j1),
and 0 = 79, so it consists of the two points (yo, j1,72) equal to (0,0,0) = E1NEsNEg
or (0,—2,0) € EaNEg. At the first point, Theoremapplies, with s = r9. We read
off that Y7 /G has singularity (0, 1,2) everywhere on the curve E1NE; (including the
origin, which did not appear when we saw E; N Es in an earlier chart). To analyze
the second point, change coordinates temporarily by s; = j1 + 2; then that point
becomes the origin in coordinates (yo, s1,72). We have I(yo) = ygr2(2—s1+0(yo)),
I(s1) = I(j1) = y3ra(—s1 — 252 + O(yo)), and I(r2) = y2r3(2 + O(yo)). Theorem
applies, with s = ro. We read off that Y7/G has singularity %(2, —1,2) at this
point.
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The other open set is {j; = 1} in Y7, so yo = m1jo, and we have coordinates
(jo,mi,72). Here Ej does not appear, Fo = {ro = 0}, E5 = {jo = 0}, and
Es = {m1 = 0}. Also, ez = j2m3r3. The fixed point scheme Y. is defined by:
I(jo) = jomira(2 — jo + O(mu)), I(m1) = jomira(2 + jo + O(m1)), and I(r2) =
§em2r3(2 4+ O(m1)). So Y& is generically Fy + E5 + 2Fg. Let e = jom2ry. The
bad locus (where the scheme Y7G is more than the Cartier divisor Ey + E5 + 2Es),
on Fg, is given by: 0 = my, 0 = j0(2 — jo), and 0 = jgra. So the bad locus is the
union of the curve {0 = jo = m1} = E5 N Eg and the point (jo, m1,72) = (2,0,0) in
Es N Eg. That point is the one we analyzed in the previous chart. For the curve,
Theorem applies, using s = jo. We read off that Y7/G has singularity %(2, 2,0)
everywhere on the curve E5 N Fg, in this chart.

Last, work over the open set {ty) = 1} in Yg, where the bad curve F1 N E5 meets
Es. Here Yy has coordinates (qo,71,t2), with E1 = {to = 0}, E3 = {r; = 0}, and
Es = {qo = 0}. We obtain Y7 by blowing up along the curve {0 = g9 = t2} = E1NE5,
so Y7 has coordinates (qo,71,t2), [xo,x2]. First take {xog = 1}, so ta = qox2, and
we have coordinates (qo,r1,22). Here Ey = {za = 0}, E3 = {r; = 0}, E5 does
not appear, and Eg = {qo = 0}. Also, es = ggrize. The fixed point scheme
Y& is defined by: I(qo) = ¢ir1(2 — 2 + O(q)), I(r1) = ¢¢ri(—2 + O(qo)), and
I(z2) = gdriza(1 — 222 + O(qo)). So Y& is generically E3 + 2Eg. Let e = gry.
The bad locus (where the scheme Y7G is more than the Cartier divisor F3 + 2Eg),
in Eg, is given by: 0 = qp, 0 = 71, and 0 = x2(1 — 2x9), so it consists of the
two points (qo,r1,x2) equal to (0,0,0) = E; N E3 N Eg or (0,0,—2) in E3 N Eg.
Since I(r1) = eri(unit), Theorem applies at both points. At the origin, the
theorem gives that Y7/G has singularity %(2, —2,1), which is terminal. For the
other point, change coordinates temporarily by y» = x2 + 2, so that the point
becomes the origin in coordinates (qo, 71, y2). We have I(g0) = ggr1(—1—y2+0(q0)),
I(r1) = @33 (=2+0(q)), and 1(y2) = I(z2) = ¢r1(—y2—2y3+O0(qo)). So Theorem
2.2| gives that Y7/G has singularity %(—1, —2,—1) at this point.

The other chart is {z2 = 1} in Y7, so ¢y = texp, and we have coordinates
(zo,71,t2). Here Ey does not appear, F35 = {r; = 0}, E5 = {9 = 0}, and Eg =
{ty = 0}. Also, ez = x2r1t3. The fixed point scheme Y. is defined by: I(xg) =
23r1t3(2 — o + O(ta)), I(r1) = 23r?t3(—=2 + O(t2)), and I(t2) = zorit3(2 — 220 +
O(t2)). So Y-¥ is generically E3 + E5 + 2Fg. Let e = xorit3. The bad locus (where
Y7G is more than the Cartier divisor E3 + E5 4+ 2Fg), in Eg, is given by: 0 = to,
0 = z9(2—x¢), and 0 = zor1, which is the union of the curve {0 = z¢g = to} = E5NEg
and the point (zg,r1,t2) = (2,0,0) in E3 N Es. We analyzed that point in the
previous chart. Theorem applies to the curve, using s = xg. We read off that
Y7 /G has singularity %(2, 0,2) everywhere on the curve E5NEj (including the origin,
which did not appear in the earlier chart where we met this curve).

That completes our analysis of Y7; we have shown that Y7/G has toric singu-
larities. The sequence of blow-ups and the descriptions of the singularities of Y7/G
are identical to those in the characteristic 5 example, Theorem Given that, the
proof that Yj/G is terminal is unchanged from that of the characteristic 5 example.
Theorem is proved. O

Remark 9.2. As in Remark[7.2] I expect that there is also a 3-dimensional scheme X,
flat over Zs, that is terminal and non-Cohen-Macaulay with Kx Cartier. Namely,
one should replace the p-adic integer ring R = Zs5[C25)%/* in Theorem by S =
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Zs5[C25], with the action of Z/5 C (Z/25)*.
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