GEOMETRY OF TROPICAL MUTATION SURFACES WITH A SINGLE MUTATION

TOMOKI ODA

ABSTRACT. Recently, Escobar, Harada, and Manon introduced the theory of polyptych lattices. This theory
gives a general framework for constructing projective varieties from polytopes in a polyptych lattice. When
all the mutations of the polyptych lattice are linear isomorphisms, this framework recovers the classical
theory of toric varieties. In this article, we study rank two polyptych lattices with a single mutation. We
prove that the associated projective surface X is a Gy,-surface that admits an equivariant 1-complement
B € | — Kx| such that B supports an effective ample divisor. Conversely, we show that a Gp,-surface X
that admits an equivariant 1-complement B € | — K x| supporting an effective ample divisor comes from a
polyptych lattice polytope. Finally, we compute the complexity of the pair (X, B) in terms of the data of
the polyptych lattice, we describe the Cox ring of X, and study its toric degenerations.
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1. INTRODUCTION

In [9], Escobar, Harada, and Manon introduced the notion of polyptych lattices. A polyptych lattice
consists of a collection of lattices called charts, equipped with piecewise linear identifications between them,
referred to as mutations in the literature [1, 18]. Polyptych lattices provide a framework for a natural
generalization of toric geometry. To a polyptych lattice M, the authors associate a commutative algebra
An; any such algebra is called a detropicalized algebra of M (cf. Definition 2.1). The algebra A plays
a role analogous to the Laurent polynomial ring in toric geometry, and its spectrum Uga,, := Spec(An) is
called the affine tropical mutation variety (cf. Definition 2.1).

In this article, we focus on the shearing polyptych lattices M for s integer, introduced in [5]. Each M
is obtained by gluing two lattices along a shear across two linear regions (cf. Definition 2.11); it is arguably
the simplest example of a polyptych lattice with nontrivial mutations. Thus, M provides a natural testing
ground for studying tropical mutation varieties of higher rank or additional linear domains. These surfaces
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2 T. ODA

extend classical toric phenomena to the log Calabi—Yau setting and also exhibit new phenomena absent from
toric geometry.

For instance, unlike the case of G2,, affine tropical mutation surface U4 . admits nontrivial deformations.
As a first result, we classify all isomorphism classes of detropicalizations of M.

Theorem 1.1 (cf. Theorem 3.8). Let s > 1. The coarse moduli space of detropicalizations of the polyptych
lattice M is given by the quotient
As_l/D2sa
where Doy denotes the dihedral group generated by the cyclic subgroup us of s-th roots of unity, generated
by ¢ and a reflection s.
The group D acts on the coordinate space A*~1 = Spec Kby, ..., bs_1] by

C . (bla .. -absfl) = (Cbh C2b27 DR Cs_lbsfl) (C € MS)?
and
S <b17' .. 7b871) = (b8717 b5723 R bl)

We also proved that the detropicalization of Mg is determined by the choice of degree s monic polynomial
J € K[y] with constant term 1 and b; are the coefficients y*. We denote by Uy := Spec(Ay) the affine tropical
mutation variety corresponding to the detropicalization of M defined by f.

Given a polytope P C M, Escobar-Harada—Manon showed in [9, Theorem 7.11] that Uy,, admits a
compactification by adding a boundary divisor B(P), producing a projective variety X4, (P). We call
X 4, (P) the tropical mutation variety, B(P) the tropical mutation boundary, and the pair (Xa,,(P), B(P))
a tropical mutation pair. When no mutation is present, this construction specializes to the usual notion of a
toric pair'. For the shearing polyptych lattice M, we denote the tropical mutation surface by X +(P).

The second theorem studies tropical mutation pairs (X¢(P), B(P)) through the invariant known as the
complexity (cf. Definition 5.1). In the toric case, every toric pair (T'(P), B) has complexity zero, independent
of the choice of polytope P. We extend this to shearing tropical mutation surface pairs, showing that for
(X¢(P),B(P)), the complexity is likewise independent of the choice of P.

Theorem 1.2 (cf. Corollary 5.11). Let P be a polytope in the rank-two shearing polyptych lattice M for
s> 1, and let (X;(P), B(P)) be a tropical mutation pair associated to degree s polynomial f € K[y]. Then

(1) B(P) support an effective ample divisor;
(2) Gm < AUt(Xf(P)v B(P))a
(3) (Xf(P),B(P)) is a cluster type pair; and

(4) the complexity of (X;(P), B(P)) is equal to the number of distinct roots of f.

Cluster type varieties were introduced by Enwright—Figueroa-Moraga (cf. [7, Definition 2.26]) as a natural
generalization of toric varieties from a birational perspective.
The third theorem provides a simple geometric characterization of tropical mutation surface pairs.

Theorem 1.3 (cf. Theorem 6.6). Let (X, B) be an index one log Calabi-Yau surface pair with B supports
an effective ample divisor and G,,, < Aut(X, B). Then (X, B) is a tropical mutation surface pair.

In the proof of Theorem 1.3, we use the toric degeneration 7,: X, — A! constructed by Escobar—
Harada—Manon [9, Theorem 7.22]. These families are trivial away from the origin: the general fiber is
X4, (P), while the fiber over the origin is the toric variety T(P,), where P, denotes the chart image of P.

Our fourth theorem constructs a family degenerating T'(P;) and T'(P;), and provides its description via
the divisorial fan Sy.

1i‘e, the variety X is a projective toric variety and B is the reduced sum of the torus invariant divisors.
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Theorem 1.4 (cf. Theorem 2.9, Theorem 7.4). Let Uy be an affine tropical mutation variety associated
with the polyptych lattice Mg, and let P C M; be a polytope with chart images P; and P». Let T(P;) be
the projective toric variety associated to P; and X¢(P) be the compactification of Uy associated to P. Then
the following hold:

(1) there exists a projective flat family 7y p: X;(P) — P! whose special fibers at {0} and {oco} are
isomorphic to

Xpo(P) = T(P1),  Xjo(P) = T(P),

and general fiber is X;(P). Away from {0,00} the family is a trivial.
(2) for each f there exists a divisorial fan Sy on P! x P! such that

X5(P) = X(S)).

and the composition X (S¢) --» P! x Pt 22, pt equals 7y p. Here pr, is the projection to the second
coordinate.

Finally, we provide a complete description of the Cox rings of tropical mutation surfaces associated with
the shearing polyptych lattices M. As an application, we obtain a concrete combinatorial criterion that
characterizes precisely when a tropical mutation surface X (P) is toric.

Theorem 1.5 (cf. Theorem 8.5, Corollary 8.6). Let f(y) = [[_,(y — @;)” be a degree s polynomial
with o; € K*, 37 8 = s, and [[a; = 1. Let P C M, be a polytope defined by tropical points
pi = (a;,bi,¢;),9=1,...,n, where ¢1,...,¢; > 0 and ¢j41,...,¢, <O0.

Let D; is the irreducible component of the tropical mutation boundary corresponding to tropical point p;
and C1,...,Cy, are interior curves in Uy under compactification to X s(P). Then the following hold:

(1) the class group of X;(P) is isomorphic to

n n 2 J
Z(Dy,..., Dy, Ch,...,Coy) [ <ZCiDi, > aiDi+ > BiCai, Y —ciDi+ Cop1 + Cop | k= 17~~~77> :
i=1 i=1 =1

i=1
(2) the Cox ring of X¢(P) is

COX(Xf(P)) = K[wl, e ,’LUn_;,_zfy] / <’wn+2i_1’wn+21‘ + Q5 wfl e ’LU;J - ’LUJ_JleJrl e ’LU,;C" 1= 1, e ,’}/> s

where w; corresponds to [D;] for 1 < i < n and w,; corresponds to [C;] for 1 < i < 2v under the
grading of C1(X;(P)).
(3) the surface X¢(P) is toric if and only if f is equivalent to (y + 1)®, and either:
(a) all but one of the coefficients ¢; are +1 and the others are nonpositive, or
(b) all but one of the coefficients ¢; are —1 and the others are nonnegative.

In earlier work, Haussen-Siif§ [13] and Altmann-Petersen [2] computed Cox rings of varieties with torus
action by describing the corresponding polyhedral divisors. Using the language of T-varieties one can im-
mediately prove Theorem 1.5 from Theorem 1.4. Our approach is different, as we intend to highlight the
combinatorial data of the tropical mutation variety and the tropical mutation boundary.

Acknowledgments. The author is grateful to Joshua Enwright, Laura Escobar, Megumi Harada, Nathan
Ilten, Christopher Manon, Joaquin Moraga, and Burt Totaro for many helpful comments and suggestions.
The author is especially grateful to Joaquin Moraga for his invaluable guidance and supervision throughout
this project. The author thanks Nathan Ilten for many comments that helped to improve the content of this

paper.
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2. PRELIMINARIES

Throughout the article, we assumed that K is an algebraically closed field of characteristic zero. We use
the term polyptych lattice to mean a finite polyptych lattice.

We adopt the framework of polyptych lattices and detropicalized algebras developed in [9], and restate
some of their consequences with minor adjustments in notation and conventions. For the complete construc-
tion, we refer the reader to [9].

Definition 2.1. (cf. [9, Definition 6.3]) Let Aq be the detropicalized algebra associated with a polyptych
lattice M. The affine tropical mutation variety is defined as Uy, := Spec(Am).

Throughout this article, we consider finitely generated K-detropicalized algebras, as opposed to the more
general Noetherian K-algebras considered in [9].

A detropicalized algebra associated with strictly dualizable polyptych lattice (cf. [9, Definition 4.1]) admits
a natural K-vector space basis, called an adapted basis (cf. [9, Definition 6.5]). In this article, we denote
elements of the adapted basis by 0, using a notation that differs slightly from that of the original.

We use the term polytope in place of what is referred to as a PL polytope (cf. [9, Definition 5.1]) in
the original literature. Unless explicitly stated otherwise, all polytopes will be assumed to be convex and
integral.

Definition 2.2. (cf. [9, Theorem 7.6]) The polytope algebra is the graded algebra

o0
ANy = T (Uap, kP) - 1.
k=0
The associated projective variety
X4, (P) := Proj Ay,
is called the tropical mutation variety associated with P.

Definition 2.3. (cf. [9, Theorem 7.11]) Let M be a strictly dualizable polyptych lattice and (M, N, v, w)
a strictly dualizable pair. M is degenerable if it is detropicalizable and there exists a strictly dual pair such
that, for every n; € N, there is a chart « € I with 7, (v(n;)) linear on M,.

For the clarity of exposition, we use the term tropical point in place of what is referred to as a ”point”
in the original literature (cf. [9, Definition 3.1]). Now we establish a correspondence between polytopes and
the boundary divisors of tropical mutation varieties.

Definition 2.4. Let M be a degenerable polyptych lattice, and let P C M be a polytope bounded by
inequalities of the form p; — a; for tropical points p; € Sp(M) and integers o; € Z.o. A Facet is the
codimension one subset F; := {m € Mg | p;(m) — «; = 0}.

Theorem 2.5. (cf. [9, Theorem 7.11]) Let X 4,,(P) be the tropical mutation variety associated with P, and
let Ua,, denote the corresponding affine tropical mutation variety. Then:
(1) Ua,, is a dense open subvariety of X4, (P);
(2) the complement B(P) := Xa,,(P)\Ua,, is a divisor;
(3) for each irreducible component D; € Supp(B(P)), there exists a facet F; of P such that D; is the
vanishing locus of the adapted basis away from the facet F;; and
(4) B(P) supports an effective ample divisor.

Definition 2.6. Let P C M be a polytope. We define the divisor B(P) := Xa4,,(P)\Ua,, and refer to it
as the tropical mutation boundary. The pair (XAM (P), B(P)) is called the tropical mutation pair. For each
facet F; of P, we denote by D; the irreducible component of B(P) corresponding to F;, and refer to D; as
the boundary component associated with F;.
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When the choice of P is clear, we will simply denote tropical mutation boundary as B. From now on, we
will also assume all polyptych lattices are degenerable. Furthermore every facet is defined by an equation of
the form p; — a; = 0 for a tropical point p; € Sp(M) and «; € Zo.

Let X4,,(P) be a tropical mutation variety whose affine tropical mutation variety Ua,, is a normal
variety, and P is a normal polytope (cf. [9, Definition 7.13])% , then X4,,(P) is embedded to the projective
spaces by adapted basis.

Proposition 2.7. (cf. [9, Lemma 7.14 and Proposition 7.16]) Let M be a polyptych lattice and A its
strict dual w: N — Sp(M). Let P C M be a normal polytope defined by the tropical points w(ni) =
aq,...,w(ng) = ai. Let D; be the divisor associated to the tropical point w(n;). If Arq is normal, then the
following statements hold:

(1) Xa,,(P) is normal;

(2) the valuation ordp, : Ax\{0} — Z is the composition v o n;; and

(3) for any integral polytope P, the algebra AZ\),[ is generated in degree 1.

Tropical mutation varieties admit several toric degenerations over A!. In Theorem 2.9 below, we combine
these degenerations into a single family defined over projective space.

Theorem 2.8. (cf. [9, Theorem 7.21]) Let M = ({My}aer, {ia,s}la,per) be a polyptych lattice, and let
P C M be a polytope. Write X 4,,(P) for the associated tropical mutation variety. For each chart M,, let
P, denote the chart image of P and let T'(P,) be the toric variety associated with P,. Then there exists a
projective flat family

X, — Al
which is trivial away from the origin, whose general fiber is isomorphic to X4 ,,(P) and whose special fiber
is the toric variety X, 0 = T(Pa).

Theorem 2.9. Let M be a polyptych lattice with lattice charts indexed by I with [I| = m. Let P be a
polytope in M. Let P, be the polytope induced by P in the chart M, with a € I. Then, there exists a flat
projective family X4 ,,(P) — P™~! satisfying the following conditions:

(1) the fiber over the algebraic torus of P™~! is isomorphic to X4 ,,(P); and

(2) the fiber over a general point of the hyperplane H, in P"~! is isomorphic to T'(P,).

Proof. Let
AM,Tl,...,Tm = AM [7—17 e »Tm]
be a multigraded detropicalized algebra obtained by adding m variables. For each chart a € I, define a
valuation v, by extending the valuation v, : Ar[7o] — Z which is defined in [9, lemma 7.8].
by AM7T1,~-~7Tm — Z.

friv ke Apgn oy VG (fTE R =B, (fEe),
One can define the multi-index filtration of k := {(k1,...,kn) | ki € Z>0} with respect to the valuation
v, by setting
Fao:={fr-mm € Apmor,..ts, | 0a(fT1+ Tm) < kq for all « € T}.

Using this filtration, we obtain an K[ry,. .., 7,]-algebra ’RﬁM such that
P P
RAM T @ FSkAM,Tl,‘..Tm'
kezZm

2Throughout this article we assume polytopes are normal. Note, every two-dimensional integral polytope is normal [6,
Corollary 2.2.13], and by Proposition 3.1 shows that Aa, is normal under any detropicalization.
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By [3, Proposition 5.1] and [9, Lemma 7.9], we have
RZM[Tfl,...TAQ,...T,#]/(T&) ~ Sa[Tl_l,...T;,LI],
for T(P,) = Proj(S,) and
RZM[Tl_l,...,i‘a,...,Tgl] = APM[Tl_l,...7T_1].

Let define X4 ,,(P) := Projpm-1(R” 4,,) as K[r1,..., 7] algebra. The above argument shows that for
each fiber over G~ := D(7y -+ 7,) on Xa,,(P) is trivial and isomorphic to X4,,(P). Moreover, for the
fiber over G2 := D(71 -+ 7o -+ Ty is the toric variety T'(Py). O

Based on the theorem above, we define the global tropical mutation variety.

Definition 2.10. Let M be a polyptych lattice with m charts, and let P C M be a polytope. Define the
Rees algebra RiM = @kezg F<kAfA . associated to the multi-index filtration F<y constructed
R , <

above. The global tropical mutation variety associated with P is the relative Proj

Xap (P) =Projem(RE ).

..... Tm?

In this article, we mainly study tropical mutation surfaces arising from the polyptych lattice with a single
shear, introduced by Cook—Escobar-Harada—Manon [5]. Let’s call tropical mutation surface associated to
this polyptych lattices as shearing tropical mutation surface.

Definition 2.11. (cf. [5, Section 3]) For s € Z~o? the shearing polyptych lattice M, is defined by:

-, ) > 07
M = (M, Ma, p 2), i 2(z,y) = (=, 9) /
(sy =2, y), y<0.
, We write an element of M as ((x,y)(2',y)) € My x My with 242’ = min{0, sy}. Since M is self-dual, every

tropical point p € Sp(M) is represented by itself. Therefore we define a tropical point w((a;,¢;), (bs,¢;)) :
M, = Z. Let ((z,y)(2',y)) € M

-z — by, <0, i
cix — by, Yy < a; + b; = min{sc;,0}.
T+ a;y, Y 2 0’

w((ai, ¢i), (bis i) (x,y) (2", y) = {

3. CLASSIFICATION OF AFFINE TROPICAL MUTATION VARIETIES ASSOCIATED WITH M,

In this section, we study the automorphisms of tropical mutation surfaces and describe the moduli of
affine tropical mutation varieties.

Proposition 3.1. For M,, detropicalized algebra A4, is isomorphic to
Apm, =2 Ay =Klzy, 22, y% /(2122 — f(y)),

for some f with
.

~
f(y) = H(y_ai)ﬁi7 o; € K*, ZBZ = s.
=1

i=1
The affine variety Uy = Spec Ay has Du Val Ag,_1-singularities at the (0,0, o).

3The polyptych lattice M is defined for any integer s. However, M and M _g are strongly isomorphic. Hence for simplicity
of notation, we restrict to the case s > 0. My is strongly isomorphic to the lattice.
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Proof. By [5, Theorem 6.20], in the special case f(y) = y® + 1 one obtains the detropicalization

A, = Kz, 22,55 /(2122 — f(y))-

The same argument applies verbatim if one replaces y* + 1 by any polynomial f(y) € K[y| of degree s with
nonzero constant term. Indeed, since K[z, z2, yil] is a UFD of Krull dimension 3, while any detropicalization
A, has dimension 2. The kernel of ® must be a height one prime ideal, generated by z1z2 — f(y).

The type of singularities is clear from the local expression. O

Each lattice point (a,b) € M; corresponds to an element of the adapted basis of A, represented in terms
of three variables x1, x2,y as follows:

| | M
b>0| zfy* | afy®
b< 0| aply e | ayty”
The tropical mutation surfaces Uy admits two torus embeddings:
jl:GEn*}Uf’ (x,y)%) (’I}, f(xy)7y)7
52 Gh, — Uy, (my) — (B2, 2,y).

Proposition 3.2. Let f,g € K[y| with deg(f) = def(g) = s with nonzero constant term. Then Ay = A, if
and only if there exist A, ¢ € K* such that Af(cy) = g(y) or Ay®f(cy) = g(y).

Proof. Let ® : Ay — A, be the ring isomorphism. Any ring isomorphism sends a unit to a unit, and since g
is degree s with having nonconstant term, the difference between the lowest degree term and highest degree
term of deg®(f(y)) has to be exactly s. Hence

d(y) = cy™ of ceK”.
For x; and z9, the isomorphism permutes generators and preserves relations, so
O(r1) =ww; , D(w2) =usrj, wui,uz € (KyE)* and {22} = {21, 22}
Then @ is an isomorphism of the ring if
urusr1xy — fey™) = us(zize — g(y))  for us € (K[y])*.

Hence Ay =2 Ay then Af(cy) = g(y) or A\y°f(cy) = g(y) for some A, c € K*.
The converse follows by the same construction. (Il

Definition 3.3. Let f(y) € K[y] be a polynomial of degree s, and let ps denote the group of s th roots of
unity. The automorphism group of f is defined by

Aut(f) == {(e;0) €{0,1} x s | fly) = 9" fley™ D)}
Note that Aut(f) is a subgroup of the dihedral group Das.
Corollary 3.4. Let Uy be the affine tropical mutation variety associated with f. Then
Aut(Uy) 2 (G x Z) x (2 x Aut(f)).

Proof. Any automorphism ® maps z; to A\yFz; for some \ € G,,, k € Z, and z; € {z1,z2}. Here po
denotes the involution swapping z1 and x5, while preserving f. The group us x Aut(f) acts on (G,, X Z) by
conjugation. Since an automorphism is determined by the images of x1, z2, and y, the automorphism group
has the stated structure. O
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We write X¢(P) for the projective tropical mutation variety arising from the affine tropical mutation
variety Uy and a polytope P € M,. We study the automorphism group of projective tropical mutation
surfaces in the following lemma.

Lemma 3.5. Let Uy be the affine tropical mutation variety associated to f. Let P C M, be a polytope.
Denote by X ¢(P) the tropical mutation variety associated to P. Then

Gm X Aut(f) < Aut(X4(P)).
Proof. Let G := G, x Aut(f), and consider the action of (A€, ¢) € G defined by
1 > Az, To > ALy, y = cyS,

which preserves the defining relation z122 — f(y) = 0 so does the torus embedding j;: G2, < Uy.

We claim that the G-action extends to every irreducible component D; of the tropical mutation boundary
B.

Now consider the projective embedding

®pi: Uy — D; CP™, t— [0 05(t) s Ok(t) -+ 1 0],
for an adapted basis {6;,...,6i} corresponding to the facet F;. G acts on the adapted basis § € B by
(g-0)(t) = 6(g-t). As the G-action preserves torus embedding, §(¢) # 0 implies 0(g - t) # 0, we have
gt — [0:---:0i(g-t):---:0k(g-t):---:0] € D,.
Therefore, the G-action extends to each boundary component D;. (Il

Corollary 3.6. Let M, be a shearing polyptych lattice and P be a polytope. Let X;(P) be the tropical
mutation variety associated to P. If X;(P) is a smooth del Pezzo surface, then X;(P) is toric surface.

Proof. Smooth non-toric del Pezzo surfaces have a finite automorphism group. On the other hand, by
Lemma 3.5 a shearing tropical mutation surface has infinite automorphism group. Hence shearing tropical
mutation surface cannot be both smooth and non-toric. O

Definition 3.7. The coarse moduli space of detropicalizations of M, denoted Det(M), is the set of isomor-
phism classes of detropicalizations of M.

Theorem 3.8. Let s > 1. The coarse moduli space of detropicalizations of the polyptych lattice M is
given by the quotient
Det(MS) = ASil/DZSv
where Do, denotes the dihedral group generated by the cyclic subgroup ps of s-th roots of unity and a
reflection s.
The group D acts on the coordinate space A*~1 = SpecK[by,...,bs_1] by

Co (b, ybs1) = (Cbr, ¢Pbay ooy ¢ l0s1) (€€ ),
and
S (blv‘ s 7b871) = (bsflv b5727 ) bl)

Proof. Let f(y) = asy®+as_1y° 1+ - -+a1y+ap be a degree s polynomial with as, ag # 0. By Proposition 3.2,
rescaling y and f(y) by a torus action and preserves the isomorphism class of the associated affine tropical
mutation variety. Rescaling the equation by A := ay ! normalizes the constant term to 1, and replacing y by
cy with ¢® = ag/as normalizes the leading coefficient. Thus f may be reduced to the form

f)=y*+bs_1y* '+ + by + 1.
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Furthermore, by Proposition 3.2, the isomorphism class is preserved by reversing the order of the coefficient.
(bl, ey bs—l) — (bs—la bs_g, ey bl)
The normal form is unique up to the action of y — (y with { € us, which transforms the coefficients by

(bla'“ybsfl) — (Cblu <2b27 ey Cs_lbsfl)-

Therefore the set of isomorphism classes is parameterized by orbits of this Dsg action, i.e. by the quotient
of As—1 /DQS. O

4. SINGULARITIES OF TROPICAL MUTATION VARIETIES

In this section we study the singularities of tropical mutation varieties from both geometric and combi-
natorial perspectives.

Definition 4.1. Let P be a polytope in M. The PL vertex of P, consists of those vertices of P that remain
vertices in every chart image P,.

Definition 4.2. A log pair (X, B) is said to be log Calabi-Yau pair if Kx + B = 0 and (X, B) is log
canonical. The complement of the boundary U := X \ B is called log Calabi Yau variety. When X has a
divisor B such that (X, B) is a log Calabi-Yau pair, then we will call X a Calabi- Yau type variety.

Proposition 4.3. Let P be a normal polytope in the degenerable polyptych lattice
M= ({Mao}taer, {Ha,ptaper)-

Consider the tropical mutation variety associated to P, and let F; be a facet of P with corresponding
irreducible divisor D;. Let X, — A® be a degeneration of X4,,(P) to the toric variety T(P,), which is
trivial away from the origin. Then:
(1) D; degenerates to a (possibly reducible) component D; o of the toric boundary;
(2) the tropical mutation variety X4,,(P) has rational singularities along the boundary. Moreover, if
there exists a chart o such that P, is a smooth (resp. Gorenstein) polytope, then X4 ,,(P) is smooth
(resp. Gorenstein) along the boundary;
(3) the singularities of on the boundary of the tropical mutation surface appear at PL vertices of P;
(4) (Xa,,(P),B) is a log Calabi-Yau pair; and
(5) when M has rank two, singularities on the boundary are at most cyclic quotient singularities.

Proof. Let D; C Supp(B) be an irreducible component of the boundary. By Proposition 2.7, there exist a
projective embedding given by adapted basis

Op: X4, (P)— P
Each divisor D; is defined using lattice points myq, ..., my lying in the facet F;. In coordinates,
®p;:Ua,, — Dy, t—— [0 Oy (B) e 2O, (8):0:---: 0]
On the central fiber, this degenerates to a possibly non-irreducible divisor D; o, defined by
®p, it Gy — Do, tr—= [0 Xy o ()t X o (8) 102 0],

with m; o = ma(m;). By [9, Lemma 7.9], the graded algebra of A, with respect to the valuation v, , is
the semigroup algebra of P,. By [19, Theorem 1}, the adapted basis 6,,, degenerates to X, .

For (2), recall that normal toric varieties have at worst rational singularities (cf. [6, Theorem 11.4.2]),
and that smoothness and Gorensteinness of a projective toric variety T'(P,) are determined by a polytope
(cf. [6, Definition 2.4.3], [6, Proposition 8.2.12]). Since tropical mutation varieties degenerate to a toric
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variety T'(P,), and the toric degeneration X,, — A! preserves singularities in a Zariski neighborhood (cf. [16,
Section 9.1]), the claim follows.

For (3), if a vertex of the polytope is not a vertex of some chart image P,, then by (2) the corresponding
point of X 4,,(P) is smooth. Thus singularities occur precisely at the PL vertices.

For (4), the log Calabi-Yau condition of the boundary (Xa4,,(P), B) follows from the openness of log
Calabi-Yau pairs (cf. [11, Lemma 8.42]). Indeed, in (1) we showed that the tropical mutation boundary
degenerates to a toric boundary, and toric pairs satisfy the required hypotheses. Hence the result extends
to the tropical mutation case.

For (5), by the classification of two-dimensional log canonical pairs, the only possible singularities on the
reduced boundary are cyclic quotient singularities (cf. [21, Section 3.40]). |

Proposition 4.4. Let Ua,, be an affine tropical mutation variety with at most log terminal singularities
and X 4,,(P) is Q-factorial. Then X 4,,(P) is of Fano type and hence a Mori dream space.

Proof. By Theorem 2.5 (4), B supports an ample divisor so that there exist a; > 0 with }_ a;D; ample.
Choose an integer N > 0 so that a;/N < 1 for all i. Set A := _KXAM Py — %A. so that —Kx,,., — A
is ample and (X4,,(P),[A]) is a log canonical pair. We claim (X 4,,(P),A) is kIt so that this pair is log
Fano pair. Take a log resolution f:Y — X4, (P) then

Ky = ["Kx, o + Y aEi, B:=f"B-) bE
for B the strict transformation of B then
Ky = f*(Kx, ) + [A]) + Y _(a; — b)E; - [A].

Since (X 4,,, [A]) is log canonical, we have a; —b; > —1. On the other hand, the relation A = f*A—3"t;D;
implies ¢; < b; at the log canonical center, so that a; —t; > a; — b; > —1. At the klt center in affine tropical
mutation varieties, it is automatically klt. Hence (X4,,(P),A) is a kit pair.

Fano type varieties are Mori dream spaces (cf. [4, Corollary 1.3.1]), the claim follows. |

Combining with the above result and Proposition 3.1 with Proposition 4.3 (5), X;(P) is a Mori dream
space.

For tropical mutation surfaces associated with M, we obtain a more explicit description of their singu-
larities in terms of the PL vertices of the polytope P.

Proposition 4.5. Let X;(P) be the shearing tropical mutation variety associated to a polytope P with
chart images P,. Fix a PL vertex my lying in the interior of a linear domain, and let 7, (my) denote its
image in the toric chart P,. Let Uy (resp. Uiq) for the affine chart of X;(P) (resp. of T(P,)) centered at
my, (resp. mq(my)). Denote by

_ (0 Om _ m
m_<é,...,0k), ma_(%,...,’;—k>
the maximal ideals of Ox(p)(Ux) and Op(r,)(Uka), respectively. Then the completed local rings at m and
m,, are canonically isomorphic:

—_

Ox; ) (Uk) = Op(1,)(Uka).
Proof. Observe that
~ 0 O
oWy = K[g,.... 5],
B gn)-
Once a linear domain is fixed, the adapted basis {6;} and the toric characters {x;} differ only by multipli-
cation with f(y)*', which is invertible after localization. Hence, for the Hilbert basis x1,..., x: associated

since each affine chart is defined by the image of the affine embedding (
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to the vertex my, they are contains in the same linear domain and so as the corresponding adapted basis

01,...,0;. Thus one has an isomorphism of completed algebras:
X1 Xt | o o1 B¢
K[X;,...,X;} o K[G;,...,GZ].
It remains to check that, after the completion local K[ ,...,g—;} -algebra, the ring K[ e 99’;:} is
m

isomorphic to the completion above. If m; lies in the same linear domain as my, then by [6, Proposition. 2.1.8]

0; is generated by {601,...,6;}. If m; lies in a different domain, then the relation z1zo = f(y), with y

invertible, shows that the adapted generators differ from the toric ones only by multiplication with a unit.
Therefore the completed local rings coincide, and the claim follows. O

5. THE COMPLEXITY OF TROPICAL MUTATION SURFACE PAIRS

In this section, we compute the complexity of the tropical mutation pair (X(P), B) and prove that it is
a cluster type pair.

Definition 5.1. (cf. [7, Definition 2.14]) Let X be a projective Q-factorial variety with Picard rank p(X).
Let B be a Weil divisor such that (X, B) a log canonical pair and —(Kx + B) is nef. The complexity of the
pair (X, B) is defined as

¢(X,B) :=dim X + p(X) — | B|.

Definition 5.2. (1) Let (X, B) be a projective log Calabi-Yau surface pair. A point p € X is said to

be nodal if it lies in the intersection of two irreducible components of the log Calabi—Yau boundary.

(2) Let (T, Br) be a toric pair. The points {p1,...,ps} are said to be collinear if p; is not nodal and
they all lie on a single irreducible torus-invariant divisor of B, with repetitions permitted.

The following lemma highlights the distinction between collinear blow ups and nodal blow ups.

Lemma 5.3. Let T' be a toric surface with reduced toric boundary B. Let p1,...,ps be s distinct collinear
points of T, and let : T — T be the blow up at these points. Let B denote the strict transform of B in 7.
Then:
(1) the pair (f , §) is a log Calabi—Yau pair of complexity s;
(2) the G,—action on T lifts to T’ and
(3) the weighted blow up at nodal point 7: (X, B) — (T, Br) preserves the complexity. Here B is the
total transformation of By by .

Proof. For (1), a collinear blow up does not change the number of boundary components, but increases the
Picard rank by s. For (2), the G,,—action lifts since the stabilizer subgroup persists under blow up. For (3),
the log Calabi—Yau property is preserved under weighted blow ups [22, Proposition 6.39], and the claim then
follows from (1) and (2). O

We count the Al-curves in the affine tropical mutation surface Uy for computing the complexity of the
pair (Xf(P),B). Then we study how each C; meets the tropical mutation boundary B. The following

elementary facts will be used.
Lemma 5.4. Let Uy be an affine tropical mutation variety with f(y) = []]_,(y — «;)”. Then U; contains

exactly 2y embedded copies of Al.
Explicitly, these A'-curves are given by

Coic1 ={(z1,22,y) €Uy |21 =0,y =y} and Cq = {(z1,22,y) €Uy |22 =0,y = a;}.
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We refer to these curves as interior curves. Throughout this article, the notation C; will be used both for
the curves on Uy and for their images under the projective embedding into P™.

Definition 5.5. Let P C M, be a polytope.

(1) A face & C P is called a sink if € consists of the points of P having the maximal y coordinate.
(2) A face & C P is called a source if £ consists of the points of P having the minimal y coordinate.

By the convexity of the polytope, the sink and source are uniquely defined. A source or sink corresponds
to an irreducible component of the tropical mutation boundary. We also use the terms source and sink to
refer to the corresponding strata of the tropical mutation boundary.

Proposition 5.6. Let X;(P) be a tropical mutation variety and {C1,...C,} be interior curves. Then:
(1) when i is odd, then C; intersect with sink; and
(2) when ¢ is even then C; intersect with source.

Proof. Using adapted bases {6y, ..., 0} C I'(Uy,P), we embed Cy;_1 into projective space P™ as in Propo-
sition 2.7, where the first coordinate 6y corresponds to the adapted basis element correspond to the origin
of P. In the affine chart 6y = 1, we have

(51) Cgi_l(t) = (1,01(15,0,0%),...,Gm(t,O,ai)), t€A1.

Let k& be the maximal y—coordinate of a lattice point of P,. Passing to homogenize coordinate with respect
to P!, we obtain

(5.2) Coi—1([10: 11]) = |:’7'{€ STFO, <:_—0,0,041—) s TRO, (:O,O,aiﬂ , [ro:m] € P.
1 1

Taking [rp : 71] = [1 : 0], we obtain an intersection point on the tropical mutation boundary B and the only
nonvanishing terms in (5.2) correspond to the adapted basis elements consists the maximal y-weight. Hence
Cy;—1 intersect with sink. When sink is divisor, then Equation (5.2) shows that Cs;_; intersects sink at
colinear points.

The argument for (2) is analogous, with the roles of maximal and minimal vertical coordinates inter-
changed. O

Proposition 5.7. Let P be a polytope on the shearing polyptych lattice M. Let X;(P) be the associated
tropical mutation variety and let B denote the tropical mutation boundary and {C, ..., C5,} be the interior
curves. Then

(1) if the sink Dy is a divisor, then the interior curves Cy;_1 meet Dy transversally;
(2) if the sink {p} is a nodal point, then for some coprime integers (p, q), the weighted blow up

m: (Y. By) — (X;(P), B),
where Y = Bl(, y(Xf(P)) and By is the total transform of the weighted blow up. Then the strict

transforms Cy;_; meet By transversally.

Proof. By (5.2), in this case the interior curves do not intersect at the nodal point. The tangent direction
of D; is parallel to the facet F;, whereas the tangent direction of Co;_; is determined by the adapted
basis element corresponding to the second smallest y—coordinate. Since these directions are distinct, the
intersection is transversal.

For the second statement, Proposition 4.5 implies that the type of singularities remains constant under
toric degeneration. Moreover, (5.2) shows that each C; is locally isomorphic to a curve connecting a source
to a sink. Such curves can be separated by a weighted blow up that inserts the ray corresponding to es in
both P; and P,. The weight is uniquely determined in the chart image, and applying the weighted blow up
with this weight separates the curves at the nodal point. O
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Theorem 5.8. Let P C M, be a polytope in the shearing polyptych lattice, and X;(P) denote the
corresponding tropical mutation surface with tropical mutation boundary B. Then the following statements
hold:

(1) there exists a crepant resolution of singularities of Uy

—_~—

v: (X4(P),B) — (X;(P),B);

(2) if the sink is a divisor, then there exists a toric pair (T, Br) together with an s collinear blow up

m: Xp(P)—T;
(3) if the sink is a nodal point, then there exists a nodal weighted blow up

qﬁ T — Xf (7)),
where T” is obtained by blowing up s collinear points on a toric variety T

Proof. The interior singularities are Du Val, hence they admit a crepant resolution; therefore, (1) holds.

For (2), after resolving all singularities, there are in total s exceptional curves in UNf with v many (—1)-
curves and (s — ) many (—2)-curves. Since B is an anticanonical divisor, the adjunction formula implies
that the strict transforms of the interior curves Cy are (—1)-curves. By Castelnuovo’s contraction theorem,
(—1)-curves are contractible, and after contracting them inductively, the (—2)-curves become (—1)-curves,
so eventually all exceptional curves are contractible:

(Xy(P),B) — (T’ Br),
with Br is the image of B. After contracting all exceptional curves, the complement T \ Br is isomorphic
to G2,. By the negativity lemma, the pair (T, Br) is log Calabi-Yau. Hence (T, Br) is a log Calabi—Yau
surface of complexity zero, i.e., toric.
For the last statement, applying Proposition 5.7, we obtain a log Calabi—Yau boundary B such interior
curves and B meet transversally. Denote this variety by 7”. By (1), so that T” is the s collinear blow up of
the fixed torus invariant divisor on the toric boundary Br. O

Definition 5.9. Let X;(P) be a shearing tropical mutation variety. A toric variety T'(P) with a crepant
birational map
¢ Xy (P)-->T(P)
is called a toric model of X¢(P) if it can be obtained as a composition of the following operations:
(1) ¥~! : resolution of interior canonical singularities;
(2) ¢! : a weighted blow up at a sink if sink is a nodal point;
(3) 7 contraction of s exceptional curves on the fixed boundary.

Definition 5.10. (cf. [8, Definition 2.23] ) A log Calabi-Yau pair (X, B) is of cluster type if there exists a
toric log Calabi-Yau pair (T, Br), and a crepant birational map ¢: (T, Br) --+ (X, B) that extracts only
log canonical places of (X, B). A variety X is of cluster type if it admits a log Calabi—Yau pair (X, B) of
cluster type.

Cluster type pair generalize toric pair for having common features, such as log rationality and constructibil-
ity (cf. [17, Theorem 1.2]), yet cluster type pair may have complexity strictly greater than 0.

Corollary 5.11. Let P be a polytope in the rank-two shearing polyptych lattice My for s > 0, and let
(Xf(P),B) be a tropical mutation pair associated to degree s polynomial f € K[y] Then

(1) B support an effective ample divisor;
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Gm < Aut(Xs(P), B);

B supports least two irreducible components;

( +(P), B) is a cluster type pair; and

the complexity of (X(P), B) is equal to the number of distinct roots of f.

(2)
(3)
(4)
(5)
Proof. (1) and (2) are the consequence of Theorem 2.5 and Lemma 3.5. For (3), the surface X;(P) is
obtained as an s-collinear blow up of a toric surface, possibly after a single additional blow up at a nodal
point. Since the toric boundary of the surface has at least three irreducible components, the resulting tropical
mutation surface pair (X¢(P), B) has at least two boundary components.

For (3) and (4), in the proof of Theorem 5.8, we constructed a crepant birational map to the toric model

(Xf(P),B) --» (T, Br),

which only contracts divisors of coefficient 1. Hence (X;(P), B) is a cluster type pair.
Furthermore, we have a birational factorization

(T, Br) & (T', By) % (X;(P), B) % (X;(P), B).

Here 7 reduces the complexity by s; since (T, Br) is a toric pair, the complexity of (17, B%.) is s. ¢ does not
change the complexity by Lemma 5.3. Finally, 1 corresponds to blow up the interior Z;’Zl(ﬁi — 1) times,
which increases the complexity by exactly this amount. Putting these together, the resulting complexity of
(Xf(P),B) is 7. |

6. CLUSTER TYPE SURFACES AS TROPICAL MUTATION SURFACES

Corollary 5.11 imply that a tropical mutation surface pair associated with a shearing polyptych lattice is
a log Calabi—Yau pair whose boundary both supports an ample divisor. In this section, we show that log
Calabi—Yau surface pairs with these properties are precisely tropical mutation surface pairs.

In this section, we assume that all surfaces are normal, projective, and Q—factorial.

The following proposition is a standard result in intersection theory (cf. [10, Corollary 10.1]).

Proposition 6.1. Let P be a polytope in the shearing polyptych lattice M. Assume P is defined by the
facets Fi,...F, and let D;,...D, be the corresponding irreducible component of the tropical mutation
boundary B. Let X;(P) be the tropical mutation variety associated with P. Let P, be one of the chart
images of P.

Then, the toric degeneration X;(P) ~» T(P,) induces an isometry between the intersection product of
the tropical mutation boundary and the toric boundary

®: NY(X;(P)) — NYT(P,)),

i=1 i=1 X¢(P) i=1 =1 T(Py)

This proposition shows that, by choosing an appropriate chart image of a polytope, one can recover the
intersection theoretic data of the tropical mutation boundary from the associated toric degenerations. More
precisely, when a divisor degenerates as D; ~ D; o+ ngo, the contributions of the degenerated components
allow us to determine all intersection numbers of the boundary of X (P).

Proposition 6.2. Let Uy be an affine tropical mutation variety and X ;(P) be a tropical mutation variety.
Let my, be a vertex of P in the linear domain of the polyptych lattice. Then

(1) the weighted nodal blow up of X;(P) at the node corresponding to my, yields a tropical mutation
surface compactifying Uy; and
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(2) the toric model T'(P) is uniquely determined by the ray structure of the chart images of P.

Proof. To prove (1), observe that the interior is unaffected by the nodal operation, so it suffices to construct
a corresponding polytope P’ that yields the desired compactification. By Proposition 4.5, the neighborhood
of such a vertex is locally isomorphic to its toric degeneration. Combinatorially, we define a new polytope
P’ by inserting a new ray v in the chart image P; and the mutation image of v in P. We claim that the
tropical mutation variety X (P’) coincides with the weighted blow up of X;(P) at the corresponding nodal
point.

If the chosen vertex is neither a sink nor a source, the claim follows immediately: inserting the ray induces
the corresponding weighted blow up without affecting the vertex intersecting C;.

If the chosen vertex is a sink or a source, then by Proposition 5.7 the interior curves C; are locally
isomorphic to the curves joining the sink and source, and the ray operation modifies the vertices compatibly
under the Weighigfi/blow up.

For (2) Let X;(P) be the resolution of the canonical singularities in the interior of X;(P). If X;(P) is
obtained by an s—collinear blow up along a divisor Dy, then the configuration of self-intersection numbers
of the tropical mutation surfaces is

(D3,...,D%,...,D?).
In this case, its toric model has the self-intersection sequence
(D3,...,D} +s,...,D?).

Since a toric variety is uniquely determined by its ray structure, and these self-intersection numbers de-
termines the ray structure of the polytope. From Proposition 6.1, charts contains enough information to
determine the intersection number of the tropical mutation boundary, the claim follows.

If X;(P) is not obtained by such a blow up, then performing a weighted blow up corresponding to the
insertion of the ray es in the first chart as in (1) reduces the situation to the case of an s—collinear blow up
of a toric variety. Hence the toric model T'(P) is uniquely determined by the ray structures of the charts P;
and Ps. O

Proposition 6.3. Let T(P) be a toric surface with toric boundary Br, and let D; C Br be a boundary
component. Then the s collinear blow up of T'(P) along D; and possibly with a contraction of Dy, followed
by the contraction of all interior (—2)—curves, yields a tropical mutation pair (X, B).

Proof. Let T(P) be a toric variety with ray structure ¥ = {v1,...,v,}. We will construct a tropical mutation
variety X ¢(P) with s collinear blow up along D;, correspond to the ray v;.

Note that the choice of f is determined by the point of s collinear points blowing up on D} ~ G,,, together
with data of the polarization as in (5.2).

We enumerate the rays counterclockwise with v1 = ey with v; lies in the fourth quadrant (positive z— and
negative y—coordinates), so that v; lies in the first quadrant for ¢ > j, while for some index ! with v; in the
second quadrant (negative z— and positive y—coordinates), the vectors v; lie in the third or fourth quadrants
forl < i <j.

Let u := <i (1)) . Define the first chart of the polytope is

21 = {(H’T)_lvh AR (IU’T)_lvjﬂ (/LT)_l’Uj+17’Uj+17 oo avn}a

and, up to orientation, the second chart is

22 = {(HT)71U17 D) (MT)ilvhvlarUH-la R Un}~
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Since the global GLy(Z)—action preserves intersection products and es is an eigenvector of (u?)~1, all
intersection products are preserved, except those involving D; and the degenerate components.
It is straightforward to compare ¥ and ;. The self-intersection of D; changes by

D% — S8 = (DL())Q.

Let D;y1 degenerate into two irreducible components of the torus invariant divisor Dj;y10 and D,-1,11 0.
Each of them correspond to the ray vji1, (u”) "v;41. Then D]2+1 = (Dj+1,0+D,-1j11,0)? so that intersection
product preserved. One can compute the self-intersection number of the divisor D; 1,9+ D,,-1;41,0 by using
the two wall relations [6, Equation (6.4.4)] involving v;41 and (u7)~'v;4; in £;. Comparing with the original
wall relation of v in X, one verifies that the self-intersection numbers of D;1 and (Dji10+ Dy-1j41,0)
agree.

By Proposition 3.1, tropical mutation surfaces do not contain interior (—2)-curves, so contract them in
the case there is. The contraction preserve tropical mutation varieties as in Proposition 6.2, in case we need
to contract Dy, we can remove (u?) vy, O

We provide a birational geometric characterization of shearing tropical mutation surfaces.

Proposition 6.4. Let (X, B) be an index one log Calabi—Yau surface pair with B supports an effective
ample divisor; and G,, < Aut(X, B). Then (X, B) is a cluster type pair.

Proof. As B supports an effective ample divisor, X is a Fano type variety (cf. Proposition 4.4); hence X
is rationally connected by [20, Corollary 1.6], and X is rational. Note that B is also not irreducible. The
complement of the boundary is affine as the boundary supports an ample divisor. As U is affine and admit
effective G,,-action, there exists a G,,—semi-invariant function f on U that satisfies ¢t - f = x(¢)f for some
character y. Extending f to the boundary and considering the limits as ¢ to 0 and ¢ to co, we see that f has
zeros and poles on distinct irreducible components of the boundary. Hence the boundary cannot be a single
irreducible divisor. Hence by, by Looijenga’s classification of anticanonical cycles on rational surfaces [23],
it follows that B is a cycle of rational curves.

Let pu: (W, Byw) — (X, B) be a dlt modification, which is an isomorphism over the klt locus. In this case,
the dlt modification is obtained by blowing up boundary nodes. We first observe that all such operations on
B preserve the property that the boundary supports an ample divisor.

Let A be an ample divisor supported on B, and set Ay := pu*(A)+>_ €; E;, where the F; are u—exceptional
divisors and the coefficients ¢; € Q¢ are sufficiently small. By the Nakai-Moishezon criterion, Ay, is ample.

For the G,,—action on W, by Rosenlicht’s theorem (cf. [25, Theorem 2]), there exists a rational quotient
W --» P! whose general fiber is P1. Moreover, since By, has ample support, the complement Uy, := W \ By,
is an affine variety Spec(R). Then, by [24, Corollary 5.5.4], the affine quotient Spec(R®m) exists. It follows
that the indeterminacy locus is contained in the boundary.

To resolve the indeterminacy of the rational map W --» (', we perform a sequence of blow ups with
centers contained in Byy. By the preceding discussion, such nodal blow ups preserve the property that By
supports an ample divisor. Therefore, after replacing X by a suitable birational model W, we may assume
that the map W --» P! is in fact a morphism W — P! whose general fiber is P'.

By resolving interior singularities and contracting all (—1)-curves in the fibers, we obtain the relative
minimal model § — P!, S is isomorphic to a Hirzebruch surface. The anticanonical divisor Bg may consist
of a cycle of rational curves or an irreducible curve of arithmetic genus one. However, the only curves
preserved under the G,,—action are the zero section, the infinity section, and the ruling curves. Hence the
boundary cannot be irreducible, and (S, Bg) is a toric pair. Therefore, (X, B) is a cluster type pair. O

Remark 6.5. The first part of the argument completely fails once the Q-factorial hypothesis is dropped.
Let S be the projective cone over an elliptic curve, and let E denote the zero section. Then (S, E) forms
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a log Calabi—Yau pair by the adjunction formula. Furthermore E is a hyperplane section and supports an
ample divisor. However, the vertex of the cone is not a Q-factorial singularity, it is a strictly log canonical
singularity. The G,,—action on S preserves the elliptic curve E, yet the log Calabi—Yau boundary consists
of a single irreducible component. Moreover, S itself is not rational.

Theorem 6.6. Let (X, B) be an index one log Calabi—Yau surface pair, such that B supports an effective
ample divisor and G,,, < Aut(X, B). Then (X, B) is a tropical mutation surface pair.

Proof. When there is an effective G2 -action, the resulting pair is simply a toric pair. So in this cases it is
trivial.
First of all, Since (X, B) is a cluster type pair, there exists a crepant birational map

P (TvBT) -2 (XvB)

from a toric pair, obtained by contracting a log canonical center of X. Without loss of generality, we may
assume that (X, B) is dlt, by replacing it with its dlt modification (X, B) obtained by resolving the interior
klt singularities of X. Since this process preserves the G,,—action equivariantly, we may further assume that
@ is the contraction of log canonical centers. The interior singularities are canonical, since collinear blow
ups do not affect the log Calabi—Yau structure of the pair. Hence, we may contract them crepantly. By
Proposition 5.1 of [7], these singularities are specifically of A-type singularities.

The map of the pair defines a map from the open torus to the log Calabi—Yau variety. We claim that the
restriction

olgz : G}, --> U
is an inclusion of varieties. Indeed, if this were not the case, there would be indeterminacy on the torus;
however, by construction of the dlt model, ¢! only extracts log canonical centers and is otherwise an
isomorphism. Thus ¢ induces a torus inclusion G2, < U, realizing a G,,-action on U. This action extends
to a subgroup embedding
Gy — Aut(G2)

The outer automorphism group of G2, is discrete, hence the G,,~action extends uniquely to T equivariantly.

Now consider a divisor that contains a log canonical center of X. Since the G,,—action preserves the
boundary, this center must be G,,—invariant, otherwise, log canonical center cannnot be discrete.

Therefore, there are at most two divisors of B containing log canonical centers of ¢. By an elementary
transformation, we can assume we extracted log canonical center from single irreducible divisor from B. This
is an inverse operation of s collinear blow of of some toric variety. Now apply Proposition 6.3, the statement
follows. ]

7. TORIC DEGENERATIONS OF TROPICAL MUTATION VARIETIES

In this section, we describe the global tropical mutation varieties X;(P) in terms of divisorial fans. As a
first step, we construct the global tropical mutation variety associated with the shearing polyptych lattice

Example 7.1. Let X;(P) be the shearing tropical mutation surface associated to an integral polytope
P C M,. We construct a global tropical mutation variety Xy(P) by Projp R}) for

5
R}) = K[To, TlHXa,b ‘ (CL, b) (S PQ]/ <I1.132 — H(Toy — Tlai)5i> , X%b =

i=1

a:‘fyb, b>0,
:rgby“, b <0,

defined over K[ro, 71]. We denote by RY .5 the specialization of R} at [ro : 1] = [a: 5].
The general fibers are mutually isomorphic, and the projective variety Proj R}D admits two toric degen-
erations. Comparing the two limits with the table in Definition 2.11, we obtain
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RT 0.1) = K2yt | (a,b) € Po], RT o) = Klz"y*t | (a,b) € P1].
These graded rings give the desired toric varieties appear as fibers.

We now relate R}) to the Ilten pencil interpolating the polytopes P and Pj. Recall that P, Py C Ng
are integral polytopes that are combinatorially mutation equivalent (cf. [18, Definition 2.1]). Ilten proved
that there exists a flat family X (Ss) — P! with special fibers T(P;) and T(P») at {0} and {oo}, respectively
(cf. [14, Theorem 2.8]). This projective family is constructed via Ilten-Vollmert framework [15] by finding
divisorial fan Ss. By varying the p-divisors of the affine pieces changes the general fibers while keeping the
special fibers fixed. This choice of p-divisors corresponds to the choice of f in the global tropical mutation
variety.

We recall some basic properties of convex polytopes and their duals, which will be used to show the
existence of the Ilten pencil interpolating between P, and P, in the chart of the polytope P. The following
lemma is well known in the literature (cf. [26, Theorem 2.11]).

Lemma 7.2. Let P be a convex integral polytope and containing the origin in the interior. Let P* be the
polar dual of P. Then

(1) P* is rational convex polytope;
(2) (rP)* = 1P~ for the rational number r € Q; and
(3) P=P**.

Proposition 7.3. Let P C M; be a polytope in the rank—two shearing polyptych lattice My, and let pu,
be the associated mutation. Let P; C My and P, C My be the chart images of P, and let Ny, No be the
dual lattices of My, Mo, respectively. Write P; C N; and Py C Ny for the polar duals of P;, P». Then there
exist a width vector e; and a factor H} such that
frey,mr (P1) = Py,

for fic, g1 the combinatorial mutation. Namely Py and P5 are related by a combinatorial mutation.

Proof. Let P; C R™ be a rational polytope with 0 € int(P;), and let P; be its polar dual. By Lemma 7.2(2),
(APy)* = A7L1P} for all A > 0. Choose k € Z~q so that kP; is lattice integral, and replace P; by kP;. Thus

we may assume that P; is rational and P; is integral.
Following [1, Proposition 2.19], fix the factor and width vector

rentmanl (L)) v ()

Suppose fic, H1 (Pf) is a combinatorial mutation of Pj of given data. Then there is a piecewise linear map
Gey 1 s My — Mo, u — u — min(0, susg) eq,
such that
Gey 1 (Pr) = (fey,m1 (P1))7,
again by [1, Proposition 2.19]. Notice that ¢., p1 = s defined in Example 2.11. Hence by Lemma 7.2
Py = (e, 11 (Py))", Py = pe, 11 (Pr).
|

This proposition provides an Ilten pencil X (S;) interpolating between T(P;) and T(P;). We now study
the relation to the tropical mutation variety.
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Theorem 7.4. Let P C M be a polytope, and P;, P, be the chart images of P, and let P;, Py be their
polar duals. Let tropical mutation variety X ;(P) with f(y) = [}, (y — a;)?, and X(Ss) be the Ilten pencil
interpolating P; and P;. Then the following hold:

(1) there exists an isomorphism as P'-variety X (S) = X, 41):(P); and
(2) there exists a divisorial fan Sy on P! x P! such that X;(P) = X(Sy).

Proof. Let N = Z{ey,e3). Then H! is contained in the subspace Z(es). Set N’ = Z{es) and let M :=
Hom(N’,Z). Denote by Py, Py the images in M’. Let I' be a diagonal divisor in P! x P

By Proposition 7.3, there exists an Ilten pencil that interpolating T'(P;) and T'(Pz), so there is polyhedra
Ag, Ay € N’ such that

Df == Ag®[0xP'|—H! @I, D; = —H!®T+ Ayx ® 00 x P,
Ss 1= {D;rva;},

and X (S;) is the Ilten pencil. Fix a point [ : 7] € P!, and define X (S (+,.,)) to be the variety associated
with the restriction of the divisorial fan S, to the fiber over |1 : 71]. Then, by construction,

X(Ss0) =T(P1),  X(Ss00) =T ().
From the gluing of the divisorial fan we obtain
X(DF) N X(D7) = X(Df NDy) = Specp P T (P!, O(—H}(b) - T)) 2.
beP;
Evaluating the p-divisor H! @ [ro : 71] at each fiber with b € P, we have
H(b) ® [10:71] = min(0, sb) - [ro : 71].
2t (roy — 1) ™0 e (P, O(—HL (b)) - T)a".
Thus as K[, 71]-algebra, Dy p, [(P',O(—HL(b) - T)) 2" is generated by 1,z := z and x5 := (roy—71)°z "
There is a relation
122 = (T0y —T71)°.
Moreover, for b € kP;, one has
Y@ (roy — m)~ min{0stlzb ¢ (Pl D (b))z?
for some a € Z. At the special fibers, we get graded ring
K[z’y"t* | (a,b) € kP1, a,b € Z, k> 0], K[zPy"t* | (a,b) € kP2, a,b € Z, k > 0],
and by specialization to the central fiber we recover y®z® € kP,. It follows that

X(DY) = Specp K[ro,7][ Xap | (a,b) € P2, a>0],
X(D;) = Specp K[To,Tl][X(Lb | (a,b) € P2, a < O},

Py, b>0,
XabS:

s

:cQ_b y* b<O.
Upon gluing and affine pieces with a compatible grading with the projective degeneration, we obtain
X(Ss) = Projpa Klro, mi][ Xt | (a,b) € P2]/{x125 — (0y —71)°).
This corresponds precisely to the choice f = (y 4+ 1)* in Example 7.1.
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For part (2) we use the same polyhedra Ay and A, as above. Let

) =[[w—a)  H = Conv{ (8) (?) } .

i=1
For each ¢ = 1,...,, define the graph divisor
L o= {([z:y],[r0:m]) €Py xPL | roy — iz =0 }.

Using these divisors, we define the divisorial fan

g v
Sp = { Ao®[0xP') — Y gH T, —Y BH ®T; + Ax® oo Pl]}.
i=1 i=1
For b € P/, we write H{(b) = min{0,b}. Then the contribution from the coefficient along I'; gives the
global section
v

y
H(Toy - aiTl)min{O’_Bib}LEb S F(]P)l, O( — Zﬁl Hll(b) . [To : OéiTl])) {Eb.
=1

i=1
Proceeding as in part (1), we obtain a graded K[y, 71]-algebra whose Projp: gives the interpolating family
between the toric varieties:

u zfy®,  b>0,
Rf(Pl,Pg) = K[To,Tl][met | (a,b) € Pg] / <.’E1ZE2 — H(Toy — 7’10(,‘)57" >7 Xa7b = { 1—b u b < 0
Ty Yy, .

i=1

This coincides with R}) in Example 7.1.

8. COX RINGS OF TROPICAL MUTATION SURFACES

In this section, we study the Cox rings of tropical mutation varieties. We give explicit presentations for
the Cox rings of tropical mutation surfaces X ;(P), describing their generators and relations in terms of the
data defining the polytope P.

Lemma 8.1. Let
~

Ap = K[$1,$2,yi1]/<$1$2 - H(y - ai)m) , Uy = Spec Ay.

i=1
Then
CIUy) = Z7 ' o Z/ged(Bi, - - -, By).
Let X¢(P) be a compactification of Uy with irreducible boundary divisors D1, ..., D, and {C1,...C5,} are
interior curves. Then the is a surjective map
Z(D1,...,Dy, Cy,...,Cay) — Cl(Xf(P)).

Proof. Set f(y) = [I)_,(y — a;)%. Consider the localization A;[f(y)~'] = Klzj',y*™']s, which is a UFD.
Under this localization, the interior curves are removed. Hence Cl(Uy) is generated by the classes {Cx} to
the relations coming from the zeros of the principal divisors of x1, zo, and y — «;:

N
Coin+Co ~ 0 (i=1,...,7), Y BiCa1 ~ 0.

i=1
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It follows that
CIU;) = 277 @2/ gcd(By, - - -, By).

Finally, by [12, Proposition 6.5], the following exact sequence gives desired surjection

@Z(D,) — Cl(X;(P)) — ClUf) — 0.

O

The next lemma computes the orders of vanishing and poles of rational functions, yielding a description
of the class group and the effective cone of the tropical mutation surfaces.

Lemma 8.2. Let P be a polytope in the rank two shearing polyptych lattice M, and let X;(P) be the
associated tropical mutation surface.

Assume P is defined by the tropical points p; = (a;, b, ¢;) for i =1,...,n, with ¢; > 0 for 1 < i < j and
c; <0for j+1<i¢<mn. Let Dy,...,D, be the prime components of the tropical mutation boundary, and
C4,...,Cyy are interior curves. Then there is an isomorphism K(X;(P)) ~ K(z, y) with

deg(m) = (ala < '7an70a517 cee ,Ovﬁ’y)a

deg(y) = (—c1,...,—¢n,0,...,0),
deg(y — ;) = (—c1,...,—¢;,0,...,1,1,0,...),
where deg = (ordp,,...,ordp, ,ord¢c,,...,ordg, ).

Proof. This follows directly from Proposition 2.7 (2) by computing the orders of vanishing of z2, y, and
y— «; along the boundary divisors {Ds,..., D,}. The chosen isomorphism K(X¢(P)) ~ K(z,y) corresponds
to identifying K(z,y) & K(z2, ). O

Corollary 8.3. Let Ay be the detropicalized algebra associated to f of the shearing polyptych lattice M
of rank two. Let P be a polytope in M,. Then, the class group of X;(P) is isomorphic to

n n Y J
Z<D1,...,Dn,01,...,02»y>/ <ZCiDia 201D2+26102“ Z*CiDi+CQk_1+CQk ‘ k].,,’)/>
=1 i=1 =1

i=1

Proof. We have a surjective homomorphism

@Z@»@@Z@ — CIXf(P)).

The kernel is generated by principal divisors div(g) € Z(D:,...,Dy,Ch,...,Cay) for g € K(z,y). g has the
form

g = mklykz H(y _ ai)kiy
since otherwise g vanishes somewhere on Us \ (Cy U --- U Cay). The result then follows from the degree
formulas in Lemma 8.2. ]

Lemma 8.4. Let Uy be the affine tropical mutation variety associated with f(y). Let P be a polytope in
M, and let X¢(P) be the corresponding compactification. Let Dy, ..., D, be the irreducible components of
the tropical mutation boundary B, and let C,...,Cy, are interior curves. Let {F;} be effective irreducible
divisors whose support does not contain any of the D; or C;. For each i, let f; > 0. Then:

(1) there exists p € K[z,y] with div(p) = > fi Fi;
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(2) there exists r € K(X¢(P)) with
diV(T’) = Z szz + Zdej, dj < 0;
(3) the effective cone of X;(P) is generated by {D1,...,Dp,Ch1,...,C2y}.

Proof. By Lemma 8.1, the open subset Uy \ (C1 U --- U Cay) has trivial class group, so every divisor is
principal. Thus Y f;F; = div(p) for some p € K[xi,yi]f, by multiplying appropriate power of x, y, and
y — a;, we assume p lies in K|z, y] and not divisible by z,y, (y — «;) for all 4. This proves (1).

To extend p to X;(P), write p(z,y) = >, 4, e, 1,71y" and let k be the minimal exponent of y among
the terms of p. Then

has the same zeros along the Fj, since y is invertible on Uy. There is no zeros around the boundary because
ordp, (p) = min{ordp, (z"'y"?)} < ordp, (y*) = —ke;.
ordp, (r) = ordp, (p) — (—kc;) <O.

by Proposition 2.7 (2). This proves (2).
For (3), let D be linearly equivalent to an effective divisor. Then for some rational gy we can write

D+div(ge) =Y eiDi+» ¢;Ci+ > fiFi > 0.
Using r as above, the divisor of 1/r cancels the Y f;F; while only adding multiples of D;. Thus
D +div(go/r) = Zeg’Di + Z e;Cj >0,
showing the effective cone is generated by {D1,..., Dy, C1,...,Cay}. |

Theorem 8.5. Let Ay be the detropicalized algebra with isomorphism

~

A = Ky, 9,57/ (w1ws — [ [ (v — 0i))
i=1
Let P C M; be a polytope with defined by tropical points p; := (a1,b1,¢1),...,Dn = (an, bn, cn), with
¢1,...,c; nonnegative and ¢j11,...¢,. Let X;(P) be the tropical mutation surface associated with P then
(1) Cox(Xy(P)) = Klwi, . .. Wnt2y]/(Wnt2i-1Wnt2i + cwi’ U’JCJ - wj_ﬁﬂ w1 e{L v

(2) Cox(Xf(P)) is a complete intersection ring.

Proof. As in Lemma 8.4, every effective divisor on X ;(P) is linearly equivalent to a positive integral linear
combination of

{D1,...,Dy, C1,...,Co}.
Consequently, the Cox ring

Cox (X;(P)) = € T(X;(P), O(D))
DeCl(X(P))

consisting of rational functions whose poles are supported on the boundary divisors D; and C;, with multi-
plicity bounded by the coefficients assigned. Write g = p/q with p, ¢ € K[z, y] coprime. If ¢ is not product
of z, y, or (y — ;), then ¢ vanishes along some divisor of Uy outside interior curves. So g & I'(X ¢, O(D)).
Thus the denominator of the element of the linear system is divisible by «, y, or (y — ;). In particular, we
obtain a surjective ring homomorphism
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D; for 1 <i<n,
O : Klw,...,wpi2y] — Cox(Xf(P)), deg(w;) =
Ci—pn forn+1<i<n+2y.

The kernel of ® is generated by homogeneous relations reflecting the linear equivalences among effective
divisors. These equivalences arise from principal divisors associated with {D,...,D,,C,...,Ca}. Note
that the function zo does not induce any nontrivial relation among the effective divisors, as in the cases of
toric varieties do not have any relations.

v
> aiDi+ Y BiCaiq = 0.
i=1

We can construct a nontrivial a kernel of ® with principal divisors y, (y — a;). The vector space

. (Xf(P)’ Ox,(p)(Cai1 + 021')) = span {1’ Yy —ya' } )

is two-dimensional. Now observe that there exist v + 2 linear equivalences of the form:
J n
Coi1+ Coy ~ ZciDi ~ Z —c;D; for each 4
i=1 i=j+1
all representing the same class in C1(X ;(P)) mapping into I'(X ;(P), Ox (C2i—1+C4;)). Thus, v+ 2 effective
divisors are mapped to the same two-dimensional space of global sections. This implies there are v many
relationships in ker(®). Using Lemma 8.2, the kernel is generated by following relations:

Cj —Cj - Cj .
Wit 2i-1Wnt2i = Wit wyi’ (Y — o) = wi 77w, — gt - wy? for 1< <.
For (2), assume that 2,41, ... ) Tnt2y—1 are nonzero. Then x,42,..., Tpy2, are then uniquely determined
as a rational function of (x1,...,%n, Tnt1,...,Tny2y—1). Hence these n + 7 variables form a transcendence

basis of the fraction field, and the Krull dimension of the Cox ring is n + .

On the other hand, the Cox ring is the quotient of a polynomial ring in n + 2+ variables by v independent
relations. Since the dimension count agrees, these relations form a regular sequence. Thus the Cox ring is a
complete intersection. O

Corollary 8.6. The surface X;(P) is toric if and only if f is equivalent to (y + 1)°, and either:

(1) all but one of the coefficients ¢; are +1 and the others are nonpositive, or
(2) all but one of the coefficients ¢; are —1 and the others are nonnegative.

Proof. Under the conditions (1) or (2), it is easy to see that the Cox ring is isomorphic to polynomial ring.
On the other hand, if it does not satisfies above conditions, Cox ring has a singularity at the origin, so that
Cox ring is not isomorphic to polynomial ring. O
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