Solutions to the Exercises of Chapter 1.
1. Let X, = (X1, Xa;) denote the j'* observation, where

X1, = return from the j'* burglary, and

Xy, = { 0 if he is caught at the j** burglary, and
;=

1 if he is not caught at the j** burglary.

It is assumed that the X; arei.i.d. and that X;; and X3; are independent of each other.
The distribution of the X;; is assumed known, as is the probability that X5; is 1. The
burglar’s total fortune, if he stops at n, is

Y, = (HXQJ')(YO +ZX1J‘) forn=1,2,3,...,
Jj=1 j=1

where Y is his initial fortune, and Y, = 0. The problem is to find a stopping rule N to
maximize E(Yy).

2. Let T} be the time required to catch fish number j. The T7,...,T), arei.i.d. with
known distribution, F', assumed to have non-decreasing hazard rate. The observations are
X; = T, where T(;y < ... < T{,) are the order statistics. If we stop after catching j
fish, we receive a reward, j, and pay cT{;); thus, the reward sequence is given by Yy =0,
and

Yi=j—-dl(jy=j—cX; for 7=1,2,...,n,

where ¢ > 0. This is a finite horizon problem. We seek a stopping rule N < n to maximize
E(Yn).

3. The observations X;,Xs,... are iid. with P(X; = j) = p; for j = 1,2,...
assumed known. Let D(n) denote the number of distinct observations among Xi,..., X, ,
D(n) =14 51(X; # X1,...,X; # X;_1). If we stop after observing X,,, we receive

Y, =D(n)—nc for n=0,1,2,...,

where ¢ > 0, and Y., = —oco. The problem is to find a stopping rule, N, to maximize
E(Yn).

4. Let X, denote the number of misprints found on the n'® proofreading. The
observations are Xi, Xs,..., and their joint distribution may be described as follows.
Given the number M of misprints, X; has a binomial distribution with sample size M and
probability of success, pi, denoted by B(M,p;). Similarly, given M and Xi,...,X,—1,
the distribution of X,, is B(M,,p,), where M, = M — X; — --- — X,,_1, the number of
misprints remaining after the first n — 1 proofreadings. The prior distribution of M is



Solutions 1.2

assumed known. Since each proofreading costs ¢; > 0 and each undetected misprint costs
ca > 0, stopping after proofreading number n costs

Yn:n61+(M—ZXZ‘)CQ for n=0,1,..., and Y, = oo.
1

We seek a stopping rule N to minimize EYy. Note that the payoff depends on M which
is not known exactly when the decision to stop is made. We may, as pointed out in Remark
2, replace the payoff by the known function,

Yn(X1,..., Xn) :ncl—i—(E{M]Xl,...,Xn}—ZXi)CQ for n=0,1,...,
1

and Yo, = 00.

5. The observations, X1, Xo,..., areii.d. with P(X; =1) =p=1-P(X; =0). The
net return for stopping at n is

Yn:KZ( H X;)—nc for n=0,1,2,...,
j=1 i=n—j+1

and Y, = —oo, where K and c are positive constants. We seek a stopping rule, N, to
maximize E(Yy).



Solutions to the Exercises of Chapter 2.

1.(a) By the Lemma, there is an optimal threshold rule R,. Let E,denote the ex-
pected payoff using R,.. Then,

E, = P(select best|R,) — P(select not best|R,)
= 2P(select best|R,) — P(select something|R,.).

Now, P(select something|R,) = P(the best occurs after r — 1) = (n —r + 1)/n, and
P(select the best|R,) is the same as it is for the CSP. Hence,

E,=@2(r—1)/n)Y 1/(k—1)— (n—r+1)/n.
k=r

The optimal r is the first r such that E,;; < E,., which reduces to the first r such that

Dhepir /(R —1) <1/2.
(b) Using >~ _, 1 1/(k — 1) ~ log(n/r), we find for the optimal r that log(n/r) ~ 1/2,
or r ~n/y/e.

2.(a) If applicant k is a candidate and is available, then the probability of win is the
same as for the CSP.
(b) Same argument as for the CSP.

(c) P. = Z P(select k and it wins|N;)
k=r

= ZP(reaCh k|N,)P(X; = 1,€e, = 1, and it wins).
k=r

r—pr+l—-p k—-1-p L(r)'(k — p)
r r+1 k—1 L(k)L'(r —p)
P(Xkx =1,ex = 1, and it wins) = (1/k)p(k/n) = p/n.

P(reach k|N,) =

(d) Computation reveals that

p ~=T(I(k—p) p
Py —P. = 1| 2
i T—pgz n

Hence, the optimal rule is N,., where 7’ is

pL(r) i I'(k —p)

¥ =min{r > 1:
{r= LC(r+1-—p)
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Using the approximation kPI'(k — p)/T'(k) — 1 as k — oo, we find

- L'k —p) /” P
Z TR : z Pdx = ,

r+1 q

where ¢ =1 — p. Combined with pI'(r)/T'(r + 1 — p) ~ p/r9, this gives the result.

3. Let A(k,r) be the event {best of first k — 1 occurs before r}, and let B(k,s) b
the event {2nd best of first kK —1 occurs before s}. Let P, = P(A(k,r)) = (r—1)/(k—1
and Qr = P(B(k,s)|A(k,r)) = (s —2)/(k —2). Then,

)

(a) P4 = P(select best) = Z P(best at k and is selected)
k=r

I
NE

(1/n)P(reach k)

w >
I
=3

(1/n) Py + i(l/n)Pka,

r k=s

>
Il

which gives the formula in (a).
(b) Let Zi = P(best occurs after k|2nd best at k) = (n — k)/(n — 1). Then,

Pp = P(select 2nd best) = Z P(2nd best at k and is selected)
k=r

= SZ(l/n)Pka + i(l/n)Pka,

which gives the formula in (b).
(c) The expected return using rule R, ; is

V(r,s) = aPs +bPp — W(x,y)

where

W(z,y) = (ax)log(y/x) + bx(log(y/z) — (y — x)) + (a + b)z(1 —y).
(d) The derivative of W (z,y) with respect to y yields (a + b)z/y — ax — 2bx = 0 which
gives y = (a +b)/(a + 2b). The derivative of W (z,y) with respect to x yields (a +
b)(log(y/x) —y) — by — x) 4+ bz = 0 which reduces to the formula in (d).
(e) If a=b=1, then y = 2/3 and log(x) = log(2/3) — 1 + x. Newton’s method gives
r=.3475---.

4. (a) The joint density of 6, X1,..., X, is
J
g(0,z1,...,2;) =af~ TV (a > 1) HI(O <x; <0)(1/6)
i=1
= af~ UtV I(0 > max(1, 21, . .., z;)).
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Hence, g(f|x1,...,x;) is proportional to =+t 1(9 > m;), and so is Pa(j + a,m;).
(b) yj(xl, e ,.fI?j) = P(Mn = mj]Mj = mJ)I(XJ = Mj), and

P(M, = M;|X1,...,X;) = B{P(M, = M;|0,X1,..., X;)|X1,...,X;}

= [0y g6l + 5005 do

= (e +7)/(a+n),

independent of X;y,...,Xj.
(c) If you have a new candidate at stage j, that is if X; = M;, it is optimal to stop if and
only if

(a+ 7)/(a+n) > P(win with best strategy from stage j + 1 on).

The right side of this inequality is a nonincreasing function of 7, since any strategy available
at stage j 4+ 2 is also available at stage j + 1. Since the left side of the inequality is an
increasing function of j, an optimal rule may be found among rules N, for some r > 1:
reject the first » — 1 applicants and accept the next applicant for which X; = m;, if any.
(d) The probability of a win, P, = P(win|N,), may be computed as follows.

n

- —1 1
P. = ZP(select JIN)P(j is best|select j) = a;—:n Z ot 1

Jj=r r

since P(j is best|select j) = (o + j/(a+n), and
P(select j|N,) = P(M;—_1 = M,_; and M; > M;_;)
=((a+r=1/(a+j-1))A - (a+j—-1)/(a+]))
=(a+r—1/((a+j—1(a+7))

To find the value of r that maximizes P,, look at the differences,

n n

a+r 1 a+r—1 1
P,y —P. = _
reb e a+nza+j—1 a+n Z04+j—1
r+1 r
1 - 1
- Z : 1_1
a+n T+1Oz+]—

Since this is decreasing in r, the optimal r is the first r such that the term in square
brackets is less than or equal to 0.

5. (a) If we reach stage j and the jth applicant is a candidate and if we accept him,
we win if none of the remaining K — j applicants is a candidate. Since the distribution of
K given K > j is uniform on the set {j,...,n}, this happens with probability

n

1

=) P(Xj1>1,.., X > 1

Dj n_j+1;j (Xj+1 k )

B 1 N j i+l k-1 "1
=il 2 Eooon—it 1k
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Thus, y; = p;{K > j, X; = 1}.

(b) We show that for every j, if it is optimal to stop at j with a candidate, then it is
optimal to stop at j +1 with a candidate as well. Let W; be the optimal expected return
if we continue from j, given that we reach j. This sequence of constants is nonincreasing
since continuing from j + 1 is always an option if we continue from j. Moreover, it is
optimal to stop at j with a candidate if p; > W;. We show below that p; is increasing.
Then the result follows since pj11 >p; > W; > Wiy,

j4+1 1 j "1
Pj+1 —Pj = — Z 7 — 7.
n jk:j+1]€ n j—i—lk:jk

_ (it ~1 1

n—j n—j+1 k:j+1k n—7+1

n

(n—j+1)(n—j)k:j+1k n—j+1

This is positive if and only if

1 "1 1
-y o> .
n—jk:j+1k n+1

This is always true since the left side is an average of terms each of which is greater than
1/(n+1).

(c) If N, is used, the conditional probability of win given K = k is zero if k < r and,
from (3) of the text, ((r—1)/k) Zf:r 1/(i—1) if k > r. Since K is uniformon {1,...,n},

1 ar -1 1
MZE; k ;z’—l'

(d) If n is large and r/n is approximately z, then the expected return of part 1(c)
and 2(c) is a Riemann approximation to an integral,

-1 Y1 v

kr j=r

1
1
:x/ —loggdy:x(logx)Q/Q.
z Y z

This has derivative (logz)? + 2(logx) which has a unique root at a maximum value at
logz =2 or x = e 2 =.135.... The optimal rule is to pass up about 13.5% of the possible
applicants and select the next candidate. The optimal expected return is 2e™2 = .271....
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6. (a) Let T denote the time of the first relatively best object after j, and T; =n+1
if there are none. Then if applicant j is relatively best and selected, then the expected
proportion of time this applicant remains relatively best is

Ti—j ~=1 1 ~j
pj=E=L—2=N""P(T;>k)==) <
n n n k

(b) If W; represents the optimal expected return if we continue from j, then the W;
are nonincreasing constants as in problem 5(b). However, the p; are not monotone:

4+l =1 =1 1 &K1 1

PP =TT D Ty T 2k
k=j+1 k=j k=j+1
This is positive if and only if Z? +1(1/k) > 1, valid for small j but not for large. Hence, we
can see that p; is monotone increasing for j less than some j, and monotone decreasing
for j greater than j,. So it is certainly optimal to select a candidate at any stage 7 > j,
since continuing will certainly decrease our expected payoff. On the other hand, for 5 < j,
if it is optimal to stop at j with a candidate (because y; > W;), then it is optimal to
stop at j + 1 with a candidate, since yj4+1 > y; > W, > W,,1. This shows that there is a
threshold rule that is optimal.

(c) The expected return of the threshold rule N, is

n

n n . k
r—1 1 g r—1 1 1
EY — PTfri =1 ; = R E — = — _—
v =D P(To1 =i Z(j—l)jn & n kzj—l

J=r j=r k=3 k=r '~ j=r

exactly the same answer as 5(c).

7. For n = 1, there is no choice. The first observation is selected and the expected
return is 5/2.

Suppose n = 2. If the first observation is 1, you clearly continue and the expected
return is 3. If the first observation is 2, the expected return if you continue is 8/3, so you
should continue. If the first observation is 3 or 4, you should stop. The expected return is

(34 (8/3) +3+4)/4=19/6.

Suppose n = 3. If the first observation is 1 or 2, you should continue until you get
a 3 or a 4, and your expected return is 7/2. If the first observation is 3, continuing and
stopping at the next stage only with the 4 gives an expected payoff of 19/6; since this is
greater then 3, it is best to continue. If the first observation is a 4, you should stop. The
expected return is [(7/2) + (7/2) + (19/6) + 4]/4 = 85/24.

If n =4, you can wait for the best value. The expected payoff is 4.

8.(a) We have Ay =0, Ay =1 and for j > 1,
A]' o
Ajp = / Aje " dx +/ xe " dx
0 A,
= Aj + eiAj .
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(b) Let B,, = e4" — (n + 1), so that A, = log(n + 1+ B,). From the recursion formula
of part (a), we have log(n + 1+ B,,) = log(n + B,,—1) + 1/(n + B,—1) for n > 1, which
implies,

B, —Bn_1=(n+ By_1) eXp{ﬁBnl

1 1
T34 By Bt B

We start with By = 0 and find inductively that B,, > 0 for all n, so that A,, > log(n+1)
for all n. This equation also implies that B,, — B,—1 < 1/n for all n sufficiently large
so that B, < log(n) + ¢ for some constant ¢. The conclusion now follows from 0 <
A, —log(n+1) =log(n+ 1+ B,,) —log(n + 1) <log(1 + (log(n) +¢)/(n+1)) — 0.

}—1] -1

(c) If a, = (1 +a2%_1)/2 is the answer to the optimal cutoff for one choice, then the
optimal cutoff for two choices left is s, , where

Sn—p = (14 (Sp_1 — an-1)*)/2 — (an — an_1).

9.(a) We accept the last observation, X,, if we get that far, so Ay = 0. We accept
Xn—1 if it is at least A; = EX,, = 1/2. Inductively we accept X, _; if it is at least A;,

where N . 42
j—1 1 J y Y
Aj:/ Ajlfdilf+/ Zde =L 4 2L
0 J Ay ] 2 25

(b) Since A,, is the average of n and A2 _;/n and Ay = 0 we have inductively that A,, <n
for all n. Let B, =n+1—A,. Then By =1,B; = 3/2,By = 31/16, and inductively for

n>1,
2

B
B, =By +1- -1
2n
We are to show that B,/v2n — 1. We first show by induction that B, < \/2(n+1).
This is true for n = 0, and if true for n, then, since B + 1 — B%/(2n) is an increasing
function of B for B<mn, Bpy1 < vV2n+1—-1</2(n+1).

So now letting C,, = B,/+/2(n+1), we find Cy = 1/v/2 = .707---, C; = .75,
Cy=.791---, and

. V 2”07171 + 1 - C’?L*l
N Von £ 2 '

If f,(Cn—1) denotes the right side of this expression, then f,(¢) is concave and nonde-
creasing in (0,1) for n > 2 with f,(0) > 0 and f,(1) < 1. So there exists a unique
fixed point r, of f, and C), is between r, and C,_1. Moreover, r, is the root in
(0,1) of the equation ¢? 4+ (v/2n+2 — v2n)c — 1 = 0, and so the r, are increasing
since the coefficients /2n + 2 — v/2n are decreasing. Since Cy < ry = .800---, we
have by induction that the C),, are increasing, and hence converging to a limit, say
C, — b < 1. The proof will be complete when we show that b = 1. Suppose b < 1,

Ch
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that is suppose B, < by/2(n + 1) for all n. Then from the recursion for the B,,, we have
Bn=DBo+> ' (Bj—Bj_1)=1+>1(1—-B7 ,/(2j)) > 14+n(1—b?). But this contradicts
the fact that B, < /2(n+1).

10.Pretend you pay nc for gas anyway. Then you pay (n — j)(1 — ¢) if you stop at
j <mn,and (j —n)(1+c) if you stop at j > n. Change scale by measuring in units of
(1—c¢): you pay n—j for stopping at j < n and (j —n)a for stopping at j > n where o =
(1+c¢)/(1—c). The problem becomes as before except that if you go beyond the destination
you expect to pay «/(1 — p). Thus, the recursion is as before but the initial condition is
now Py = ap/(1—p). Induction this time leads to P. = (r+1)+ ((a+1)p"™1 —1)/(1—p).
The optimal value of r is smallest 7 > 0 such that p™™ > 1/(a+1) = (1 —¢)/2.

11.(a) We have Wp =0, Wpr_1 = prsp and for j < T,
W1 =pjmax{s;, W;} + (1 — pj)W; = Wj +p;(s; — W;)™.

(b) An optimal rule stops at j if s; > W,. From (a), the W} are nonincreasing, and from
assumption the s; are nondecreasing. So the rule NV, is optimal for » = min{j : s; > W,}.

12.(a) We have Wrp(s) =0 and for j < T,

Wij-1(s) = p;E max(s + Z;, W;(s + Z;)) + (1 — p;) EW (s + Z;)
= EW(S + Zj) +ij(8 + Zj — Wj(S + Zj))+.

(b) It is optimal to stop at stage j with S; = s if s > W,(s). W;(s) is nondecreasing and
continuous in s, since any stopping rule used with s gives at least a great a return when
used with s 4+ 0 but not more that ¢ greater, where ¢ is an arbitrary positive number.
Hence there is a number r; such that it is optimal to stop at stage j with S; = s if s > r;.
That the r; are nonincreasing follows from W;_1(s) > EW;(s + Z;) > Wj(s), since the
Z; are nonnegative.

13. V™ =Y, =n—c¢> " Z;. Using the independence of the Z; and the fact that
EZ,_; = 1/(j + 1), we find

V™ = max{Y,_1,E(Yu|Z1,. ... Zn_1)}
= n,1+H18,X{0,E(1—CZn’Zh...,anl)}
= Yn-1 +ma,x{0,1 —C} =Y, 1+ cn_1,

say. We would only continue at the last stage if ¢ < 1. Similarly, by backward induction,
VO = Y4 ey
n—j n—j n—7»

where
cn—j = max{0,1 —c¢/j+ cn—j+1}.
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It is seen that ci,ca,... forms a decreasing sequence until ¢; hits zero, and then it stays
at zero. The optimal rule continues until ¢; hits zero. So, find the first £ < n such that
1 —¢/k <0 and stop at n — k. For example, if ¢ = 5.5, catch all but 5 fish and stop.

14. (a,) q; = P{S] Z O,Sj —Sl Z 0,...,Sj —ijl Z 0} = P{Xj 2 O,Xj —l—Xj,l 2
0,...,Xj ++X1 2 0} :P{Sl 2 0,...,Sj 2 0} :P{Sl S 0,...,Sj SO} =DPj, using
the symmetry of the distribution of the X'’s.

(b) Let g(n,z) denote the probability of ending on a maximum if there are n stages
to go and the deficit is z, ¢(n,z) = P(S,, = max{M,, z}), defined for integers n > 0 and
real numbers z > 0. Note that ¢, = ¢(n,0). Then g(n, z) satisfies the recurrence,

Q(nvz) :EQ<n_ 17<Z_X)+) (1)
with initial condition )
a0,2)={} 120 2)
0 otherwise.

Let Vj(n)(z) denote the expected return from an optimal policy for the problem with
n stages when we are already at stage j with S; = s and M; = s + z. Since we should
never stop with S; < M;, the dynamic programming equations are

o BV = X)+) if 2> 0 X
Vi (2) = Ry x)* =0 (3)
max § pn—j, BV (X)) if 2

with boundary condition Vn(n)(z) =11if 2 =0 and Vn(n)(z) = 0 otherwise.

g(n — j,2z). This is

We now proceed by backward induction to show that Vj(n)(z) =
1 <j<n. Then (3) for

true for j = n by the boundary conditions. Suppose true for k +
7 = k becomes

VM () = Eqin—k—1,(z—X)") if z>0
k max {pn—k, Eqln —k —1,(= X))} if2=0 n
_Jaln—k,=2) if 2>0
| max{pn—k,q(n —k,0)} ifz=0

using (1) and (2). From part (a) we have pp,_r = ¢n—r = ¢q(n — k,0). This shows
Vk(n)(z) = q(n — k, z) and completes the induction. It also shows that when S; = M}, it
is optimal to stop or to continue. If S < My, it is always optimal to continue.

(c) Use the Reflection Principle. First note that Ss,_1 cannot be 0, so that pa,_1 =
pa2n for all n. Let us compute po,. We break the sample space into three subsets, E; =
{S1 <0,...,5, <0}, By = {S2, > 0}, and E3 = {S2, < 0, but S; >0 for some j}.
We are to show P(E;) = (*")272".

The Reflection Principle says P(FE2) = P(F3). This is seen as follows. For any path
(S1,52,...,52,) in Ey, (with Si, > 0) there is a first k& such that Sy = 1. This path
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reflected about the line S; =1 from k+1 on, namely (S1,...,S%, 2 — Sk+1,...,2— Sap),

has the same probability and is in E3. Moreover this mapping is one-to one. Hence,
P(Es) = P(Es).

From this we may compute P(E;) = 1 — P(E;) — P(E3) = 1 — P(Ey) — P(Ez) =
1 — P(S2 > 0) = P(Sa, < 0) = P(S2n = 0) = (*7)272".

(d) For the double exponential distribution, M(¢) = 1/(1 —?) for |¢t| < 1. The lack
of memory property of the exponential distribution implies that Sy has an exponential
distribution, independent of N, and Ee!¥ = 1/(1 —¢) for [t| < 1. Therefore, the
Wald identity gives EeNEM ()™ = (1 —#)7'E(1 —2)¥ =1, or E(1 - )N =1 —¢.
Substituting u for 1 —t? gives Eu =1— /1 — «. The power series expansion of /1 — u

is vV1I—u=1-=>7 fou"™ where
1.3.5--(2n—3) 1 (Qn—l) 1
(

21 T2 1\ g J@n—1)

fn:

Hence, EuY = 3"7° f,u™ and f,, = P(N =n). Then, since p, = P(N > n),

n

1 2n—1
13- (7))

1

as may be seen by induction.
15.(a) and (b) Let g(a) = Emax(X, ) when X has distribution F(z|6).

1 1

g(a) = aF(a|f) +/ xdF (z]0) = aF («|0) +xF(x]0)’1 —/ F(x|0)dx

:aF(a!@)—kl—OzF(a’e)_/ %dz:l_%i
Cilo (-8? . (1-6(-a)
R D

When o = 0 this gives E(X) = 6.

()
(1 —061)(1 — g2(a))
(1 = 6192(cv))
(1= 60)(1 - 6:)(1 — a)

(1 — 9206) — 01((1 — 9204) — (1 — 02)(1 — Oé))
(-0 -)1-a)

1— 9192(1 — 204) — (91 + 02)04) ’
Since this is symmetric in 6 and 02, we have g1(g2(a)) = g2(g1()).
(d) So g; and g; commute for all ¢ and j. This implies that A, = gn(gn—1(--- (g1(c))---))

does not depend on the order of the subscripts. Since A,, represents the optimal payoff,
it doesn’t matter in what order the X; are observed.

g1(g2(a)) =1 —

=1—

=1



Solutions to the Exercises of Chapter 3.

1. (a) Let N = N1(J)- To show N is regular, we must show
for all n, E{Yn|F,}>Y, as.on {N >n}. (1)

We proceed by backward induction. For n = J, this is automatic since {N > J} is empty.
For n=J—1:on {N > J—1} we have {N; > J — 1}, i.e.

Y1 <EY,|F;-1) = E(YN|Fs-1),

since N=J on {N > J —1}.

Now assume the induction hypothesis (1) for n =k + 1. We show (1) for n = k. On
{N >k}, we have N1 > k, so that

Y. < E(Yk+1’fk)
=BV I(N =k + 1)|F) + BV I(N > k + 1) F).

The first term on the right is equal to E(YnI(N = k+1)|F)). The second term is bounded,
using the induction hypothesis, by

E(Yis1I(N > k+1)|Fr) < BEE{YN|Fry1 (N > k +1)|Fp)
E(E{YNI(N > k + 1)[Fpq1} Fr)
E

(YNI(N > k+ 1)|Fp).

Combining these, we get Y, < E(Yn|Fi) as was to be shown.

(b) We are to show that on {N1 > n}, Y, < E(Yn,|F,). First note that part (a)
implies that for all J > n,

J
Yo <E(YailFo) < Y BYNI(N = 5)|F) + B(YI(Ny > J)|F) on {Ny > n}.

j=n+1

Now, let J — oco. The first term on the right converges to Z;’inﬂ E(Yn, I(N1 = j)|Fn)
by Al. By Fatou-Lebesgue and A2, the limsup of the second term is bounded above by
E(YoI(N1 = )|F,). Combining these, we have on {N; > n},

Yo < E(Yni1lFn) < Y E(Ya I(N1 = j)|Fn) + E(YooI (N1 = 00)|Fy)
j=n+1

= E(YNI ’fn)

as was to be shown.



Solutions 3.2

(c) In Example 3.1, A2 is satisfied and Al is not. Moreover, the 1-sla will continue
as long as successes occur and stop at the first failure, so Ny = min{n > 0 : Y,, = 0}
and Yy, = 0. Thus, Y, > E(Yn,|F,) = 0 on {N; > n}, so Ny is not regular. In
Example 3.2, Al is satisfied and A2 is not. Here, the 1-sla is simply N7 = oo, and again
Y, > E(Yn,|F.) =0. So N is not regular.

2. We are to show that Y,, < E(Yn_|F,) on {Ns > n}. First note that on {Ny >

n},
Y, < E(Yoo|Fn)
= B(Yool (Noo = 0)|Fn) + Y E(Yool (Nao = j)|Fn).
j=n+1

The first term on the right is equal to E(Yy_I(No = o0)|F,). Since for every j,
YiI(Now = j) > E(Yoo|F;)I(Noow = j), if we take expectation conditional on F,, we
have for j > n,

or

E(YN_I(Noo = J)|Fn) > E(YooI(Noo = 7)|Fn)-
Combining these, we find on {No > n},

Yo < B(YN I (Noo = 00)|Fn) + > BE(Yn I(Noo = )| Fn)
j=n+1
=E(Yn_I(Neo > n)|Fn) since Al implies EYy_ < o0
=EYn_|Fn).

3. (a) We follow the general ideas of Exercise 1(a,b). First we show that a related
truncated rule, T'(J), that does not allow stopping at any finite n > J is regular. T'(J)
is defined by

T(J) =min{n > 0: Y, >sup, ;<;E(Y;|F,) and Y, > E(Y|Fy) }.
That is, we show that for all n < J,
Y, <E(Ypn|Fn) on {T(J)>n}. (2)

For n = J, this is easy since on {T'(J) > J}, we have Y; < E(Yoo|Fs) = E(Yp(s)|Fr).
Assuming, as the induction hypothesis, that (2) is true for n = k + 1, we must show that
(2) holds for n = k. On {T'(J) > k}, either there exists a ¢t with k < ¢t < J such that Y}, <
E(Y;|Fr) or Vi, < E(Yo|Fk), so it suffices to show that both (i) E(Yeo|Fr) < E(Yr ()| Fk)
on {T'(J) > k}, and (ii) for all ¢t with k <t < J, we have E(Y;|F%) < E(Yp(s)|Fr), on
{T'(J) > k}. Details are similar to Exercise 1(a).



Solutions 3.3

To show that 77 is regular, note that on {71 > n}, either Y, < E(Y.|F,) or
Y, < E(Y;|F,) for some n <t < co. Therefore it suffices to show that both E(Yo|Fy) <
E(Yr, |F,) and for k < t < oo, E(Y3|Fn) < E(Yn,|Fn) on {Th > n}. But from the
above paragraph, we know for J > n, that on {T1 > n}, both E(Y|F,) < E(Yr)|Fn)
and E(Y,41]|Fn) < E(Yp(s)|Fn). Therefore it is sufficient to show that on {17 > n},

limsup E(Yr (| Fn) < E(YT, | Fr).

J—00

Details of this are similar to Exercise 1(b).

(b) Since both Ny and Ty are regular, we have from Lemma 2 that EY,axin, ) >
max{EYy,,EYr, }. But if N; says continue, then so does T7. Hence, max{Ny,T1} = T}
and EY7r, > EYy, . Similarly, EYy, > EYy__ .

4. (a) Suppose for independent X7, Xo,... that P(X; = 27) = P(X; = —27) = 1/2
for all j, and consider the stopping rule, N, = min{j > r : X; > 0}. Then N, has a
geometric distribution on {r,r +1,...} and so has finite expectation. Moreover, Yy, =1
so E(Yy, = 1. Similarly, ESy, = 2"~!. This shows that supy ESy = co.

(b) The equations (16) still hold provided the interchange of summations is valid.
However, if X; is replaced by |X;| in (16), we see that we need Y 7 P{N > n}E(|X;|) <
oo. For this to be true for all stopping rules N with EN < oo, we need that the E(|X}])
are bounded, i.e. sup; E(|X;|) < co. Under this condition, (33) holds.

5. We need a mass at m, the median of max{X;, X2}, so let’s try X; = 1 and
make m = 1. This only requires P(X2 < 1) > 1/2. Then m =1, p = P(My > 1) =
P(Xo > 1)< 1/2, ¢ =P(My < 1) = 0, and 8 = E(Xs — 1)*. Then E(M) = 1 + 3,
E(X,1)) = E(X2), and E(X(;)) = 1. We can make 3 as large as we like. So E(M2) =
(1 + B)E(X¢1)) > 2E(Xy(1)) when 3 > 1. Similarly, we can make E(X3) as small as we
like. So E(M3) > 1 > 2E(X2) when E(X3) < 1/2.

6. By the Borel-Cantelli Lemma, Y .°, P(X; > 0) = coimplies that P(X; > 0 i.0.) =
1. So M* = E(sup,, X,,) exists and is equal to E(sup,, | X,,|). Let N < 0o be an arbitrary
stopping rule for the sequence X7, let N’ = N if X} > 0, and let N’ = min{j >
N : X; > 0} otherwise. Then N’ < oo is a stopping rule for the sequence X; and
E(Xn/) > E(X5). Thus supy: < BE(Xn7) > supy oo E(X3) > (1/2)M*.

7. Take X3 = v, P(Xo=1) =v, P(Xo =0)=1—v and X3 = X4y =--- = 0.
Then the best the decision maker can do is stop at the first observation and get V* =v.
But since P(max{X;, X2} =v) =1—v and P(max{X;, X2} = 1) = v, we have M* =
v(l—v) +v=2v—102.
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1. From Theorem 1, since the second moment of the distribution of X is finite, the
optimal rule exists and is the same for sampling with and without recall. It has the form
N* =min{n >1: X, > V*}, where V* satisfies the equation

c= /oo(x — V*)dF(z)

*

_ Jexp{—0oV*}/o for V* >0
1o —-V* for V* <0.

So, V* = —log(co)/o for ¢ <1/o,and V* =1/0 — ¢ for ¢ > 1/0.

2.(a) For A1, note that sup, Y, < > 7 3"|X,|, so E(sup, Y,) < >.7° B"E(|X,]) =
E(|X|)3/(1-8) < co. For A2, note limsup,, Y;, < lim,, 8> 7 |X;| = lim,, n8"[>_7 |X;|/n]
=0, since > | |X;|/n — E(]X|) from the law of large numbers, and n3" — 0.

(b) Since the X; are independent, v, = E(V,’, |F,) are constants for n = 0,1,....
By time invariance, v,4+1 = [Bv,. Moreover, using the optimality equation,

vo = E(V}") = E(max(6X1,v1)) = fE(max (X1, vp).

Therefore the optimal rule is given by the principle of optimality, N* = min{n > 0: X,, >
vo}, where vy satisfies the above equation.

(¢c) If X €eU(0,1), then 0 < vy < 1, and so vy satisfies the equation

v 1
v:ﬁ/o vdx—kﬁ/ rdr = (1 +v?)/2.

This gives vg = (1 £ /1 —(?)/f3, and since vy < 1, the minus sign must be used. The
optimal rule is therefore N = min{n > 1: X,, > (1 — /1 — 2)/3}.

If X eU(-1,1), again 0 < wvg < 1, and vy satisfies

v 1
v:ﬁ/lv/Qd:v+ﬁ/ z/2dx = B(1 + 2v + v?) /4.

The root between 0 and 1 is vo = (2 — 5 — 21— 0)/B.

3. Y, < f'max(Xy,...,X,) < max(8Xi,...,0"X,) < Y7 67X;|. Thus, Al
follows as in problem 2, and A2 follows similarly. As in the case in the text of selling an
option with a cost, the principle of optimality will never lead to using the recall option.

The best rule will be identical to the no recall rule of problem 2, with the same results for
U(0,1) and U(—1,1).
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4.(a) To show Al, note that sup, Y, = max{Zi,...,Zx_1,pu} = p + max{Z; —
Wyooos Zrk—1 — p, 0} < p+ Zfﬁl(Zj — )t so using Wald’s equation, Esup,, Y, < p+
E{FNZ — )ty = p+E(Z — p)TE(K — 1) < 00. A2 is clear since Y, — 11 a.s.

(b) Since the Z’s are independent, we have on {K >n}, E(V |F,) = E(V||K >

n) is a constant independent of Z1, ..., Z, . The time invariance implies that this constant
is independent of n, and equal to V*, say. From the optimality equation,

V* = (V4K > n) = (1 - B)p+ FE(max(Z,11, V"))
= (1= B+ BE(Z - V)") +pV".

This equation may be rewritten in the form

V*=p+(B/(1 - B)E(Z - V*)T),

which has a unique solution since the left side is increasing in V* and the right side is
nonincreasing in V*.

(¢) If Z € U(0,1), then E((Z — V*)*) = [ (2 — V*)dz = (1 — V*)?/2, so the above
equation becomes, with yu =0,

o *\2
g a=v or V*Q—EV*—Fl:O.

V*:l—ﬁ 2 3

This has a root in the interval (0,1) at the point

xﬂ:%u—vff@y

If Z €eU(—1,1), similar calculations give Vi« = (2 — 5 — 21— ()/5.

5. (a) Since the distribution of X is elementary, the optimal rule is N* = min{n >
0:S5, > so}, where so = ¢(8)/(1—¢(8)), and ¢(3) satisfies the equation G(¢(5)) = 1/8,
G being the generating function of X, G(0) = E(6=X) = pf~! + (1 — p)f. This equation
becomes

(1—p)o(B)* — ¢(B)/B+p=0.

The root in (0,1) is ¢(3) = (1 — /1 —48%(1 — p)p)/(28(1 — p)). The optimal rule stops
as soon as Sy, is at least ¢(3)/(1 — ¢(B)).

(b) If p > 1/2, the probability that S, eventually hits 1 is 1. This implies that
P(N* < 00) = 1. Suppose p < 1/2. Let T =min{n >0: S5, = 1}. Then P(T < x0) =
pP(T < 0olX; = 1)+ (1 —p)P(T < oo|X; = —1) = p+ (1 — p)P(T < x)?. Solving
for P(T' < o0) in (0,1), we find that P(T" < o) = p/(1 — p). Let k = [so], so that
N* = min{n > 0: S, = k}. Note that N* is finite if and only if the event {T" < oo}
occurs k times. Hence, P(N < oo) = P(T < o0)* = (p/(1 — p))l*°l.
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(c) Note that sy < 1 if and only if ¢ < 1/2. So the question becomes when is
¢ < 1/2 for all B < 1. Since ¢ is increasing in 3, we take the limit, limg_; ¢(8) =
(1—-+/1—-4p(1—p))/2(1 —p) =p/(1 —p) for p < 1/2. For p < 1/3, this is less than or
equal to 1, so the optimal rule stops at the first time that S,, = 1 no matter what 3 is.
When 1/3 < p < 1/2, we have ¢ > 1/2 for § sufficiently close to 1, so the optimal rule
may continue past S, = 1.

6.(a) Let Ejr be the event that S, eventually hits k, for & = 1,2,.... Then,
Ei, D Ey D -+, and P(M > k) = P(Eg). Moreover, P(El) P(T < o), P(E>) =
P(E;)P(Es|E1) = P(T < )%, etc. Hence, P(M > k) P(Ey) = P(T < oo)k, the
geometric distribution.

(b) Let ¢(8) = E(BT) = .02, B"P(T = n), and note that as 8 — 17, ¢(8) —
P(T < o0). If the distribution of X is elementary, we have G(¢(3)) = 1/, as in §4.2.
Letting 6 — 17, we find P(T" < o0) is the root in (0,1) of the equation, G(P(T <
o0)) = 1. After solving this for P(T" < o), we find EM as the mean of the geometric,
EM =P(T < o0)/(1-P(T < x0)).

(c) If G(#) = p/0+ (1 —p)f, we solve G(#) = 1 for the root in (0,1), and find
P(T < o0) =p/(1 = p).

7.(a) To show Al, write

M,, — nc = max(Sy,...,S,) —nc
= max(S; — nc,...,S, —nc)
< max(S; — ..,Sn — nc)
= max(S],...,S)

where ES] < 0 and E(S7?) < co. Hence by Theorem 2, Esup(M,, —nc) < Esup S/, < oo,
and Al is satisfied. Since Y,, — —o0 a.s. by the strong law of large numbers, A2 is satisfied.

(b) The time invariance of the problem implies that V,, has the form, V,, = M,, —nc+
f(M,, — S,,) for some decreasing function f. The optimal rule is therefore N* = min{n >
0:Y,>V,}=min{n >0: f(M, —5,) <0} =min{n >0: M, — S, >} for some 7.

(c) We may take v to be an integer. Let N, = min{n > 0: M, — S, = v}, and let
V (k) denote the return using N, starting at k —~, V (k) = E{Yn, |[Mo = 0,50 =k —~}.
Then,
V(0)
V(k)=1/2)V(k-1)+ (1/2)V(k+1)—c for 0<k<¥y
V((v) =1/2Vy =1+ 1/2)(V(y) +1) —c.

Let « = V(1) and solve the central equations successively for V(2),...,V(y) to find
V(k) = kz + k(k — 1)c. Now use the last equation to solve for = to find x = 1 — 2¢y,
and thus V(y) = v — (v + 1)c. Now choose « to maximize V (v); the last « such that
V(y)=V(y—1) =1—2y¢ > 0 is the optimal one. This gives the optimal v as the largest
integer less than or equal to 1/2c.

0
(
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8.(a) Y, is bounded above, so Al holds. Y,, — —o0, so A2 holds.

(b) If S, = s and it is optimal to continue, it is also optimal to continue at S,, = ¢’
where s < s’ < a. It is clearly optimal to stop when S,, > a. Hence, the rule N, =
min{n >0:5, <y or S, >a} is optimal for some ~.

(c) We may take both + and a to be integers and we may take the optimal rule to
be Ny =min{n >0:5, <y or S, >a}. For y <k <a,let V(k) be the expected
return using N, starting at £. Then,

V(y)=0
V(k)=©1/2)V(k—=1)+(1/2)V(k+1)—c for y<k<a
V(a) =1.

This is the classical gambler’s ruin problem, with P(hit a| start at k) = (k—~)/(a—~) and
expected duration = E(N,) = (k—~)(a—k). So, V(k) = (k—~)/(a—7)—(k—7)(a—k)c =
l—ck(a—k)+(a—k)[cy—1/(a—~)]. The optimal ~ is the one that maximizes cy—1/(a—~),
namely a — {\/1/4+1/c}, where {z} denotes the integer closest to x.

9.(a) Y, = max{S,, — nc,—S, — nc}, so supY,, = max{sup(S,, — nc),sup(—S, —
nec)} < sup(S, — nc) + sup(—=S, — nc). Thus, by the theorem of Kiefer and Wolfowitz,
E(supY,) < co and Al is satisfied. Moreover, limsupY,, = limsupn(|S,/n| —¢) = —o0,
since S, /n — 0.

(b) Let Vi (z) denote the optimal return starting with Sy = x. Then

V= esssupys,E(|Sn| — Nc|Fp)
= esssupy>, E(|Sn + Sy _,,| — Nc|Fn) = Vi (Sn) — nc,

where S _,, denotes the sum of the X; from n+ 1 to N. The optimal rule is N* =
min{n >0:Y, >V} =min{n > 0: |5,] > V;(Sn)} = min{n > 0: Vi (S,) — |Sn]| < 0}.
Note that V{(x)—|z| is symmetric about 0 and is nonincreasing on (0, c0) since for x > 0,
Vi (x) = |z| = supyso E(Jr+ Sv| —2— N¢) and |x+ Sy|— 2 is nonincreasing in =. Hence
the optimal rule is of the form N, = min{n > 0:|S,| >~} for some v > 0.

(c) E(Yn,) = E(|SN,|) — cE(IVy). We may take v to be an integer. When stopping
occurs, Sy, is &7, so E(|Sn,|) = 7. Moreover, this is the gambler’s ruin problem
symmetric about 0, so E(N,) = v*. Thus, E(Yy ) = v — ¢y?. This is maximized by
choosing 7 to be the integer closest to 1/(2c¢).

10.(a) Let M = sup,,>7(Sn — S7). Then EM < oo from Theorem 2. Then

E{sup Sn’T = t} = E{Hla,x(So, Sl, N Stfl, St,1 + M)’T = t}

S E{Hla,x(So, Sl, ey Stfl)’T = t} + EM
<tEXT +EM.
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Then Al follows from E(sup,, ;) < E(sup,, Sn) = E(E(sup,, S»|T)) < ET E¢c Xt +EM <
oo, where Eg represents the expectation under fy(z). To show A2, it is sufficient to
show that S, — —oo a.s. This follows since P(S,, — —oo|T' = t) = 1 for all ¢ so that
P(S,, — —o0) = E{P(S,, —» —0|T)} = 1.

(b)By direct calculation,

> ™ AXG)
P(T <nlX1,...,Xn) = —=n - e :
’ ) Zt:l mt=1 Ht )‘(XZ) + Zt:n+1 mi=t

from which we may compute

[Qn + (1 = Qn)(1 = T)A(Xny1)
[Qn + (1= Qn)(1 = m)A(Xny1) + (1 — Q)7

Qni1=P(T<n+1|Xy,...,Xpt1) =

(c) Let V*(q) denote the optimal return for the problem modified by allowing an
initial Qo = P(T = 0) = ¢, so that P(T =t) = (1 — ¢)(1 — m)x'~! for T > 1. The
rule given by the principle of optimality is N* = min{n > 0:Y, > V*}, where V! =
esssupys,E(YN|Fn) = Yo + V*(Qy). Hence, N* = min{n > 0 : V*(Q,) < 0}. To
show that N* = min{n > 0: Q,, > «} for some 7, it is sufficient to show that V*(q) is
nonincreasing in ¢. Since V*(q) = esssupyE(Sy — aQn — ¢), it is sufficient to show that
ESn is nonincreasing in ¢ and EQx is nondecreasing in ¢ for any stopping rule N. The
latter is clear since each @), is increasing in ¢ by induction using the answer to (b). To
see that ESy is nonincreasing, we make the computation

ESN_ZP E(Sn|T =)
= qE(SN|T =0)+ (1 —¢) ) (1 —m)n' 'E(Sx|T =1).
t=1
The coefficient of ¢ in this expectation is

Z (SN’T—O) (SN’T:t)].

t=1

From the generalization of Wald’s equation found in Exercise 4 of Chapter 3, we find that
E(Sy|T = 0) = iuE(N) and, for ¢t > 1, E(SNy|T = t) = EZ _1 & where & is po for
i <t and py for i > t. Therefore, E(SN]T =0)—-ESN|IT =t) = Zf\il(ul &) <

completing the proof.
11. (a) The Optimality Equation is V,, = E(max{W,,, V;,} — c¢. This becomes

Vioy = E(max{X,, +Y,, X,, + V,, Yo, + V,, Vo }) — c.
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The optimal strategy given by the Principle of Optimality is to continue sampling until
W,, > V4, and then to stop and sell both objects if X,, +Y,, = W,,, the x-object alone if
X, +V, =W,, and the y-object alone if Y,, + V, = W,,.

(b) The Optimality Equation becomes
Vey = E(max{X,, +Y,, X,, + .5,Y,, + .5,V }) — .125

Here 1 < V,, < 1.5. In the unit square, the max is V;, on the set {y < Vg — .5,z <
Vy — 5,2 4+y < Vgy}, the max is 4.5 on the set {x > V,,,y < .5}, the max is y+.5 on
the set {y > V,,—.5,2 < .5}, and the max is x+y on the set {z > .5,y > .5, z+y > V, }.

The expectation on the first set is Vyy[(Vay — .5)% — .5(Vay — 1)%] = Vo (V2 — .5)/2.

The expectation on the second set is .5 fézy7.5 de(x + 5)dydr = .25(2.25 — V2)),
and the same on the third set.

The expectation on the fourth set is the integral of 4y over the set {x > .5,y > .5},
minus the integral of x 4+ y over the triangle {z > .5,y > .5,z +y < V,, — .5}, i.e.

/51 /51(x+y) dydr =3/8

Vey—.5 Vey—2
[ @rndyde= (v, - 170, + )3
.5 .5

minus

The Optimality Equation becomes

1 ) 1 | )
Vipy + 125 = ivxy(vxy —.5) + 5(2.25 -V, + 3 g(ny —1)*(Vay +.5)
1, 1 4
“gm 1ty

This reduces to 4Vx3y — 30V, +29 = 0 whose solution between 1 and 1.5 is V,,, = 1.19313.

(c) The Optimality Equation becomes V., = E(max{X, + Y,,Vz,}) —.5. Here
0 < Vpy < 1. The integral of V,, over the region {0 < z,0 < y,z+y < Vyy) is V3, /2.
The integral of x + y over the unit square minus the region {0 < z,0 < y,z+y < Vyy) is
1 —(1/3)V,},. The Optimality Equation is therefore V,, =V /2+1—V2 /3 —.5. This
gives the cubic equation, Vx?’y — 6Vyy + 3 = 0, whose solution is V,, = .52398. If we sell
the objects separately, we accept the first offers that come in. However if we sell them
together, we accept the first vector of offers such that X,, +Y,, > .52398.
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1. (a) The joint density of X; and 0 is

f(@,0) = g(0)f(]0)
Lowo A% a1

0 () fotl
_ A O 1
F(a) 9a+2
The marginal density of X; is
f(a:)—/oof(a; 0)do = —" g 20

the inverse power, or Pareto, distribution. The posterior density of 6 given X; is

)\ a+1 1
o(610) = fla.0)/f(o) = G e M,

the inverse gamma distribution, G~!(a+ 1, A\ + ). Thus, as each observation arrives, the
parameters are updated by adding one to the alpha parameter and adding the z-value to
the lambda parameter, giving G~ !(a +n, A+ S,,) as the posterior distribution of @ given
X1, X,

(b) If € G *(a, \), then

P N A* Dla—1) X
E = — A/G «@ — — .
= T /e b= Ny e T T asd

Similarly, E6? = A\?/((ae — 1)(a — 2)), and so Varf = \?/((a — 1)?(a — 2)).

(c)If you stop at stage 0, you lose Y = Var (6). If you take one observation and stop,

you lose
+E()\+X1)2 - A2 4+ 2 EX + EX?
¢ a?(a—1) - a?(a—1) '
Now, EX = E{E(X|0)} = E§ = \/(a — 1), and EX? = E{E(X?|0)} = E{20°?} =
202 /((a — 1)(a — 2)), so the above quantity reduces to

)\2
ala—1)(a—2)

c+

Therefore, the 1-sla calls for stopping at stage 0 if Y, is no greater than this, or equivalently,
if

A2 <e
ala=1)2(a—-2) =
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(d) At stage 1, the conditional expected loss given X; of the optimal rule truncated
at stage 2 is
A+ X1)2 (A + X1)?
a?(a—1) € (a4 1Da(a—1) b

The 2-sla calls for stopping at stage 0 if Yy is no greater than the expectation of this.
As in the problem in the text, we can simplify this by subtracting the expectation of the
first term of the minimum from both sides of the inequality to find that the 2-sla calls for
stopping at stage 0 if

¢+ min{

A2 . A+ X;p)?

* C — —C+.
() ala—12=2 = B3 Daza=) ¢

We now evaluate this expectation using the marginal distribution of X; as found in (a).
Case 1, A2 > c(a+ 1)a?(a — 1): Then the quantity inside the expectation sign is positive
whatever be X; > 0, and since from (c), E(A + X1)? = A2a/(a — 2), (*) reduces to

A2 A2

ala—1)2a=2) =%~ (at Dala = D(a=2)

In case 1, this is never satisfied, so we always take two observations whatever be X .
Case 2, A2 < c(a+1)a?(a—1): Let A=c(a+1)a*(a—1). Then

B+ X2 -4 = [ (P - A e
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Equation (*) now reduces to

A2 o B+ X2 - At

ala—12a—-2) - (atDa2(a—1
— ¢~ (2¢/(— 2))(3/(c(a + Da*(a — 1))/,

~—

~—

2. (a) The posterior distribution of  given Xi,..., X, is easily seen to be the gamma
distribution, G(n + 1,1/(S, + A)). Hence, E(X,+1|X1,..., X)) = E(1/0|X1,..., X,) =
(Sn+A)/n. If we stop at stage n, we recieve ™S, ; if we continue one stage more and stop,
we expect to receive E(8"1S,,111Sn) = BT Sn +E(Xp11|S0)) = B7TH(S, +(Sn+A)/n).
The 1-sla stops the first time the former is greater than the latter, namely

Ny =min{n >1:3"S, > " (S, + (Sn + \)/n)}
=min{n >1:(1— 3)S,/(Sn + ) > 3/n}.
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Since S,,/(Sp + A) is increasing a.s. and [3/n is decreasing, the problem is monotone.

(b) Note that E(X;) = E(1/0) = oo but that given X; = z1, the posterior distribution
of 8 is G(2,1/(A+ 1)), so that for j > 1, E(X;| X1 =21) =E(1/0| X1 =21) = A+ 1.
Now, B"S, < Y1 #X; < 327 X;. Hence, E(sup, [3"Xn|lz1) < E(CY #7X;1X:) =
Z]f BE(X;]X1) = (A+ X1)8/(1 — ), so that the conditions of Corollary 2 are satisfied
in this conditional problem.

3. (a)
Ny =min{n >0:Y, > E(Y,+1|F.}

=min{n >0:(T'<n) or (T >n and u(S,) > /OO u(Sy + x)r(Sp + x)dF(z))}
0
so the 1-sla stops as soon as
u(Sn)/O (1 —r(Sp +z)dF(x) > /0 (u(Sn + ) — u(Sy))r(Sy + z) dF(x)

The problem is monotone since the left side of this inequality is a.s. nondecreasing (.S,, is
a.s. nondecreasing since X; > 0 a.s., u(S,) is nondecreasing a.s. since u is nondecreasing,
and the integral of 1 —r(S, 4+ x) over z is nondecreasing since r is nonincreasing) and the
right side is a.s. nonincreasing (u(S,, +x) —u(S,) is nonincreasing a.s. since u is concave).

Since r is nonincreasing and not identically one, there is some zy and 6 > 0 such
that r(z) <1—6 for z > zp. Since X; > 0 and S > 0, we have S,, — oo a.s. Hence,
P(T =n+ 1T > n) = E(r(S,)) will be eventually be less than 1 — /2, say, so that T is
finite with probability one, and in fact has all moments finite. Hence, A3 is satisfied. To
check A1, first note that the concavity of u imply it is bounded above by a linear function,
u(z) < a+ bz for some a and b > 0. Then, sup,, Y, < u(St) < a + bSr, so that

E(supY,) < a4+ bE(S7t) =a+ buE(T) < cc.

Now, the conditions of Corollary 2, with W = 0, yield the optimality of the 1-sla.

(b) o0

Ny =min{n>0:(T'<n) or (I'>n and u(n)>u(n-+ 1)/ r(Sy, +x)dF(x))}.
0

The problem monotone because u(n)/u(n + 1) is nondecreasing, r is nonincreasing, and
Sy is nondecreasing a.s. A3 is satisfied by the argument given in part (a), and Al is
satisfied since E(sup,, Y;,) < E(u(T)), which is finite by assumption. Hence by Corollary
2, the 1-sla is optimal.

4. (a) Ny =min{n >0:Y,, > E(My4+1 — (n + 1)c|F,)}
=min{n > 0: E(Mp4+1 — M,|F,) < c}.
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and
E(My41 — M, |F,) = / (x — M,,) dE(F(x)|Fy)

_ / (@ = M) d(paFo(@) + (1 — p) dF (2))

0 /Oo(x _ M) dFy ().

My,
This is decreasing a.s. in n since p,, is decreasing and M, is nonincreasing a.s. Since
X1, Xo,... are identically distributed with finite second moment, Theorem 4.1 implies
that the conditions of Corollary 2 are satisfied and that the 1-sla is optimal.

(b) Ny =min{n >0:Y, > E(B""'M,1|F,)}
=min{n >0: (1 — f)M,, < BE(M, 11 — M,|F,)}.
As long as M,, < 0, Nj never stops. So we may rewrite N7 as
Ny =min{n >0: M, >0 and E((M,+1/M, —1)|F,) < (1 -7p)/6}.

Since

B(Mr M, — Dlar) = [ “nftya, (2/M, — 1) dE(F ()| )

- /Oo(a;/Mn 1) dFy(a),

My,
and since this is a decreasing function of M,,, the problem is monotone. To see that
the 1-sla is optimal, we use Corollary 2 with W = 0, and note that E(sup|Y,|) <
E(sup 5 Y7 [X,) < E(XF #1X,] = (8/(1 — B)E(IX]) < oo, and also that limY,, —
lim(nB™)(M,/n) < lim(nB™)(>_7 |X,|/n) =0 a.s.

5. If you continue at stage n > r, you will improve the sum of the expected worths
if and only if X,,41 > Xr(n); we then drop qun) and accept X, +1 so the gain would be
(Xpy1 — qun))f Hence,

E(Yat1 — YalFn) = B(Xns1 — XI)F|F) —
=g(X{") —¢
where g(z) = [ (z — z)dF(z). Since
Ni =min{n > r:Y, > E(Y,1]z,)} = min{n > r: g(X™) > ¢},

the problem is monotone since g(z) is nonincreasing. An argument similar to that in
Example 2 shows that the 7}, are a.s. nonincreasing and that 7T,, — 0, so that ET,, — 0
and the 1-sla is optimal.

6. (a) Ny =min{n >0: g(X, ) E(g(Xn+1)|zn)}
= min{n >0: g(X / (X, +2)dF(2)}.
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Hence, the problem is monotone if g — [ g(xz + z)dF(z) is monotone nonincreasing in
x, i.e. we must show that if z < 2 then g( ) —g(x) < [lg(z’' + 2) — g(z + 2)] dF(2).
This would follow if we show that if z < 2’ then g(2’) — g(x) < g(2’ + 2z) — g(x + z) for
all z > 0, since Z is assumed to be a positive random variable.

Lemma. If g(x) is convex, then for all y > 0 and z > 0, gl +y) —g(x) < glx +y +
z) —g(x+2).

Proof. Conxevity implies both g(z +y) < (z/(y + 2))g(z) + (y/(y + 2))g(z + y + z) and
gx+2) <(y/(y+2))g(z)+(2/(y+2))g(x + y+ z). Summing gives the inequality of the
lemma.

(b) A1 is satisfied since this is a minimum cost problem with nonnegative cost. A3 is satis-
fied as noted in the statement of the problem. T}, = sup,>,(=Y; +Y,) = sup;>,,(9(X») —
9(X;)) <g(0), so the T,, are u.i.

7. (a) We must find

E(Y,+1|Sn = ) = P(win if stop at next available place|start at = < t).

= / P(win if stop at  + z)\exp{—Az} dz

0
t—x 2(t—=x)

= / exp{—2\(t —x — z)} exp{—Az} dz + / Aexp{—Az}dz
0 t—x

= 2exp{—A(t — z)}(1 —exp{—A(t —z)}.

The 1-sla stops if S, > t, or (when S,, <t) if exp{—2A(t — S»)} > E(Ys+1|5n), so that
Ny =min{n >0:85, >t or [S, <tand exp{—A(t —Sn)} > 2/3|}
=min{n >0:5, >t— (1/)log(3/2)}.

It may be noted that the 1-sla stops when the probability of win is at least 4/9.
(b) Since the S,, are nondecreasing a.s., the problem is monotone. Since the payoff is
bounded, all the conditions of Theorem 2 are satisfied and the 1-sla is optimal.

8. (a) We are given M € P(A), and for n = 1,2,..., (Xp41|M,X1,...,X,) €
B(My,pn+1). An analysis similar to that in the text shows that M,|z, € P(A(1 —
p1)--- (1 —pn)). We simplify the problem by replacing Y,, by its expectation given F,:

Y, = ncy + cE(M,|Fy)
=mnc1 + oA\l —p1)--- (1 —pp).

Since the payoffs are constants, the optimal rule is a fixed sample size rule, namely, stop
at that n for which Y,, is smallest. The 1-sla is

Ny =min{n >0:Y, <Y,11}

=min{n > 0: Ap,4+1 H(l —pj) <ci/ca}.
1
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If ppt1[[7(1 —p;) is nonincreasing in j, then the problem is monotone and the 1-sla is
optimal. This condition is equivalent to the condition that p,41/(1 + pny1) < p, for all
n. In particular, if the p,, are nonincreasing, the 1-sla is optimal.
(b) We are given M € B(W,x),and for n =1,2,..., Xp41|M, X1,..., X,, € B(Mp, prn+1)-
A somewhat lengthy prior to posterior analysis shows that M, |F, € B(W,,m,), where
W,=W-X;—-—X,,and m, =7 [[{ (1 —p;)/[(1 —7) +7[[7(1 —p;)]. This time
the 1-sla becomes
N1 = min{n 2 0: E(Xn+1’fn) S Cl/CQ}
=min{n > 0: p, 1 E(M,|F,) < c1/c2}

=min{n > 0: pp1Wym, < c1/ca}

Since the W,, are a.s. nonincreasing, the problem will be monotone if the p,yi7m, are
nonincreasing. The m, are automatically nonincreasing, so the 1-sla will be optimal if the
Py, are nonincreasing.

9. Let Z be 1 if the object is in the box and 0 otherwise, so that P(Z = 1) = 7.
Let X1, Xo,... be the indicators of success on the searches, so that given Z, Xy, Xo, ...
are i.i.d. Bernoulli, with P(X; = 1|/Z = 0) = 0, and P(X; = 1|Z = 1) = p. Then,
Y, = M,, — nc, where M, = max{Xy,...,X,}.
(a) The 1-sla is

N1 =min{n > 0: M,, — nc > E(M,+1|F,) — (n + 1)c}
=min{n>0: M, =1 or P(X,41 =1|M, =0)<c}.

The problem is monotone if P(X,y; = 1|M, = 0) is nonincreasing a.s. in n. This
probability is
P(M, =0,Xn11=1) m(1—p)"p

P(X, 1 = 1|M, =0) = =
(Knr =1 ) P(M, = 0) 1—7+7(l—pm

This is decreasing in n. Al is satisfied, since the Y,, are bounded above, and A3 is satisfied
if Yoo = —o00. Since the loss is of the form of Corollary 2, the 1-sla is optimal.
(b) Same N; as above, but this time

o PMy=0,X,41=1)  E(x(1-p)"p)
P(Xpi1 = 1|M, =0) = S g) R e

This is nonincreasing in n if for all n > 0,
E(r(1 —p)"p)EQ =7 +7(1 —p)"™) > E(r(1 —p)" 'p)E(l — 7 +7(1 —p)").
Some algebra reduces this to
B(r(1 = p)"p*)(E(1 - m) + E(r(1 —p)") > (B(r(1 —p)"p))*.

The left side is > E(r(1 — p)"p?)E(n(1 — p)"), which is > the right side by Schwartz’
inequality.



Solutions 5.7

(c) Let M, be 1 if object j is found by search n, and 0 otherwise. Then, Y, =

k
> j=1%;Mjn —nc. Hence,

k
Ny =min{n >0:c> > (1 - M;n)z;mjn},
j=1

where 7, = m;(1—p;)"p;/[1 —m;j+7;(1—p;)"]. Asin (a), each of the W, ,, is decreasing
in n, and since each 1 — M ,, is nonincreasing in n, the problem is monotone. The same
argument as in (a) shows the 1-sla is optimal.

10. (a) Since E(h(K,11)|Fn) = Quh(Ky +1) 4+ (1 — Qn)h(K,), where @, is the sum
of the p; over the unobserved species after the first n observations, we have

Ny =min{n > 0: h(K,) —nc > E(h(Kp+1) — (n+ 1)c|Fn)}
=min{n >0:c> Q,(h(K, +1) — h(K,))}.

The problem is monotone since @),, is nonincreasing a.s., h(k + 1) — h(k) is nonincreasing
by assumption, and K, is nondecreasing a.s. From Corollary 2, with W,, = nc and
Zn = h(K,) < h(s), we see that the 1-sla is optimal.

(b) For random p;, we find that E(h(K,11)|Fn) = E(Qn|Fn)(h(K,+1)—h(Ky))+h(K,),
so the 1-sla is

Ny =min{n > 0: ¢ > E(Qn|z,)(h(K, + 1) — h(K},))}.

In order that the problem be monotone, we need E(Q,|F,) to be nonincreasing a.s. If the
prior of (p1,...,ps) is D(a1,...,qs), then the posterior given F,, is D(a; +X1,n, ..., s+
Xs.n), where X, represents the number of observations of species j by time n. Hence,
E(Qn|Fn) = My, /(M + n), where M is the sum of the «; over all j, and M, is the
sum of the «; over the unobserved species after the first n observations. Since this is
nonincreasing a.s., the 1-sla is monotone and the same argument as in (a) shows it is
optimal.

(c) Let s = 3, take h(k) = k for all k, and take the prior distribution of (p1,p2,ps) to be

P{(p1,p2,p3) = (1,0,0)} =1 —¢
P{(p1,p2,p3) = (1/3,1/3,1/3)} = ¢,

where € is a small positive number. For ¢ < 1, the 1-sla calls for taking the first observa-
tion. Suppose it is from species 1; then, E(Q1|F1) = E(p2 + p3|F1) = €¢/(3 — 2¢), so the
1-sla calls for stopping if ¢ > €/(3 — 2¢). Yet, if one continues and the second observation
turn out to be species 2, then E(Q2|F2) =1/3. So, for € chosen so that €¢/(3 —2¢) < 1/3
(say, € = 1/2), and ¢ = €/(3 — 2¢), the 1-sla calls for stopping (actually, the 1-sla is
indifferent), but the 2-sla calls for continuing and does strictly better.
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11. (a) For n=0,1,...,T,
n T i
Y, = E(W,|F,) = Z(n — )X+ Z (T —4)A;| 0.
J=1 J=n+1 ]
n T i
E(Yn+1’}—n) = Z(n +1 _j)Xj + Z (T _j))‘j 0.
J=1 J=n+2

so that the 1-sla is
Ny =min{n >0:Y,, <E(Y,+1|F.)}
=min{n >0: (T — (n+1))A\py1 < Sn},

where S,, = Z?Zl X;. The right side is nondecreasing since the X,, are nonnegative. So
if (T'—n)\, is nonincreasing, the problem is monotone, and since the horizon is finite, the
1-sla is optimal.

(b) If the prior distribution of A\ is G(a, 1//3), the posterior distribution of A given F,, is
G(a+ Sp,1/(8+n)). Since the mean of G(a,1/5) is /3, we have

n T

, a+ Sp ,
Yn:E(Wn’fn):Z(n_j)Xj+ Z (T_j)
. B+n
j=1 Jj=n+1
= . Q+E(Sn+1’fn) d .
E(Yn+1’fn):Z(n+1_3)Xj+ ﬁ+n+1 Z (T_j)
7j=1 j=n+2
° a+ S, d )
=Y (n+1—-j)X; + > (T—14)
Jj=1 B+m Jj=n+2

so that the 1-sla becomes

Ny =min{n >0: (T — (n+1))(a+S,) < (B+n)S,}
=minfn>0:a(T—(n+1) <(B+2n-T+1)5,}.
To see that the problem is monotone, suppose that the inequality in N; is satisfied at n.
Then G+ 2n — T + 1 must be positive, and will stay positive for larger n; thus, the right

side is nondecreasing a.s. and the left side is decreasing, so the problem is monotone and
the 1-sla is optimal.

12. (a)

Ny =min{n >0:Y, <EY,+1|F.)}
= min{n > 0: cP(K > n|F,) + E((n — K)*|F,) <
cP(K >n+1F)+E((n+1—-K)T|F.)}
=min{n > 0: cP(K =n+1|F,) <E((n+1-K)" — (n— K)"|F,)}
= min{n >0:U, > c},
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where U, = P(K <n|F,)/P(K =n+1|F,).

(b) We have U() = 0, U1 = P(K = 1’X1)/P(K = 2’X1) = Wlfl(Xl)/(ﬂgfo(Xl)), and in
general,

P(K <n,X1,...,Xp) P(K =n,X1,..., X))

P(K=n,X1,...,X,) P(K=n+1,X1,...,X,)
P(K<n—1,Xy,....X0-1)i(Xn), mnfi(Xn)
P(K=n,X1,...,Xn-1)f1(Xn) Tn+1.Jo(Xn)
= [1+ Un-1] - (mn/Tn4+1)A(Xn),
where A(z) = fi(x)/fo(x) is the likelihood ratio.
(c) We have 7, = (1 —m)n"~ ! for n = 1,2,..., fo(z) = exp{—a}(x > 0), fi(z) =
(1/p)exp{—z/pu}l(x > 0), so A(z) = (1/u) exp{z(pn — 1)/p)}. Thus, Uy =0, and

Un = [1 4 Un—1](1/m)(1/ ) exp{ X (p = 1)/ 1}

Since p > 1 and X,, > 0, we have exp{X, (¢ —1)/u} > 1. The problem is monotone if
for all n, U,_1 > ¢ implies U,, > c¢. If U,_1 > ¢, then U, > (1 4+ ¢)/(7wp), which is > ¢
if and only if 1 + ¢ > cmp, as was to be shown.

U, =

=1+

13. (a) Let A = {(s,2) : 0 < s < t}. Then independent of the number, catch
times and sizes of the fish caught in the interval (0,¢], the number of fish not caught
by time ¢ is N(A€), which has a Poisson distribution with parameter, A\P(A°), where
P(A°) =P(T >t) = S(t), and given N(A°), their catch times and sizes are i.i.d. P/P(A°),
namely, P(T' < s,Z < z|T >t) = (F(s,2z) — F(t,2))/S(t).

(b) EY; = E(X_; Z;1(T; <t) —tc) where the sum is over those j for which 7; <t. Hence,
from Wald’s equation, EY; = EN(A)E(Z|T < t) — tc = )\f(f [ 2f(s,z)dzds — tc. The
optimal rule, if any, is given by the value of ¢, if any, that maximizes this. The derivative
of EY; with respect to ¢t is A [ z2f(t,2)dz — ¢ = NE(Z|T = t)f(t) — ¢, where f(t) is the
density of T'. If this is a decreasing function of ¢ from a positive value to a negative value,
as it is for parts (c¢) and (d), the optimal rule is given by the value of ¢ that makes this
derivative zero, and the rule is the infinitesimal look-ahead rule.

(c) Since E(Z|T =t) = ay(t + 1), the derivative of EY; with respect to ¢ is Aay(t +
1)0/(t + 1)+ — ¢, from which we conclude that it is optimal to stop fishing at the fixed
time,

1= (A0,

(d) The conditional distribution of Z given T" = t is easily found to be the gamma,
Gla+1,8/(1+ p~t)) so that E(Z|T =t) = (a+ 1)3/(1 + B~t). The marginal density of
T is found to be inverse power, f(t) = aBvy/(1+ Bvyt)®*! for t > 0. The optimal rule is
the fixed time

_i )\(a+1)ﬁ204’7 1/(a4+2) _ 1\+
= () D",

14. (a) If S,, > L, we might as well stop. The 1-sla as defined says we should stop.
On {N > TL} = {Sn S L}, we have E(Yn+1’fn) = Yn+E(Tn+1(Sn+1)’fn)—bn+1P(Sn+1 >
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L|F,,). The 1-sla calls for stopping iat n if this is less or equal to Y,,. Hence,
N1 = mln{n 2 0’871 > L or E(Tn+1(8n+1)’fn) S bn+1P(Sn+1 > L’fn)}

(b) The problem is monotone if the difference E(ry,4+1(Sn+1)|Fn) — bnty1P(Snt1 > LIF,)
is nonincreasing almost surely. This will be satisfied if the following two conditions are
satisfied:

(1) E(rn4+1(Sn+1)|Fn) is nonincreasing a.s., and

(2) bp+1P(Xpg1 > L — S,|F,) is nondecreasing a.s.

The expectation in condition (1) may be written E(r,4+1(z + X)) where z is a constant
representing S,, and X has the same distribution as X, +1. Thus, (1) would be satisfied,
for example, if 7, (z) is nonincreasing in n for all . The probability in (2) may be written
as 1 — F(L —S,). Since the X,, are nonnegative, the S,, are nondecreasing a.s., and so
the probability in (2) is automatically nondecreasing a.s. Thus (2) would be satisfied, for
example, if the b, were nondecreasing.

(c) If L israndom with distribution function G on (0, 00), the only change in N; is that the
probability in P(S,,+1 > L|F,) must take this randomness into account. In particular, F,,
contains the information whether S;,, > L or not. Thus the only change in the conditions for
monotonicity is that (2) becomes (2): b,+1P(X,41 > L—S5,|Sn, L > S,,) is nondecreasing
a.s. The probability may be written as f;:(l —F(L-S5,))dG(L)/(1—-G(S,)). For this to
be nondecreasing in n a.s., it is sufficient that the conditional distribution of L — s given
L > s be stochastically increasing in s.

15. If you stop at stage n, your expected payoff is given by Equation (17) with Y,, =6
if T, = oo, and Y, = 6. If you continue to the next success and stop, your expected

payoft is [[T;2, 1 (1 —pi)] 222,41 125 + 0112, 1(1 — p;). Therefore the 1-sla is

lemin{nEO:anlandZ 1pi <1-86}.
. —Di
i=n—+1

This rule is clearly monotone. It is optimal by the same argument that shows the rule of
Equation (19) is optimal.

16. Let X; be the indicator of the event that the ¢th group has a relatively best
applicant, 1 = 1,...,m. The X, are independent and we want to stop on the last success.
The probability that X; is 1 is the probability that among the first ki +- - -+ k; applicants,
the best is found in the ith group, namely, P(X; = 1) = k;/(k1 + --- + ki;. The odds of
success are k;/(k1 + -+ + kij—1. Therefore, the sum-the-odds rule

k;
ki

lemin{tzlthzlande+ <1}
L+ -

i=t+1

is optimal.
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17. (a) First note that the distribution of the minimum of two exponentials, £(6;)
and £(02), is exponential, £(f; + 62). By induction, the minimum of n exponentials,
E(61),...,E(0n), is exponential, (3.7 0;). Next note that P(Zy < Z1) = 02/(01 + 02).
Then, P(X,, = 1) = P(Z, < min{Z1,...,Z,-1} = 0,/(61 + --- + 6,). Note that the
condition Y {° 6; < oo is equivalent to the condition that Y 7° P(X; =1) < oo

(b) To show independence, it is sufficient to show P(X; =1,..., X, =1) =
[T} P(X; = 1) because all the variables are Bernoulli. But we have

P(Xlzl, Xn—l) Z < Ly < - <Zl)

/ / / f[ez exp{— 20 s}dz -
:(11[01')%/000.../Z3 eXp{_;eiZi_(92+91)22}dz2...dz

B 0105 -0,
B 0101 +602)--- (01 + -+ 6y)
=P(X;=1)P(Xo=1)---P(X, =1)

(c) The optimal stopping rule is the sum-the-odds rule,

0;
-+ 0,

Ni=min{t>1:X; =1 and Z
i=t+1 01+

<1}

18. (a) Since Y., ;7 < 1, all p; are less than 1 for i > s. If p, = 1, then the
optimal rule stops at s and succeeds if and only if all remaining events are failures; hence,
V= HZH gi- If ps <1, then as in the derivation of Equation (18),

n n n n
Vi =ps [[ai+apsir [[ai+ = [H%‘] > i
s+1 s+2 s s

(b) We have Vy = [[I7,; a|(ps + (1 — ps) > . ;7). This is nondecreasing in ps since
> +17i < 1. Thus we decrease V;y' by making ps smaller. But we must stop when we hit
the constraint » . r; > 1.

(c) This is immediate using Lagrange multipliers, but here is a way to get the result using
G < A, the geometric mean of positive numbers is less than or equal to the arithmetic

mean, with equality if and only if all the numbers are equal. Thus,

n 1/(n+s+1) n
1 n+s+2
1 . < - 1 N == =
(H( m) 0 =

S



Solutions 5.12

with equality if and only if all r; are equal. Now note that ¢; = 1/(1 + r;), and write

n 1 n—s+1 n—s+1 1 n—s+1
ot (552) (-2
; [I (1 +m) n—s+2 n—s+2

with equality if and only if all ¢; are equal.

(d) It is well known (and easy to prove) that (14 =)™ is monotonically increasing to e as
n increases to infinity. So (1 — %H)” = (1 + 1)™" decreases to e~!. This implies that
HZ q; of the previous display is bounded above by the value of the right side when s = 1.
This gives the bound V* > (1 — %H)” which is achieved if and only if all p; are equal to
1/(n+1).

(e) Let € > 0. Find n such that P(no successes after n) > 1 —e. Such an n exists since
> pi < oco. From (d), there is a stopping rule N,, < n such that the probability that N,
stops at the last success in the first n trials is at least (1+(1/n))~". Then, the probability
that N,, stops at the last success in all trials is at least (14 (1/n))"™"(1 —¢) — e 1(1—¢).
This shows VZ > e !(1 —¢). Since this is true for all ¢ > 0, it is also true for € = 0,
completing the proof.




Solutions to the Exercises of Chapter 6.

1. Maximizing the ratio E(Xy — ¢)/E(N + d) reduces to solving the problem of
maximizing the return E(Xy — ¢ — A(N +d)) and choosing A so that the optimal return
is zero. Since the X,, have finite second moment, this problem is solved in §4.1 and the
optimal rule is found to be stop as soon as X,, —c— Ad is at least V*, where V* satisfies
the equation E(X —c¢— Ad — V*)* = \. Setting V* = 0, we find that the optimal rule,
N*, for maximizing the rate of return is to accept the first offer that exceeds c+ Ad, where

A satisfies
E(X —c—Xd)T =\

The left side of this inequality is decreasing in A with value E(X —¢)™ at A = 0, so there
is a unique solution for A. If P(X < ¢) =1, then A =0 and N* = oco. Otherwise, the
optimal rate of return is A > 0.

If Fis U4(0,1) and ¢ < 1, then E(X —c—Xd)* = (1 —c— \d)?/2 = A, so that X is
the root of d? 2 —2((1 —c¢)d+ 1)A + (1 — ¢)? = 0 between 0 and (1 — ¢)/d, namely,

A=[1-c)d+1—/1+(1—c)d/d>

2.(a) The 1-sla is

Ny =min{n >1:Y, —nA <E(Y,41 — (n+ D)A|F,)}
=min{n >1:T<n or (T'>n and <E(Y,+1—Y,|%))}
=min{n >1:T<n or (T'>n and A< KP(T =n+1|S,))}
=min{n >1:T<n or (IT'>n and > Kqexp(—(M —S,)/n))}

Thus, Ny =T if A > gK, and, Ny = min{n > 1:5, > M — plog(Kq/\)} if A < qK.
Since the S,, are increasing, the problem is monotone. Since nA —Y,, is bounded above by
AT which is integrable, and since Y,, is a.s. nondecreasing, the 1-sla is optimal by Lemma
5.2.

(b) The expected loss is E(Yy — NA\) =c+ KP(N =T) — AE(N). Since we must take at
least one observation, we must distinguish two cases.

Case 1: M < plog(Kq/\). Then N =1,and P(N=T) =P(T =1) = gexp{—M/u},
so the expected loss is ¢ + Kqexp{—M/u} — A.

Case 2: M > plog(Kq/A). Then,

P(N =T)=P(Sy = M[Sy > M — plog(Kq/X)) = exp(—(nlog(Kq/A) /1) = A/ (Kq).

To find E(N), we use two formulas for E(Sy); E(Sy) = E(N)E(X) = E(N)gu, and
E(Sy) = (M — plog(Kq/A)) + . (This uses the fact that when S,, does exceed M —
wulog(Kq/A), it will do so on the average by u). Thus, E(N) = (M/u—log(Kq/\)+1)/q,
and the expected loss is ¢+ K(A/(Kq)) = A(M/u —log(Kq/\) +1)/qg=c+ (N q)(M/p —
log(Kq/A)).
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We must solve for the value of A that makes the expected loss zero. In case 1,
A < Kqgexp{—M/u}, so that the expected loss cannot be made equal to zero. Thus, the
optimal rate of return may be found by solving the equation

AM — plog(Kq/N)) =c.

Since the left side is increasing in A, there is a unique root of this equation in the interval
(K qexp{~M/u}, 00).

3. To find N to maximize E(N)/E(Xx + 7), we first solve the problem of finding
N to maximize E(N — A(Xy + 7)) and then adjust A so that this expectation is zero.
As in Example 5 of §5.4, the optimal rule for this problem is the fixed sample size rule
N* =min{j >0:j >n— A} =n—|A]. The expected return using this rule is E(N —
AMXN+T)) =n— [N -AE(X,_|x|+7)). Since E(X}) = 1/n+1/(n—=1)+---4+1/(n—k+1),
the optimal rate of return satisfies the equality

n—|A=AXr+1/n+---+1/([A] +1)).

(This equation has a unique solution.) When n = 10 and 7 = 1, trial and error gives
|A| =3, and A = 3.34028, and the optimal rule is the fixed sample size rule N* = 7.

4. First, we solve the problem of finding a stopping rule to maximize c¢;P(Sy >
a) — AE(N + ¢2), and then adjust A to make the optimal return equal to zero. From
the solution to Exercise 4.8(c), we see that the optimal rule is N* = min{n > 1: S5, =
—y or S, =a}, where
v=a+{a(l/4+c1/A)},
where {z} represents the integer closest to = (either integer if there are two such). The

optimal return using this rule is (using formulas from the gambler’s ruin problem),

ci(a/(a+7)) = A(ya+ c2).

We must set this to zero and solve for A keeping in mind that vis a function of \. If
c2 =0, then v =1 works: A =c¢1/(a(a+1)) and {a(1/44+c1/N)} = {a(l/4+a(a+1))} =
{a+1/2} =a+1=a+ . The optimal rule is to stop as soon as S, is negative.

For general cy, a similar analysis shows that

v ={alcz + 1/4)}

works, and the optimal return is A = c17/((a +v)(ay + c2)). It is interesting to note that
the stopping value for negative values of S, (the point where you get discouraged), is
independent of the goal, a, and of the reward for attaining it, c; .



