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Solutions to Exercise Set 4.

7.8. To find the asymptotic distribution of σ̂2 = m2 − (m1m3/m2), we need the
asymptotic joint distribution of (m1,m2,m3). From the central limit theorem with EX =
µ1 = 0, we have
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Now apply Cramér’s Theorem with g(m1,m2,m3) = m2 − (m1m3/m2) = σ̂2. We find
ġ(m1,m2,m3) = (−m2/m3, 1 + (m1m3/m2

2),−m1/m2) and ġ(0, µ2, µ3) = (−µ3/µ2, 1, 0).
Using Var(X) = µ2, Cov(X,X2) = µ3 and Var(X2) = µ4−µ2

2, we find ġΣġ−1 = µ4−µ2
2−

(µ2
3/µ2). Therefore,
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3/µ2). This is less
than or equal to µ4 − µ2

2 with equality if and only if µ3 = 0.
All two-point distributions with means zero are equivalent, up to change of scale, to

one of the distributions, P(X = −1) = a/(a + 1), P (X = a) = 1/(a + 1), for some a > 0.
We find
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So τ 2 = µ4 − µ2
2 − (µ2

3/µ2) = a(a2 − a + 1) − a2 − a(a − 1)2 = 0.

8.2. (a) Let us denote the product a×b central moment by µab = E[(X−µx)a(Y −µy)b],
and its sample estimate by mab = (1/n)

∑n
1 (Xi − Xn)a(Yi − Y )b. From Theorem 8(a) we

may deduce
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where C(XX,XX) = µ40 − σ4
x, C(Y Y, Y Y ) = µ04 − σ4

y , and C(XX,Y Y ) = µ22 − σ2
xσ2

y.
Now we use Cramér’s Theorem with g(x, y) = log(x/y) and ġ(x, y) = (1/x,−1/y) to find
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(b) If we let γ2 denote the variance of the limit of
√

n(Zn − θ), then we may estimate
γ2 by γ̂2 = b40−2b22 + b04, where bab = mab/(sa

xsb
y). Then an asymptotically distribution-

free confidence interval for θ at level 1−α is Zn − zα/2γ̂/
√

n < θ < Zn + zα/2γ̂/
√

n, where
zα/2 is the α/2 cutoff point for the standard normal distribution.



9.6. X and Y are independent if and only if P(X = 1, Y = 1) = P(X = 1)P(Y = 1).
This becomes p11 = (p11 + p12)(p11 + p21), or p11 = p2

11 + p11p21 + p11p12 + p12p21, or
p12p21 = p11(1 − p11 − p12 − p21) = p11p22. This is the equation θ = 1.

(a) The asymptotic distribution of p̂ = (p̂11, p̂12, p̂21, p̂22) is given by
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so, using g(p) = p11p22/(p12p21), we have
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Therefore,
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(b) Now let g(θ) = log(θ), with ġ(θ) = 1/θ. We have
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